Easy notes on Complex Analysis Contour Integration (Type V)

[ee)

_ sinmx dx e
Question1:  Prove that f (% + )2 = 2d [1 Ty
0

—-ma

(ma+2)]. a>0 m>0

Solution: Let I_f‘”sinmxdx_lf‘” sinmxdx_ll f el™m? dz
oration: Le )y x(x2+a?) 2 x(x%+a?) 2 m z(z% + a?)
C

pole z = ai lies in upper half of the complex plane and it has order one.

Poles of f(2) = are z =0, tai.The pole z = 0 lies on real axis, having order one and the

Rix(f,2) = lim [z(z2 + az)] 290 [(z2 + az)] T a?

(z — ia)e™* em(ia)i  gmai®  g-ma
R f . — 1 = =
1p(fr i) = i [z(z +ia)(z - la)] (ai)(2ai) —2a%? —2a?
@ sinmx dx e ™ (L
J. x(xz - az) 2 Zmz Ry, + mE Ryx| = Im 2mi a2 + mi (;)

N M R

« n

Now, differentiate both sides w.r.t

[oe]

J‘—Zasinmxdx_ s (me-ma) 2m (1 — emay = T ma __ . 14 _ma]
x(x2 +a2)?  2a? me 2a3 ¢ “el2 ¢
_mma+2\ _
=3 [( 5 )e — 1] Hence proved.
. “cosxdx m .
Question 2: Prove that f ——— = —Sina
e A —X a
. “ cosx dx e?dz
Solution: Let I =J- 3 = Re fﬁ
a’—x a?—z
—o A
Poles of f(z) = —— are z = ta. The only pole which lie in upper half of the complex plane is

z = a, having order 1.

Rip(f,a) = lim[ —ez-a) ] =— e”
’ z-a|(z—a)(z+ a) 2a

cosx dx
J- = Re ZmZRnp+n12Rnx]— Re[Zm( 2a

_xZ

ot --wfon(£)
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cosx dx i o T . in T

——— = —Re|{—])(cosa +isina)| = Re[—-sina ——cosa| =—sina Hence proved.
w A% —x a a a a

“sinmxdx w

Question 3: Prove that fo Fdr "8 (1-—e2m)

®sinmx dx 1J‘°° sinmx dx 1f eimz 4z

Solution: Let [ = —_— == =—
otution: Le fo x3 + 4x wX(x?2+4) 2) z(z>+4)
c

imz

Poles of f(z) =

T e Z= 0, £2i. The pole z = 0 lies on real axis, having order one and the

pole z = 2i lies in upper half of the complex plane and it has order one.

elmZ 1
Rix(£,0) = lim [Z(ZZ + 4)] 290 [zz + 4] 4

(z = 20)eim eims | etm 7m
Ry, (f,20) = li ' = T
1p(f,20) = lim, [Z(z F20(@—20) e [Z(Z MEDI U CORN
®sinmx dx e—Zm (2
[, S = gtm {2t D g 4 ) R | = g1 2 (=) +xiG)
) o _2m .\ (1)_7T e zm_ﬂ(l ~2m) H d
. - n(3) =" — =z e ence proved.
* sinmx dx T

Question 4: Proved that f [1—e™] a>0m>0
0

x(x2 + a?) " 2a?

Solution: Let | J‘°° sinmx dx 1f°° sinmx dx 1I f el™? dz

olution: = - - — == - -

¢ o x(x?2+a?) 2J), x(x?+a?) 2 m z(z?% + a?)
C

z(zz+ 2)

the pole z = ai lies in upper half plane and it has order 1.

The poles of f(z) = are z = 0, +ai. Only the pole z = 0 lies on real axis, having order 1 and

imz 1
Rix(f,2) = Jim [z(z2 + az)] 250 [(z2 + az)] T a?

N Di i2 -
(Z _ la)elmz em(al)t emai e—ma

z(z +ia)(z —ia) (ai)(Zai) T 242 242

e ma 1
Zmz Ry, + mE Ryx| = Im [Zm <—2a2> + mi (;)]

1 (1) e”ma _n[l ~maj H d
=5 T 2 T e =2 e ence proved.

Ryp(f,ia) = lim [
z-ai

J‘“’ sinmx dx
x(x? + az) 2
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. ® cosmx dx T
Questio 5: Prove that —5 3 = — —sSinma
o XP—a a
. © cosmx dx e dz
Solution: Let = —— > =Re | 5
cw X2 —a z2—a
C

Poles of f(z) = e ——— are z = ta. Only the pole which lies in upper half of the complex plane is

z = a, having order 1.

imZ(Z _ a) eima
R li
wlh o=l e a)] 2a

cosmx dx
J- = Re ZﬂlZRnp+7T12Rnx

- Re2in( G ) i) = re [ ()|

a2 — x2
T o T in
= Re [(—) (cosma + isin ma)] [( —sinma + —cos ma)]
a a a
T
= sinma Hence proved.

[ee]
sinmx dx (4

Question 6: Prove that X = az) a2 (cosma—-1) a> 0, m>0

[oe]

1_f sinmx dx 1J‘ sinmxdx 1 J‘ eimz 4z

Solution: Let =] ———M = | ———— =_ - =
uH ¢ x(x?2—a?) 2) x(x?—a?) 2 m z(z% — a?)
0 0 C

Poles of f(z) = m arez = 0, +a. All poles have order 1 and lie on real axis.
zelmz eimz 1
Rix(f,0) = h -0 [z(z2 — az)] £1—>o [(z2 —a?)| T Zaz
(Z _ a)eimz (Z _ a)eimz eimz eima
R = lim |————~| = lim i =
2x(fra) = lim |-y | = Hm [z(z —)Gz+a)| zoa [z(z + a)] 242

R3x(f a) = lim

(Z+a)eimz e (Z+a)eimz e eimz _e—ima
zo—-al| Z zz—az) _z—> a zo—a

zz—a)(z+a)| z(z+a)| 2a?

r sinmx dx 1 eima  g-ima ]
J- XOZ = az) > Im [m 2 Ry, + 2mi 2 Rnp] [m <—a2 + 0z + PP ) + 2111(0)]
’ cosma +isinma cosma —isinma

=zm [m (—az + 2a? + 2a? )]

_1 [ _<2cosma—2)]_ g1 [ 11 H d
=3 m |mi PP = cosma ence proved.

[EnN

b—\l\.)
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sin’mx dx [
e
x2(a? + x2)2 8a5

Question 7: Prove that f ~2ma(2ma + 3) + 4ma — 3] ,m>0a>0

1
Solution: Let [ = J‘°° sin®mx dx 1f°° 5 (1 = cos2mx) dx (1 —e?™m?)dz
otation: Let 1= o X2(az+x2)?2  2)_, x%(az+=x2)?2 ~ 2 z%(z% + a?)?
c
_p2imz
Poles of f(z) = % are z = 0, +ai. Only the pole z = 0 lies on real axis, having order 2 and

z = ai has order 2 and lies in upper half plane.

2 1— eZLmZ + aZ 2 _zmie2miz —(1 - eZmiZ 2 2 + aZ 2
P TE (EY o M GRSt ECES R
z—)

-0dz [ZZ(ZZ + a?)? (z24+a?)*
(2% + a?) (—2mie?™i7) — 4z(1 — *™%) _ —2ima® —2im
(22 +a?)? =

= lim

z—-0 ab a?

) (z—a)?(1- ez”"z) _d [(1-e?mz)
Ryp(f,ai) = hm— ol e ooy
’ z-aidz |z2(z + ai)?(z — ai)?| z-aidz|z2(z + ai)?

_[2%(z + ad)*(—2mie?™?) — (1 — e*'™?)[2z (z + ai)? + 22%(z + ai) ]

= lim -

z-ai z4(z + ai)*
_ (ad)?(2ai)?(—2mie™?™%) — (1 — e™?™%)[2ai (2ai)* + 2(ai)?(2ai) ]
- (ai)*(2ai)*
_ —8mia*e™®™? + (1 — e ?™*)(12a%)
B 16a8

sin“mx dx
fxz(a2+x2)2 4Re Zﬂlanp+”lanx
0

1 ) —8mLa e “2ma + (1 — e™2Ma)(12a3i) (—2im
=ZRe 2mi T6a® +m( " )

1 (—8mia*e™?™a + (1 — e~2™M%)(12a3i) 2mm
= —Re |7 + ( )

4 8a8 a*

wa®  [8mae M — (1 — e ?2™M%)(12) + 16mma
= Re

8at
T

=80 [e™2™2(2ma + 3) + 4ma — 3] Hence proved.

1 .
© sin?mx dx 1 f‘” 7(1 — cos2mx) dx 1 f (1 _ eZLmz)dZ
4

Alternate solution: Let [ = —_—
€ fo x2(a®+x%2) 2 x2(a? + x2) z2(z%2 + a?)

— 00

_p2imz
Poles of f(z) = % arez = 0, tai. Only the pole z = 0 lies on real axis, having order 2 while

z = ai has order 1 and lies in upper half plane.
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R 0) = 1 2(1 — eZLmz) (z® + az)(_zmiQZmiz) _ (1 _ eZmiz)ZZ B 2ima?
1x(f = m OdZ ZZ(Z2 + aZ) z—>0 (Zz+a2)2 — a4
—2im

Ry p(f,ai) = lim

(Z _ ai)(l _ eZimz) i [(1 _ ezimz)] (1 —Zma) ] 1— e—Zma

z-ai | z2(z + ai)(z — ai) z%(z + ai) (ai)?(ai + ai) —(2a3i)
e—Zma -1

NCTED)
¢ sin?mx dx e~2ma _1q (=2im
J-xz(a2+x2) 4Re ZmZRnp+n12Rnx = Re 2mi T +m( Py )
0

e_zma -1 2m T
=ZR6T ? =R[e —1+2ma]

« n

Differentiate w.r.t “a”, on both sides, we get

[oe]

J‘ —2asin’mxdx mw

x2(a? + x2)2 = 246 [(—2me™2™2 4+ 2m)a® — (e"?™¢ — 1 + 2ma)3a?]
0

s
= — [-2mae™?"?* — 3e7*™® + 2ma — 6ma + 3]

4a
sin“mx dx T,
J- (2 + D) 8 [e=2™%(2ma + 3) + 4ma —3]  Hence proved.

bcosaxdx —m

Question 8: prove thatifa <0 (i) f Y _p - Tsin ab

—cosab

xsinax dx V4
(iD) f -2

Solution (i): Let [ =f

o x2-b2 2)

oobcosaxdx_lf""bcosaxdx_lR fbeiazdz
W xX2—bZ 2 ) 22D
C

Poles of f(z) = P b2 are z = £b. Only the pole which lies in upper half of the complex plane is

z = b, having order 1.

R b) i beiaz (Z b) eiab
1p(f, b) = lim z-bDz+b|~ 2

J‘ bcosaxdx 1R
. x2—-b2 2°

eiab . . eiab
= Re [21n< > ) + m(O)] = Re [m( > )]
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“bcosax dx i T in
J- —— —=Re > (cosab + isin ab)] = Re [(— Esin ab + — €os ab)]
0

—p2
/s
=-3 sinab Hence proved.
. B _ o ®bcosax dx T
Solution (ii): We have just proved in (i) thatf —Z_pz -~ zsin ab
o —

Differentiate both side w.r.t “a”

fwbxsinax dx_bn b
i 7 =3 cosa
®xsinax dx w
J- —T = ECOS ab Hence proved.
o _

®xsinax dx 1 [ bsinax dx zel" dz e‘az dZ
= Im
[ee]

Alternate solution (ii): Let [ = f I _p7

o x2—b2 2]

Poles of f(z) = are z = £b. Only the pole which lies in upper half of the complex plane is
z = b, having order 1.
iaZ(Z b) beiab beiab
R b) =1i =
(D)=l e | = 2 2

f x sinax dx I ) ZR N ZR 1I Y elab i) = 1m | elab
; 2 _p7 m |2mi np t T nx| = 51m (2im | — i =Imir|—
s

in T
=Im [? (cosab + isin ab)] =Im [(—Esin ab + — €os ab)] =7 cos ab  Proved.

® sin’mx dx T (
e
x%(a? + x2) " 4a3

Question 9: Prove that f “Zma _ 1 4+ 2ma), m>0,a>0

=—Re| ————F—
o X%(a% +x?) 4 J z%2(z% + a?)

1 .
. © sin?mxdx 1 [©37(1—cos2mx)dx 1 (1 - e?m)dz
Solution: Let [ = f — T = _f
o X?(a*+x%) 2

_a2imz
Poles of f(z) = % arez = 0, tai. Only the pole z = 0 lies on real axis, having order 2 while

z = ai has order 1 and lies in upper half plane.

Ry (F.0) = 1 2(1 21mz (z® + az)(_zmiQZmiz) _ (1 _ eZmiz)ZZ B 2ima?
1,x = m odZ ZZ(Z2 + az) z—>0 (Zz+a2)2 = —
—2im
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(Z _ ai)(l _ ezimz) . (1 _ ezimz) (1 _ e—Zma) 1 _ e—Zma
Ryp(f,ai) = lim - —| = _ -
z—ai | z%(z + ai)(z — ai) z-ai| z2(z+ ai) | |(aid)?(ai + ai)| —(2a3i)
e—Zma -1
NCTED)
sin®mx dx e~2ma 1 —2im
fxz(a2+x2) 4Re Zmanp-l_manx = Re 2mi VT +m< Py )
0
s e‘zm“ -1 2m T
:ZRET ? :m[e —1+2ma]

] (x —sinx)dx m (a?
Question: 10 prove that

BT ad) =2a4 7+1—e“‘> wherea > 0

r (x —sinx)dx 1 j‘o(x —sinx)dx 1 J‘ (Z — eiz)dz
2

Solution: | ————— == =—Im | V————
J- x3(x? + a?) x3(x2+a%?) 2 z3(z% + a?)
0 C

Poles of f(z) = 3(2—+2) are z = 0,tai. The pole z = 0 lies on real axis, having order 3 and the

pole z = ai lies in upper half of the complex plane with order 1.

1 d? [z3(z—e” 1d? [z—e®
Rix(f,0) = LI—E% 21dz2 |23 (22 + a?) ~2%02dz2 |22 + az]
(z% +a*)(1—ie”?) — (z — %) (22)
= i‘i’%iﬁ[ @ + a?)? ]

[(z2 +a®)?[(22)(1 — ie?) + (2% + a®)(e?) — (z— %) (2) - (1 - ieiz)(Zz)]]
—[(z% + a®)(1 — ie?) — (z — €')(22)][42(2® + a?)]

= 9_1?(1)2[ (ZZ T a2)4 j
1[a*(a® +2) 1,
—E[T] =gl T2
R, . (f,ai) = i (z — ai)(z — e%%) o z — el ai—e* ai—e”®
1p(fral Pty z3(z + ai)(z — ai)| 2oai z3(z + ai) ( a)3l(2al) 2a*

(x —sinx)dx 1
23(x2+a?) 2

ai —e™@ (1,
Zmanp-l_manx = Im 2mi g +m(ﬁ(a +2)>

s —2a—21e + ia? +21 n [a?
=5Im =—|=——e%+1 Hence proved.

2a* 2a*| 2
3 sinx dx 74 1
Question 11: Prove that At D)x—1) =3 (cos 1- e_2>
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r sinx dx e?dz
Solution: Let I = f = mf
x2+4)(x-1) Z2+4)(=z-1)
Poles of f(z) = L are z = 1,42i.The pole z = 1 lies on real axis, having order 1 and the

(z2+4)(z-1)
z = 2i lies in upper half of the complex plane with order 1.

Rl,x(fr 1) = llm

z-1

(z-De” 1_. _
[(zz THGz-1)| =1 [(zz + 4)] T 5

Ry, (f,20) = lim (z = 20)e” [ ] [ ]
' z-2i[(z + 20)(z — 20)(z — 1) z—>21 (z+ 21)(2 -1 4DR2i-1)
—e?  2—i e ?(i-2)
(4)(2 + l) 2—i 20

j‘o sin x dx = 1m |2 e 2(i—2) i el —I —me~? — 2mie™? + 2mie
Z+rhHx-—1 T 20 M) =™ 10

—me™? — 2mie™? + 2mi(cos 1 + i sin 1)
Im 10

- (cos 1—e72) Hence proved.
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