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Partial Fractions

INTRODUCTION

We have learnt in the previous classes how to add two or more rational fractions mnto a

single rational fraction. For example,

PR 2 Dy
x—-1 x+2 ((x-D(x+2)
2
and (i) 2 1 3 Sx"+5x-3

+ + =
x+1 (x+1)° x-2 (x+D*(x=2)

In this unit we shall learn how to reverse the order in (1) and (11) that is to express a
single rational function as a sum of two or more single rational functions which are
called Partial Fractions.

Expressing a rational function as a sum of partial fractions 1s called Partial Fraction

Resolution. It 1s an extremely valuable tool in the study of calculus to decompose a
complex rational function into a sum of simpler fractions.

An open sentence formed by using the sign of equality ‘=’ is called an equation. The
equations can be divided into the following two kinds:
Conditional equation: It is an equation in which two algebraic expressions are equal

for particular values of the variable e.g.,

(a) 2x = 3 1s a conditional equation and it 1s true
3
only 1f x = PR For simplicity, a conditional
equation 1s called an equation.
(b) x>+ x—6=0is a conditional equation and it is

true for x = 2, —3 only.



Identity: It 1s an equation which holds good for all values of the variable e.g.,

€) (a+b)x = ax+ bx 1s an identity and its two sides are equal for all values of x.

(b) (x+3)(x+4)=x"+7x+12is also an identity which is true for all values of x.

For convenience, the symbol “=" shall be used both for equation and 1dentity.

5.1 Rational Fraction

P(x)
(x)

An expression of the form , where P(x) and QO(x) are polynomials 1in x with real

coefficients and O(x) # 0, 1s called a rational fraction. A rational fraction is of two
types.
5.1.1 Proper Rational Fraction

P(x)

A rational function ) is called a Proper Rational Fraction if the degree of the

polynomial P(x) in the numerator 1s less than the degree of the polynomial O(x) in the

q . . 1 3 2x-5 q 9x’
enominator. For example, v, o an ©—1

arc proper rational fractions or

proper fractions.

5.1.2 Improper Rational Fraction

P@)

A rational fraction O(x) 1s called an Improper Rational Fraction if the degree of the

polynomial P(x) in the numerator 1s equal to or greater than the degree of the
polynomial Q(x) in the denominator.

X (x{ﬁ'}rFl) x*—3 dx3—x2+x+1
=37 (x— D(x+4)’3x+ 1% 45
N A

are improper rational fractions or improper fractions.

For example

Any improper rational fraction can be reduced by division to a mixed form, consisting
of the sum of a polynomial and a proper rational fraction.



3 +1 , . . . .
—, s an improper rational fraction. By long division we

For example,

oneﬂ\:
b 0L 13 e
obtain ~— X N Diviso¥__x— 2)3 o
1.e., an improper rational fraction has > been reduced T
to the sum of a polynomial 3x + 6 and a proper rational ‘?{-‘_1
f ; 13 Q _\.Q ——5')<_+6.\. 13 r x;12
raction x_12" > Y E |

When a rational fraction 1s separated into partial fractions, the result is an 1dentity; Rem,

1.e., 1t 1s true for all values of the variable in the domain of identity.

The evaluation of the coefficients of the partial fractions is based on the following
theorem:

“If two polynomials are equal for all values of the variable, then the
polynomials have same degree and the coefficients of like powers of the
variable in both the polynomials must be equal’.

For example,

If px3+qx2—ax+b=2x3—3x2—4x+5, Vxthenp=2,g=-3,a=4and b = 5.

P(x)

O(x)

5.1.3 Resolution of a Rational Fraction into Partial Fractions

P(x)

Following are the main points of resolving a rational fraction 00)
X

into partial

fractions:

(1) The degree of P(x) must be less than that of O(x). If not, divide and work with
the remainder theorem.

(i1) Factor the denominator Q(x) into its irreducible factor, write the rational
fraction mnto partial fractions.

(i1)  Multiply the 1dentity with the denominator of left hand side.
(iv)  Equate the coefficients of like terms (powers of x).

(V) Solve the resulting equations for the coefficients.



We now discuss the following cases of partial fractions resolution.

P(x)

Q(x)

(Case [: Resolution of

into partial fractions when Q(x) has only non-

repeated linear factors:

(1) oe2)

The polynomial Q(x) may be written as:

Ox)=(x—a1))(x—a2) ... (x—an), where a1#ax+#....# ay

P(x) A4 A, A . : :
= + + ..+ is anidentity.
O(x) x—-a x-—a, x—a,
Where A1, A, ..., A, are numbers to be found.

The method 1s explained by the following examples:

Example 1: Resolve X+ 25 into partial fractions.
(x+3)(x+4)
Solution:  Suppose (e 4, &

(x+3)(x+4) x+3 x+4
Multiplying both sides by (x + 3) (x +4), we get
Tx+25 = A(x+4)+B(x+3)
= Ix+25 = Ax+44A+ Bx+ 3B
= Tx+25 = (A+B)x+44+3B
this 1s an identity in x.

So, equating the coefficients of like powers of x we have
7 =A+B and 25= 44+ 3B

Solving these equations, we get |4A=4| and |B=3|.

Fsnis, Tx+25 4 N 3

(x+3)(x+4) x+3 x+4

Alternative method

Tx+25 A B
Suppose = +
(x+3)(x+4) x+3 x+4
= Tx+25 =A(x+4)+B(x+3)

As two sides of the identity are equal for all values of x,
Letusputx=-3 and x=—-41nit.
For A4, putting x + 3 =0 1.¢., x = -3 we get,



—21+25=A4(-3+4)
— A=4

For B, putting x + 4 =0 1.e., x = — 4 we get,
—28+25=B(—4+3)

= B=3
Tx+25 4 3
Hence, = + :
(x+3)(x+4) x+3 x+4
2 J—
Example 2: Resolve x —10x+ 1S into Partial Fractions.

(x=1)(x* =5x+6)
Solution: The polynomial x* — 5x + 6 in the denominator can be factorized and its

factors are x — 3 and x — 2.

x*=10x+13  x*-10x+13
(x—=D(x*=5x+6) (x—=D(x-2)(x-3)
x*—10x+13 A B C
Suppose = + +
(x-D(x-2)(x-3) x-1 x-2 x-3
= ¥ —=10x+13=A(x-2)(x-3)+B(x—1)(x-3)+ C(x - 1)(x — 2)

which is an identity in x.
For A, putting x— 3 =01.e.,x =1, we get
(1> =101+ 13 =4(1-2)(1-3)+B(1 - 1)(1-3)+C(1 - 1)(1-2)
= 1 -=10+13 =A(-1) (-2) + B0) (- 2) + C(0) (-1)
4=24

A=2

For B, putting x-2 =0 1.e., x = 2, we get
(2 —=10(2)+13 =4(0)(2-3)+B2-1)(2-3)+C(2-1)(0)
— 4-20+13 =B(1) (-1)
-3 =-8B

U

B=3




For C, putting x-3 =0 1.e., x =3, we get
(3)*-=103)+13=43-2)(0)+BB-1)(0)+CB-1)(3-2)

— 9-30+13=C(2) (1)
= -8=2C
C=-4
Hence partial fractions are: 2 + . i

x—1 x—2_x—3

3 2 s
Example 3: Resolve 2X X X3 into Partial Fractions.
x(2x+3)(x—1)

, 2 ¥ x° —=x—3 : 1
Solution: .. 1S an 1mproper
x(2x+3)(x-1)

fraction so, first transform it into mixed form.

2x3+x2—3x>2x3+x2—x—3

+2x° + x> F3x

Denominator = x(2x + 3)(x — 1) = 2x° + x> — 3x

2x—3
Dividing 2x° +x* —x — 3 by 2x° +x* - 3x,
we have
Quotient =1 and Remainder = 2x — 3
2x3+x2—x—3: - 2x—3
x(2x+3)(x—1) x(2x+3)(x—1)
2x—73 A B &
Suppose =—+ +
x2x+3)(x—-1) x 2x+3 x-1
— 2x—3 = A2x+3)x—-1)+BXx)(x—1) + C(x) 2x + 3)

which 1s an 1dentity 1n x.

For A, putting x = 0 1n the 1dentity, we get |4 =1

For B, putting 2x +3 =0 = x=— % in the 1dentity, we get |[B=——

For C, putting x — 1 =0 = x =1 1n the 1dentity, we get |C =——

. . | 1
Hence partial fractions are:1 + —— 8

x 5(2x+3) - 5(x—1)




P~ EXERCISE 5.1 4
Resolve the following into partial fractions:

1. A

p =

2% -1

S

—

o L
»w - (x-’l) (3ex1)

S S o
<?(.—— 'D (X:\-'D K— 1 I+ '\ @

Mubiply by (1) (ert),
(e 1) e ) x —2 =<x-«><m>[ A2

2 =2 A+ B)
2 =2A
= A=
Put %=1 in &
2 = A-1+1) +B (1)
2= Al) + BEY)
%f%;ﬁ_——» B<=-1
Hence) ) — y 1 \

Doty %=1 x]



2.

a-b
Q;c—a) Qx.— b)
S

———

b A LA o

+

<7Q—®L> b&—bj ) w—Aa x - b
Multipdy by (=a) G- b),

»x—a)(x-b) x a-b  _ <x—<1> (x——b> P\\ N
< X > (x—d) (x—b} &x—-q
oo A LD+ ALles)
Put *=Q 1n @,
a-b= /\\QO\—\D> +P\><Q—C9
a-D = f\l(&-\% x O
—~ A =1

Pt x=b i &,
a-b = /\Kb ) + AL(b-a)
a-b = A0) - P\A&—b}
a-b =- Ala-Y

(Q—b> __RA,

(@-b)
— A




Qxﬂ Qx— >
=S .
%+ | % )
el < o
I E D: — O
() () <=
Take . \ A . B

o1 - (%)) T o=l e

() e I Y
Multigly by GeDee),
2 = P\<7<,+'l> B(’C"D —G

1=-2B = ©=-l

& =)> 2 _ 1 Mence
(xA) ey 21 el




4, A KA

Q&-\- HICE 2)(%x+3)

S
X2t O A B . C O

_‘.-

(xﬂ)(x»rl) (xﬁ;} h w x| AW o 2+

M‘LQ_D&P% b\d (K-\-/‘)Q}Q-\—l}(’)&\p)}
(st )oer2) (oer D) YD =(x+4)(%+13(%+’>)<xp‘ﬂ+ B . C 3)

(rertYooF ) ) ol
AR+ D = P\ (%1-3)(% +?>> +B@C+'\> (?CJ\'?» +C (X*DKDG-)) >
&

Put w—-1 in Q)
L) a3 AT D) (D) + B3 + L) )
5 43 = AXQ) + BO)() «Clo)(D

1 =&A+O+O
1 _A
oL

Pt k=2 i &
() A2 (D) + B (2D + ) ()
3 A+ BED () +C (1) (0)
N=a- B0

| =B

Pt %=—2 in @,
2(D)+3 = k(3 +2) (35D + B(3+)(-3+3) + C (3) ()



_& =) (0) +BE)(0) + C(R) D

D =0 +0+2C
__'f)_ :‘_C
Y
Mence
L ;\ -3
@ _.___.> D\'?‘(.‘k"b 2 N

= T
<+ > (%Jrl) (xﬁ;} »x + | At 2D




5. 2 +hxad

() (E+5%x6)
S
W O e +4 D)
<'K:k"0 b&"»ﬁ vaé) (x 1—'\) (')C-\-D\) (’)C.—\%) XA 8 =K LD x+6
1 LS A = x(erd) ¥30erd)
X+
= 5 C _ (%~ 2)(x3)

(’)u'l)(?&l)@&@— e+ i 2 HXD

MU&tP% bj (x#\)(x@)@a@

e\ o)) TS _ (o ) A
(xﬂ)(xﬂ\)(xﬁ) ( /\X 03(%*& >+l N x%+ %C:f?)

e +L9%+D = A <'}C-\-DJ<'X. J\—’J\) + D <'>L+’\> (’DC+3> X C<’)C+'\> <X+l> >

puJC '){,_—_-—1 N <357 @

()5 = R () +BAD( ) + AN ED
1 -b+S = AR +PO®R) +C0)(1)
2 =R 10 +0
A -
Pt w=-2 in O,
(23 v () +5 = AL )2 +2) + B (AR L)@

L -8+S = AO)() + B (1)« CA)©)
1 =0-B-0

B =



Dut W=—2 N @ >
<«?>>l+ 4 (-?)) +O = A(—-?) +)3 (->+2) 1—%(‘77*0 (J‘)*ﬁ» *’C'(j')ﬂ) 3+

-12+5 = AED©) +BED)O) + D

2L =90+0+2C
—> C =1
Mence,
& < hers L

(xﬂ)(?&l) (’K%)— >+l aexd 2D



6. L@+ D% =D -2
NS 4%+

<& 2
HK —/\ ,./E—lf—rﬁ%j_——f)’x,——l
4

>

Lnr S =20 Loe S 4 X2 © L,
- - .
= ’5;1’1—%-—3\
Take F 52
A D _ KA D 7D
2= %) (%1
Ge) ) A+ &
x> A N 5 © D
(x—D ()G\"D el ol
Mullply by (e-1)6erd),
e+ = A (ex) + DO — ©
pu:t '>C='1 I @2
143 = A(’H'\) + 3 U—ID
4 = A() « ®(0)
L =2 R
— A= 2
PuJE x=-1 In @
143 = A(‘I‘ "D + B(‘l\ "D
~ —Alo) « BEV)
X =-20 — D=
F\TOW\ @9
W+D D 1
G el
2 |

—_— T T———

) 2-
D — L+ D e =D h LD 4

Men ce,
>

=1  %xx]
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Case I1: When Q(x) has repeated linear factors:
If the polynomial Q(x) has a repeated linear factors (x — a)”, n > 2 and n 1s a positive

integer, then Px) may be written as the following identity: 1 m -1
Q(X) i - L‘l - L‘i _4:1—
P(x) A4 A4, A
= + ~ et - —
Ox) (x—a) (x—a) (x—a) (x-2)(x-2)
where A1, A2, ..., A, are numbers to be found.

The method is explained by the following examples:

2
Example 4: Resolve X X 31 into partial fractions.
(x+2)
. % +x—1 A B C
Solution: Suppose — = + — -+ 3
(x+2)  (+2) (x+2) (x+2)
= xX+x—1=Ax+2’+B(x+2)+C (1)
= X+x-1=A4A%+4x+4)+Bx+2)+C (ii)

For C, putting x + 2 =0, 1.e., x =2 1n (1), we get
(=2)*+(-2)=1=4(0)+ B(0)+ C
= 1=C

Equating the coefficients of x* and x in (ii), we get |4 =1
and 1=44+B
= |1=4+B = |B=-3

| 3 1
- +
x+2 (x+2) (x+2)°

Hence the partial fractions are:

|
(x+1D*(x*-1)

Solution: Here denominator = (x + 1)* (x* — 1)
=x+ 1P+ DE-1) = @x+1)P -1

Example 5: Resolve

into partial fractions.

] |
x+D2(2=1) (x+1’(x-1)
1 A B C D

Suppose = + + +
PP (x—l)(erl)3 x—1 x+1 (x+1)2 ()H—l)3



= 1=Ax+ 1P +Bx+1)> x-1D)+Cx-Dx+1)+Dx-1) ...(4)

= 1=A407+3x°+3x+ 1) +BE*+x* —x—-1D)+C(x* - 1)+ D(x - 1)

= 1 =U+B)X’+(BA+B+O)x*+(B4 - B+ Dx+A—-B - C—-D) ...(ii)
For 4, puttingx—1=0 = x=1 1n (1), we get

1 =A(2)° = |d=2

For D, puttingx+1=0 = x=-1 1n (1), we get

1=D1-1) = |De-rt

2
Equating the coefficients of x> and x? in (ii), we get
0=A+B —~  B=-4 - B:_é
3 1 1
and 0=34+B+C = 0=-——+C = |C=—=
8 8 =}
Hence the partial fractions are:
r_r 1 1
8§ ., 8 4 . 2 1 1 1 1

=1 x4l (x+1)7 (x+1)  8(x—1) 8(x+1) 4x+1)> 2(x+1)



P~ EXERCISE 5.1 _4
Resolve the following into partial fractions:

7. o — e+ ]

g
s

25— 1 e+ 11 =L+ B . C O

Q‘G'B (')Q——D~>Q<.—3> o] w2 %D

Mulliphy by (DG 0,

"< (\D\'K,—\- N (5 B . @
(D)2 () 5_\\(}% 3 = (e -2 3)( F— %_5>
A (e-2)(e-3) = B(oe1)(2-3) 5 Q(x_ o) —@

25— At || =
Pt »-l in &
()1 = A= +BODAD + <)
el = ACYE) +BO)E) + <)Y
1 = AR) +o0+0
A=l

put = ln Gq{u@
() -@ 1= AR-D(2-3) +B 1) @) + < (31)(2-)

2=kt = AE)ED + B () + < (1) (9

0
v
|l

Put x=3 in @,
237D <11 = ARG+ BG -D(3-3) + (>N



17-36 +11 = Ao + B)(e) + () (1)

A =0 +0 +2LC
) C-’-‘—-/l

Hﬁmc.e_,
20— 1 A1 1 | N \

.‘_

D= aoded) ~ =l w2 %73




8. (%—1) (x—l)(x-—%)
(- 1) (2~ 5) (- 6)

58
(DY (et (o Tk )

() (2-5) () T (xe) (8139
Sk &= +5% -8
1?19 +D0 N ETNGVELD S5 PLe

—
—

-6’)(, -\-HX, <
3 1S« —\-7417(; 120

26 =1S waThx- '\D\O,If 6%—\—'\'\')&6

a—
o=

\S % +7L[x—

(Do) G- g3l @ Fnd- - 63x,+W1
() (5) €Y (5-4) (-5 ()

TCLK@
D C 3

Qo &3 _ A
»x-&

(x— (x—'5> (’C“g) x—H K=
Mulliply by (-5

o — &3+ NH L) (e N D +_C_;_,>
(I e A e

e gl . A9 0e8) < Bl e+ O,
Q

Pt %=L in @
Qe & 3(4) + 114 = A (4-S) (4 -6) + Bla-1)(4- 9 + () (2-35)

1L - 252+ 115 _ ACYE) + B~ <Ay
2S8-252 = AR ¥ 00



— 2R

— A =3

Pt x=5 W O,
()= 83(5) + 4 = A(s-s) (5-9) +B(S-H)(5-6) + c(s4)(s-35)
225 = 31S+1{a = A@ED« B (1) +C (1) (0)
24 =0 —D O

= D =-24

Put % —& In @)
Q(e)= 6 3(S) + 114 = Al&-9) (&) +Bl&-)(6-6) « (s ) (s-5)

q(36) - 318 + 114 = AU)(0) + 3(2)(0) + C()U)
2L 3T+ A =0 +0+ LC

So = 2L
— (=20
Fyom &
Qo3 D A 30

(% 4) (3) (%) - w4 k=D xE

Mence
oD 3 24 3

<’)<_——L~I> (X-—S) QX--—G> B N ')(_——L{ K — 5 ')(_-—6

O =



9.

(o @)(o¢ b) <+
S
L el Y= ¥

d A A A

-'\-

(ﬂ*cﬂ(\j*\@q*@— ‘a +Q \d*b ‘d+c

Moy By (yaa) Do),

+A) M+ 0)Y+¢ d _ (4+3) (4sb) *C:> A J“_B_}’X
9 TGt~ \z\m qrb 4+

9= AL4eb) e + AL ({9 + AL+ (D) —
Pul 1=-< n &,

o AlarB)(card cA(-ard(ca ) + Alardcard)
_d = A‘QQ-b> (Cl—q + AL(0> ) ABQO)

e _ A\
(a-B)(@-9)

Pul = - in &,
b= AK—bfb\) (— \)+Q> ¥ Ab<—5+<1><—b+<'> + A,a(—b +@> (—b*‘@

b2 AO) A, (a-B) (-bae) + As(0)

N P\L<Q—b> Q}C)

o _A,
(@) (b-9)

==



Put =-C in &,
(= A((— C‘tb} (— C+C> 4+ ALQ— C,+C1><-C,+C> + A3<- C+G\-) (—- C%\:s

A A + As(e-9(e-9)

=> - < — A3
(@-9(-9
Mence
M = d _ @L:b?@@ *E.T—E)%——c} . (Q:S(b-C)
(‘3*33(‘;\*\:5({\%) 1+ yb  dx¢

= a_ _« b C
(a5 (6ad)  G-Bb-aD  (b-ale) 56+




10. < +]
Qx— I)L
<

T el
x| A 5 )

PR

(x—ﬁf -1 ) ("'DL
Muliply by (=),
(%x 70\4:70’7— A*B’
TS

wx+] = A(’C"D *B

x 1 = Ax - A+D
%\d cbmpcu‘mﬁ e sevils,
L A
2. AR —O
Pt A=1 n &,
1+9 =1
R 2




11. M+

(= 1)
%S;E: %, + Ko _ ?C(’X. \‘0 B
(xL—DL Kx—ﬂ (xﬂ)]z
_ X (’Xﬁt’b )
(o) (e )”
} QC—’DL Q&D
9

«~ __ Kk B (C ®
@t#b @G’\}L x| x -1 (x-q)L

M \A&L'D&)j bd Q’Qf > (x Jbz_

et (’QM 1 x (k0

o _ A 4 Bl ¢ ()
— /\bf— Douﬂ) k%QX:L'—/D +CxexC
v — Ao =LA AxBx =B +Ce+C
o (AB) (2R + A-DHC

Com’\)ox‘\v\cd Coe Hi cenls,

_ (o) () X

A+B=0 — &
"D\P\'\'C—:/\ _"‘®
A-B+C =0 — ®
Adding @ & @, e
. —
A-D +(C=0

2AA+C =0



C--2pAp ——& Put WO
_2A-2A =
_Lp<
P\—"—L Dt in @ & Then @
= 4
e C=-4 “w)%
_ b
=
_ |
/\/L\ . ‘\/q . /)_ .
xrl x1 ()

{ 1

—L

(SN
(')Gc'\> 4

EONED)]
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P~ EXERCISE 5.1 4
Resolve the following into partial fractions:

12. I+4%-D

() 2t2e=3 z(x_o?’x A L, B c X

x 1 ) (x-1) K (%1

300+l = Alxt) +Bx-)+C — @
Pt <=1 in equ®
(1T +u(1)-5 = A(1) + BU-) + C
2 = Ae) « B(o)+ C

F vom eo\/u.@
A+ 4D = A(%L—D\?C'\"\>"r Bx - B+C
_ Ay —2Rx+RA+Bx -BH+C

Ao+ L -5= Ao s C2AcB) e+ A-B+C

B‘d C»W\Pcuma Coe H«'c\ents
’Kj— : A =3



DLt A=3

o : —2ABD L —O©

n @,

- 1<3>4<B=41
_&1 D=4




K(x-ﬂ)b
sd
T =_A_+ D C ; D 0
(oex ) % xl () (eal)
Mudbiply by x(el)
el A B D
( x(xﬂ)} ( D Z I QK*D (Kﬂ>>

{_ Alxet) + Bl +CoeGenl) £ De ——@
Pt x-0 in equ®,
1 _ Alo+) = Bo)(o+) +C () (o+1)+ D(o)
1 A
Pt x=-1 in equ@®
1 = A(-1+1 +E’>(X +1> CENET) +DED
| —Ao) +BEN(@)+C(-1)(0)-D
[ =-D
-1 =D

Fyom e.q/u.@,
1=ALS £33+ 1) + B (5 2e) +C<’>€'+X> +Dx
1= B+ 3R+ 3Roc + A+ Bac+ 2B+ B 4 Cod v Cae v D
1= (AsB) 22+ (BA+2B+) s (BATB+CaD) e + A

B\d C,om &Y\Y\ﬂ Cme%%oeﬁ\:s,

¥ A+BO — 3



%L: ?)A-\-«QJB*'C:O - @
.  3AB+CD0 —— &

Pu,t P\-——-'\ n eﬂ}*-@;
| +B =0 — [D=-1

Now,
@ — N+ +C=0
2-0,+( =0
| +C =0
C=-]

Hence from equ,
1 1 -1 1 -

x(xH)} el N (xﬂ)z—r (7@(1)3

| { 1

1 B B _ .
- %+ | (xﬂ)z (’)(.—\-1)3

A
2C (’K-\- 1)3 S

—




14. Lol —Ddx |
<’K_—\-DQ&—\)
23

Lo — Do+ | A B C
> = ~ @
(')C'\' 1) Q)(_-— 1) ) d —&1 N ¥ — '\ <x-1>1

M U&t‘P&‘d b\d <'>u Q (x— 1>L)

et 3] e | A B
<7c+ - ) w1l N (x—Dl

©

Lt | = A1) + B lert) Get) + Cloext)
Put x=-1 in equ®,
L) 23()+1 = ACTD S B + (1)
L ()31 = ACY) +BO)E) « €O
8 —4A

— A =2

Put =1 in equ®,
)Y =3 +1= A(H)L +B(1+1) (1-1)+C(1+1)
L —3+l = ALY« B0+ <)
L =0 +0 +2C
=|C =1

F Yom €9 . D )
Ly =0 | = A (’K“ﬁ_* B (7& }\> (X'D & C’QK*D

- R (’)CL— lx+’\> A \?D('K:L— r) +CxaC



Lyae—3ca]= A =LA +A + B - B + CrerC
Ly —3xl= (A+B) e (F2A+ D+ A-B+C
By cempaxing e fficiens,
’C: A+Bty —O@

Put  A=2 m equ®,
2+ D=4

D=2

Mence  from equ O,

Lol =D+l N pY 1

——————eeen
—_—

<’>c+ 1) Q:c— W)L - 2 +] .\ (K_ Dl




15. 1Ax—48 _
(x ~ ,2,) (’K.-\-l)

ECS

oc-bg _ 1(ed-4) BN iy

(5~ 2) (erd)  (5e=2) (oer) _ () ()
_ R6e) ()
(0= 2J (er)

b8 R

(=2 Gerd) (3= 2) (e )
Now,
12 A B &

('}Q—l)(x'\'l) B K— oL ‘X,-\-l
M L&DPQ\(] b\d Qx—l) (x+l> ,

1 ) ean) (LA B
(e (x—,l;v(wul):( ) %x—; 2

12, = Alx+) +B0e2) — @

Put =dJd_. W eo\/u-®;
12, = Ala) « Ba-2)
12 = 4f~ BO)
12 =4A
— A3
Pit el in equ®,
12 = Aka) + B2-2)
12 = A0) +BCH)

:



L= -4
— B=-3

Hence, brom e q,u O,
1 3 -3

*—

(o-2)(ex))  x-2  aexd

3 3
<'}Q—,Z>(K+l> K— oL %-\—2,
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Case I11: When Q(x) contains non-repeated irreducible quadratic factors

Definition: A quadratic factor is irreducible if 1t cannot be written as the product of
two linear factors with real coefficients. For example, x* + x + 1 and x> + 3 are
irreducible quadratic factors.

If the polynomial O(x) contains non-repeated irreducible quadratic factors then gix;
X
may be written as the identity having partial fractions of the form: A
Ax+ B -

where 4 and B are the numbers to be found.

ax* +bx+c

The method 1s explained by the following examples:

E le 6+ Resol 3x—11 . 1 fract
xample 6: Reso Ve(x2 + D(x +3) Into partial 1ractions.

3x—11 =Ax+B+ C
(x> +D(x+3) x*+1 x+3
= 3x-11=Ux+B)(x+3)+C(x*+1) (1)
= 3x-11=UA+C)x*+BA4+B)x+ 3B+C) (ii)

For C, puttingx+3=0 = x=-3 1n (1), we get
—9-11=C0O+1) = C=-2

Solution: Suppose

Equating the coefficients of x* and x in (ii), we get

0=A+C = A=-C = |[A4=2

and 3=34+B—= B=3-34 = B=3-6 = B=-3
2x-3 2

x> +1 x+3

Hence, the partial fractions are:

Ax* + 8x

x*+2x7+9

Solution: Here, denominator =x* + 2x* + 9= (x* + 2x + 3) (** — 2x + 3)
4x° + 8x B 4x* +8x
X2t +9 (x> +2x+3)(x* —2x+3)
4x* +8x Ax+ B Cx +D

Suppose = —
PP (x*+2x+D(x*-2x+3) x*+2x+3 x*—2x+3

Example 7: Resolve into partial fractions.




= 4x°+8x=UAx+B)(x*—2x+3)+(Cx+ D) (x*+2x+3)
= 4x*+8x=U+O)X¥’+(-24+B+2C+D)x*
+(34-2B+3C+2D)x+3B+3D (1)
which 1s an 1dentity 1n x.

0

Equating the coefficients of x°, x%, x, x" in (i), we have

0=A+C (ii)
4=24+B+2C+D (iii)
8 =34 —2B+3C+2D (iv)
0=3B+3D (V)

Solving (11), (ii1), (iv) and (v), we get
A=1|,|B=2|,|C=-1| and |[D=-2
X+ 2 —x—2

Hence the partial fractions are: . +—
X +2x+3 x"—2x+3

Case I'V: When Q(x) has repeated irreducible quadratic factors
[f the polynomial Q(x) contains a repeated irreducible quadratic factors (ax2 + bx + ¢)',
P(x)
O(x)
P(x) Ax+ B, A,x +B, Ax+B,

= — C— = e —— :
O(x) ax " +bx+c (ax”+bx+c) (ax” +bx+c)

n > 2 and n 1s a positive integer, then may be written as the following identity:

where A1, Bi1, A2, B2, ..., As, B, are numbers to be found. The method 1s explained
through the following example:

4x°

(x> +1)*(x-1)

4x° Ax+ B Cx+D+ E

E A1 x-1) (24D (@41 x—1
= 452 = (Ax+B)(*+ 1)(x - 1)+ (Cx + D)(x— 1) + E(x* + 1) (1)

Example 8: Resolve into partial fractions.

Solution: Let

= 4= A+E)X*+(~A+B)x*+A-B+C+2E)x’
+(-A+B-C+D)x+(-B-D+E) (i1)



For E, puttingx—1=0 =x=1 1n (1), we get
4=E(1+1)7° = E=1

Equating the coefficients of x*, x°, x%, x, in (ii), we get

0=A+E —  A=—-E = [4=-1

0=-4+8B — B=4 —

4=4—-B+C+2F
— C=4-A+B-2FE=4+1-1-2 = |C

2

and 0=—A+B-C+D
— D=A-B+C=-1+1+2=2 = |D=2

—x—1  2x+2 1
2 T 2 2+
x+1 (x*+1)° x-1

Hence partial fractions are:



P~ EXERCISE 5.2 4
Resolve into partial fractions:

1. 27 4D HAD
(er 1)< +1)
Sgb
3\%2_+?)'>L+"3 _ A N B%*C s @

Cerl)ost) sl o+l

M‘*&t‘PQ‘d b\d <%+'\><%L+'l>,

(3ea) g ) 22C 43D ___(mq)(xm)x A B C}

<K+1><%L+‘> w1l =

2 + X+ = A(%LJV '\> B <5%+ C,> (x+ \> —
PuJC *=—1 in ec.\/u,®,
(- 1>L+5(-D 3= R <<-'DL+'\> + <5(4>+ C)(—’\ ﬂ)

2-3+3 AR +(-B+9I(©

2 = 2R
— A1
From eaud,
29+ D43 2 A + (Boer ) (e )
A A+ BAX Bt Cxex C

2 + D xA D= (P\‘V B) X 4 <5+C> W+ A+C

® Covpan oot cenls:
\a a vor A+B o ©




7(1'- B "(‘C :3
% AxC=’3 ——©
PULJC A = ,\ N e%u.@) & eq/u@ )
® = 1«B=2 @ = 1+C3
D=2 C =3~
D=1 C=2
Hence S—Y om  €qu. O,
l’)'cz_—\-?) A+ _ 1 N 1,%—\-9\
x+1><%L+1> 9<,-\'1 %L-\-,\
2 4D KA _ ] W+,
x+1><7<f+1> w2



2. v
(x—l)(xf’-\- 3 ?(,-\-5)

= +

(x—l)(f—kB?C'\rS) x— L ')C::'\‘?)')C'\'S
M U&tpﬂ»\] e,QLQ\’l tQYm b \d LC,M <’7C— 3~> <‘>CL+5'>C+'5>,

(5-2)(6¢+3%+3) Ao = (x-2, msmsK A Bl
(x—l)(o<?+3x+5) < >( )x~2, o+ DS

D\'X.—\-w _ P\(’X,L—\-BK'\'S) + QB'}Q—\—C)(’)Q—@ —®

Pu.-t W =L g eg\/u‘@))
1)+ = Al +30)+5]+ (B +) (-3

4+l = Ala+6+) +(2B3+9)(9)

5 =AlY)
S _A
(S

- -1

From  equ®,
2xrle A 3Ax+SA + B = LBx+Cre -2C
el = (A+B) o+ (BA-2B+C)oer SA-2L
Bkd Compaxing coefficienls,
e AsB-o —B
x. . DA-2B+C-2



. SA-LC .1 —®

Put A:% in  equ® & equ,
® = %—‘\'%:O O — 5(%)—D‘C’=I
_ D _
B _ %_ \5_1 _2C
2 -3 _2C
3
L _2C
D
= CFL
3
Hence, from equ O
A _ 1
| _ > =3T3
(x—l)(x+57@+5> R S N o 0]
— %




3. ARKADL

Q)Q— l) <’)CL + l)a_

AAXADL A _\_BK—\rC N Dx+lE ©

—_—

)2y -2 & (Y

™ u&tp% each  Texm b 4 LCM Q’C“ D“) ('K‘L*' DVS—

S

(76—1)(75_*-35— 1’)(1—?2)_3\, (-2 >-+3:‘ A _\_BK+C N Dx+E
@c—l)(x +l> ( >(% > e —2, AL <'X,L‘\‘l>2— 2

2 an = Al s+ (B Qo) 66+ (D) (oe-2)

Put =2 wn equ &,
L@ +32, _ A3 ) + (B Y- ~D@-Ee-)
4432 = A(6)+(2B L)(9(€)+(2D+E)©
38 _3SA+x 0+0

3% _A
38

— |A =1

From  eaqu @,
Qwa DA = A(’)QL—& l> +<6’>(.—\-CJ><’)Q~1>Q>€_-¥D~>+Q>%-\-E> Qx—l)
L +3d) = /\bc’,_’—viﬂ 7(9,—+L—|> + <6K+C>(?€+lx—lxl—q> +D£—lb%+Ex—lE

Aot LAR LA+ B 2B LB - A D+ Cocr Al
20— 4C+Dw-2LDwrEx2E

LKA D)= (P\+5> P (’3\5*() 2+ (LHA+2B-2C4D)od
+ (4B +2C -2D + ) + (LA-4C-2E)



5\d Com pcmncd Cmeifgfi cenls,

}CLj: A+B=0 —&®
s -1B+C=0 —O
E LA+ l%-lﬁf\'b -0 —O©

e 4B rAC-2D+E =2
LA -4C - 2E -3 —©

PUt P\=1 N QO\)_L,@;
(+B 2o = [B=- Pt in ®

C -2

Pu’t P\:l\, B=_1, C="d N eo\/u.@ & Qq,u.@,

SE 4(0*1(‘0—1@9 +D=0 © — 4()-4(Y-2E=32
L-2,+L D=0 L B -AE=32
-0 _E
D--6 L
= |E= -0
Hence  fxom  equ,
232, _ 1 ) e (o
@c—l) (’)CL+ l)L -2 KL <')<,Ldr l)L
2%, ) _xxd G)')HS\)

e - Rt N G )



4. ?)’)(:,'1-?)

< + ]|
E‘QL 3 13
3%+ D _ D%+ Q-\-b =(Ci+b><d'—g‘b-\-bl>
> + ]| (’)@D (’)C'—xﬂ)
57(9‘_'\'5 A x B')(A-C . ®

() —al)  aeal -l

I u&tp% each term b 4 LCM (e 1) (’5—%*\) ,

(o) Q’C“K*D 0% +3 = (1) (%L—xﬂ) <_,__A N B C \)

(e 1) (’K,L—K*D ol Ao

33+ = /\(?QL—X*D +Q5x+c>(x+l> —®
Put o=l in equ®
(-3 < AT -ED) D) +(Brer ) (1)
(D3~ A({st+1) « (B (0)
& _A®) ~0

= vom equ. @,
5')@:_—\—?) = /‘\’)CL— A’)Q-\- A + B'XT-\—BXA-C%-&C
o+ D = (A*6>%L+<—A+6+C>’)C+A%C

Bd Compaing Coe Ficients,

. AsB = —®
"% ~A—\—5+C=Q

% A-C-3 —®



Put A
-2 i equ® ond equly

@ = 2+D =2
B_-3-2 .
R -1

Hence FYom eovu®

( t‘ ‘K — 2/ 3 <I‘>’)€‘ l

3% +3 2
e T c
% - |




5. X
X +l')(, —\-'\
<3 H
’)(J 4 .
L ] i ImPYO?e,K Yxachon
\
?CL'+D\7€_+14%L'
_%H + 2% 1
— L~
X A
K+ ] %+ L
X 2]
7€+le+,\ (%) D\<% (1) +,\
X I Ao¢ | o
’}(I:‘-!-l')(j_«-}\ Q’}(}'_\.D}’
1 ake
A ‘\’1 P\'}H% Ca+D o
<% + ) 2% x| (?c+'\>
M u&tp% eqc,\ﬂ te)(m b\d LC,M Q%:OL,

<’>¢”+ \)L vacﬂl =( > LA%‘% Coe

3
%L+1> 2% x| (x,aﬂ)

I+l = QB\'KAB> Q}fﬂ) . QC”:M“D)

_ Ax+ AX+BDC+B+C%+D
= Ax+Br + (AxO %+ B+D

2L |

(Ch b>L: i aby



BU Cmmpcuma Cme{:%ide,nts,

< A-o
x: R=2
% A«Coo — @
i B+D-1 —©
Dt A-o in eqw® and B2 o equ®,
®= o0o+C=0 @ = 2L+D=1
e D=1-2
D = -

Put A:O, B-2, C-o, and. D= -1 n Qq\/u.@,

D\?CL‘\‘lz Oxxd N 0+ &)
<%L+1> 2% | Qxﬁ 'l>2—

Hence  fvom equd,
- ___1_< 2 1
<2+ | > | b&d;

X, M 2,
4 2 5 2
<+ 2+ | > | Q)QL-A)




6. & +40%C
pES =)

o
678 +Lfor}(j— _ 67(6\ +L'O’X3’
(41 —%") (’)QL-F L{> (,):_ 3(,"> Q><.L+ /—e>:_
Ex +h02C_ _ Ex +hor

(42) o) (R-29)(2+) oy

Ex +hort A . B *CX+D +E%+F o
(Ll—'xjj(’)(-:—-\- L!>L A= 2 P& v+ 4 Q}(:,_—\- L'>L

Mulliphy each  texm by LM (2:5) (2+7) (1)

@V—%)@,Jf%)béﬂ-@— & +ho2 — (o245 s ‘Q A N B CexD Ex+F
(q_x”)(fxf‘.\.q))' (l )@ >Q L) T D\,-\-'X-a_\’ L +ij'_\_L,>">

S v o = Alar) o) + B0 + (G D) Q) (1) (2)
«(BrerF)mary —@
Pit =2 m &,
§ (2 +t0(a) = AG) (E+4) + BR-2) (1) + (CQ+DRAGAEY
+(E@+F)(2-2)(2:2)

<(16) +10(4) = A (L) +BO(E+) +QCD O (Y
+ (l E+F) QIO

ﬂé*léoz A<Q>(6>1+Q+Q+Q
256 = f(256)
— A=



Pit <=2 m @,
5 (25 + 102y =P (2) (1) +Bl- ) 1) +(Ce) + DR R
+ (E@+F)(2- @) (x2)
s (16) +bo(4) = Alo) (4« q)l B (4)(4+4) + (22D (@) (0) (L1 + (2E+F)(@)(O)
A6 +160 = 0 « B)(8) +0 +0
556 = B(256)
- R =1

From equ®,
53 Lo = A (26t + B a6t + (G D) (=) (2429 (o)
SER T
_ A3 (o' 8 +16) +B(2-2)(oc"+ 89 +16)
A (CoxrD) (4 ) (G498)  (BrexF)(1-29)
A« 69 w2+ B 16%) + B (2! + 1658+
5 ot _160) + (CeaD) (18- ) + 4B = ~Bad + AT

2

_ 2 A"+ 1§ A+ 3R« Aoes 2 B A% + 16 A% + 2B+ 16 B%
AR R -8B 1B « |§Cx—Cod+ 16D =D
4+ 4Ex ~Eol + 4F P
ostion= (A-B -9 + (QR+2B-D) '+ (BA-8B-E)
~(16A+16B - F) o (A6A-16B+I6C 4 E) LBaAszp



+1<D +L1F>

Bd G DAINg coe fHicients:

- A-B-C-0 ®
Var AA2AB-D=C @
s Af-BD-E=0 S
o |A+IEB-T=t0 - ®
K (€A -16B+1€C+HE =0

< 22A+ 2B+ 1E D=0

Put P\-—J) B=1 n Squ @, eo\,u.@, eq/u.@ - eo\/u.@

®= [-1-C=0
- C =0
C =0
&= 2M+2M)-D=¢&
4 -D =6
-D=&-4
D=2
D2
85— 8a)-3()-t=0
8-8-E =0

E -0



= 1Is)+18(N)-F =40

32 - =40
22-40= I
-8 = F
Mence ﬁ’-\(om equ. Q,
& vbone U] 0-X=L,
(Eo)evay | 2o AT adal
67(L,1+QO’>(,L _ 1 ‘\ L

|00 T S P R

N 0x-8
(<t
S

i




y
s 74 ) 2~ w )
(In the Name of Allah, the Most Compassionate, the Most Merciful)

[Learning Outcomes]

@ Class 11: Mathematics (PECTAA)
@ Unit 6: Sequences and Series

@ Sequence

@ Exercise 6.1

YouTube Channel: The Mathematics Outlet

V4

@ a
AMMAR [OTYTE [0 - .

;  SUBSCRIBE

(€4))

(,0) (‘,0).

Gy
(0,

MATHEMATICS INSTRUCTOR an]

-|)

NOW

Visit us at: mathematicsoutlet.com




Sequences and Series

INTRODUCTION

In this unit, students will learn to analyze and solve problems involving arithmetic,
geometric, and harmonic sequences and series, including their real-world applications.
Learners will identify various sequence types, compute finite and infinite sums, and
utilize sigma notation. Additionally, they will explore practical scenarios such as motor
vehicle leasing, investment planning, and financial calculations. This unit also
emphasizes applying these concepts to diverse fields, including healthcare, finance,
and traffic modeling. Finally, Students will be able to solve both theoretical and real-
life problems using sequences and series effectively.

Let us observe the following pattern of numbers.

(i 5,11,17,23, .. (i) 6, 12,24, 48, ...
+§ +6&
(iii) 4,2,0,-2,—4, ... (iv) 24 8 16
3 9 27 81
X
)

In example (1), every number (except 5) 1s formed by adding 6 to the previous numbers.
Hence a specific pattern is followed in the arrangement of these numbers. Similarly, in
example (11), every number 1s obtained by multiplying the previous number by 2.
Similar cases are followed in example (111) and (iv). When a set of numbers follows a
pattern and there 1s a clear rule for finding next number in the pattern, then we have
sequence as in above examples.

Gl; CL)_) q3) --'JQQJ ;

6.1 Sequence

A systematic arrangement of numbers according to a given rule is called a sequence.
The numbers in a sequence are called its terms. We refer the first term of a sequence

which

may also be referred to as the general term of the sequence, and the terms immediately
preceding it are called the (n — 1)st term, the (n — 2)nd term and so on.

as a,, second term as a, and so on. The n™ term of a sequence is denoted by a

n?o



6.1.2 Finite and Infinite Sequences

1. A sequence which consists of a finite number of terms 1s called a finite sequence.
For example, 2, 5, 8, 11, 14, 17, 20, 23 1s a finite sequence of 8 terms.

2. A sequence which consists of an infinite number of terms is called an infinite
sequence. For example, 3, 10, 17, 24, ... 1s an infinite sequence, or more generally
as 3,10, 17,24, ..., 7Tn—4, ... to show how each term was generated.

Q=3 A=lo, Q=7 ..., Q.=Tnb, ---

Note: If a sequence is given, then we can find its n term and if the n term of a sequence is given
then we can find the terms of the sequence.

Example 1: Find the first four terms of the sequences whose n terms are given.

(1) a,=3n+1
Substituting n = 1, we have
a=3(1)+1=4

Similarly, a, =32)+1=7
a,=33)+1=10
a,=34)+1=13

The first four terms of the sequence are 4, 7, 10, 13

(ii) an=3n">—-3
Substituting » = 1, we have
a, =3(1)*-3=0
Similarly, a, =3(2)*-3=9
a, =3(3)*-3=24
a, =3(4)* =3 =45
The first four terms of the sequence are 0, 9, 24, 45
Sequences of numbers which follow specific patterns are called progression.
Depending on the pattern, the progression 1s classified as follows.
(1) Arithmetic progression (11) Geometric progression
(1) Harmonic progression

iLQ,B, S, 7, 1, 5




P~ EXERCISE 6.1 4

1. Find the next four terms of each sequence.

i) 12, 16,20, ...

Se
o 13\, 18, 0, -
Hexe
Ty = 1L
g,_ = 1 6 (Q‘+LL>
A, — A0 (G\}__-\' L‘(>

QU\:Q3‘\‘L‘|=2L{) QS:’Q“\-\-é" =D\%J

QYZGS+L‘ :_36

i) 3,1,-1, ...
4L

Hexe

qg :QS*‘L{ = 59\



2. Write down the first three terms of each sequence.

Se

A Qo = DN+

Pu_-t = \, D\) ?)

Q ->()+S A, =>)+3 a, =(3) +5
a, = 8 A= &+ =11 Ay =T1+0=14
Hence, The %‘\’st Fxee tTexms axe:

8, 11, &

(1) a, ,= 4a —7 and a ,=3

n—+

oo
Q“ﬂ‘: L“Qn—_? ) Q\=5
Put Yl:T) 2
A :L'IQL"_Z qg_ﬂ:LlQLy7
QL:LI(?)) —7 :5 Q\’b :Lf<5>_7='{5
HQXLCE) 'ﬁ\e %\fst W\Yee JEGJ(YY\‘S Qaxe .

300, 13



(1) a,=m-3)(n+1)

= Qp= (0-3) (nﬁ)

Put n=1 2, 3

a, = (1= (1)
=(-=2)(®)

A, =-H

Hence, The

"y

(IV) al :_1’ an+1 —

Sob
Aoy = E )
QL
Put n=1 2L
a = _D2
\x\ Cl‘-‘cD\J
A. = S
R R ¥
A,= 2 =3
\
HQILCB, TRe
_l,

Q, = (D\—?ﬁ (9\*0

=-(NG)

Ay ==

%‘\(5‘\: TRXQQ _t e¥ms QXe!

-3, O
3
a +2
q\z"l\
C1)_-\-\—_ 5
QL+ L
)
Q. =
b 24 L
A, = %

Livst  Teee Texms ave:

3, 2
S

5= (3-3)(3)
-0)(



v) a,=8 20
34+ nm

Si A = 8__ 2.0
N =Y

St ‘j\f\ QL:SDB';;Z\
aQ, =8-20 _3 A, =0 -HA=4
Hence, TF\: Livst  Teee Texwms ave:
3, 4, 1_;1
Vi) a=1.a. =QGa+2)
Sob )
Qg = <'f>c1ml> A d, =1
Pt n=1, %
QA = (’5 Q,ﬂ‘l)a— a = <?)C1LT1>L
_ <?)<l>+l>>— - (3@? )
a =5 =25 .= 17 =399

HQXLCE, The %Ysjt Fxee Texms axe:

1, 25, 29

Aae & - i¥e
2D
:6—%1
:%§%= ZQ;\O
a- 1



(vii) a, = (-2 n’

5Q Q= <—-ln>2_
=1, 2, 3 X }
. [ :< ] o= [0 SHIC)
— |20 ’ i
Q, - _(-4) _ (,2)
i d, = € A,=7
a, =4

38
HQXICE _n_\e %’\\’S)C Jn:o&ee, te\(ms aoxe: L-IJ 16)

?

(vil)a, =(-1)"7 n

Sol L

A=) Tn
Pt n=l1 2, ) ) e
CU; (—'0‘7('\)1 q;@) 7(@ Qs = <’D 7(3)
qQ :—”7 A, = 3\8 Q3: —'65

Hexce The %YS'\: Fvee Texms axe:
?

-7, 28, -&?



, : . on(n+1 .
3. An expression for the n™ triangular number is ( ) . Write down the 157
P g 2

triangular number. Make < tYiGWaQe of  dts bd tmkmca n=".

S
—W\-Q_ X’QY‘(\M&Q S;—g( ﬂk %Yic}q{\ta\&@( Y\U_YYL\)QY 1S

T _ f\(YHD O

* 2

Subshiie n=1s,
’ T _1s(is+) _ 15 (1)

S D\_ ;\’
1. =10

p)

Substii n=D in O,
T..3GD_56) 15
g Ry

Do,  we cmfcmcae 15 dets W vows of 1,2,3,4, S.

o



4.  Write down the n™ term of each sequence.
M 1o 9

S
)\) L_'J <13 p) Qn, - -
Mexe
<:L\'-',\:1 O‘LZL"-':Q, Q"b
Hence }
A, =N
(i) 1 1+, 14243, ...
SO
1, 1+, x4, - 0 ., ., - -
Meve
G\‘:!\) Q,__-:_)l'fg\) sz/\'\‘gx"‘f?)

Mence Jt\(_\e, &k Texm wou&d bQ‘.
Q“-:{\‘\"D\')T?)*—-'*n



iy ab, a.b, ab,, ...
PN

Q\\D\ ) Q’—b'z_ ) q3b37 | Xn  J
Mexe
W, = CL,\:)\ S A, = Ci,,bL) 7C3=C13\D,5

Hence t& &k Texm mot&d \DQ‘.

HKa=Cn D,

ivy %, 2Lx, 3,

Sel

>
X Ax, DK, ...

J J

Meve
Q, = xle 1) a, =27, Qy=D%

Mence JI\T\@ &k Texm U\JOL&d \DQ:

n



(Vi) Q,, .\,

&

d, ,

Meve

A, =AY

Ik
Mence Te 0

ay, ...
a,x, A, .
Q,L:Q‘(‘
Texm Uuo(&d be:

n-|

Qd, =X



(Vii) QA3 ) 33
b+c, bo+c. b+cy
pI-N
a, 24, da
) 2 , X
b“\"cl b}_-\-CL b,’—\'cs .
He,fe
'}(\z._l\g_l_.) 7(2_-'—" D\Qz ) '}(_3 — qu
bl+C\ ‘D,_‘\‘CD— b3+c3
He,ﬂce "‘Re, g Jtexm wm&d \:)Q‘.
<, = NQn
bn&Cﬂ
wviipg ot v
Q, Ql*'d Q\“‘ld
53
R -, ;s -
a, oS Qrd )
Mexe
XIZL) %2..__ )‘ J X3: /\
A, Ql+d Q“\'D\d
Mence JI‘Re, ) JCEXm wou&d be,:
2 1



