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Matrices & Determinants

INTRODUCTION

This unit introduces the fundamental concepts and operations of matrices, equipping
students with the skills to perform matrix addition, subtraction and multiplication
involving both real and complex entries. It explores the essential properties of
determinants and provides techniques for evaluating the determinant of a 3x3 matrix
using cofactors and determinant properties. Students will learn to apply row
operations to determine the inverse and rank of matrices, as well as distinguish
between consistent and inconsistent systems of linear equations through practical
examples. The unit further explores into solving systems of linear equations, both
homogeneous and non-homogeneous, using advanced methods such as matrix
inversion, Cramer’s Rule and Gaussian elimination. Emphasis is placed on the real-
world applications of matrices in diverse fields such as graphic design, cryptography,
data encryption, geometric transformations and highlighting the importance and
versatility of matrix algebra in solving complex, practical problems.

4.1 Matrix

While solving linear systems of equations, a new notation was introduced to reduce
the amount of writing. For this new notation the word matrix was first used by the
English mathematician James Sylvester (1814 — 1897). Arthur Cayley (1821 — 1895)
developed the theory of matrices and used them in the linear transformations. Now-a-
days, matrices are used in high speed computers and also 1n other various disciplines.
The concept of determinants was used by Chinese and Japanese mathematicians but
the Japanese mathematician Seki Kowa (1642—1708) and the German Mathematician
Gottfried Wilhelm Leibniz (1646-1716) are credited for the invention of
determinants. G. Cramer (1704—1752) employed the determinants successfully for
solving the systems of linear equations.



A rectangular array of numbers enclosed by a pair of bracket 1s called a matrix such as:

C\ Cz Ca _2 3 O_
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The horizontal lines of numbers are called rows and the vertical lines of numbers are
called columns. The numbers used in rows or columns are said to be the entries or
elements of the matrix.

Generally, a bracketed rectangular array of m-n elements aij(l, 2, 3, ..., m;
j=1,2,3, ..., n), arranged in m rows and » columns such as:

= Colupran _

a,—a, as - aq, Oxdey

1_//
_aml amZ o

is called an m by n matrix (written as mx n matrix), where mx nis called the order
of the matrix in (111). The matrices are usually represented by the capital letters such

as A, B, C, X Y, etc., and small letters such as a, b, ¢, [, m, n, or a,,,a,,,a,,, ..., etc.,

are used to indicate the entries of the matrices.

Let the matrix in (111) be denoted by A. The ith row and the jth column of 4 are
indicated in the following tabular representation of 4.

Jjth column
dy 4, dj d,; a,
dy  dy Ay d,; d,,
Gyi Gy Ay 4 43
A= : : : : : %)
ithrow —| a, a, a; - d, °°° 4,
_aml amZ am3 amj ot amn i




The elements of the ith row of 4 are a,, a,, a; ... a;... a, while the elements of the

jth column of 4 are a,;, a,; a;;...a;...a, . Wenote that a, 1s the element of the ith

J J i

row and jth column of 4. The double subscripts are useful to name the elements of

2 -1 3
the matrices. For example, the element 7 1s at a,, position in the matrix { s 4 7}.

For convenience, we shall write the matrix 4 as:
A= [al.j]m ., Or A = [al.j], fori=1,2,3,...,myj=1,2, 3, ..., n, where a,; 1s the

element of the ith row and jth column of 4.

WNUEHS The matrix 4 is called real

The elements (entries) of matrices need not I T 1P N S —

always be numbers but in the study of
matrices, we shall take the elements of the
matrices from R or from C.

real.

Row Matrix or Row vector: A matrix, which has only one row, 1.€., 1xn matrix of

the form [azl.l a, Qs .. al.n] 1s said to be a row matrix or a row vector.

Column Matrix or Column Vector: A matrix which has only one column 1.e.,

an mx 1 matrix of the form | a3; |is said to be a column matrix or a column vector.

For example [1 —1 3 4] 1s a row matrix having 4 columns and |—1|1s a column

matrix having 3 rows.



Rectangular Matrix: If m # n, then the matrix 1s called a rectangular matrix of

order mx n, that is, the matrix in which the number of rows is not equal to the

number of columns, 1s said to be a rectangular matrix. For example;

2 -3 0
2 3 1 1 2 4 ,
and are rectangular matrices of orders 2x3 and 4x3
-1 0 4 3 -1 5
0o 1 2

respectively.

Square Matrix: If m = n, then the matrix of order mx n 1s said to be a square matrix
of order n or m. 1.e., the matrix which has the same number of rows and columns 1s

1 1 2

2 5
called a square matrix. For example: [O],{ } and |2 —1 & |are square

— -1 6
22 3 5 4
— —3x3
matrices of orders 1, 2 and 3 respectively.
Let A = [aij] be a square matrix of order n, then the entries «,,, a,,, a;;, ..., a,, form
the principal diagonal for the matrix 4 and the entries a, , a,, , a3, 55 ..., A, 15, @,

form the secondary diagonal for the matrix 4. For example, in the matrix

entries of the secondary diagonal are a,,,a,,,a,,,a,, .

Gl %12 413 4600
4, ooy 4, . L .
, the entries of the principal diagonal are a,,,a,,,a,;,a,, and the
431 P 434
| Ay Ay dyz Ay

The principal diagonal of a square matrix 1s also called the leading diagonal or main
diagonal of the matrix.



Diagonal Matrix: Let 4 = [a;;] be a square matrix of order 7.
If a; = 0 for all i# jand at least one a; #0 for i = j, that 1s, some elements of the

principal diagonal of 4 may be zero but not all, then the matrix 4 1s called a diagonal

matrix. The matrices

B
[7].10
0

S N O

wn O O

and

= O O O

O = O

S NN O O

~ O O O

Scalar Matrix: Let A = [a;] be a square matrix of order .
If a;; =0for all i# jand a;; = k (some non-zero scalar) for all i = j, then the matrix

A 1s called a scalar matrix of order n. For example:

a 0 O
7 0
, 10 a O
0 7
0 0 a
respectively.

(a #0) and

SO O W

SO WO

O LO O

W o OO

are diagonal matrices.

o e O ]
O @) @
0 @) b)

are scalar matrices of order 2, 3 and 4

Unit Matrix or Identity Matrix: Let 4 =[a;j] be a square matrix of order n. If g;; = 0

for all i # j and a;; = 1 for all i = j, then the matrix 4 1s called a unit matrix or identity

matrix of order n. We denote such a matrix by /_ or simply / and it 1s of the form:

The 1dentity matrix of order 3 is denoted by /3, that s, I5 =

n

1
0
0

=

0 0

0 --.

0 ...
0 ...
1

0
0
0

1

SO =

o = O

Y

_—0 O




Null Matrix or Zero Matrix: A square or rectangular matrix whose each element 1s
zero, 1s called a null or zero matrix. An mx n matrix with all its elements equal to

zero, 1s denoted by O Null matrices may be of any order. Here are some

mxn *

examples: _

0] [0 O O O
O 0 010 O O may be used to denote
EO]’ [O 0 O]’ 00 ollo o 0,10 0 00 null matrix of any order
0]10 0 0 O] if there is no confusion.

are null matrices of order 1,1 X 3,2 x 3,2 x 2,3 X 1, 3 X 4 respectively.

Equal Matrices: Two matrices of the same order are said to be equal if they have

same order and their corresponding entries are equal. For example, 4 = [4,],, ., and
B = [bl.j]m ., areequal, ie., 4 =Biff a,=b, fori=1,2,3,..,m, j=1,2,3,..,n In
other words, 4 and B represent the same matrix. Lq 2] =v D\]

3 313

Transpose of a Matrix: If 4 1s a matrix of order mxn then an nx m matrix
obtained by interchanging the rows and columns of A4, 1s called the transpose of 4. It
is denoted by 4" Let 4=[a,],., then the transpose of 4 is defined as:

A" =[a}],., where a;,= a, fori=1,2,3,...,nand j=1,2,3,...,m

_ _ 2 \ O
by by by by A=\ 3 2 S,
For example, if B=[b, 15, =|b,, by, b,; b, |,then S 3
_\:
by by by by A .—_\\ 2
B' = [blfj]4><3 where b;j: b, fori=1,2,3,4andj=1,2,31e, 0 °lan
_bl’I b1’2 bl’3 | _bll b2] b3l |
Bt — b,21 b’22 b’23 _ bl2 b22 b32
bgl b;2 b;3 b13 b23 b33
_b:u b:u b:B_ _b14 b24 b34_

Note that the 2™ row of B has the same entries respectively as the 2" column of
B! and the 3" row of B’ has the same entries respectively as the 3™ column of B etc.



4.2 Matrix Operations

Matrix operations involve various techniques and procedures applied to matrices.
These operations are foundational in linear algebra and have applications in

numerous fields such as computer graphics, physics, statistics, etc. Here are some key
matrix operations:

4.2.1 Addition of Matrices

Two matrices are conformable for addition if they are of the same order.

The sum 4 + B of two mx n, matrices A:[aij] andB:[b.

U.] is the mx n matrix

C :[cl.j] formed by adding the corresponding entries of 4 and B together. In

symbols, we write as C = A4 + B, that 1s:
[cy]z[aij +by] where c,; = a +bl.j fori=1,2,3,...m; j=1,2,3,...,n

4.2.2 Subtraction of Matrices
If A=[a;]and B =[b,]|are matrices of order mx n, then we define subtraction of B
from A as:
A—B =4+ (-B)
= [a,1+[-b,] =[a, +(-b)]=[a, —b,] for i=1,2,3,..,m;j=1,2,3,...,n

Thus, the matrix 4 — B 1s formed by subtracting each entry of B from the
corresponding entry of 4.

1 0 -1 2 (2 =1 3 1
Examplel: IfA={3 1 2 5|and B=|1 3 -1 4 |, then show that
0 -2 1 6 3 1 2 -1
(A+B) =A4"+ B!
Solution:
10 -1 272 -1 3 17 [142 0+(=1) —1+3  2+1 ~
A+B=(3 1 2 5|+ 3 -1 4 |=|3+1 1+3 2+(-1) 5+4
0 -2 1 6] [3 1 2 —1] [0+43 =241 1+2 6+(=1)
3 -1 2 3
=14 4 1 9
3 -1 3 5
(3 4 3
¢ |-1 4 =17 )
and (A+B) = 5> 1 3 (1)
'3 9 5




Taking transpose of 4 and B, we have

I 3 0] 2 1 3
(|0 1 =2 (-1 3 1
A= g |ad B =l Ty
2 5 6 14 -1
1 3 0] [2 1 3] [3 4 3]
0 1 2| (-1 3 1] |-1 4 -1 y
= A +B' = + = v (11)
12 1] ]3 -1 2 [ 3
2 5 6] |1 4 -1] [3 9 5]

From (1) and (i1), we have (4+ B) = 4" + B’

4.2.3 Scalar Multiplication
It A=[a,]1s mx n matrix and & 1s a real or complex number, then the product of k and

A, denoted by kA4, is the matrix formed by multiplying each entry of 4 by £, that 1s

_ I X
kA = [ka,] [ S S I ——
E If n 1s a positive integer, then

Obviously, order of k4 1s mx n .
A+ A+ A+ ... tonterms = nA.

4.2.4 Multiplication of two Matrices
Two matrices 4 and B are said to be conformable for the product AB if the number of

columns of 4 is equal to the number of rows of B.
Let A=[a,] bea 2x3 matrix and B = [b;] be a 3 x 2 matrix, then the product 4B is

defined to be the 2x2 matrix C whose element ¢, is the sum of products of the

corresponding elements of the ith row of 4 with elements of jth column of B. For
example, the element c,, of C 1s shown 1n the figure (A), that 1s

A-B
L () =vouw (B)

1" column of B
) bll

I—> b,,
|_> b_”

a2 1 a22 a23

2" row of A

Figure (A)
¢, =a, b, + a,b, +a,. b, . Thus

b, b, / b b
b _[an 11 T A0, +ash;,

22 |

4B {
by, by, |

a, d, a13i|

a, 4y dy

@by + @by, + by, :| )

@by + @by +@3by @by, +a3by +aysb,,




b

. _ N ay 4, 4y > and

Similarly BA=|b,, b,,

_ b, b32_ dyy Ay Ay

_bllall +b,a, bja, +byay, bag +2'7126123—

=|bya,, +bya, by a,+byay, bya, +bya, (1)

_b31a11 +by,a,  bya, +bya, bya;+ b32a23_ e
From (1) and (11), AB and BA are calculated their orders are 2x2and 3x3 2 j
respectively.
Notel. In general, AB # BA )

Note 2. If the product AB 1s defined, then the order of the product can be 1llustrated as
given below:

A =AX A, A=AxAxA

A"=AXAXAX -

Powers of square matrices are defined as:

to n factors.

Mg Vs ey s MO a0 s A =AB
Order of A4 mx n MUP "Mxp
Order of B nx p
Order of 4B me p
2 -1 0] 2 -2 3
Example2: If A=|1 2 -3|andB=|-1 —4 6/, thencompute A4°B.
1 2 -2] 0 -5 5
2 -1 o2 -1 o
Solution: A*=A4-A=|1 2 =311 2 -3
12 =2]|1 2 -2
[ 4-1+0 —-2-2+0 0+3+0] [3 -4 3|
=({2+2-3 -1+44-6 0-6+6|=|1 -3 O
2+42-2 —1+4-4 0-6+4| [2 -1 -2
3 -4 30|[2 -2 3
A°B=|1 -3 0 |[|-1 -4 6
2 -1 =20 -5 5
6+4+0 —6+16-15 9-24+15| [10 -5 0
= (24340 —-2+12+0 3-1840 (=5 10 -15
| 4+1+0 —-4+4+10 6-6-10] |5 10 -10]




4.3 Properties of Matrix Addition, Scalar Multiplication and
Matrix Multiplication

If A, B and C are conformable for the indicated sum or product of matrices and ¢ and
d are scalars, then following properties are true:

(i) Commutative property w.r.t. addition: 4 + B=B5+ 4 Ax =2
(ii) Associative property w.r.t. addition: (4+B)+C=A4A+(B+ ()
(iii) Associative property of scalar multiplication: (cd)4 = c(dA)
(iv) Existence of additive identity: 4 + O = O+ A=4 [O,ls sl e ar.ld j
A1s a square matrix
(v) Existence of multiplicative identity: /4 = Al = A (I is unit/identity matrix)
(vi) Distributive property w.r.t scalar multiplication:
(@) c(Ad+B)=cA+cB (b) (c+d)A=cA+dA

(vii) Associative property w.r.t. multiplication: A(BC) = (4B)C
(viii) Left distributive property: A(B+C)=A4B + AC
(ix) Right distributive property: (4 + B)C=AC+ BC
(x) c(4B)=(cA)B = A(cB)

2 0 1] 1 -1 0
Example3: FindABandBAif A=|1 4 2|and B=|2 3 -1

3 0 6 1 -2 3|

] M -1 o AB =+ BA

2
Solution: AB =] 1
3

0O 61 -2 3

2x1+0x2+1x1 2x(=D)+0x3+1x(=2) 2x0+0x(=1)+1x3]
=|Ix14+4x2+2x1 1Ix(-1)+4x3+2x(-2) 1x0+4x(-1)+2x3
3x1+0x24+6x1 3x(=1)+0x3+6x(-2) 3x0+0x(-1)+6x3
'3 -4 3]
11 7 2|7 (i)
9 —15 18
1 -1 01[2 0 1
BA=[2 3 -1||1 4 2
1 -2 3|3 0 6




I
—|4
9

Thus, from (1) and (i1), AB # BA

Ix 2+ (=D)x1+0x3

Ix2+(=2)x1+3%x3

—4
12
-8

Ix0+(-1)x4+0x0
2x24+3x1+(-1)x3 2x0+3x4+(-Dx0 2x1+3x2+(-1)x6
Ix0+(=2)x4+3x0 1Ix1+(-2)x2+3x6

9

2
15

v

Ix1+(=1)x2+0x6

(i)

Matrix multiplication is not
commutative in general.



P~ EXERCISE 4.1 4
l. It 4=[a;],,, then show that

Q) I.A=A
- O‘H GI'L C:L\'a
53 | o ©
') 8\‘ — P\ = Q\L] Gq_:_ QL'S
Let Lb: O !
5 a 1] S oY s, Qaa
1 o o [ S S i Sy |
L, A=| o 1 || O NCES Qaz Uay
- i St Qs q’"‘*Jam
Qu ql'z_ q\3 q\q

Gi) Al = A

> (4 O O O]

5$ SN Qo Qs Ay ) A 1 o o

A -]-u\ - g‘z_] Q.2 Q;_’s Q,_q o) O ( Q)
0‘3\ sz Qas G‘BHJ \LL/ © G © /L 4 x4

3X
Y Ou qm_ Q\'s q\\{
= (12_\ Qz_?- 0‘2—3 Ci?_q = }\




G =1 2| 2 1
2. B a=1l3 2 1 8= 1 2
-1 0 4 =] 3
1) A-B
53 GO B
/_\_%z > X .
L_/l 0 4 L—"
fo- -1 - Ct)
= |- - (Gl
L—\-Qﬂ Q- a-1-
Y -2 3
A-6=&& o 73
0 -2 d |
(i) B—C
8 i
} 2 (l - Y’l
R-C=| g T
L—‘\ L 1_4 L?)
1 (R
B—C—\D\ > A
-4 -~ 14

and C =

—

5 0 |, then find

4 =] |

-1—(—l)=~1+2
_1



(1) (A—B)—-C
4 ()
(A-8)-C

I

3

2
r

EO

_3 —L >
(A—@}{{B T

(iv) A—(B-C)
& o - A
A—C54§= > X Tt

Y,; -2, 3 1
=| 2 O -2 | -
5 _2. B )




] fen  show Tiat:

i



-1 =217 SED
R -3 ()

3 - &1 ~6&

Mence L.HS =RMS



Gi) A(B-\-C) = AB+ AC

%%,HS. _ R QBJ« C>




4. It A and B are square matrices of the same order, then explain why in general:

(i) (A+B)’ # A +2AB+ B’

S
n%'\A 2
Cansidex (/\*B) _ (A*B)U\Jc%)
_ Alﬁ- AB-\: BA*E;—
Dince. A%#: E)A)

(A+B}L YY)

=)

(il) (A-B)Y’# A" -2AB+ B’

S
C,om%'\AEX

(A-8) = (R-D).(A-5)
A -AB-BA<B

Since AD+ E)A,
(A-8) + N-2ABB

=)



2 _ B2
(ii1) (A+B)(A—-B)# A
=

B
N~ AR+ BA
Cansi é&( <A* B) O\_%) i A . P\

\ - AB+BA 0 -
Do, (/—\%%><A—B> =+



> 4y, 24
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L !EXERCISE 4.1 4
>, H’ P\=iv1 0 2,‘}; Ten Tind A+R:) A—AC, P&AC) /icf\,

a3 5 3
t
and (R
Sl a3
A= [ O o
-3 >) 53

£t (- 3(-1 1 73
f\—f\{w 1{1 0 S&
-3 3]0 2 3
- -t -9
=[\-g 0-0 A -S
-3-3 S D -3




(-] aY 31 -1 1 =3
AA =] 1 O R} Xl 0 )
ke > 21 B 8 )
(1 +4+9 ~-1v0+8& 3+lo+T |
—|-1+0+8 140+ 4 ~3+0+8
L3 +lo+ 3306 9 +QS+CL
t (14 S aa]
Aﬁ:{s 5 03
2L 3 443
t -1 -1 3]
H A= 2> 0 S '\ O L
'5 9\ 5 . -3 >} BJ
1+1+9 -2+0-19 -3+ -1 ]
=|-2+0-|S Ly 402D § +0 |5
-3+~ § ~0\S Q44+
. n -17 -lo
AAR=|-T 29 2l
o 22




S Sove e wnalvin eo\/ucﬂl'on
2 O

A:L 1

T -

S )
A-DA+4]-X=0

s -1 ] 2
=19 2 s|72)3
O

1 -2l {

s 1 2] [te
-9 -2 s |+ -1o
o -1 a2l LS
S5-lo+h -1+0+0

= 19 -10+0 -1 -5 tH
XO—S e 1 +9%0

A-SA+L[-X-0 if
0

.




7 If A and B
<b axe Two mabrices S
s kT
BA=A, show  That A +B = A+D. N e

53

LNS. = A+B
_AA+B-B
_A(®R)« B(AB)

5@ dssocialve  daw,
_(AR) A~ (BA)B
- BA+AB
- A+B
=KRMNS.
Mence = ol
A+ = AB

>
|

BA,  B-AB



y
s 74 ) 2~ w )
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4.4 Determinants

The determinants of square matrices of order n>3, can be written by following the
pattern. For example, ifn =3 ’ ig\ 1 ]
A G Gy A G Gy L3 O
Sl =|a, a, a, |, then the determinantof 4 =|4|=|a, a, a, \Bl 2]
d; 43  ds; a; 43 ds; - _%><S
Now our aim is to compute the determinants of matrices of various orders.
4.4.1 Minor and Cofactor of an Element of a Matrix or its Determinant = lo- (;@ =13
Minor of an Element: Let us consider a square matrix A of order n, then the minor

of an element a,, denoted by M is the determinant formed by deleting the ith row

and the jth column of A(or|A|) : ¥l 2 M Qy S
- - 23
Qb\ q?,)_
For example, consider a square matrix 4 of order 3, A =
= QA G5, A

To find the minor of the element a,,, delete the first row and second column of 4

1~ Gp--frr -
: thatis M. =|“ 3
yy Gy oy |, WNALIS My, =

a3 di

| dy  dyy, Ay

Cofactor of an Element: The cofactor of an element a;; of a square matrix 4 denoted

by 4, isdeﬁnedbyAﬁA/[U M, M, M.

a, a _ B
For example, 4, =(-1)"" M, = (-1)’ 21 U3 +
2 . B N

dy Ay
sy dsy

sy A

4.4.2 Determinant of a Square Matrix of Order n =3

a, dy, dy

If A 1s a matrix of order 3, thatis, A=|a,, a, a,; |,then:

|y sy sz
|4|=a,4,+a,A,+a,4, fori=12,3 R, R
or| |Al =a,,4,+a,;4,,+a,,4;, for j=1,2,3

For example, for i=1, j=1andj =2, we have

L> Al=a, 4, +a,A4,+a;4; Q\ (1)
or |A|= a4, +ay 4, +ay 4, C (1)
or |A|= a4, +a,d,, +a, 4, ey

(iii) can be written as: |4|=a,(-1)"" M, + a,,(-1)** M, + a,,(-1)*" M,



ie., |A=-a,M,+a,M,, —a,M, (iv)
Similarly (i) can be written as |A|=a, M|, —a,M, + a,;M,, (v)
Putting the values of M,,,M,, and M, in (v), we obtain

Ay Ao Ay Ay Ay dy
> ‘A‘ = 4y ay; Tda;
a3 33 dy  ds; dy  djz

or |A| = @), (yy Oy — Ay303, ) — 45 (A, Q33 — Ay305,)) + A5 (A Ay, — A 05) (Vi)

or |A| = A A 0y T A A0y + 4330, Ay — A)1A)305, — A0, A5 — A3d5)05, (vi1)

Equation (v1i) 1s the required expansion of determinant of square matrix of order 3.

1 -2 3]
Example 4: Evaluate the determinantif 4=|{-2 3 1
N 4 -3 2
1 -2 3 - D
3 -
Solution: |A‘=—2 3 1] =1 - (-2) \*5 . ~°o<
4 3 2 14 B

using -, |4|=a,M, —a,M,+a M, ,we get
3 1 -2 1 -2 3
-3 2“(‘2)‘ 4 234 23
=1[6-1(=3)]+2[(-=2)(2) - D (D]+3[(-2)(-3) -12]
=(6+3)+2(-4-4)+3(6-12) =9—-16-18 = -25
1 -2 3
Example 5: Find the cofactors 4,,, 4,, and 4;,0f A=| -2 3 | |and find |4|.

S

“M\ M., \“V\a_ i 4 R) 2_
Solution: We first find M,,,M,, and M ,, ,

A =1 +3

-2 1 1 3
3

Thus A, =DM, =(1)-8)=8; 4,=(-1)""M,,=1(-10)=-10
Ay = (—1)3+2M3z =(-D(7) =-7
and 4] =a,4, + a4, +ayA4;, = (-2)8+3(=10) + (-3)(-7)
=-16-30+21=-25



B

4.4.3 Properties of Determinants L
i.  For a square matrix A4, |4| =|4| 1 3 Yy \ =
ii. If in a square matrix A, two rows or two columns are interchanged, the

determinant of the resulting matrix is —|4|.

iii.— If a square matrix 4 has two identical rows or two identical columns, then |4|=0.

1v. If all the entries of a row (or a column) of a square matrix A4 are zero, then |4| = 0.

v. If the entries of a row (or a column) in a square matrix 4 are multiplied by a
number k£ € R, then the determinant of the resulting matrix is k|A]|.

vi. If each entry of a row (or a column) of a square matrix consists of two terms,
then its determinant can be written as the sum of two determinants, i.e., if

a, dj \ 2 _ 5 4
_ 17 72 | D
\ Ay, Ay
a,+b, a, a; a\ 4y dp a,, d
1Bl = |a, +b,, a,, ay|=|a,| ay a, + dy, Uy
i thy @y G a) dyy, dsy dyy  dsg
a;+by @y Gy a, 4, dj by ay uag
a, +b, a,, ay|=|a, a, ay|t|b, a, a,
ay+by a, a,; a4y @y 4| |by ap 4

vil. If any row (column) of a determinant is multiplied by a non-zero number k£ and
the result is added to the corresponding entries of another row (column), the
value of the determinant does not change. M Q\ x QL

viil. If a matrix is in triangular form, then the value of its determinant is the product
of the entries on its main diagonal.

l o © 2 37
2 3o | —I|S o 1| [ |— -0
4 495 o e S

x a+x b+c
Example 6: Without expansion, show that |x b+x c¢+a|=0

X c+x a+b
Solution: Adding the entries of C; to the corresponding entries of C.,.

xl a+b+c+x b+c

=kx a+b+c+x c+a
x| a+b+c+x a+b

!

\

l

> =
)_54

LY

> —



1 1 b+c

by taking x fromC, and(a +b+c+
= x(a+b+c+x)|l 1 c+a yERREA RO B (a ‘ x)
common from C,
1 1 a+b
= x(a+b+c+x)-0 (.~ C, and C, are identical)
=0

4.5 Adjoint and Inverse of a Square Matrix

a]] alZ a13 All A12 AI3
Let A=|a, a, a,, |,thenthe matrix of co-factorsofd= |4, 4, A4,]|,
_a3l a32 a33 i _A3I A32 A33 _
All A2l A31
andad) A= |4, A4, A4,
_Al3 A23 A33 =

Inverse of a Square Matrix of Order n = 3: Let 4 be a non singular (|4| # 0) square

matrix of order ». If there exists a matrix B such that AB = B4A =1 _, then B 1s called

n?o

the multiplicative inverse of 4 and is denoted by 4'. It is obvious that the order of

A7'is nxn.
Thus, A4'=1 and A'A=1, L X —11 =1
If A is non singular matrix then
A = iade
4
1 0 2
Example 7: Find 47'if A=|0 2 1].
1 —~1 1]
Solution: We first find the cofactor of the elements of 4.
1+1 2 1 1+2 0 1
A, = (D) “1.2+D)=3, A, =(-) = (D=1
-1 1 1 1
1+3 O 2 2+1 0 2
A= (D7 T=10-2)=-2, 4, =D = (D0+2)=-2
2+2 1 2 2 3 1 O
Ay =(=1) 1 1‘=1-(1—2)=—1, 4, =(1) 1 _1|=(—1)(—1—0)=1




3+10 2 3@1 2
A, =(-1y =1.(0-4)=—4, A4, =(-1) =(-D(1-0)=-1
2 1 0 1
3+31 O
Ay, =(-1) ) 2:1.(2-0):2
_A“ 4, Al3_ 3 | —
Thus [A,]e=| 4, Ay Ay |=|-2 -1 1
_A31 A32 A33_ __4 -1 2_
(3 -2 4
and adjA=[4],,=| 1 -1 -I (- A =4, fori,j=1,2,3)
-2 1 2
Since 4| =a, A, +a, 4, + a4,

=1(3)+ 0(1) + 2(-2)
=3+0-4=-1

So A—I:iade:i 1 -1 -1 ={-1 1 1

4 -1




1.

(1)

Sok

—_—

Evaluate t

1
3

2 -4
~1 -3

-2 3 2

P~ EXERCISE 4.2 4
he following determinants:

E'K_’\)QY\A'\Y\a \D\d R‘)
lA[ = Au T Q\lAlL T Qs A‘B

! \

-1 =3 2| D -
+ (DN
3 2

-2 2

43

x (2) (1)

3 -
.
_ 1 {aen-3 ] -2 2@ - ()]-4 [3 (3)- ()]

_ (—D\Jﬂ) +1(6_<§> —Lc<ol ——l>

- 7+0- 28
= -2
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E?(,?(M\é'\ﬂﬁa b\d Q‘
ax+ b a-b Q Q“b\ Q\q At
:(CL-kb>\ . b - (a-b) b asb Mo o

(et (@x by -a(a-B)] - (- DoB-lab] |- o] ot - (@D
_(asb)|dFr2abe B g ob] - (a-5) | ab- g+ Aab -5

va & v b
_ (0 5)(3ab+E) -(a-b) (3ab-18) +alb
agbralisak B (e b-aB-3ab cB) +ab
_3@betab B3 s hab W ab
_ qab
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4.4.3 Properties of Determinants

1.
11.

111.

1V.

V1.

VII.

V1il.

For a square matrix 4, |4| =|4

|

If in a square matrix A, two rows or two columns are interchanged, the

determinant of the resulting matrix is —|4|.

If a square matrix 4 has two identical rows or two identical columns, then |4|=0.

[f all the entries of a row (or a column) of a square matrix A are zero, then |4| = 0.
If the entries of a row (or a column) in a square matrix 4 are multiplied by a
number k£ € R, then the determinant of the resulting matrix is k|A]|.

If each entry of a row (or a column) of a square matrix consists of two terms,
then its determinant can be written as the sum of two determinants, i.e., if

a,;+b
., +by

ay, + by,

),
dy,

s,

B

B]

2%
(58!

2%

&+
a,; + by,
| 5 +ill,,
G+ b,
a5+ by
ay; + by,
a, 4a,

a22

LY

a, dj

d;y @y |, then

Ay, Ay

a, d; a, d; dy b, a, a;
Qyy, Gy |=|Gy Gy du|t|(by ay as
sy day G oy | |0y @ A
d, by ap @

ay|+|D, a, ay

ays| |by  ay,  ag

[f any row (column) of a determinant is multiplied by a non-zero number £ and
the result is added to the corresponding entries of another row (column), the

value of the determinant does not change.

ak+ bk,

If a matrix is in triangular form, then the value of its determinant is the product
of the entries on its main diagonal.

°\? (C)) @\. .
. \ 0 0\°




P~ EXERCISE 4.2 4

2. Without expansion show that:
7 8 9

@ 5 6 7/=0
2 3 4

23

7 9
LMS.=|° ¢ 7
2L > A

1€ 8 9

=|fa § 7 C,+C,
s 3 4

Fclc,—tox OuJC Q) %"’OM C\;

& & 9

2l & T
S

:9\<0> 0 C|=C1—

=0

- RHS. QP‘(OYQ_CD



0/=0

-8 10

2

i) [2 2

RMNS.



-a 0 b
0O a —c|=0
c —-b 0
-da o b
LHS =0 ad -G
¢ -b o
-ab o ab
T
e be.  -bc 0
1 —Clb+0+clb O
quc O+QaC—aC ac
bc—bc+0 —bC
1 O o ab
= 0 ac -dc
abe
O -bc O

b
—b—c\ ) %C;_J
ab
CirCorCy
-AG
O

C, is zexo
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Lo
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thHQ
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1

1

\
1
1
M \
n+ 1
Q+m 1
Com  C,,
AgE AR
s
L +m

- (Jemen) (0)

=0
=R.MS.

1

|
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2 1 3x
v) 2 3 9x|=0

3 5 15x
Lt
Dy
LNS.<| 5
o
FOCthX O\kt PR
o
= 3% oy
b
=D x(o}

It

C,



2
bc a a

l a a
(vi) |ca b b*|=l b> b’
ab ¢ | 1 & ¢
)
A bc A -l
L-H:S.: Ca \:) b')—
ab C -
Clbc, GL
_ L abe &
apcdc .
ch C
Fqc,tox oULJC CL\DC S[LYOYW
L 1 a-
_ aoc i
abe|! ©
[ C
,] O:z.. o:b
=11 v b
d c C
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3. Using properties of determinants, show that:

3 5 0 31 0
G |5 25 10/=25]1 1 2
7 25 1 7 5 1
4
3 > O
LS. s a5 o
T 25
b actor ool S Pom Co
3 O
_D15 S o
O !
Fac  © ut 5 om R;_
3 1 o
=S5x51 1 1 2
T S5
3 1 O
=D 1 1 oy
7 9) {




(i1)

a+b a

a a+b
a a
L.HS. =

a
a |=b’(Ba+b)

a+b

atb a a

a (1+b QL

A a C1+b

A+b +ra+a Q
a+atbxra  axb
Q+c1+&+b S\
Jaxb A QL
Ao+ b atb a
?)CHb Q c1+b

FQCXQY Qut %G—\-‘D Y—’{om C U

1 a
_ (f)&-%b) | Oub
1 a
1 a
— (?)(1+ b) o 5
o o

— (50& b> <T b b>
_b (304b)

=RHS.

Q

A
a+b

C.* (C,__—\- C—5>

R.-R

\ & R%—Ql
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1 _ S
1 o %
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1 % WK
“lo oy (9w
0 2 (eend
Fadey oul (49 bom R, & (z-)
1 x 2
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0 { 2 4%
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I
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1 1
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1 | 1
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1
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b5 C
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1 1
o) C
\Z)L-tlb C 4 AC
1 1 1 1
c|¥|Q b C
| |20 2b  2c
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1 0 o
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1 ® O
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1Bl -2 -1(5)+2(-1) = -1
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P~ EXERCISE 4.2 4

5. Find values of x 1if;

2 1 x
1 |-1 -4 -3|=5
x 1 0
ot
E')L'PCLY\& b‘d Ra»
S1 %\_1 S +0 =
<l 3 -3

8

I\

|3 ()] -6+ )

S CR e
Ry K +6=% =D
Ly —L4aa+8-0=0
Lo Lo+ 1=0
(2) - 2@+ 1 =0
<Qx—4>L=o
Ax~1=0
XX =

1
_
L=%



1 x-1 3

2 -3 x
%
1 -1 3
- x+l 2= .
L = x
2%+ 2 ) (%_D -1 2, s ~1 2+ i
-3 w L < 2, _3

[x<x+1> - (—3>@~>] - (’K—O [—x— Lt]* %L?) —l(xﬂ)] =9
W v 6§ (%—D(x#—b +'5(5~Zbc—l> =9
oA 42+ Lo =+ A G- g=51
A —LX—4 =0
2 (<-2-2) 0
% — % =2 =0
XL - =O
x (x-2)+(2-2) =0

QC—D) (’K 1) =0

H—od. =0 oY e+l =0

%zl ')(.,7—‘_1



W N =

1 1
x 2|=0
6 x
(I
2 x| =C
3§ %
~ 3 L L L ®
1) )—\ +
S x B x 3 &

Q%L_ 1) - (3\%- §) (\1,—5%) =0
%"_];L—D;x,—véﬂ- 1L-3% =0
=D +8=0
W —A—D37+§ =0
v((x—2>~5(%—3v> ~0

(x-2)(x-3) =

7—2 =0 ¥ 7 =35=0

x =L x=3




6. Find |44'| and |4 Alif
i) A= A |
2 1 3
%ﬁi —o
—3 Y —1 T
A"\i X ’J A :Xl
2x3y -1
> (=3 2)'
AAJC____l—% 2. —1] _ _&QH-‘—!-\-\
2 A 3 I 5-5— . e
14 =7
AP‘JC:X,-‘( \L‘}
-7
W{C\:)“‘* _ 96-4 = 147
=7 14
Now, N
5 2T T+ 4
1t ) -2 = - _
A/\—Xl 15;1 { ?l:&é*l
-1 3y ba L3*C
. 13 ~ 4 =
AA=1|-4 S 1
9 1 o ]
13 -4 9
t
ARl e s 1\
] 1 10
21% ) 1 N ~4 1 ~4 °
1 10 ) q 1o ! S

(3 s0o1] v [Fto-d] +a[-1-45]
=€37-T6 - 441 = 0

XL

-8 +1,—'3-&

4«1+

_6+>\
Ly +l
~AtD

3+6 |
243
1+9




& -
A 3 1 + (3 2 !
=l X\ Az{ }
Y 3
1
X 5 ,l} S+, 3+ |
AA___L}\ 5 — 6+2, L+ 4 2L+8
/\ 'SJ 5-\-3 D\:""G )\_\_q_i
Yo 8 6“
t lo ® ©6 ) \QJ
\AA\____ S el o i K D 68 D
A g 1ol \g 1| |s 8
_1o[80-64] -8{ 80- 48] 8|64-48)
_1o(16)-6(32)+ (16)
_60-256+ 6
= O
Now,
t . 3 ]
| L SL'\ B
Véfqd B A 14 10
244+ ) v 4 -tq] — Lo “(]
14 o
A*A.-_\ - N6 -
| | o A4 = 116 - leo




7. If A 1s a square matrix of order 3, then show that |/<A‘ =K’ |A‘ .

EES
LQ‘\: r Q‘“ Q\L QB
P\ - Cl)_\ qlz_ Ch_'b
. Qy, Sy Q%J

( Ka "\ KG\L KG‘?) }
K A - KC17-\ KQ.a KQ,s
L,KG?,\ K G'BZ. K C133_J

KCl\\ KG\L KC}B
KAl= |ka,  kan — Kaus
KG3\ K 6"37— K G33

Fadex oul  k  $rom R, , Q% 3 Ps

q‘\ Q\L QB \
=KKK Ql\ q’)_)_ Cl:_'b
y S Py Qa3 |

KA = K LA ( Proved)
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P~ EXERCISE 4.2 4
8. Find the values of A if 4 and B are singular.

(4 2 3 . & K
2 3 1] 2 4 0
S
S A s %mw%w)
=7 IAl-0
L 2 2
7 X &|=0
2D 1
EXPCL“A& \D\d 'R‘,
S o hN
: x 6\_1 ) 9 -0
3 3y 1 5

4 18] 1] +°{M 2] =0

L{}\—7D\'\'1O+65_6>\=O
—2\+1=0
1= A
1o







9.

[os 5 O_
S K
R=1-5 o 4
D 4 0]
1 L 1
[l - -0 O 4
5 (v o
Exg)cmd bd ?3,
1 ]
Y I +O
s 4| |5 4
_5(8-0)-1(u-69)
_4o0-4(3)
_40-38€
Al =4
Now, (A A h Tt
[ 2. 13
otcl'q A= Al\ An /\B A
LA3| A%L A?BJ

Find the inverse of A=|-5 0 4 |and show that A" 4A=1,

O




A-CTM=E5| To-(o-4) = 4
4 O
A; (’13*11\/[: ("151 | | =0-9 =-2
SN
A-M=C" H--(a-lo)- o
23 3 5 L.'
A-EOM=CH" '|-g o -8
o 4
A=<’1>M=<“13 | 1 =~<41~<—5>-_--—<L1+3>=~3
. . -5 4
A%: (‘137\43‘3—” (-6 b o - (-lo) = 1o
> 0
Do,
L
-1€ 20 -0 € 4
adiA-4 -5 5| =20 -5
L S -9 '\OJ -0 S
AS we  Know Tat
A _ ' Qd;
\f\ {
-1€ 4 Q]
P_\‘z _JT 20 -9 -9
-0 o 10“
NOWJ ‘tb S\XQUJ —\,F\Qt P_\ A= 13)




(-1 4
20 -9

-20 ¢
-16 -L0+4A0

9 ||}-5 A
ojls &«
-3+ O+ IL

1
= |20+25 4S5 4o -0 -38

-20-30 +20
A
=510 “
LO O

~440 «0+4H0

-

—-16“6—&0
20-L0 -0
20+ 2A-+0|




10. Verify that (4B)" = B' 4" if:

1
, 1 -1 2
(1)A:{ } and B=|-3 -2
0 -3 1
_O 1_
LN — gt [1 -3
F\%:@ -1 1] 5 A =1 -2
o -3 /\ o 1 k 1 o]
VJQ*O 1+D\+l‘} A :&—g\ d,\’j
o+ 40 0+ &+ Lt (1 -3
8- "] 8-y
qQ
1+3+x0
<AE>JE=[L1 T — 410\*1
s e
t {4
%A=X
9)
F\(OYY\ ® & @)



and B = b3
2 1
£ ¢
(AB) =BA
M 2, 3
1 LIXL;L ]
2 1
-4 =342
-8 -2+4
2L—aL &+l
3 -1
7 A
o O
-3 -/ O
‘{-1 | —5} O
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4.6 Elementary Row Operations on a Matrix

Usually, a given system of linear equations 1s reduced to a simple equivalent system
by applying elementary operations which are stated as below:

(1) Interchanging two equations.

(ii) Multiplying an equation by a non-zero number. —HX = =3

(111) Adding a multiple of one equation to another equation. Ll 3 “Z g
Corresponding to these three elementary operations, the following elem rLl—t\ary ;é

operations are applied to matrices to obtain equivalent matrices.
(1) Interchanging two rows

(11) Multiplying a row by a non-zero number = % + bR
(111) Adding a multiple of one row to another row.

W[IH Matrices 4 and B are equivalent if B can be obtained by applying in turn a finite number of
row operations on A4.

4.7 Echelon and Reduced

Echelon Forms of Matrices
In any non-zero row of a matrix, the first non-zero entry is called the leading entry of
that row.
Echelon Form of a Matrix
An mx nmatrix A4 1s called in echelon form if:
(1) The number of zeros before the leading entry 1s greater than the number zeros in

the preceding row. L3 2 Q7
(11) Every non-zero row in A precedes every zero row (if any). a o S 4Ho
(111) The first non-zero entry (or leading entry) in each row is 1. 6 o o | J
[0 @) -2 4] 1) 2 -3 4]
The matrices+| 0 OL 1) 2 |and 6 0 () 2| arein echelon form
00 0 0 0 0 6 @_

Reduced Echelon Form of a Matrix: An mx nmatrix 4 is said to be in reduced
(row) echelon form if the first non-zero entry (or leading entry) in R, lies in C,, then

all other entries of C ; are zero.



The matrices

Example 8: Reduce

form.

Solution: | 1

=

=~
S O = O O = O O =

=

Thus| 0
0 0

o O O

2 3

—1

D
0
0

1

4] —|@D 2 0 0
2 land={0 0 (D 0 |are in (row) reduced echelon form.
0] —|0 0 0 (D
3 -1 9
-1 2 -3 |to (row) echelon and reduced (row) echelon
1 3 2|
_ s A
93 % 3 21 93 Ko 1R,
- , R1~R2 2 -
-3
2 | 3 1 38 2 Re 3R
1 -1 2 -3
Bydfisﬂ—z;f;*f;é' Blo 1 -1 3| Lgop
an 3+(_) | TG _O 4 @ 11_
1 0 1 0]
R,+(-&R, >R, B0 1 -1 3| R+1R >R
00 1 -1
By R, +(-)R, > R|
andR, +1.R;, —> R,
=] 1 0 0 1]
3 ]1and [0 1 O 2 |are(row) echelon and reduced (row)
-1 0O 0 1 -1

echelon forms of the given matrix respectively.



Inverse of a Matrix: Let 4 be a non-singular matrix. If the application of elementary

row operations on A:/ in succession reduces 4 to 7, then the resulting matrix is 7: 47" .

AR _ T

L,
1 t10 0
2 L0 10
2500 1

By R, +(-3)R, > R,
and R, + (—2)R, — R;

1 —2
13 By R, + (~1)R, — R,
2 2 |andR +(-2)R, > R
17
2 2 _

L

fi

3 1 |BYR+(6R >R
14 2 |andR,+4R, >R,
1 L

14 2

2 5 -1
Example 9: Find the inverse of the matrix A=3 4 2
12 -2
2 5 -1
SO'“t'0"=\A|= 3 4 2|=2(-8-4)-5(-6-2)-1(6—4)=-24+40-2=40-26=14
1 2 -2
As |4|# 0, so 4 is non-singular.
2 5
Appending 7,on the right of the matrix 4, we have | 3 4
1 2
Interchanging R, and R, we get,
12 -2:00 1] [1 2 =2 :00
34 2 501 0/8Bj0 2 8 01
1z 5 -l 10 0 |10 1 3 1 0
1 :
By —7R2 — R, , we get
1 2 -2 :0 0 11 |1 0 6 0
001 -4 : 0 —— 2 |Rlo 1 -4 : 0
2 2
0 1 3 1 0 -2 | 0 0 7 1
1 }
By 7R3—>R'3,wehave
1 0 6 0 1 -2 1 0 0 : -5
1
2 2 S
1 1 1 1
0 0 1 — —  —— 0 0 | .l
. 7 14 2 1 | 7




64
7 7
Thus, the inverse of 4 1s i —i —-l
7 14 2
r 1 1
7 14 g,

Rank of a Matrix: Let 4 be a non-zero matrix. If » 1s the number of non-zero rows
when it 1s reduced to the echelon form, then 7 1s called the rank of the matrix A.

1 -1 2 -3
Example 10: Find the rank of the matrix |2 0 7 =7
3 1 12 -11
| 1 -1 2 -3 Rl -1 2 -3 By R, +(<2)R >,
Solution: |2 0 7 -7 |&|/0 2 3 -1 . ,
301 12 <11 |0 4 6 —2|MRF(BROR
(1 -1 2 -3 —[1 -1 2 3
301 1 , 3] ,
Riog 1 S 5 By5R2—>R2_£,O © > | ByR+(AR, >R
0 4 6 -2 0 0 0 0

As the number of non-zero rows is 2 when the given matrix 1s reduced to echelon
form, therefore, the rank of the given matrix 1s 2.



P~ EXERCISE 4.3 4

1.  Find the inverses of the following matrices by using row operations:
2 6 -3
@ 0 -2 0
-2 5 6
Sé 2 < _51 —+ — +
t Azlo -2 o© -
Le =
2 S ~3 | -3
lAl_: o —2 O :—O_\_(_l) o 6—0
2 ) g
- -2|12-]
2 £0

= \\/\cﬂ_ﬁ% 'S non—%mcaL&ox.

Appeno\‘\na [3 on Te x'\ﬂht of The el

(2. & -3 | o O
o i Q
2. S g o o

I
O
l
Y
O

D\ & -3 l\ @) o |
i 0o _D\ O @) I\ Q Q?}_\-Q\
o 13 . o L
[ l R _3/9_ \/2_ © ° % R
=l o -2 O o | o
Lo \ 3 \ o |
q 5 —_3/2_ }l O Oj _j_ P)_
=10 /\ O O —\/7_ 0 -
0 1\ fo! \ O ]




o 0 —
A /L\/L\//o /H/»Wo
NI
d & R o
o - 0 0o
L l N
N' O — B |
3/033_ o O
_ o =X
QO — ©O o — O o — 9 !
T
— O O <
r\\.\\L L Ow nH!D Ov

Hence



1 2 -1
i) [0 -2 8
10 2
5§ \ 2 -l
2L -1 |
o -1 9= —0O L
.o al 8 |0
____\Ug_@»&&-l-q
_14-4
_lo +0

= \\/lcf&'vx. \S non—%mcd\&cm

Appencl\ncd

oo A i o o
=0 -L B o |1 o

U1 0 &

Ls on Te x'\faht o% e, m&t’l%,






6 2|
(i) |2 13 0
_O -1 1_
Si 1 ¢ 4 13 O S L
2~ 13 O _ 1 y ‘k—l\_1 1\-&0
o -1 1

_1[13-0]-2[s- ()
_13-2®)

=-3 # O

—  Mabhix s non—%mcdu&m’.

Appen&\nﬂ La on Te x'\<a‘nt SERS aline,

(1 § 2 [ 1 o o
21 1% 0 | o 1 o

|

L,O "/l fl O @) '|
1 & 2 1 o O]
= | 0 1 -L ] -2 O R (_DDR‘
o - | 0 O 1

(1 g Ay / { o O 1
R
Lo S 1 VA /3
1 o A8 3 -6 ©
= |0 1 -4 -2 1 0 R, SR,
LO O l‘ 2/5 _l/% —'\/3




- 13 Q 2€ )
1 O O /4 7 R+ (-26)R,
-1 0 1 O 2/5 - \/'5 —Li/s 4
L_O ) ,\ 1/'5 "\/,5 —\/3_— RL ¥ riz?)
Mence A 4 ~s



2. Find the rank of the following matrices:

1
) |2
3

HQ’Q e

-1 3 1
I |
1 4 —2_
(1 -
=|l-2 =&
S
\ -\
_ Io -
o 4
\ - |
= 5 _Q
O @)




4
=
/.\R
nono e &
o)
o (% M >
A .TB
o (~ |
m\ﬂmw\\%\w\J
. ~3,|_\_,b03~7_l011|\\l\l
(O
dog= 4o T
_ — 99
|
— 009 —~000 — 0 0F9
IS

Rank=3

Mence



2 -1 -3 =2

|

-3

—2

2 5

- — &7&%.
&7_\1(

oo D0 %BH%
|

,1066 \_\066
|

oy = — = ~ — O 0O
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4.8 System of Non-Homogeneous Linear Equations
Three linear equations in three variables such as:
ax+by+cz =d,)
a,x+by+c,z =d,; (1)

ax+byy+tcz =d;

is called a system of non-homogeneous linear equations in the three variables x, y and
z, if constant terms d,,d, and d, are not all zero.

Consistent: A system of linear equations is said to be consistent if the system has a
unique solution or it has infinitely many solutions.

Inconsistent: A system of linear equations 1s said to be inconsistent if the system has
no solution.

Now we will solve the system of non-homogeneous linear equations with the help of
the following methods:

(1) Using reduced echelon form (11) Using matrix inversion method

(111) Using Cramer’s rule

4.8.1 Reduced Echelon Form

There are following steps to solve a system of non-homogeneous linear equations (1):
(1) Convert to augmented matrix

a, b ¢ |d,

1.€. a b, & |d

K& b, ¢, |d,

(1) Convert to reduced echelon form (111) Solve by back substitution
Example 11: Solve the following and explain a consistent and inconsistent system:
(1) 2x+5y—2z=35 (1) x+y+2z=1 (i) x—y+2z=1

v 3x+4y+2z=11 2x—y+T7z=11 2x—6y+5z=7

x4+ 2y—2z=-3 3x+5y+4z=-3 3x+5y+4z=-3
(2 5 -1 i 5]
Solution: (i) The augmented matrix of the given systemis |3 4 2 : 11
1 2 -2 : =3

We apply the elementary row operations to the above matrix to reduce it to the
equivalent reduced (row) echelon form, that 1s,

(2 5 -1 5 1 2 -2 ¢ -3
3 4 2 11|83 4 2 : 11| By R R,
1 2 =2 i 3] |25 -1:i 5




[~

1

By ——R, > R, we get

2

2
1
|

6
4
1

=)

1
0
0
0
|
0

-2
4
3

17
—10

-3 1 0 6
—10|R/0 1 -4
11| [0 0 7

I R
By;R:;—)]{; s

3

By R, +(-3)R > K,

B
0
0

1 2 =2

Rlo -2 8
0 1 3
17 |

-10
21 |
D O  =I
1 0 p)
0 1 3

20
11

ByRr, +(-2)R >R,

ByR +(-2)R, > R
and R, +(-1)R, = R,

By R +(-6)R ,—> R,

and

R,+4R, >R,

Thus, the solution 1s x=—-1,y=2 and z=13, therefore the given system of linear
equations has unique solution and it is consistent.

11 1 ]
(11) The augmented matrix of the given systemis |2 -1 7 11
3 3 4 — |
1 1 2 L] [r 1 2 I |
2 -1 7 ¢ 11|Blo -3 3 9 | Adding (-2)R, to R, and (=3)R, to R,.
3 5 4 -3 |0 2 -2 —0 |
11 2 1] 10 3 ¢ 4]
Weget, 80 1 -1 ¢ -3| By 1z ,p £l01-1:-3] BR+CDR=K
_O o —6_ 3 _0 0 0 O_ and R, + (-2)R, > R,
The given system is reduced to equivalent system
x+3z=4
y—z=-3
0z=0

The equation 0z = 01s satisfied by any value of z.
From the first and second equations, we get
x =-3z+4 (a)

and y=z-3 (b)
As z 1s arbitrary, so we can find infinitely many values of x and y from equations (a)
and (b) or the given system, 1s satisfied by x=4-3¢,y=7—3 and z =¢ for any real
value of 7.
Thus, the given system has infinitely many solutions and it 1s consistent.



4.8.2 Matrix Inversion Method

The matrix inversion method 1s a way to solve a system of linear equations using the
iverse of a matrix.

x,—2x,+x, =-4
Example 12: Use matrix inversion method to solve the system 2x, —3x, +2x,=-6

2x,+2x,+x;, =35
Solution: The matrix form of the given system i1s

1 -2 1] x —4
2 3 2|| x,|=| -6 . .
2 2 1||x| |5 ARX=RADB
oo px=8 A A ® (D) AoAB
1 -2 1 X, —4
Where A=12 -3 2|, X=| x,|and B=| -6
2 2 1] | % | | 3
1 -2 1 1 -2 1
As |A|= 2 -3 2/ =0 1 O ByR+(2R >R,
2 2 1 2 2 1
Expanding by R, we have
={-1)** 1 1=(1—2)=—1,that is,
2 1
| 4| 0, so the inverse of A exists and (i) can be written as
X=A4"B ...(i1)
Now we find adj 4.
-7 2 10
— [AU' ]3x3 =4 -1 6]
-1 0 1
A, =-7,4,=2,4,=10,4, =4
Cofactors are
Ay ==-1,4,=-6,4;,=-1,4,,=0,4;, =1
-7 4 -1]

So adj A=| 2 -1 0
10 -6 1




-7 4 -1 [ 7 -4 1]
|
mdzﬂzgrmA:— 2 -1 0f=-2 1 0
10 -6 1| |[-10 6 -1
X, 4] [ 7 -4 1]]-4] [-28+24+5]
Thus| x, |=4"| -6 |=| -2 1 0 || -6|=| 8-6+0 |,ie.,
BN 5| |-10 6 ~—1|| 5| | 40-36-5
110
X, |=| 2
x| -1

Thus, the solution set is {(x;, x,, x3)} = {(1, 2, 1)}

4.8.3 Cramer’s Rule

Consider the system of equations,

N

a, X, + @, X, + a,x; = b

Ay X, +ayX, +ay,x, = b,

Vo

...(ii)

Ay X, + Q3 X, + Qy3X, = b, )

These are three linear equations in three variables x,,x,, x,with coefficients and

constant terms in the real field R. We write the above system of equations in matrix
form as:

AX =B ...(11)

T x ] b
where A=[a,l,;, X=| x, | and b= p,
X, | D,

We know that the matrix equation (2) can be written as: X = 4B (if A" exists)
1

We have already proved that 4™ = ¥ adj A
I All AZl A31 ]
and adj 4= [A:] Ls=|4, 4, A4 (- A;j =A4,;)
_A]3 A23 A33_




Xy
Thus | x,
| X3
'xl
1.€., Xy
| X3
Hence

X

Xy

X3

i 4, 4, 4 b, i —Allbl + 4,,b, + A;,b,
m Al2 Azz A32 bz = m Alzbl + Azzbz + A32b3
_A13 4, A33_ i b, | _A13b1 + 4,30, + Ay3b, |
A,b + A,b, + 45D,
4]
A,b, + 4,,b, + 4,,b,
|4
Aisb + Ayb, + Ay,
i 4] |
1 4 4
h, Uy dy
bA +bA, +bA, b a4, a Gi)
4] |4
dy 0 dj
dy, dys
_ b, +b,A4y, +b4;,  |as as; G
4] 4]
dy, dyp 0
dyy dy O
_ bA,+b,A,,+b A, gy an b V)
4] 4]

The method of solving the system with the help of results (i11), (iv) and (v) 1s often
referred to as Cramer’s Rule.

Example 13: Use Cramer’s rule to solve the system.

Solution:

Here [4|=|1 1

3 1 -1
-2
-1 2 -1

=9+43-3=9

3x,+x,—x;, =—4

—x, +2x,—x;, =1

=3(=1+4)-1.(=1-2)=1.2+1)

X +x,—2x,=—-4

h'd




1
-4 1 2
So. X = 2 -1 :—4(—1+4)—1(4+2)—l(—8—1)
9 9
:—12—6+9:—9:_1
9 9
3 4 -1
1 -4 -2
L1 S 3442)+4(-1-2)-1(1-4)
? 9 9
_18-1243 9
9 9
3 1 -4
1 1 -4
L2 1] 33048)-101-4)-4Q+]) _27+3-12 18,
’ 9 9 9 9
Hence x,=-1,x,=1x,=2

Thus, the solution set 1s {(x, x,, x;)} = {(-1, 1, 2)}



P~ EXERCISE 4.3 4

3. Solve the following systems of linear equations by Cramer’s rule:

2x+y—z=1]

'

(i) x—y+2z=3
3x+2y+z=4

53
2 1 -1
m{ﬂ -1 2,

BU C‘(QLmeX' S ¥ L&e )

> =1AX\ jz\iﬂ_\_,
Al Al
whexe
2 1 -
IAl=]y 4 2
3 2|
Ex?ﬂna b\d Q”
_ 1 1
2l l—q 2+H>
2 1 3] 3
_ IK‘W‘L{] ~’\U—6] —W_D:(%ﬂ
:_(\O+5—5

Al =-To




A -1
2 1 -
lAj =11 3
5 4
3 L 12 T3
-2 1‘” 3 1\%")\5 H‘
_Qb 8] —M‘K]“\%—ﬂ
_ -lo+5+S
)Ajl-“-o

[AL[:—QO +5+5 = -lo






X +2x,-3x,=0

(i)  4x —x,+x,=5 ¢

—2x,+3x,+2x, =3

_W‘:e, c,oe%%qe:nt mof&i% \S:
1 L -3 ]
A{q 4

B\d C\(QLmex' S X u&e )

. = 1 AX\\ T, = \A"CL\ , X, =
AL Al

whexe C o 3

A=y -1

-, D> &

Expand bta R,

-1 Ly -1
lﬂ\= | —2\ +(—?>>LTI \
3 L L 2 - 3

- \[—l—%] —D{@a —(—@}%\11-1}
= I(—S} ~2(10) ~3(lo)

_-5-20-30
A} =-S5
o L 3
\Rxl\z S 'I 1
33 L







’ S
DO



3
2x, =X, +x; =1

(iii) x +2x,+2x,=2¢

X, —2x,—x; =1

53
_me oae%%de.nt mcf&i% \S:
22 - 1
A<l 2 2
L1 - -U

BU Cxamex's w&e,
e 1A 1A

)

\Al Al

ouhe)ce

2
IAl=l1 2 2
1
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a2 laa]
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— 13\4_'\ NL-,
\AXJZ 7
-0 9
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%2_:—_(_5_ = L
Kae [ = -
—3 3



4.  Solve the following systems of linear equations by matrix inversion method:

x—=2y+z=-1]
(i) 3x+y-2z=4 }
y—z=1)
=
Iﬂ mJYh(‘ -\t@(mﬂ - 1-—
R U B o B
> -i&ﬂ =X“
o 1 -1hzJ L1
A X D
o,
AX=0
X::P\B —'®
Now,
T -
Al=]> 1 2
0 1 ol

Expand by K,

-2 '\\_W 1\%0\? i\
7 -2 |3 R E
o-tla-s]-1-69)

_5-7

A2
To ‘F'\ﬂcl A CJ‘Q ol th ;

:O
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D o,
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(I
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2x,+x, +3x, =3
(i) x+3x,—-2x,=0;
=3x,—x,+2x, =4

Sob

In malxix X—m{m,
1

ra 3] |2
1 R L\l | =] O
3 -1 dbed LA

A AoB
Do,
AX=BB
X_AB — O
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2 1 3
Rl-ly 5
3 -1 2
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x+y=2|
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4.8 System of Non-Homogeneous Linear Equations
Three linear equations in three variables such as:
ax+by+cz =d,)
a,x+by+c,z =d,; (1)

ax+byy+tcz =d;

is called a system of non-homogeneous linear equations in the three variables x, y and
z, if constant terms d,,d, and d, are not all zero.

Consistent: A system of linear equations is said to be consistent if the system has a
unique solution or it has infinitely many solutions.

Inconsistent: A system of linear equations 1s said to be inconsistent if the system has
no solution.

Now we will solve the system of non-homogeneous linear equations with the help of
the following methods:

(1) Using reduced echelon form
(111) Using Cramer’s rule

(11) Using matrix inversion method

4.8.1 Reduced Echelon Form

There are following steps to solve a system of non-homogeneous linear equations (1):
(1) Convert to augmented matrix

a, b ¢ |d,

1.€. a b, & |d

K& b, ¢, |d,

(1) Convert to reduced echelon form (111) Solve by back substitution
Example 11: Solve the following and explain a consistent and inconsistent system:

(1) 2x+5y—2z=35 (1) x+y+2z=1 (i) x—y+2z=1
3x+4y+2z=11 2x—y+T7z=11 2x—=06yp+3z=17
x4+ 2y—2z=-3 3x+5y+4z=-3 3x+5y+4z=-3

(2 5 -1 5

Solution: (1) The augmented matrix of the given systemis |3 4 2 11

1 2 -2 -3

We apply the elementary row operations to the above matrix to reduce it to the

equivalent reduced (row) echelon form, that 1s,

2 5 -1 5 1 2 -2 i -3
3 4 2 11|83 4 2 11| By R <R,
12 -2 ¢ -3] [2 5 -1 5]




[~

1

By ——R, > R, we get

2

2
1
|

6
4
1

=)

1
0
0
0
|
0

-2
4
3

17
—10

-3 1 0 6
—10|R/0 1 -4
11| [0 0 7

I R
By;R:;—)]{; s

3

By R, +(-3)R > K,

B
0
0

1 2 =2

Rlo -2 8
0 1 3
17 |

-10
21 |
D O  =I
1 0 p)
0 1 3

20
11

ByRr, +(-2)R >R,

ByR +(-2)R, > R
and R, +(-1)R, = R,

By R +(-6)R ,—> R,

and

R,+4R, >R,

Thus, the solution 1s x=—-1,y=2 and z=13, therefore the given system of linear
equations has unique solution and it is consistent.

11 1 ]
(11) The augmented matrix of the given systemis |2 -1 7 11
3 3 4 — |
1 1 2 L] [r 1 2 I |
2 -1 7 ¢ 11|Blo -3 3 9 | Adding (-2)R, to R, and (=3)R, to R,.
3 5 4 -3 |0 2 -2 —0 |
11 2 1] 10 3 ¢ 4]
Weget, 80 1 -1 ¢ -3| By 1z ,p £l01-1:-3] BR+CDR=K
_O o —6_ 3 _0 0 0 O_ and R, + (-2)R, > R,
The given system is reduced to equivalent system
x+3z=4
y—z=-3
0z=0

The equation 0z = 01s satisfied by any value of z.
From the first and second equations, we get
x =-3z+4 (a)

and y=z-3 (b)
As z 1s arbitrary, so we can find infinitely many values of x and y from equations (a)
and (b) or the given system, 1s satisfied by x=4-3¢,y=7—3 and z =¢ for any real
value of 7.
Thus, the given system has infinitely many solutions and it 1s consistent.



4.9 System of Homogeneous Linear Equations
The system of following homogeneous linear equations:

.
a; X +a,x, +a,x, =0

~N

Ay X, + ApyXy + Ay X, =0

..(Q)

Ay X, + A5, X, + 33X, =0
is always satisfied by x, =0,x, =0 and x, = 0, so such a system is always consistent.
Trivial Solution: The solution (0, 0, 0) of the above homogeneous system is called

the trivial solution.

Non-Trivial Solution: Any other solution of system (1) other than the trivial solution
is called a non-trivial solution.

4.9.1 Solution of System of Homogeneous Linear Equations by
Gaussian Elimination Method

Gaussian Elimination 1s a systematic method for solving systems of linear equations,
named after the German mathematician Carl Friedrich Gauss. It involves performing
a series of row operations on the system's augmented matrix to transform it into row-
echelon form. Once the matrix is in this simplified form, the solution to the system
can be determined through back substitution. This method 1s widely used due to its
efficiency and clarity in solving linear systems.

Example 14: Solve the following system of equations by Gaussian Elimination
method:

x+2p+z=(
2x+ 3y+4z=10
4x+ 3y+2z=0

Solution: The augmented matrix 1s

1 2 1/|0]
A =23 40
43 20
1 2 1|0
R

0 -1 2|0|ByR,+(=2)R, — R,and R, + (—4)R, >=R!
0 -5 -2[0




=

(=]

=

1 2 1]0]

0 1 =20

0 -5 -2/0

1 2 110

0 1 =210

0 0 -12/0

1 2  1]0] 1

0 1 —2/0|Byl —
y(lz

0 0 1]0]

By(-DR, > R,

ByR,+5R, > R,

jR3 — R, (Rank of 4 =3 = number of variables)

The matrix 1s in row-echelon form.

By back-substitution, from the third row, z = 0.

from the second row: y—2z=10

y—20)=0
y=0

From the first row, x + 2y + z =0, substituting y = 0 and x = 0, we have
x+20)+0=0

x=0

Thus, the system has only trivial solution, 1.e., (x , y, z) = (0, 0, 0).



Example 15: Solve the following system of equations using Gaussian Elimination
Method.

X+ x,+ x; =0
x,— x,+3x, =0
x,+3x,— x, =0

Solution: The argumented matrix 1s

11 1/0
A,=11 -1 3|0
1 3 -1j0
1 1 1[0
Rlo =2 2/0| ByR,+(-D)R >R, and R,+(~1)R, > R!

0 -2 -2|0
11 1]0]

= Rlo 1 -10 By(—lijaR’z
0 2 -2/0 :
1 1 1]0]

= £&lo 1 -10| By R,+(-2)R, > R, (Rank of 4 < number of
0 0 0]0]

variables)

The matrix is in row-echelon form
Thus, the above system is reduced to the equivalent system of equations

X, tx,+x; =0 (1)
Xy, —x; =0 (11)
Ox; =0
From (1) and (1), we get
Xy = =X, — X, (111)
Xy = X3

Substituting x, = x; 1n (111), we get
Xy ==Xy — Xy = 2x,
= X, = —2x, (1v)
As x; 1s arbitrary, so we can find infinitely many values of x, and x, from (111) and (1v)

or the system 1s satisfied by x, = —2¢, x, = f and x; = ¢ for any value of 7.



From above examples we observe that:

Rule — I: Homogeneous system of linear equation has only trivial solution 1f
rank of 4 = number of variables.

Rule — II: Homogeneous system of linear equation has non-trivial solution if

rank of 4 < number of variables.



P~ EXERCISE 4.3 _4

5.  Solve the following systems by reducing their augmented matrices to the
echelon form and the reduced echelon forms:

X, +2x,-2x, =-1

(i) 2x+3x,+x,=1 ¢

dx +4x,—3x,=1

1] Ra@R,
’ Q;ﬁ QS}Q\

I
—
O —_—
[
I

L L
:-_,151/1
5 4 D1 1

L3

I
®

V L 2 -1
5 -3 COR,

V L 2 -1
=[O 1 =D -3 12;6\21
LO o B -l
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] -1 p
= | O 'l D -3 i‘g E
o © | %)
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X+2y+z=2)
(i) 2x+y+2z=3
2x+3y—-z=T

A4

=

9<,+l\d vz =
1x+\d—\—12=5

22X VY -Z = ol
P\ua werited malvin s
“ ), 1 2
=l 1 3
2 >
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Hence

MNow, Bd
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X, + 4x2 + X,

(iii) 2x, +x, — 2x,

3, +x,—x; =12

pe

)(_\ —\-L—l')(’)_,‘*")(,s: l/

D\"K\ + 7, — AN =

-2 )

=9
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MNow, BU teduced  echelon form,
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6.  Solve the following systems of homogeneous linear equations by using
Gaussian elimination method:

x+4x—2z=0
(i) 2x+y+5z=0

'S

Sx+2y+8z=0]

D D\‘a +8z=0
/&\ucdmented mcfﬁdx, s

{ v — Q
=] 2 { S O
5 2 S/ ©
I e R
O -7 4 @) Rs‘SR
o -18 18 O
4 -2 | o
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\

X, +4x,+2x, =0
(i) 2x,+x,—3x,=0¢
3x,+2x,—4x,=0
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4.10 Applications of Matrices in Real World

Matrices play a crucial role in solving real-world problems across various fields. In
graphic design, they help manipulate 1images through transformations like scaling,
rotation, and reflection. Data encryption and cryptography use matrices for secure
communication by encoding and decoding messages. In seismic analysis, engineers

use matrices to model and predict earthquake wave behavior.

Geometric

transformations, such as translation and dilation, rely on matrices to modify shapes in
computer graphics. Additionally, social network analysis leverages matrices to
represent and analyze relationships between individuals, 1dentifying key influencers

and connections 1n a network.

Transformation or Reflection Matrix is a mathematical tool that represents the
reflection of a point or object across a mirror line in a coordinate plane. It’s a matrix
representation of a reflection transformation. In two dimensions, this typically means

reflecting across the x-axis, y-axis or a line such as y = x.

1 O

To reflect a matrix over the x-axis, we have multiply it by 0 i
, . .. |-1 0]

To reflect a matrix over the y-axis, we have multiply it by 0 1

0 1
To reflect a matrix over the line y = x, we have multiply it by L O}

R G

. (x;‘d) (—?(’\:O '(X;’d)

'(2ﬂ>

V

N\

N\
N\

>9C

- (%)

V YV

MEMNEN
-] - x4




Example 16: A triangle has the vertices A(2, 3), B(-1, 4) and C(3, —2). Find the
vertices of the reflected triangle over the x-axis by using transformation matrix.

Solution: To reflect a point across a certain axis or line, we have multiply the point
as a column vector by the corresponding transformation matrix.

Here, to reflect the given points over the x-axis, we use the transformation matrix
1 0
0 -1|
Write the points as column matrices
p) —1 R
A p— ) B p— ) C p—
3 4 —

, 1 0"2 2+0]_| 2
The vertex A’ of the reflected image = o 3 =(2,-3)
|
0

| 1 0] [-1 140
The vertex B’ of the reflected image = 4 } { } [ :| (—1,-4)

1 0 3
The vertex C' of the reflected image = =(3,2)
0 —-1]|-2 0+2 2

Thus, the vertices of the reflected triangle are 4'(2, —3), B'(—1, —4) and C'(3, 2).
Coding 1s the process of converting a message into a specific format using a code. A
code 1s a system of symbols, words or signals used to represent other words or
meanings. It’s often used to hide the actual meaning of a message.

To decode a message, we multiply coded matrix by the inverse of the given matrix.

1 2
Example 17: Use matrix 4 = {3 1}o encode the message: ATTACK, where

letters 4 to Z are corresponding to the numbers 1 to 26.

Solution: Here
A B C D E F G | J K L M
| 2 3 4 5 6 7 9 10 11 12 13
Q T \Y% \\Y% X Y Z
22 23 24 25 26

N O P R N
14 15 16 17 18 19 20

Divide the letters of the message into groups of two.

H

8
U
21



AT TA CK
Assign the numbers to these letters and convert each pair of numbers into 2 x 1

R I I T

. .. 1111200 ]3
So, the message 1n 2 x 1 matrices 1s
20 (1 | |11

Now to encode, we multiply, on the left, each matrix of our message by the matrix A.

, 1 2] 1] [1 + 40 41
1.€., = =
3 1][20] |3 + 20| |23
1 2][20] [20 + 2| [22
3 1|/ 1] |60 + 1] |61
1 2] 3] [3 + 22] [25]
3 1| [11] |9 + 11] [20
. o |ar][22]]25
So, the desired coded message 1s
23| 6120



P~ EXERCISE 4.3 4

7. A triangle has vertices at A(4,1), B(—2,5) and C(0,—3). Find the vertices of the
reflected triangle over the y-axis using a transformation matrix.

Sk

—

Cven vedices: ALY, BEs), % Clo-3)

\/\/rite, as a QoQumn mch('\ces-.

ol <

—RQ“S %{mqton mcf&i% e
S
o 1
The \/Q\(JDc,es /\’, 6 A C oyr YQ%QQC,JEEA 'Eﬂcicdye QX
A = PR
;-1 o4 -4
A:[o 1]&]:[&
3_PDB
-1 o[- (2
° { © JL’S | {5,
c -PC



-5 0 0

8.  The point A4 is mapped to (30, 20, —5) by the scaling matrix P=| 0 -5 0
0 0 -5

Find the coordinates of A4.
[Hint: If A 1s mapped to A’ by scaling matrix P, then AP = A4']

SQ/L -0 © O]

SQQ&'\V\% analein ?=LO -5 0

O o -

Let A (": nE Z> be e e q,uc\xecl P oinl .
, {20
/L\r <50) 40, "S> oY A =\a O\X

-J

A?Piﬂ jke, $C—<19-3“ﬂ; |

AP=A
TS o o« (30
o -5 O] ‘“{D\OX
O S ‘S\,M,LZ‘J

—‘S')(.—\‘ Q—\—OW —'2)07
EO—_SU-\- O J: 2.0

O+ O -0Z ‘5_
S |20
-94 1= L0
S 2. -O




9. Find the equation of the image of the curve with equation y = x* under the

1 2
transformation with associated matrix { ’

3 4
S
Guen 4=, s

Consider e point  Alxy),  and transtocred ot AQC“U

Now, QL'\')PQ)G the t(cmsifo\(mcfﬁon:
PA-A

]
oAl m
o5 |

X 4 AN = x — O
%%'\‘L'l')(?::— kj, - @
equld - Axequld) ,
! B+ 4R =1
~ A% - %LZ—Q%/

7 :‘d'-lx’ P\ﬁ? in O
“df— 21 l(‘j’— A7°,> <
(Y -2) = o - e

,— N ) 3%/_\3/
(f-2) = 22




1T @ I
]

10. Use the matrix 4 = |2 -1 to encode the message: KEEP IT UP, where

0 1 2
letters 4 to Z are corresponding to the numbers 1 to 26.
S -
{ O
G(wen: P\= 2 -1 1], Messe&je,: KEEP KT uP
0 1 )

D‘w'\de, te, QQJIEXS o% he me%smde ialo ﬂm\x\)s of ﬁ{,(ee-,
KEE PIT UP
Con\/@(t o x| malxices:

k] (1] Fpl (18] "u (2]
E Z[S ) 1= ) p 16 1)

|

L.EJ 5_, LTJ D‘O.. L~ O_
A
(o Aft1] [(M+o <3 (]
L -1 1 TI=[AA-0+O | = 2L
0 ’] Py LS« O-\-S_-\-I\O '\S
{ o 1116 16 +Q £ A0 36
L _‘ 1 CT = 31-%*10 =147
o 1 2| o + 4+40 49

| S '\”D\’\"’ 21 +0 O 21
~ -1 1€ l= 4)-\g+0 =] 28

0 1 ) L/O‘J ox\1€+ 0O 1€




11125 22
11. Decode the message |20(|10 (|14

that was encode using matrix

(43 | [ 4] ][4l )
11 -1
A=|1 0 1], where the numbers 1 to 26 are corresponding to the letters
2 1 1)
Ato Z.
54
G('L\/e,n J‘th

M1raslfxa 1 A
Encoded message: |ao || 1o 14 o A=\ o
43 ) Ll WAl 21

—

To  decsde Te Mmessage, bind A,

APPec\j na L on ﬁ{e \ficdht o% n{e qu}hc A ,
11 - 1 o o]
{

=1 o | o

|
O
|
}J
(
o
~J
o
[
3
X

Il
O
I
j )
LI
O
o,
N
+
7
o




(1 O o -1 1] R 4p
= O ,\ Q "'ll _5 2) | ’
LT
o o 1) 4 4 1 A
g o O 1 2L -]
=0 " O —I\ 3 2 Rl-pz‘
O O 1 —,1 "'\ L
Thes
(1 2 -1
-\
A=l-1 3 2
L‘Il "1 14
Now,
(12 MY (Mrao-u3) (87 (W]
13 L||0|=]|41-80 +8S|=[ 15| — O
-1 - 1_&—(3_ S11-d0 +43] L1 L L
12 NEs) (Rsea0-ud] (4] (D]
3 Ao |=las30+02|=|27] — |-
S 1_LL”_ S -1o+4]] LS LF_
(12 AY(aa] (aa+as-4f) (9] ([
1 A1 = -aaB= 18 — | R
S T S B | 1 B S S R N el LE ]

Hence,

Decmded messqie 1S IIHOLD F‘UQE\



