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න		ܜ܉ܐܜ	܍ܞܗܚ۾								:૚	ܖܗܑܜܛ܍ܝۿ ૛࢞ሺ࢞࢞܌࢞࢓ܖܑܛ ൅ ૛ሻ૛ࢇ
ஶ

૙
ൌ ૝ࢇ૛࣊ ൤૚ െ ܍

ࢇ࢓ି
૛ ሺࢇ࢓ ൅ ૛ሻ൨ , 	ࢇ ൐ 	૙, 	࢓ ൐ 	૙	

:ܖܗܑܜܝܔܗ܁ Let							ܫ ൌ න sin݉ݔ		dݔݔሺݔଶ ൅ ܽଶሻ
ஶ
଴ ൌ 12න sin݉ݔ		dݔݔሺݔଶ ൅ ܽଶሻ

ஶ
ିஶ ൌ 12 Imන e௜௠௭	dݖݖሺݖଶ ൅ ܽଶሻ

	

஼
	

Poles	of	݂ሺݖሻ ൌ ୣ೔೘೥
௭ሺ௭మା௔మሻ		are		ݖ ൌ 0, േܽ݅	.	The	pole		ݖ ൌ 0	lies	on	real	axis,	having	order	one	and	the	pole	ݖ ൌ ܽ݅	lies	in	upper	half	of	the	complex	plane	and	it	has	order	one.	

ܴଵ,௫ሺ݂, ሻݖ ൌ lim௭→଴ ቈ ଶݖሺݖe௜௠௭ݖ ൅ ܽଶሻ቉ ൌ lim௭→଴ ቈ e௜௠௭ሺݖଶ ൅ ܽଶሻ቉ ൌ 1ܽ
ଶ	

ܴଵ,௣ሺ݂, ݅ܽሻ ൌ lim௭→௜௔ ቈ ሺݖ െ ݅ܽሻe௜௠௭ݖሺݖ ൅ ݅ܽሻሺݖ െ ݅ܽሻ቉ ൌ e௠ሺ௜௔ሻ௜ሺܽ݅ሻሺ2ܽ݅ሻ ൌ e
௠௔௜మ
െ2ܽଶ ൌ e

ି௠௔
െ2ܽଶ	

න sin݉ݔ	dݔݔሺݔଶ ൅ ܽଶሻ
ஶ
଴ ൌ 12 Im൥2݅ߨ෍ܴ௡,௣௡

൅ ෍ܴ௡,௫௡݅ߨ
൩ ൌ 12 Im ቈ2݅ߨ ቆe

ି௠௔
െ2ܽଶቇ ൅ ݅ߨ ൬ 1ܽଶ൰቉

ൌ 12 ቈߨ ቆe
ି௠௔
െܽଶ ቇ ൅ ߨ ൬ 1ܽଶ൰቉ ൌ 12 ቈߨ ൬ 1ܽଶ൰ െ ߨ ቆe

ି௠௔
ܽଶ ቇ቉ 		ൌ 2ܽଶߨ ሾ1 െ eି௠௔ሿ	

Now,	differentiate	both	sides	w.r.t	“ܽ”	
න െ2ܽ sin݉ݔ dݔݔሺݔଶ ൅ ܽଶሻଶ
ஶ

଴
ൌ 2ܽଶߨ ሺ݉eି௠௔ሻ െ 2ܽଷߨ2 ሺ1 െ eି௠௔ሻ ൌ ߨܽ

ଷ ቂ݉2ܽ eି௠௔ െ 1 ൅ eି௠௔ቃ
ൌ ߨܽ

ଷ ൤൬݉ܽ ൅ 22 ൰ eି௠௔ െ 1൨ 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶																										
									
							ܜ܉ܐܜ	܍ܞܗܚ۾								:૛	ܖܗܑܜܛ܍ܝۿ	 න ܛܗ܋ ࢞ ૛ࢇ࢞܌	 െ ૛࢞

ஶ
ିஶ ൌ	ࢇ࣊ 	ࢇܖܑܛ

:ܖܗܑܜܝܔܗ܁ Let								ܫ ൌ න cos ݔ ଶܽݔ݀	 െ ଶݔ ൌ Re න e௜௭݀ܽݖଶ െ ଶݖ
	

	஼
ஶ
ିஶ 									

Poles	of		݂ሺݖሻ ൌ ୣ೔೥
௔మି௭మ		are	ݖ ൌ േܽ.	The	only	pole	which	lie	in	upper	half	of	the	complex	plane	is	ݖ ൌ ܽ,	having	order	1.	

ܴଵ,௣ሺ݂, ܽሻ ൌ lim௭→௔ ቈ െe
௜௭ሺݖ െ ܽሻሺݖ െ ܽሻሺݖ ൅ ܽሻ቉ ൌ െ	e

௜௔
2ܽ 	

න cosݔ ଶܽݔ݀	 െ ଶݔ
ஶ
ିஶ ൌ Re	 ൥2݅ߨ෍ܴ௡,௣௡

൅ ෍ܴ௡,௫௡݅ߨ
൩ ൌ 	Re ቈ2݅ߨ ቆെ	e௜௔2ܽ ቇ ൅ ሺ0ሻ቉݅ߨ ൌ െRe ቈሺ݅ߨሻ ቆe௜௔ܽ ቇ቉	
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න cosݔ ଶܽݔ݀	 െ ଶݔ
ஶ
ିஶ ൌ െRe ൤൬ܽ݅ߨ൰ ሺcosܽ ൅ ݅ sin ܽሻ൨ ൌ Re ൤ܽߨ sin ܽ െ ߨܽ݅ cosܽ൨ ൌ ߨܽ sin ܽ 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶			
							ܜ܉ܐܜ	܍ܞܗܚ۾				:૜	ܖܗܑܜܛ܍ܝۿ න ૜࢞࢞܌	࢞࢓ܖܑܛ ൅ ૝࢞ ൌ ૡ࣊ ሺ૚ െ ሻ࢓૛ି܍

ஶ
૙ 	

ܫ							Let	:ܖܗܑܜܝܔܗ܁ ൌ න sin݉ݔ	dݔݔଷ ൅ ݔ4 ൌ 12
ஶ
଴ න sin݉ݔ	dݔݔሺݔଶ ൅ 4ሻ ൌ 12න e௜௠௭	dݖݖሺݖଶ ൅ 4ሻ

	

஼
ஶ
ିஶ 	

Poles	of	݂ሺݖሻ ൌ ୣ೔೘೥
௭ሺ௭మାସሻ		are		ݖ ൌ 0, േ2݅	.	The	pole	ݖ ൌ 0	lies	on	real	axis,	having	order	one	and	the	pole	ݖ ൌ 2݅	lies	in	upper	half	of	the	complex	plane	and	it	has	order	one.	

ܴଵ,௫ሺ݂, 0ሻ ൌ lim௭→଴ ቈ ଶݖሺݖe௜௠௭ݖ ൅ 4ሻ቉ ൌ lim௭→଴ ቈ e
௜௠௭

ଶݖ ൅ 4቉ ൌ 14	

ܴଵ,௣ሺ݂, 2݅ሻ ൌ lim௭→ଶ௜ ቈ ሺݖ െ 2݅ሻe௜௠௭ݖሺݖ ൅ 2݅ሻሺݖ െ 2݅ሻ቉ ൌ lim௭→ଶ௜ 	ቈ e௜௠௭ݖሺݖ ൅ 2݅ሻ቉ ൌ eିଶ௠2݅ሺ4݅ሻ ൌ െe
ିଶ௠
8 	

න sin݉ݔ	dݔݔଶ ൅ ݔ4 ൌ 12
ஶ
଴ Im ൥2݅ߨ෍ܴ௡,௣௡

൅ ෍ܴ௡,௫௡݅ߨ
൩ ൌ 12 Im ቈ2݅ߨ ቆെ e

ିଶ௠
8 ቇ ൅ ݅ߨ ൬14൰቉

ൌ ߨ ቆെeିଶ௠8 ቇ ൅ ߨ ൬18൰ ൌ 8ߨ െ eߨ
ିଶ௠
8 ൌ 8ߨ ሺ1 െ eିଶ௠ሻ																												۶܍܋ܖ܍	܌܍ܞܗܚܘ.	

					ܜ܉ܐܜ	܌܍ܞܗܚ۾										:૝	ܖܗܑܜܛ܍ܝۿ න ૛࢞ሺ࢞࢞܌	࢞࢓ܖܑܛ ൅ ૛ሻࢇ
ஶ
૙ ൌ ૛ࢇ૛࣊ ሾ૚ െ ࢇ					ሿࢇ࢓ି܍ ൐ ૙,࢓ ൐ ૙	

ܫ														Let	:ܖܗܑܜܝܔܗ܁ ൌ න sin݉ݔ	dݔݔሺݔଶ ൅ ܽଶሻ
ஶ
଴ ൌ 12න sin݉ݔ	dݔݔሺݔଶ ൅ ܽଶሻ

ஶ
଴ ൌ 12 Imන e௜௠௭	dݖݖሺݖଶ ൅ ܽଶሻ

	

஼
	

The	poles	of	݂ሺݖሻ ൌ ୣ೔೘೥
௭ሺ௭మା௔మሻ		are	ݖ ൌ 0,േܽ݅.	Only	the	pole	ݖ ൌ 0	lies	on	real	axis,	having	order	1	and	the	pole	ݖ ൌ ܽ݅	lies	in	upper	half	plane	and	it	has	order	1.			

ܴଵ,௫ሺ݂, ሻݖ ൌ lim௭→଴ ቈ ଶݖሺݖe௜௠௭ݖ ൅ ܽଶሻ቉ ൌ lim௭→଴ ቈ e௜௠௭ሺݖଶ ൅ ܽଶሻ቉ ൌ 1ܽ
ଶ	

ܴଵ,௣ሺ݂, ݅ܽሻ ൌ lim௭→௔௜ ቈ ሺݖ െ ݅ܽሻe௜௠௭ݖሺݖ ൅ ݅ܽሻሺݖ െ ݅ܽሻ቉ ൌ e௠ሺ௔௜ሻ௜ሺܽ݅ሻሺ2ܽ݅ሻ ൌ e
௠௔௜మ
െ2ܽଶ ൌ e

ି௠௔
െ2ܽଶ	

න sin݉ݔ	dݔݔሺݔଶ ൅ ܽଶሻ
ஶ
଴ ൌ 12 Im൥2݅ߨ෍ܴ௡,௣ ൅ ෍ܴ௡,௫݅ߨ

	

௡

	

௡
൩ ൌ 12 Im ቈ2݅ߨ ቆe

ି௠௔
െ2ܽଶቇ ൅ ݅ߨ ൬ 1ܽଶ൰቉

ൌ 12 ቈߨ ൬ 1ܽଶ൰ െ ߨ ቆe
ି௠௔
ܽଶ ቇ቉ ൌ 2ܽଶߨ ሾ1 െ eି௠௔ሿ												۶܍܋ܖ܍	܌܍ܞܗܚܘ.	
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							ܜ܉ܐܜ	܍ܞܗܚ۾								:૞	ܗܑܜܛ܍ܝۿ න ࢞࢓ܛܗ܋ ૛࢞࢞܌	 െ ૛ࢇ
ஶ
ିஶ ൌ െ	ࢇ࣊ 	ࢇ࢓ܖܑܛ

ܫ														Let		:ܖܗܑܜܝܔܗ܁ ൌ න cos݉ݔ 	dݔݔଶ െ ܽଶ ൌ Reන e௜௠௭	dݖݖଶ െ ܽଶ
	

஼
ஶ
ିஶ 	

Poles	of		݂ሺݖሻ ൌ ୣ೔೘೥
௭మି௔మ	are	ݖ ൌ േܽ.	Only	the	pole	which	lies	in	upper	half	of	the	complex	plane	is	ݖ ൌ ܽ,	having	order	1.	

ܴଵ,௣ሺ݂, ܽሻ ൌ lim௭→௔ ቈ e
௜௠௭ሺݖ െ ܽሻሺݖ െ ܽሻሺݖ ൅ ܽሻ቉ ൌ e

௜௠௔
2ܽ 	

න cos݉ݔ 	dܽݔଶ െ ଶݔ
ஶ
ିஶ ൌ Re	 ൥2݅ߨ෍ܴ௡,௣௡

൅ ෍ܴ௡,௫௡݅ߨ
൩ ൌ 	Re ቈ2݅ߨ ቆe௜௠௔2ܽ ቇ ൅ ሺ0ሻ቉݅ߨ ൌ Re ቈሺ݅ߨሻ ቆe

௜௠௔
ܽ ቇ቉

ൌ Re ൤൬ܽ݅ߨ൰ ሺcos݉ܽ ൅ ݅ sin݉ܽሻ൨ ൌ Re ൤൬െ ߨܽ sin݉ܽ ൅ ߨܽ݅ cos݉ܽ൰൨
ൌ െ ߨܽ sin݉ܽ 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶																			

න	ܜ܉ܐܜ	܍ܞܗܚ۾									:૟	ܖܗܑܜܛ܍ܝۿ ૛࢞ሺ࢞࢞܌	࢞࢓ܖܑܛ െ ૛ሻࢇ
ஶ

૙
ൌ ૛ࢇ૛࣊ ሺࢇ࢓ܛܗ܋ െ ૚ሻ						ࢇ ൐ 	૙, ࢓ ൐ ૙								

ܫ														Let		:ܖܗܑܜܝܔܗ܁ ൌ න sin݉ݔ	dݔݔሺݔଶ െ ܽଶሻ
ஶ

଴
ൌ 12න sin݉ݔ	dݔݔሺݔଶ െ ܽଶሻ

ஶ

଴
ൌ 12 Imන e௜௠௭	dݖݖሺݖଶ െ ܽଶሻ

	

஼
	

Poles	of	݂ሺݖሻ ൌ ୣ೔೘೥
௭ሺ௭మି௔మሻ	areݖ ൌ 0,േܽ.	All	poles	have	order	1	and	lie	on	real	axis.	

ܴଵ,௫ሺ݂, 0ሻ ൌ lim௭→଴ ቈ ଶݖሺݖe௜௠௭ݖ െ ܽଶሻ቉ ൌ lim௭→଴ ቈ e௜௠௭ሺݖଶ െ ܽଶሻ቉ ൌ 1െܽଶ	
ܴଶ,௫ሺ݂, ܽሻ ൌ lim௭→௔ ቈሺݖ െ ܽሻe

௜௠௭
ଶݖሺݖ െ ܽଶሻ ቉ ൌ lim௭→௔ ቈ ሺݖ െ ܽሻe௜௠௭ݖሺݖ െ ܽሻሺݖ ൅ ܽሻ቉ ൌ lim௭→௔ ቈ e௜௠௭ݖሺݖ ൅ ܽሻ቉ ൌ e

௜௠௔
2ܽଶ 	

ܴଷ,௫ሺ݂, െܽሻ ൌ lim௭→ି௔ ቈሺݖ ൅ ܽሻe
௜௠௭

ଶݖሺݖ െ ܽଶሻ ቉ ൌ lim௭→ି௔ ቈ ሺݖ ൅ ܽሻe௜௠௭ݖሺݖ െ ܽሻሺݖ ൅ ܽሻ቉ ൌ lim௭→ି௔ ቈ e௜௠௭ݖሺݖ ൅ ܽሻ቉ ൌe
ି௜௠௔
2ܽଶ 	

න sin݉ݔ	dݔݔሺݔଶ െ ܽଶሻ
ஶ

଴
ൌ 12 Im൥݅ߨ෍ܴ௡,௫ ൅ ෍ܴ௡,௣݅ߨ2

	

௡

	

௡
൩ ൌ 12 Im	 ቈ݅ߨ ቆ 1െܽଶ ൅ e

௜௠௔
2ܽଶ ൅ e

ି௜௠௔
2ܽଶ ቇ ൅ ሺ0ሻ቉݅ߨ2

ൌ 12 Im	 ൤݅ߨ ൬ 1െܽଶ ൅ cos݉ܽ ൅ ݅ sin݉ܽ2ܽଶ ൅ cos݉ܽ െ ݅ sin݉ܽ2ܽଶ ൰൨
ൌ 12 Im	 ൤݅ߨ ൬2 cos݉ܽ െ 22ܽଶ ൰൨ ൌ πܽ

ଶ 	ሾcos݉ܽ െ 1ሿ						۶܍܋ܖ܍	܌܍ܞܗܚܘ.	
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			ܜ܉ܐܜ	܍ܞܗܚ۾		:ૠ	ܖܗܑܜܛ܍ܝۿ න ૛ࢇ૛ሺ࢞࢞܌	࢞࢓૛ܖܑܛ ൅ ૛ሻ૛࢞
ஶ
૙ ൌ ૞ࢇૡ࣊ ࢇ࢓ሺ૛ࢇ࢓૛ି܍ൣ ൅ ૜ሻ ൅ ૝ࢇ࢓ െ ૜൧	,࢓ ൐ ૙, ࢇ ൐ ૙				

ܫ				Let		:ܖܗܑܜܝܔܗ܁ ൌ න sinଶ݉ݔ	dݔݔଶሺܽଶ ൅ ଶሻଶݔ ൌ 12න
12 ሺ1 െ cos2݉ݔሻ	dݔݔଶሺܽଶ ൅ ଶሻଶݔ ൌ 14

ஶ
ିஶ

ஶ
଴ Reන൫1 െ eଶ௜௠௭൯dݖݖଶሺݖଶ ൅ ܽଶሻଶ

	

஼
		

Poles	of	݂ሺݖሻ ൌ ൫ଵିୣమ೔೘೥൯
௭మሺ௭మା௔మሻమ		are	ݖ ൌ 0,േܽ݅.	Only	the	pole	ݖ ൌ 0	lies	on	real	axis,	having	order	2	and	ݖ ൌ ܽ݅	has	order	2	and	lies	in	upper	half	plane.	

ܴଵ,௫ሺ݂, 0ሻ ൌ lim௭→଴ ݖ݀݀ ቈݖ
ଶ൫1 െ eଶ௜௠௭൯ݖଶሺݖଶ ൅ ܽଶሻଶ ቉ ൌ lim௭→଴ ቈሺݖ

ଶ ൅ ܽଶሻଶ൫െ2݉݅eଶ௠௜௭൯ െ ൫1 െ eଶ௠௜௭൯2ሺݖଶ ൅ ܽଶሻ2ݖሺݖଶ൅ܽଶሻସ ቉
ൌ lim௭→଴ ቈሺݖ

ଶ ൅ ܽଶሻ	൫െ2݉݅eଶ௠௜௭൯ െ ൫1ݖ4 െ eଶ௠௜௭൯ሺݖଶ൅ܽଶሻଷ ቉ ൌ െ2݅݉ܽଶܽ଺ ൌ െ2݅݉ܽସ 	

ܴଵ,௣ሺ݂, ܽ݅ሻ ൌ lim௭→௔௜ ddݖ ቈሺݖ െ ܽ݅ሻ
ଶ൫1 െ eଶ௜௠௭൯ݖଶሺݖ ൅ ܽ݅ሻଶሺݖ െ ܽ݅ሻଶ቉ ൌ lim௭→௔௜ ddݖ ቈ൫1 െ e

ଶ௜௠௭൯ݖଶሺݖ ൅ ܽ݅ሻଶ቉
ൌ lim௭→௔௜ ቈݖ

ଶሺݖ ൅ ܽ݅ሻଶ൫െ2݉݅eଶ௜௠௭൯ െ ൫1 െ eଶ௜௠௭൯ሾ2ݖ 	ሺݖ ൅ ܽ݅ሻଶ ൅ ݖଶሺݖ2 ൅ ܽ݅ሻ	ሿݖସሺݖ ൅ ܽ݅ሻସ ቉
ൌ ሺܽ݅ሻଶሺ2ܽ݅ሻଶሺെ2݉݅eିଶ௠௔ሻ െ ሺ1 െ eିଶ௠௔ሻሾ2ܽ݅ 	ሺ2ܽ݅ሻଶ ൅ 2ሺܽ݅ሻଶሺ2ܽ݅ሻ	ሿሺܽ݅ሻସሺ2ܽ݅ሻସ
ൌ െ8݉݅ܽସeିଶ௠௔ ൅ ሺ1 െ eିଶ௠௔ሻሺ12ܽଷ݅ሻ16଼ܽ 	

න sinଶ݉ݔ	ݔݔ݀ଶሺܽଶ ൅ ଶሻଶݔ ൌ 14
ஶ

଴
Re ൥2݅ߨ෍ܴ௡,௣

	

௡
൅ ෍ܴ௡,௫݅ߨ

	

௡
൩

ൌ 14Re ቈ2݅ߨ ቆെ8݉݅ܽ
ସeିଶ௠௔ ൅ ሺ1 െ eିଶ௠௔ሻሺ12ܽଷ݅ሻ16଼ܽ ቇ ൅ ݅ߨ ൬െ2݅݉ܽସ ൰቉

ൌ 14Re ቈ݅ߨ ቆെ8݉݅ܽ
ସeିଶ௠௔ ൅ ሺ1 െ eିଶ௠௔ሻሺ12ܽଷ݅ሻ8଼ܽ ቇ ൅ ൬2ܽ݉ߨସ ൰቉

ൌ ଷ4ܽߨ Re ቈ8݉ܽ	eିଶ௠௔ െ ሺ1 െ eିଶ௠௔ሻሺ12ሻ ൅ 8଼ܽܽ݉ߨ16 ቉
ൌ 8ܽହߨ ሾeିଶ௠௔ሺ2݉ܽ ൅ 3ሻ ൅ 4݉ܽ െ 3ሿ																											۶܍܋ܖ܍	܌܍ܞܗܚܘ.	

ܫ			Let	:ܖܗܑܜܝܔܗܛ	܍ܜ܉ܖܚ܍ܜܔۯ ൌ න sinଶ݉ݔ	dݔݔଶሺܽଶ ൅ 	ଶሻݔ ൌ 12න
12 ሺ1 െ cos2݉ݔሻ	dݔݔଶሺܽଶ ൅ 	ଶሻݔ ൌ 14

ஶ
ିஶ

ஶ
଴ Reන൫1 െ eଶ௜௠௭൯dݖݖଶሺݖଶ ൅ ܽଶሻ	

	

஼
		

Poles	of	݂ሺݖሻ ൌ ൫ଵିୣమ೔೘೥൯
௭మሺ௭మା௔మሻ		areݖ ൌ 0,േܽ݅.	Only	the	pole	ݖ ൌ 0	lies	on	real	axis,	having	order	2	while	ݖ ൌ ܽ݅	has	order	1	and	lies	in	upper	half	plane.	
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ܴଵ,௫ሺ݂, 0ሻ ൌ lim௭→଴ ddz ቈݖ
ଶ൫1 െ eଶ௜௠௭൯ݖଶሺݖଶ ൅ ܽଶሻ ቉ ൌ lim௭→଴ ቈሺݖ

ଶ ൅ ܽଶሻ൫െ2݉݅eଶ௠௜௭൯ െ ൫1 െ eଶ௠௜௭൯2ݖሺݖଶ൅ܽଶሻଶ ቉ ൌ െ2݅݉ܽଶܽସ
ൌ െ2݅݉ܽଶ 	

ܴଵ,௣ሺ݂, ܽ݅ሻ ൌ lim௭→௔௜ ቈሺݖ െ ܽ݅ሻ൫1 െ e
ଶ௜௠௭൯ݖଶሺݖ ൅ ܽ݅ሻሺݖ െ ܽ݅ሻ ቉ ൌ lim௭→௔௜ ቈ൫1 െ e

ଶ௜௠௭൯ݖଶሺݖ ൅ ܽ݅ሻ ቉ ൌ ቈ ሺ1 െ e
ିଶ௠௔ሻሺܽ݅ሻଶሺܽ݅ ൅ ܽ݅ሻ቉ ൌ 1 െ e

ିଶ௠௔
െሺ2ܽଷ݅ሻ

ൌ eିଶ௠௔ െ 1ሺ2ܽଷ݅ሻ 	

න sinଶ݉ݔ	ݔݔ݀ଶሺܽଶ ൅ ଶሻݔ ൌ 14
ஶ

଴
Re ൥2݅ߨ෍ܴ௡,௣

	

௡
൅ ෍ܴ௡,௫݅ߨ

	

௡
൩ ൌ 14Re ቈ2݅ߨ ቆe

ିଶ௠௔ െ 12ܽଷ݅ ቇ ൅ ݅ߨ ൬െ2݅݉ܽଶ ൰቉
ൌ 4ߨ Re ቈe

ିଶ௠௔ െ 1ܽଷ ൅ 2݉ܽଶ ቉ ൌ 4ܽଷߨ ሾeିଶ௠௔ െ 1 ൅ 2݉ܽሿ	
Differentiate	w.r.t	“ܽ”,	on	both	sides,	we	get	
න െ2a	sinଶ݉ݔ	ݔݔ݀ଶሺܽଶ ൅ ଶሻଶݔ ൌ 4ܽ଺ߨ ሾሺെ2meିଶ௠௔ ൅ 2݉ሻܽଷ െ ሺeିଶ௠௔ െ 1 ൅ 2݉ܽሻ3ܽଶሿ
ஶ

଴
ൌ 4ܽସߨ ሾെ2݉ܽeିଶ௠௔ െ 3eିଶ௠௔ ൅ 2݉ܽ െ 6݉ܽ ൅ 3ሿ	

න 	sinଶ݉ݔ	ݔݔ݀ଶሺܽଶ ൅ ଶሻଶݔ ൌ 8ܽହߨ ሾeିଶ௠௔ሺ2݉ܽ ൅ 3ሻ ൅ 4݉ܽ െ 3ሿ									۶܍܋ܖ܍	܌܍ܞܗܚܘ.
ஶ

଴
	

ࢇ	܎ܑ	ܜ܉ܐܜ	܍ܞܗܚܘ				:ૡ	ܖܗܑܜܛ܍ܝۿ ൏ ૙			ሺ࢏ሻ		න ࢈ ૛࢞࢞ࢊ	࢞ࢇܛܗ܋ െ ૛࢈
ஶ

૙
ൌ െ࣊૛ 	࢈ࢇܖܑܛ

							ሺ࢏࢏ሻ	න ࢞ ૛࢞࢞ࢊ	࢞ࢇܖܑܛ െ ૛࢈ ൌ ૛࣊ ܛܗ܋ ࢈ࢇ
ஶ

૙
	

ܫ			Let		ሻ:࢏ሺ	ܖܗܑܜܝܔܗ܁ ൌ න ܾ cosܽݔ 	dݔݔଶ െ ܾଶ
ஶ
଴ ൌ 12න ܾ cosܽݔ 	dݔݔଶ െ ܾଶ

ஶ
ିஶ ൌ 12Re නܾ	e

௜௔௭	dݖݖଶ െ ܾଶ
	

	஼
	

Poles	of		݂ሺݖሻ ൌ ௕ୣ೔ೌ೥
௭మି௕మ	are	ݖ ൌ േܾ.	Only	the	pole	which	lies	in	upper	half	of	the	complex	plane	is	ݖ ൌ ܾ,	having	order	1.	

ܴଵ,௣ሺ݂, ܾሻ ൌ lim௭→௕ ቈ be
௜௔௭ሺݖ െ ܾሻሺݖ െ ܾሻሺݖ ൅ ܾሻ቉ ൌ e

௜௔௕
2 	

න ܾ cosܽݔ 	dݔݔଶ െ ܾଶ
ஶ
଴ ൌ 12Re	 ൥2݅ߨ෍ܴ௡,௣௡

൅ ෍ܴ௡,௫௡݅ߨ
൩ ൌ 	12Re ቈ2݅ߨ ቆe

௜௔௕
2 ቇ ൅ ሺ0ሻ቉݅ߨ ൌ ܴ݁ ቈ݅ߨ ቆe௜௔௕2 ቇ቉	
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න ܾ cosܽݔ 	dݔݔଶ െ ܾଶ
ஶ
଴ ൌ Re ൤2݅ߨ ሺcos ܾܽ ൅ ݅ sinܾܽሻ൨ ൌ Re ൤൬െ2ߨ sin ܾܽ ൅ 2ߨ݅ cos ܾܽ൰൨

ൌ െ2ߨ sin ܾܽ 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶																						
thatන	ሺ݅ሻ	in	proved	just	have	ሻ:We࢏࢏ሺ	ܖܗܑܜܝܔܗ܁ ܾ cosܽݔ 	dݔݔଶ െ ܾଶ

ஶ
଴ ൌ െ2ߨ sin ܾܽ	

Differentiate	both	side	w.r.t	“ܽ”	
න ݔܾ sinܽݔ 	dݔݔଶ െ ܾଶ
ஶ
଴ ൌ 2ߨܾ cos ܾܽ	
න ݔ sinܽݔ 	dݔݔଶ െ ܾଶ
ஶ
଴ ൌ 2ߨ cos ܾܽ 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶																										

ܫ			Let		ሻ:࢏࢏ሺ	ܖܗܑܜܝܔܗܛ	܍ܜ܉ܖܚ܍ܜܔۯ ൌ න ݔ sinܽݔ 	dݔݔଶ െ ܾଶ
ஶ
଴ ൌ 12න ܾ sin ݔܽ 	dݔݔଶ െ ܾଶ

ஶ
ିஶ ൌ 12 Im නݖ	e

௜௔௭ 	dݖݖଶ െ ܾଶ
	

	஼
	

Poles	of		݂ሺݖሻ ൌ ௭	ୣ೔ೌ೥
௭మି௕మ	are	ݖ ൌ േܾ.	Only	the	pole	which	lies	in	upper	half	of	the	complex	plane	is	ݖ ൌ ܾ,	having	order	1.	

ܴଵ,௣ሺ݂, ܾሻ ൌ lim௭→௕ ቈ eݖ
௜௔௭ሺݖ െ ܾሻሺݖ െ ܾሻሺݖ ൅ ܾሻ቉ ൌ ܾe

௜௔௕
2ܾ ൌ ܾe௜௔௕2 	

න ݔ sinܽݔ 	dݔݔଶ െ ܾଶ
ஶ
଴ ൌ 12 Im	 ൥2݅ߨ෍ܴ௡,௣௡

൅ ෍ܴ௡,௫௡݅ߨ
൩ ൌ 	12 Im ቈ2݅ߨ ቆe

௜௔௕
2 ቇ ൅ ሺ0ሻ቉݅ߨ ൌ Im ቈ݅ߨ ቆe௜௔௕2 ቇ቉

ൌ Im ൤2݅ߨ ሺcosܾܽ ൅ ݅ sin ܾܽሻ൨ ൌ Im ൤൬െ2ߨ sinܾܽ ൅ 2ߨ݅ cosܾܽ൰൨ ൌ 2ߨ cos ܾܽ 			.܌܍ܞܗܚ۾						
න	ܜ܉ܐܜ	܍ܞܗܚ۾						:ૢ	ܖܗܑܜܛ܍ܝۿ ૛ࢇ૛ሺ࢞࢞܌	࢞࢓૛࢔࢏࢙ ൅ ૛ሻ࢞ ൌ ૜ࢇ૝࣊ ሺିࢋ૛ࢇ࢓

ஶ
૙ െ ૚ ൅ ૛ࢇ࢓ሻ	,࢓ ൐ ૙, ࢇ ൐ ૙				

ܫ			Let	:ܖܗܑܜܝܔܗ܁ ൌ න sinଶ݉ݔ	dݔݔଶሺܽଶ ൅ 	ଶሻݔ ൌ 12න
12 ሺ1 െ cos ଶሺܽଶݔݔd	ሻݔ2݉ ൅ 	ଶሻݔ ൌ 14

ஶ
ିஶ

ஶ
଴ Reන ൫1 െ eଶ௜௠௭൯dݖݖଶሺݖଶ ൅ ܽଶሻ	

	

஼
		

Poles	of	݂ሺݖሻ ൌ ൫ଵିୣమ೔೘೥൯
௭మሺ௭మା௔మሻ		areݖ ൌ 0,േܽ݅.	Only	the	pole	ݖ ൌ 0	lies	on	real	axis,	having	order	2	while	ݖ ൌ ܽ݅	has	order	1	and	lies	in	upper	half	plane.	

ܴଵ,௫ሺ݂, 0ሻ ൌ lim௭→଴ ddz ቈݖ
ଶ൫1 െ eଶ௜௠௭൯ݖଶሺݖଶ ൅ ܽଶሻ ቉ ൌ lim௭→଴ ቈሺݖ

ଶ ൅ ܽଶሻ൫െ2݉݅eଶ௠௜௭൯ െ ൫1 െ eଶ௠௜௭൯2ݖሺݖଶ൅ܽଶሻଶ ቉ ൌ െ2݅݉ܽଶܽସ
ൌ െ2݅݉ܽଶ 	
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ܴଵ,௣ሺ݂, ܽ݅ሻ ൌ lim௭→௔௜ ቈሺݖ െ ܽ݅ሻ൫1 െ e
ଶ௜௠௭൯ݖଶሺݖ ൅ ܽ݅ሻሺݖ െ ܽ݅ሻ ቉ ൌ lim௭→௔௜ ቈ൫1 െ e

ଶ௜௠௭൯ݖଶሺݖ ൅ ܽ݅ሻ ቉ ൌ ቈ ሺ1 െ e
ିଶ௠௔ሻሺܽ݅ሻଶሺܽ݅ ൅ ܽ݅ሻ቉ ൌ 1 െ e

ିଶ௠௔
െሺ2ܽଷ݅ሻ

ൌ eିଶ௠௔ െ 1ሺ2ܽଷ݅ሻ 	

න sinଶ݉ݔ	ݔݔ݀ଶሺܽଶ ൅ ଶሻݔ ൌ 14
ஶ

଴
Re ൥2݅ߨ෍ܴ௡,௣

	

௡
൅ ෍ܴ௡,௫݅ߨ

	

௡
൩ ൌ 14Re ቈ2݅ߨ ቆe

ିଶ௠௔ െ 12ܽଷ݅ ቇ ൅ ݅ߨ ൬െ2݅݉ܽଶ ൰቉
ൌ 4ߨ Re ቈe

ିଶ௠௔ െ 1ܽଷ ൅ 2݉ܽଶ ቉ ൌ 4ܽଷߨ ሾeିଶ௠௔ െ 1 ൅ 2݉ܽሿ	

න		ܜ܉ܐܜ	܍ܞܗܚܘ			૚૙:ܖܗܑܜܛ܍ܝۿ ሺ࢞ െ ૛࢞૜ሺ࢞࢞ࢊሻ࢞ܖܑܛ ൅ ૛ሻࢇ ൌ ૝ࢇ૛࣊ ቆࢇ
૛
૛ ൅ ૚ െ ቇࢇି܍ ࢇ	܍ܚ܍ܐܟ		 ൐ ૙

ஶ

૙
	

න:ܖܗܑܜܝܔܗ܁ ሺݔ െ sinݔሻ݀ݔݔଷሺݔଶ ൅ ܽଶሻ
ஶ

૙
ൌ 12 න ሺݔ െ sinݔሻ݀ݔݔଷሺݔଶ ൅ ܽଶሻ

ஶ

ିஶ
ൌ 12 Imන ൫ݖ െ e

௜௭൯݀ݖݖଷሺݖଶ ൅ ܽଶሻ
	

஼
	

Poles	of	݂ሺݖሻ ൌ ௭ିୣ೔೥
௭యሺ௭మା௔మሻ		are		ݖ ൌ 0,േܽ݅.	The	pole	ݖ ൌ 0	lies	on	real	axis,	having	order	3	and	the	pole	ݖ ൌ ܽ݅	lies	in	upper	half	of	the	complex	plane	with	order	1.	

ܴଵ,௫ሺ݂, 0ሻ ൌ lim௭→଴ 12! d
ଶ

dݖଶ ቈ ݖ
ଷ൫ݖ െ e௜௭൯ݖଷሺݖଶ ൅ ܽଶሻ቉ ൌ lim௭→଴ 12 d

ଶ
dݖଶ ቈ ݖ െ e

௜௭
ଶݖ ൅ ܽଶ቉

ൌ lim௭→଴12 d
	

dݖ 	 ቈሺݖ
ଶ ൅ ܽଶሻ൫1 െ ݅݁௜௭൯ െ ൫ݖ െ ݁௜௭൯ሺ2ݖሻሺݖଶ ൅ ܽଶሻଶ ቉	

ൌ lim௭→଴12
ێۏ
ێێ
ଶݖሺۍ ൅ ܽଶሻଶൣሺ2ݖሻ൫1 െ ݅e௜௭൯ ൅ ሺݖଶ ൅ ܽଶሻ൫e௜௭൯ െ ൫ݖ െ e௜௭൯ሺ2ሻ െ ൫1 െ ݅e௜௭൯ሺ2ݖሻ൧െൣሺݖଶ ൅ ܽଶሻ൫1 െ ݅e௜௭൯ െ ൫ݖ െ e௜௭൯ሺ2ݖሻ൧ሾ4ݖሺݖଶ ൅ ܽଶሻሿሺݖଶ ൅ ܽଶሻସ

ۑے
ۑۑ
ې
	

ൌ 12 ቈܽ
ସሺܽଶ ൅ 2ሻ଼ܽ ቉ ൌ 12ܽସ ሾܽଶ ൅ 2ሿ	

ܴଵ,௣ሺ݂, ܽ݅ሻ ൌ lim௭→௔௜ ቈ ሺݖ െ ܽ݅ሻ൫ݖ െ e
௜௭൯ݖଷሺݖ ൅ ܽ݅ሻሺݖ െ ܽ݅ሻ቉ ൌ lim௭→௔௜ ቈ ݖ െ e௜௭ݖଷሺݖ ൅ ܽ݅ሻ቉ ൌ ܽ݅ െ eି௔ሺെܽሻଷ݅ሺ2ܽ݅ሻ ൌ ܽ݅ െ e

ି௔
2ܽସ 	

න ሺݔ െ sinݔሻ݀ݔݔଷሺݔଶ ൅ ܽଶሻ
ஶ

૙
ൌ 12 Im൥2݅ߨ෍ܴ௡,௣ ൅ ෍ܴ௡,௫݅ߨ

	

௡

	

௡
൩ ൌ 12 Im ቈ2݅ߨ ቆܽ݅ െ e

ି௔
2ܽସ ቇ ൅ ݅ߨ ൬ 12ܽସ ሺܽଶ ൅ 2ሻ൰቉

ൌ π2 Im ቈെ2ܽ െ 2݅e
ି௔ ൅ ݅ܽଶ ൅ 2݅2ܽସ ቉ ൌ π2ܽସ ቈܽ

ଶ
2 െ eି௔ ൅ 1቉ 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶						

				ܜ܉ܐܜ	܍ܞܗܚ۾						:૚૚	ܖܗܑܜܛ܍ܝۿ න ૛࢞ሺ࢞ࢊ࢞ܖܑܛ ൅ ૝ሻሺ࢞ െ ૚ሻ ൌ ૞࣊ ൬ܛܗ܋૚ െ ૚܍૛൰
ஶ

ିஶ
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ܫ									Let	:ܖܗܑܜܝܔܗ܁ ൌ න sin ݔ ଶݔሺݔ݀ ൅ 4ሻሺݔ െ 1ሻ
ஶ

ିஶ
ൌ Imන e௜௭݀ݖሺݖଶ ൅ 4ሻሺݖ െ 1ሻ

	

࡯
			

Poles	of	݂ሺݖሻ ൌ ୣ೔೥ሺ௭మାସሻሺ௭ିଵሻ		are		ݖ ൌ 1,േ2݅	.	The	pole	ݖ ൌ 1	lies	on	real	axis,	having	order	1	and	the	ݖ ൌ 2݅	lies	in	upper	half	of	the	complex	plane	with	order	1.	
ܴଵ,௫ሺ݂, 1ሻ ൌ lim௭→ଵ ቈ ሺݖ െ 1ሻe௜௭ሺݖଶ ൅ 4ሻሺݖ െ 1ሻ቉ ൌ lim௭→ଵ ቈ e௜௭ሺݖଶ ൅ 4ሻ቉ ൌ e

௜
5 	

ܴଵ,௣ሺ݂, 2݅ሻ ൌ lim௭→ଶ௜ ቈ ሺݖ െ 2݅ሻe௜௭ሺݖ ൅ 2݅ሻሺݖ െ 2݅ሻሺݖ െ 1ሻ቉ ൌ lim௭→ଶ௜ ቈ e௜௭ሺݖ ൅ 2݅ሻሺݖ െ 1ሻ቉ ൌ ቈ eିଶሺ4݅ሻሺ2݅ െ 1ሻ቉
ൌ െeିଶሺ4ሻሺ2 ൅ ݅ሻ ൉ 2 െ ݅2 െ ݅ ൌ e

ିଶሺ݅ െ 2ሻ20 	

න sin ݔ ଶݔሺݔ݀ ൅ 4ሻሺݔ െ 1ሻ ൌ Im ቈ2݅ߨ ቆe
ିଶሺ݅ െ 2ሻ20 ቇ ൅ ݅ߨ ቆe௜5ቇ቉

ஶ

ିஶ
ൌ Imቈെߨeିଶ െ eିଶ݅ߨ2 ൅ e௜10݅ߨ2 ቉

ൌ Im ቈെߨeିଶ െ eିଶ݅ߨ2 ൅ ሺcos݅ߨ2 1 ൅ ݅ sin1ሻ10 ቉ ൌ 5ߨ ሺcos 1 െ eିଶሻ				۶܍܋ܖ܍	܌܍ܞܗܚܘ.	
	
	
	
	


