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Theory of Quadratic
Functions

3.1 Quadratic Function

A quadratic function 1s a polynomial function of degree two. It is typically expressed
in the standard form:
J(x)=a*+bx+¢
where a, b and c are real numbers, and a # 0.
3.1.1 Analyzing Quadratic Function by Sketching

Vet
As we know shape of the graph of a quadratic JASNY 4
function f(x) = ax* + bx + c 1s a parabola. The :

parabola opens upward or downward, depending on v idm”

the sign of the leading coefficient a, as shown in the a>0 a<0

given figure. R

The tip of the parabola, labeled as V in the diagrams above, 1s known as the vertex
having coordinates (4, k). The vertical line passing through the vertex serves as the
axis of symmetry for the parabola. The vertex represents a turning point,/yvhere the
graph changes direction.

e Ifa>0,then the vertex is a minimum point. w

e Ifa<0,then the vertex is a maximum point.

vV

For sketching the quadratic function, we need to find the x-intercept, y-intercept and
the vertex. For analyzing the sketch of quadratic function, we find whether the vertex
i1s a minimum or a maximum point and indicate the intervals where the function is
increasing or decreasing.



Example 1: Sketch and analyze y = —x* — 2x + 3.
Solution: y = —x? — 2x + 3
The y-intercept is y = —(0)* — 2(0) + 3 =3
The x-intercepts are found by solving the equation:
—x*—2x+3=0 or x*+2x-3=0
*+3x—-x-3=0
x(x+3)—1(x+3)=0
x+3)x—-1)=0
x+3=0,x-1=0

x=-3,x=1

Now, we find the vertex
_Thl_ (=2 _
2a 2(-1)

= (-1’ -2(-1)+3=-1+2+3=4
So, the vertex (—1, 4) 1s a maximum point. The function y
1s increasing on (—o —1) and decreasing on (—1 o)

h -1

3.1.2 Finding Maximum and Minimum Values of Quadratic

Functions by Completing Square

Completing the square is a technique used to rewrite a quadratic function in the

following vertex form:
f(x)=a(x—h*+ k
b b’

Where vertex =(h, k),h =— — and k=c——
2a 4a

e Ifa>0,the minimum value of f(x) atx= A 1s k. u
e Ifa<0,the maximum value of f(x) at x = A 1s k.

/N




Example 2: Find the maximum or minimum value of
f(x) = -2x*>+ 4x + 3 by completing square.

Solution: f(x) =-2(x*—2x)+3
f(x)==2(x*-2x+1-1)+3
fx)=-=2[x-1)>-1]+3
f(x)=-2(x-1*+2+3

— f(x)==2(x-1)+5

Here a=-2<0

Maximum
value

ek N - - = = = = = = =

Therefore, the maximum value 1s 5, which occurs when x = 1. v/
Example 3: Find the maximum or minimum value of 5‘y
f(x)=x"=2x-3. 4
Solution: Given that f(x)=x"—2x-3 3
Herea=1,b=-2,c=-3 -
1
- i - _ ﬂ — X X
= = =1 o >
2a 2(1) 4
2 2
and k:c—b—:—3—( 2, =4
4a 4(1)

Here a=1>0
Therefore, the minimum value of f(x) at x =1 1s —4.

(1,4

Minimum value
occurs atx = 1

==y PN — Py - =™ . - ——



P~ EXERCISE 3.1 .4

1. Find the maximum or minimum value of the following quadratic functions by

completing square:

i) f(x)=x"+6x+13
N

=

%Q&) RN G A » (@ b)L —d + bt
_ 9(?—\—9\@(5) X '\’5
Add and ‘Su)otm@:t Cévl)

PRI OR _x 413
- (’}Gc?bz——ol + 12
§ () = <’>L+?>>L+L|

CompPaxe T wilh

£ = aloh) K
QY :/\ P \7 —:-"'5 9 K;-_Lf

e a0, =o  (RO=(3H) s minimen poitl.



i) f(x)=x"+4x
LN

—

%@Q =% +4%
_ ot D\@L)@J
Add  and  Subtract UDL,
£00) = 2 AR+ L X
J&@(J) _ Q)ﬁ«- Dj—— ~
C;Dmpo:(e L Wil :
£00) = d(x—h> x K
A=\ h=-2, K=-

e Q=120

Hence §GO s win abt =-d.



? +13
(111) f(x)=—x"+8x B)
89—
Sk s
£(0) = [QL’ e
- teact ), ) thl
Add and 5\&{{_ D\@q({_{)—\i—' B
£ --

{@@LQL - D\ﬂ
ﬁ',( > ji,(x,——L-OL-\— 2.
’W\ .
Lt Lo )
C,mm(\Doj(e %CK) ) Q(K—h> —:ﬂKLl Kz)ﬂ

— -
Clt < l
alc U A aing gl
\

S

v fOoo i o
ane) o&uﬂ 0% &'

WYL \V
Mcpﬂm

1<0
Ad=-



(iv) f(x)=—-x"-3x-5

B
£ ,&éﬁmﬂ

[ va@F 5|

Add  and Subtract (&)
(a3 )
R

ComPaxe it Wi 2
NCO d(x—h>l+ K
1

3
d--1<0 h:—?f ’ K="z
-

Mence  Mankimum valwe of TOO) s T



v) f(x)=3x>+6x-13
Soh
\?

£ (x) :3\;&@(— _90—]
_Afa@- 5

Add  and  Subtvact )L)
L) = 'f)\%l < 20 + (g

— ?{@q 1)9_ — 1%1

ch) - 5(’)&'\)1— 1S
Compaxe it Wil :
(0 = d(}c—\nﬁr K
Y

A.=2>0

Hence %@Q s minimum at

O

> _{\_3_}



2 _x+21
(vi) f(x)=-2x xx _M]
= JCQ’Q-———D\\%L*E 2

!
i%?:k l@)(’i‘) - %f]
=2 :
d d Bubt{cxct Gq>,
P\d AN

SHORGRS
z-;\m@z@*w (

ComPaxe b owike

0O = ci(?c—h> r K

N
&4 B
| kg% IR ﬁ at x
h:.———) Q %Q(‘
l q\\/\'x value oF
N axX.
20
A <0,
A_
S
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P~ EXERCISE 3.1 4

2. Find the maximum or minimum point by sketching the following quadratic

functions. Also find their domain and range:

(i) f(x)=x"—4x
Soh ’?/
| et 1= 2 — L

Fov  »- inex QQPT% , P uC \d -0

r

2

1 6 -5 -4 -3 -2 -

A
> 517 3 2
%_L")C:O _}\ X

K‘(K—LO:O Ll \\/

=) Po.\’ gbogla 'Lntex se.dt% x—QAANS

N

1 1
=y un + w

gt (0,0) and (4,0 1
FO‘( d— inte( CQPT,- @ ut X =0 D om GL'\‘(I’ = (—— 0, co)
s (0) Since vexTex s wulnnmMwm, S0
d=0- Range = (-4 )
ﬁ =0
=) Pax abola iritexsecls —uUs gt (o, O) )
Lejfs f—'\nd 3 \/exte_vc Q‘t,K), o b_:_
S‘(x) _ 2 —44% 50 Q.

Mexe q._._.{, b__4, <=0
ho=b -G a2, k=f)-@Q)-4@=-4

— — — — ==

Since a=l1>0, so Te vettex  (2,-4) is o minimgm ol



(i) f(x)=x"—-5x+6

S8
LeC %j=9<2:—_'5'x,+6
Lels f-ind e vextex (h,\() ,
b -5 s
pYet O
(. B -3 _g-2as =L
4a 401 4 4

=) Poa( cﬂoo&& Lntex gec._t% ‘d—&%\'s

at (©:9).

Fos  wiberceplz, pul yy=0-
0 =9 -D%xS
26— Le—> %+ E=0
w(e2) = (x-2)=0
(%-2) (x—3) =0
K=l =0 oY -3 =0

v
D oA\ = (— 0, oo>

Since. A=1>0, SO Vex e,
(\u,@:g:,tg—) T g

= Ronge [ 7)

= PO.\’ cﬂoo&cl Lntex gecft% w0 QNS Qt Q\ ) o) and. (’a , o),




(iii) f(x)=—x"+2x-38

$0) -8
Lejfs Fn d T v exte% (h, K> :

(k) =(4,-7)

Pu‘t % =0

Vex te_?(:

Fov  y-nitexcepl,
g@)z _&+2(0) -3 =0

=) Pox csbogh 'mtex se,dts

Q_t (07 —%>-

‘d —QAs

Fov % irtex cept put 1=0
O = _2C 47D
%”_,lx,*c% =0
> ace () —4(DE®)
L =2
_-2A®% <0

— No %- mtaxcﬁpt&

—>~C

N L N D o

N\

— [ - S TS
& -5 <4 -3 o - ————F— )

DL WL L
T o\oa L P

PR
v

Domcﬂ n =

Dince Q,—T} s o wmax. vale
= Rcmcae_—_Q— ®, —7]




(iv) f(x)=x>—4x+4

39
zl.__f@c) _ =L 4
L els %nd T vexCex <h,K>,
bbb _-CH 4y
Q lU) - E————
5 ) _ g 16 DR &
K=Q‘Zlg=q— 40) = H - N
S0, (\7:\(> = (D\’ O> :
Fcy( uC iﬁJEeX C.ePt @ut ‘azO Dcsmoc\: =lQ
O = %L— L! P iy L\
. nce  Vextex (2,0) s e
(oc- 2) =0 Tt po'mt :
Taking  squore oo Rorge - Lo, )
X — D\ ::O
W =
= Poxg)oogla 'mtex sedt% x —QAxs dt (ZL ,o).
o *a-'mJCeXC.QQt ) Put 7" =0
OO ES
=) Poxgbo&q 'mtex 3&6@5 ‘d—CL%\'s at @7 L*).




v) f(x)=x"+2x-8.3

LN
{V () = ¥ Ax~D 3D

Lelr  fnd T vertex (h,k),

45 9

F‘ oY’ A— inte( c_e,Pt > o *a -0 .

~V

T

_\Di\:“l K —~ac Sinee A0, SO vextex, is min
29 = RQﬂCan— {'0‘51 °°>
K= '—L\'OS ) K = D\_,QS

= Poxgbogﬂ Lnte,rsedt% X —ANS Qt (“1-05, O) and @vo D, O)-

P —

Fox ‘d—lﬂtﬁx Cﬁ?t ) P\.Lt w® =0
L0)= 0 +2(0)-BD =B

= Pcn’cbo&q 'Lntex ged\?s ‘d—QDL\'S at (Oa -8 -5>.




(vi) f(x)=6—x—x’

S 5
d:_{y@c)__. > =%+ 8
lele  tnd e vextex (hik),
ho=CD -
2C0) B ; .
B o_s. S =T
K=<"Za 4G B
Veytex: <\7,)<>=<—l_ ) D\Z- )
Fov - mtexce,pT put Y=o !
_ e 6
© ’“ Domo.'m = L—oo, oo>
-0 = —\‘%46 Dince O}r'—‘\ <0, <0 \/e\’tex
» 4 x—C8=0 (R, K) (,—, _——> s Q. Ynaxinum
o D ALK -8 =0 Pomt
e () Aed) =0 — Ranqe=(e 5
K AD =0 OX K= =0
W=-2 K=ol

= POJGJOOSLCL ‘mtex secjj% X —QAXS dt (‘3: 0) and (2,, O>.

o ‘a -'mJCeX <£Pt > P W %x=0
'31(0)—:_ —QL—'Q '\'626
—y Payabola intexsects y-axis SC (o 8).
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3.2 Inverse of Quadratic Function

Quadratic functions are typically not one-to-one over their entire domain. To find an
inverse for a quadratic function, we must restrict its domain to a portion where it 1s

one-to-one. Commonly, we restrict the domain to either x > 4 (where £ 1s the x-

coordinate of the vertex) or x < 4.

- : ’ =00
<

/ ;j/aj \ Sﬂ Cd) = %
e Ranqe
D omain -\

§

Domain Qﬂ = delcae@_v

Range (})= Dom CLQHGF‘)

Example 4: Find the inverse of f(x)=x"+4x+3,x>-2. Also find its domain and

range.
Solution: f(x) =x*+4x+3
—y=x*+4x+3
x=y"+4y+3
y+4y+3-x=0
_—4EJ(@)? -4 - x)
g 2(1)
—4+~16—12+4x
- 2

_ —4+ N4+ 4x
2
_ —4+ 21+ x
2
i) ==—2%1+x

x>-2

¥

T\ D)= RET

(Interchange x and y)

(Using the quadratic formula)

=0

(Replace y with £ (x)) <z~

The above inverse function has both a positive and a negative component. To determine
which 1s the inverse, we find domain and range of the given function.

Domain f = [-2, ©)



To find range, we proceed as

Since x >-2
x? > +4
4x > —8
x*+4x >—4
x> +4x+3 > -4 +3
= f) =1
As f(x) =x*+4x+3
= fx) =(x+2)y -1

Therefore, minimum value of f(x) is —land hence
Range f =[-1, ©0) v~
Domain /! =[-1, o) , Range /' =]
Now, we substitute any value of x that falls within the domain. We choose the value
x=0.

-2, oo)/

F10)= 2+1+0=-1
F10)=+2-1-0=-3

We notice only —1 lies in the range of /. Therefore, we discard negative component.

Hence f'(x)=-2++1+x



P~ EXERCISE 3.1 4

3.  Find the inverse of the following quadratic functions. Also find their domain and

(1) rajfg(e).c)=x2—3, x<0
- o) ==, Domain (§) = 0]
Y=o =2 ad;-fr@c)
4+3 =0
> = 3

e (Y

Dom&m (;f’) - Rcmca <§—‘> |
Domain (ﬂ = <‘°°) O:l = —\Zcmcde, (ﬁ >=<’°°»O]

Since
= 35—\@‘)5 7S
NOw, )
To %v\d domain  of %,
1w+ >z 0
2 2D

= Domain <§—\> =L’3:°°>




(11) f(X) —x*+6
x+4
- , X< 3

F60) = 2 Srerly Domain(§)— (w0,
a_—_'x,»féxﬂ-ti _ ka:_%(%)
’}C—f_—\- 6'}C,+L1 :\a

(@)D - D ey
(rx) —F+4=Y
(43 -S=Y
(x4 = Y+5
D =k Yt
® =—ot \3{3
fp=de4y 10

Replae wilk %,
f (0)=">Lxx3

Te decide Tha invexse Punclion, We use fhe Fack toot
Domain (f) _ Q(mca <_S-l>
Sinc :
< Domain (f) =<’°°J ‘?>> = R&ﬂﬂeﬁiﬁ - (‘0‘%‘5)

= f(9)=-2 = D

To  find e domain: ®+O ZO N
Domain (f_l> =Q—’5)0®>

%z —O



(iii) f(x)=2x"-8x+11, x>2
s&
%@Q:&ﬂf-%XﬁW‘

4= 1 =8+ 11

296 =B ll-y=0

gy + JEy-H@OUI-Y

rC

2(2)

B 8i46Q—&8+8ﬂ
B Ly

o St 4&\4—111

-
B %:\:@@
N “

__gilﬁi4ﬂfi
- T4

=zﬂﬁiizigg>

Ao

P,

0

Il

-






Z) — D — AAKE 6, =S
7(. '

0=d% _,)\x:\-{-*d

2 x T — A *(6"\@:()

o =ED) £ET 1B
2(3)

By :r_«\JL1 ——D‘JVD‘U

ho =

2 QA

-

2(3)

ho L

R

R AC)
L 5=
)



To c\ec'xo\e \\,:Q, mvexse %txncton, We use ’W@ %g\d: WK dt
Demain (f) _ Qq“‘j(f-v

Since Domdin (ﬂ — [57 °°> = ij@@) = LS’ °°>
= f () -

1 N 2e—1(
3 3

-

1o %ﬂd e domcf\n o% ii
((5)- ’a(s)L A(5)=€

£§s)="T1
— R&ﬂaeqv = [7 1, ©)

|



v) f(x)=2(x=3)"+1, x=3
S .

‘a;g\(x«?ﬁ 1, K2

Fof domain ﬁ_\

’)Q"\ > 0
2

%—/\>/O

7 |

Domain (1) =1«



(vi) f(x)=-3(x+4) -5 x<-4

S 5
\d_,__,?) (?(,-VL—D —'S ) %<—L’

w0 <O

x ==
X)mﬂaﬂ\<{3=:Qw%_§>
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3.3 Absolute Value

The absolute value of x, 1s defined as
(x , x>0
| x |=1
-x, x<0
12|22 || =
l-a)=-(C2) =2

3.3.1 Absolute Value Quadratic Equations

To solve the absolute value quadratic equations, all answers must be substituted back
into the original equation to verify whether they are valid or not. Sometimes,
"extraneous" solutions may appear which are not valid and must be eliminated from

the final answer.

Example 5: Solve [x2 —4|=5

Solution: x> —4|=5
\>X2—4::|:5
x>—4=5 or x*-4=-5

x==x3 or x=£c\/—_1=imaginary

Check: For x=3 For x =-3
32-4/=5 (3Ey_4|=5

51=5 51=5

5=5 5=5

Hence solution set = {£3}



3.3.2 Absolute Value Quadratic Inequalities

Absolute value quadratic inequalities are inequalities that involve a quadratic
expression within absolute value bars. They are generally of the following form:
lax? + bx+c|<d,|ax* +bx+c|>d, |ax* +bx+c|<d,|ax*+ bx+c|>d

Solution set is (—o0, —0.16) U (6.16, ) < x| < ¢
Example 6: Solve ‘xz —6x—4|< 3 —C=x=C
Solution: |x* — 6x —4| <3 1] % ¢
3<x?—6x—-4<3 <
3 <% — 6 —4 or x*—6x—-4<3 w <-C oY XRzC
x!—6x—4+3>0 or x*—6x—4-3<0

x>—6x—1>0 a1 , x> —6x—7<0 (11)

Here we solve x> —6x—1=0

_ —(6)£(-6)* ~ 41

A 0
 6+/36+4
- 2
6+ /40
x —
2
6+ 2410
X = 5

x =3+410
X=3—\/E 3+\/ﬁ

b

X = -0.16 , 6.16

Hence critical numbers divide the number line into three regions.
< x<-0.16 " —0.16 <x<6.16 x>6.16
< | HHHHHHH | | ! : | |

—2 -1 0 | i 3 -4 5 §)

Test x =—1 1n (1), we have

(12 -6(-1)-1>0 = +6>0 (True)




Testx =0 1n (1), we have
(0 -6(0)-1>0 = -1>0 (False)
Testx =7 1n (1), we have
(7 -6(7)-1>0 = 6>0 (True)
Solution set is (—o0, —0.16) U (6.16, o0)
Now, we take (11) and solve
x> —6x—7=0
X>+x-Tx-7=0
x(x+1)=7(x+1)=0
x+1)(x-7)=0

x+1=0 , x-7=0
x=-1 x =7
These critical numbers divide the number line into three regions.
% x<-1 ” -1 <x<7 N x =7 5
< >

-4 3 -2 —1 0 1 2 3 - 5 6 i

Testx=-2 , x=0 and x= 10 1n (11), we have

(-2 —6(-2)-7<0 = 9<0 (False)

(0)> - 6(0)-7<0 = —7<0 (True)

(10> = 6(10)-=7<0 = 33<0 (False)
Solution set 1s (—1, 7)
Hence the solution set of the given absolute value quadratic inequality 1s
(—o0, —0.16) U (6.16, ©)} N {(-1, 7)=(-1,-0.16) U (6.16, 7)




P~ EXERCISE 3.1 4

4.  Solve the following absolute value quadratic equations and inequalities:

@) |+1=5
SIS _
— |+ 1] =S
»+l =3
S o v 1=-D
= S 2 = -5-1
e =4 ® =~
Squave Yool <Imc1<aincmd>
e =ty
»x =t
ChedK
oy = Forv ==
%t e [ (22 | 2|4
_ |3l
;\551 (Tewe) -5 (Tee)



(i) |x*+5x+4{=0

58
\')(,L—\-'S’K.-\-L‘I =0
% +Dw+rh =0
’)(JL-\-')Q'\'L'V)'C.-\‘L-( =0
%(%\*D - H(x*@ e
<'K.'\‘l\><%+l_{>:o
% x1=0
==
Chedk
For 2 =-
| ()50 1] <[ 1-5 44|
_|ol
_o (Tvwe)

5514 ]

2w +4 -0
. =-H
Fox >=-4
() +5(-4) 4| | [6-20%1|
_ o
@) (Tn@)



(iii) |x2 —6x+ 8\ — 4

S
N \xz'~6%+ 8\ — 4
o 8+ B =2l
%2_—' 67(.’\'8 =L'I

’)(j-—— 6% ’\"% _'L\ =0

'){JL"‘G')(;\"L‘I = O

—bi'JbL—ziGQ
=
AQ
_(8) £ J(-6) ~4(NE&)
=
2 (1)
- éiWJQ\Q
2
_61Jix§
.Y
*6126
X =73
L6 L AS
'}c__i_i S
K:Biﬁ
Check

Fox K:%'\"E

o S+ B =—H
o —Sr+8+L=0

W, = - Gé) £ A (—6)2_41 @ (%)
21

S+ -1
=TT

@chaingoc‘d>

\(5@%)1—5(%4‘5)»(6\:1%6 S+5-18 _67(54 ey

=4l =4

(Txue)






(iv) P’ —=Tx+2/=x"-x+1

4.

Ay, — (Xt L = L (%L-x+’\>

o0 — [+t D = o~

?)761”7%1-1—%7’«—% i e

A —E% +1 2o

bzt & -hac
) AQ

Pa®

—

_(4) = 1&)=L @0)

—5 ?C'L_' 7%'\'9\ = - (%L—-Xf\‘ ’D

od — T+ Qe K =20 11 =0

Lo —8%x+ D=0

e = B - AP0 ®)
&)







(V) |¥*-4<5

54
loc-4] <3
-5 <% -4 <S
Add 4,
5l -hrh < Or
__'\ <7C,L <<1
__’\ 4%2_ %LQq
o qu‘\ma SquUAE Yoot

(Mussys tyue) > =1

<R el <3
-3 <x<?d

- \%\<C

=

_c «n<C
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P~ EXERCISE 3.1 4

4.  Solve the following absolute value quadratic equations and inequalities:
. 2
(V1) |x —3x+ 2|>4

SdL  x]>c
l'x,?_——?)'x,-rll >4

< -C oY W >C

A
'x,l— A%, + A < —4 QY W —3+L >4 ) «— - 3

X-3%+& <O W — 3%~ >0

ASSOCJ\ate& G—O(/LLQ_L—'M v QLxe.

% — D2t § =0 YW =D~ =0
5 - tiac (=3 -4()E) 1 Lac = (53 —4(DE)
_ 9-4 _9+8
_-15 <o _17>0
(Imdcjin@(j) e o = b+ Jbl—lmc
2 A
()1 @40 (D
20D
_ Dx ﬁ%-%}_
- 2-d0 __os
L
K_%iﬁ < A T«
* 2y
/ A v \ B [ C N \
o\ ~é,6 2 e 7
> = -] K=0

.
G -3(-1)-2=L >0

Mence . <_°Q) 5_ﬁ> U(%;\W)m)

Al

o _3(0)-2=Fo| H-3H-2=2>0




(vi1) ‘xz —S5x+ 6‘ <x+2
39

)'XJL— 5x+6\ < 2t
_(xx2) €< -Sex 8 < xrd
- = =Dk 8
0 < '){,L»S’)C“\-CS‘\‘?C#D\

e —Le +8 =0
ASS Odate& eq/uat oV Qxe:

< —LerB=0

o_Liac=(-x) ~4(1)(®)

N

W= Tnr §< 2t
e —Drr = =A<

e — S +H=<9

% — S+l =0

o 4dc = (-8) —u (O®)

_3s8-1¢€
_[g-32 e
e _(-6) x K—&)"—AOT@B
507 = D\<‘>
’K_€<—oo)oo> ) s R‘o‘
Y
_sxads
ISR
5 . 2Js
T T2 - 0.9
=D -_i:~r5— — sa
< ( 1 )
0.8 e
o~ &) +L=4 £0 T—sM+4--1<0 ‘ S_&()+L=L £0
KQ[B—E) 31‘%} Mence %%——(—oo w)(\[?)_%) 3T{§J



(viii) [2x* —3x—5|< 4

_ L <270

Q';(:L_-?)')C —'/\ > O

Aﬁﬁodatec{ QCLL,LO:T; oV QLxe:

1 —23%-1=0

AT O
2D

A —Dx-J<H

AH —Dx-1<0

9\76?—-')0%-(1 =0

27 -8 +32x-F =0

20c(3-3) +2063) =0
Q)@-’b) (2% D) =0

_ -3
== ( =0 \ =
LM’I\ \ 2 =0 [ __:_1 _§>2_ =
N —43.3 \\%
7 2,
%—4\7) A7 > >
KGQ ) ——4—- U » 0
A [ \ \ N
__@\ _3/>_ gl_.ﬁ é aoo
Lt
Hence, s 34T, ) ?
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3.4 Solution of Equations Reducible to the Quadratic

Equation
There are certain types of equations, which do not look to be of degree 2, but they can
be reduced to the quadratic equation. We shall discuss the solutions of the rational,
radical and exponential equations.
3.4.1 Rational Equations Reducible to the Quadratic Equation
A rational equation i1s an equation containing one or more rational expressions, where
rational expressions typically contain a variable in the denominator.

Example 7: Solve l+i:1,x;r£0,x;ré—l
x x+1
. | 2
Solution: ;+m—1 ')(,(')0\‘1)

Multiplying both sides by x(x+1), we have
(x+1D)+2x=x(x+1)

x+1+2x=x"+x
3x+1=x"+x

x*+x-3x-1=0

% —2x—1=0
_—(DEJED 4D 24444
- 2(1) B
xzzizﬁzziiﬁzliﬁ

Hence, Solution Set = {li \/5 }



P~ EXERCISE 3.2 4

1. Solve the following equations:

0+ 0
3x ) ( )
o cm (3%, §) =8%
=2 1L ax
oY S

Ly -8+ =0
225 =33 ) —0

DE.V(AQ BU ;,)
D\x?:—"?)?cﬁ =0
9\%2——%—1%*[\ =0
%@\XJ\)—-\@‘X—'\) =0
A~ | =0 oY -1 =0
e b % = |
L

ss.- (% ]



Mence

Lrt il L= O+ Do
O = S%L_\-S%—-Lf%z-—'L'l %"’D\/

2-
2 +x — &L =0

p

%Q(,— '\) + l(x—o =0
('x_—- 1) (’Kﬂ-l) =0
2 —1=0 oY

% =1

<S._ i—l, i



1 2 7

(i) —+—— =" x%—1,-2,-5
x+1 x+2 x+5
=21
WA L+ l(’ﬁﬁ _ !
(o)  2x®
W+ D+ AL _ (
(at) (et ) xS
e+ _ T

(3cats) (2e+5) = T (% 324 2)
208 1S 2+ L+ 20 = Toc +21er 14

2 9 + [T +20= T+ L e+ 14
0= 7ot L+ 14 =22 192-20

L Q=8 =0
2 (23w 2c-3) =0
DlVide b‘& D\-)
23 +X—D=0

A, — A+ —>=0
DOCQ)C"'O O (’K,-—'\) =0



y
s 4 ) 2~ w ’
Y Al A U
(In the Name of Allah, the Most Compassionate, the Most Merciful)

[Learning Outcomes|

@ Class 11: Mathematics (PECTAA)
@ Unit 3: Theory of Quadratic Functions

@ Radical Equations Reducible to the Quadratic Equation

@ Exercise 3.2: Q1 (iv - vii)

YouTube Channel: The Mathematics Outlet

SUBSCRIBE

G
e JMUJAHID

MATHEMATICS INSTRUCTOR

Visit us at: mathematicsoutlet.com




3.4.2 Radical Equations Reducible to the Quadratic Equation
Equations involving radical expressions of the variable are called radical equations. To
solve a radical equation, we first obtain an equation free from radicals. Every solution
of radical equation is also a solution of the radical-free equation but the new equation
has solutions that are not solutions of the original radical equation. Such extra solutions
(roots) are called extraneous roots.

Example 8: Solve Vx+8 ++x+3 = J12x+13

Solution: Vx+8++/x+3 = \/12x-|- 13

Squaring both sides, we get

Xx+8+x+3+2/x+8Vx+3 =12x+ 13
2\/x+8\/x+3 =10x+2
= J(x+8)(x+3) =5x+1
Squaring again, we have
x*+ 11x+24=25x*+10x + 1
= 2dy* —x—23 =0
= (24x+23)(x-1)=0
23

x=—— or x=1
24

On checking we find that ~od 1s an extraneous root. Hence solution set = {1}



P~ EXERCISE 3.2 4

1.  Solve the following equations:

\% a4 + b =a+b;x;tl,l
ax—1 bx-—1 a b
33
A + b :be

Adx-1  |oe-1

Q. _b+_b_ A =90

x| e )
M . b - &Qo‘)c—l)_ e
a1 bl
é—&b%-\- a

Q.- Q\ED%*‘ b +

b e~

a1

Lab_abax (arb)r =2
- 2
Pl o




(v) x+1+x—1:2,x¢ 1, x#-1
x—1 x+1
S

7(__—&1_\_ ')L——1 _

-1 x|

MuQTLpQ/j \od (x«?)(vuc T) >
(x—’l)@m—b‘:%—” + ﬁ]——- (’KJD (’JC-val

>~ >+
(?LH)L-k (x—'\)L _ )u(%p_-— I|L>

< | )kl = Qe =L
2 2 2B
L ==
(Not  poss ier,>
= No s dllon.



(v1) 3x° +15x—2\/x2 +5x+1=2

SO

o

l_et \d:_-'xj_—t-S’)c "“@
’JLJ—D\\/‘Z} =

53,1,:14%*1

5c\/uO.Yiv\<a bolk  sides,
(?)‘d-—ls— = (D\\l j‘\‘1
C‘UL—qld-\—L‘f =L1<\d—\‘,‘>

j

qﬂtuy%:ﬂw%
Ay -1y -hy=0
9y -18y=0
4 (Ty -1 <) =0

\J_—_o QY

5(’}(7,1'5%) _,)V,.}')QL—\-SX-\-\ - —0

Y=1¢
_ 18
[
’}QL—\-S%——-—/\(?—

ﬂ'xf—-\- L4D7 = 16

ﬂ%}—-l-L\S'KJ—‘{é:O



Check  For Exlyaneous  vosls, R8+ 4B x-3x-16-0
Pt 20 wh O 290 (2316) = 1(3%e+16) =0
3(0)+ 15(0)- L ‘fOL-rS(O) W = o241 <5x+16> @)x,/\> A
Z;; R+ |§=0, D ~1=0
s =16 =L
P, e,

Put %x=-5 e O
'5(—5>L+ ISEs) - & J(-s)ﬂ-%ﬂﬂ _3(23)-75 -24as-25+ 1
_75-75 -241
by

(+2)

Now, chedk Yo e = A€ 13_




(vil) V2x+8+x+5=7

S o

-—
——

Do @+ 2+ D £ 2ocA® o 2xS =

2+ 12+ R \R)\m@@Giﬁ =45

Y IQ%L*10%+%%+HO _ 45 —Pe—17

oL r\/D\%L+'\@>'>C+L10 _ 38 -D%
Sq/uoo(m% qca i,
<D\ f\/D\%L—\r'\ & e + 4 0>L=t3>5—:§x,>j—

L (208 +1Bx+t0) <IXTE + V216

Qe + (Xt 160 = 12968 + % -2 16
o= 1296+ 95—1'\6%—8%9——7 Q%160

o -288% 11d6=0

- 2 8L xe~te + 1196 =0
o (x-28H) - S (%-284) =0
<7<-—18 4!> (’K-L:> -0

K—D\%L{:O QY )(.'—'L_lzo



7= A 84
C/\l eok ma %3\( E %JE(GY\EOU$ ¥ Do_t%
Put- »e=2a84 s 0

G086 * JRomss =568 287
— 2L+
_ 4 (#7)

E'X:t‘(CLYL coug

~xooT

Pub -4 ik O
‘\[9\@%8 +]4+S :__jq’g_*ﬁ
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P~ EXERCISE 3.2 _4

1. Solve the following equations:

(vii1) \/3X+4 = 2+\/2x_4

S
“137"#“‘ A P

S %UOX'\ﬂa ,

(m);( -(2 )

A t+H = i—+ ('Jl%-LC)%'\‘ )\(l> -\}D\K—Q

2 e+ —_54+D\'xr§4 Ll x4

A +H—AX = Q.JD_\:CI

e+l =4 Qe

. o l
R <%+H>L= (4 m>
iy a8x =16 (2 -4)
g+ 18+ & _ 2 x84
%L+896H6-51%+64ﬂ e
0 -2l + B0 =0

0~ A0x—L2x DO =0

%(x«l@ _ 4 (x—lo> _0
(x-20)(%x-4) =0

. — L0 =0 o¥

% = A0



Checkin
q o

Fox >
=4
LHS. A
S.:«J%(ﬁ%g
_ 1k
R.H B
M. =
_ 24424
— 2+ 8 -4
- 1+JZ
L.-MS. = KHS
Mence

' !

S
S . = g]f*, 20}

LHS. =RHS



(ix) Vx+7++x+2=+/6x+13
s

«\);3 +-\|'><,+ -:_JK%«-B
Sﬂvu@Ymﬂ,
2- f A
WE T ﬁlvuc l) :(J&CH?>>
(\F}:—?jﬁ* <mjf lJ%+7 Jx,f‘i _ Kex13

e v [ + Xtd T l,\f(x+7><%+1> _ Srexl3

Ve * Q\JXJ’_—& V(e +1d = Exx1d

2 Ao Dl = Exx 1 D-Ax—"

2 Jos ol = Axs

D\’\)%L_\_q%*'\g; _ L+ H
5 Bt
\/x,"_\ﬁfxﬂ\'—i = Xt

SC\/ULCLYW\C& o&(:]qm ,

H%ﬁmﬁ=@w$
e 41 < x1A= Lys + 44 O

0O :L\'X;L-\-Lﬂ -\-%%—' %:__q%_ 5

5%’1')(.—10 =0

250 +5x-Ex—10=0
x(?b 7053 — l@) "C+S> =0
(2x5) (x2) =0



R +D =0
W = —'_5_
D
Checkmca Fov E xctvaneous
Y
FO‘( = —_—5-
LHS o =47 v 2>+2
-5+ 2\ + -51x€
—_— "b - .5

¥odUs:

QY

W=

Y—

=0
L.H.9. = 2+71- 2 A

{7+ dm
=9
DHS. - Ja@)+3

_ &S
=5
L-HS R HES.

Mence os 523



(X) \/x+5—\/x_3:2
54
W"J%«’o =

S C\/U\qx.mﬂ’

(‘JX«*S — '></?>> —
(W)Zm—-%ﬁgm P
S+ X =D D\.J@aa‘ﬂ@c«%) _4

e

VUt A — ,1—\} 'x,:'_’-fpch'x.—\S — 4

_ Q(J %L+ D\'X,—WS — Lj—fl%—'l

——l«"xf'«- Ym—=|lS =2A—*X

\)l\/fde_ b d _ D\)
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3.5 Real World Problems of Quadratic Equations and

Inequalities

We shall now proceed to solve the problems which, when expressed symbolically, lead
to quadratic equations in one or two variables.
In order to solve such problems, we must:

1.  Suppose the unknown quantities to be x or y etc.

i1.  Translate the problem into symbols and form the equations satisfying the given

conditions.
The method of solving the problems will be illustrated through the following examples:
Example 9: The length of a room is 3 metres greater than its breadth. If the area of the
room is 180 square metres, find length and the breadth of the room.
Solution: Let the breadth of room = x metres
and the length of room = (x + 3) metres
Area of the room = x(x + 3) square metres
By the given condition, we have
x(x+3) =180 ...(1)
= x> +3x—-180=0 ...(11)
= (x+15)x-12)=0
x=—15 or x=12
As breadth cannot be negative so x =—15 1s not admissible.
Whenx=12,wegetx+3=12+3=15

Hence breadth of the room = 12 metres and length of the room = 15 metres.

Example 10: A company manufactures laptops and its weekly profit function (in
thousands of dollars) is P(x)=—x"+2x+ 3, where x is the number of laptops

produced (in hundreds). Find the range of production levels where the company
makes at least $4,000 profit.
Solution: Here P(x)=4

—x°+2x+3>4
3 43— 420
—x*+2x-1>0
x*=2x+1<0
(x=1)’<0
This only holds true when (x—1)’=0 = x =1

The company makes exactly $4,000 profit when 100 laptops are produced (since x =1
means 100 laptops). There is no production level where profit is more than $4,000.



P~ EXERCISE 3.2 4

2 A farmer bought some sheep for Rs. 9000. If he had paid Rs. 100 less for each,
he would have got 3 sheep more for the same money. How many sheep did he

buy, when the rate in each case 1s uniform?

s

—_

%JLQP 1: Let vaxiables

Let Number of sheed =%

Cost o each %he.ep - 1);%9_

Step 2 New  siliglion
“)- pYice is  Rs. loo less :

Sooo _loo
pre

New Pr'\ce peyx shee,P=
Numbex GWQ %‘he.e? - HAD
TZ)JCO& mme‘a 3 stm Rs. Joo0o0.

. Q)@«%}(qﬁo —\00> _ o000
Stegﬁ 509\\/8
qu/o _loox + ;D\_Y;O(J—99-~500 = 9 ¢oo

2L (090 _ 00 =0
_ oo % —

MuQJUuPQﬁ ba '« to Yemowe %—{dcﬁon:

')L(—— loox 2‘77200 — ?)oo> - X XO




D'Lvide, bd

Hence,

~ oo,

_I\QQ')(_,L'\‘D\_ZOOO — 300% =0

_ oo +2Tooo — 200%

e
pe——

~ oo

p

W + ?)')(J—‘;L-ZO =0

%2‘,‘_'\%%——'\6 ')*(,”17(3:0

@)
-oo




3. A man sold his stock of eggs for Rs. 2400. If he had 2 dozen more, he would have
got the same money by selling the whole for Rs. 0.50 per dozen cheaper. How

many dozen eggs did he sell?

>
%tep 1: Let vaxiables

et
N Uum.‘:) ex’ o% dozen =%
Price pex dozen = &;9_9

Step 2 New silualion
New numbex 0% dozens = ®+ L

New price pex dozen = 2

Tot all YYbOY\ea fenmains LH0oo.

AH00 .5

D0, Qx;\-l) Q%ﬁ_ O.S) _ 2400
St 3: 509\\/6
. 1%o,o.sx+4§3o—\ =;u/oo
~_L. N+ L_‘LEJ_Q—?- — 1 =0
. NS
M‘-‘Qt\PQﬁ b‘a — s

A W
%L___ C:léoo A D\')C -.::O

%L‘\‘ DJ}C—%GOO =0

_9\%(‘;\_—% + L4800 __/\> __A» x0

Q'Z‘-—l\) b.—:- D\) Cs_—ﬁ.éOO



Ba u%‘ma o\/uqd\(cﬂ]c S(-m(mu&&,

%:—bifJ\ol—L*&C
23
oLt 2N
2. (1)
I Vs 4 +384L00
B 2
x - — L i'\/?)SL(OLI
- -+~ 2 8L0cY 219596
2+ A6
0 =
2
194
%3_1—;\?6 oY e = = iq
= C17 ’)‘(J::—ﬂgl
( Ym‘)ogﬁi\bge)

Hence

N um‘oe\( o? dozen = 0\7



4. A cyclist travelled 48 km at a uniform speed. If he had travelled 2 km/hour slower,
he would have taken 2 hours more to perform the journey. How long did he take

to cover 48 km?

>
SJCQP 1. Let vaxiables

Lel
5P€ed = X K%

T‘Lme, tcﬂ(e,n: t L{%

Stgp 2. Slewex 5\>eed
New speed = 2=

. 8
New tmf\e = —'}?—5:;
v That
e 48 _ 48 o
r— oS
S’qu’i; So&ve

Take L CM:

d—\Q—



1k Ex-Bra-HD =0
x (e )-8 (3 6) =0

(f)(_-\- &) (%-8) =0

%_\_6.—_0

x=-6

(lm@ 0S SiEQe>

@) 1



5.  To do a piece of work, Abdullah takes 10 days more than Abdul Hadi. Together
they finish the work in 12 days. How long would Abdul Hadi take to finish it
alone?

SN
'E‘EQP 1: Let vaxiables

t
Le Tive taken \oU Abdd Hadi = o\das

Then
Time Taken b\d Aboddloh = 2 10 &Oﬂs

Ste,p 2 Woxk (ates

\/\/o{\( mTe___ 1

e

Alodull Nodis vale = —,\,Z
|

A\)MQHIS “(dte =
2+ 10
Tgﬂejﬂ\_e)(;
{1t
> x,—\-{O {2
Ste,\)?) SQ&\/E’,
Tod(e L CM:
x+lo+xe 1
')(Lx+10> (2
e 10 _ 1
%(';(;\—{O> JD\)

'\l(locc\@ - x<?0c10>



24 2%+ 1o =)+ lox
o = 2 +lox-Ahxe -\20
» =14 -120=0
K Ex—20%— 120=10
o (+8) - 20(%+8) -0

QXA— 6) (’?C— 10) =0

yr §=0 X 27— A0 =0
W= - 6 €W =0
(1 m?o$$i \DQG/>
Mexnce

Time Taken \D‘d Abdl Hodi = 20 dovas



6. The braking distance (in metres) of a car 1s modeled by:

—d(s)=0.025" 4+ 0.1s, where s is the speed of car in km/h

If the maximum safe braking distance is 50 metres, find the range of speed where
braking 1s safe.

S
5\(@0.\(‘1\(18 ciistcmce, : d($> _0.04S « o.ls

Scﬁe \D\’ QCLK'\‘Qa e AN S
d(s) <50

0.005 +0-1s =30

Mu&tpﬂfd btd D0,

So(o.OLs’]—oﬂ s> < DoxJ0

SL+ SS <X S oo
S +5g-2500 =0
/’\ssodateo\ ec\/uo:tlon 1St
SL+SS —2D00 =0
=D f_r\] SL-—L%O)(—Q\Suo)
201)
-2 irJlS +]ocoo

I

)
< = -Si:J 1602S
o
< _ -5+ oo 1L

Dy



-2 A
S= 1;300 AN . S:‘S_;jo-bv
s=47/.96 _ )
=-2d-06
. (6o o S
25236 07 S¢ @ y

(‘ 60) *SG 6°>")\S°° _3660 — 00— 500
=800 £0

O + S(0)—AD00 _ _ADo00<O
(5§ «5(59) ~2S 00 = AT o0 rd5~d5ec
—_AD£EO

S.9 = Ko, 4%7.56]

Mence, e rcmae ST sc&%e_ speeA 1S O<s=H{158 Km/\
g



7. A rocket follows the height function Ah(¢)=-5¢"+20¢+30, where A(?) is the

height in metres and 7 1s the time 1n seconds. Find the time interval during which
the rocket 1s at least 40 metres above the ground.

Sob
He,icd ht F«mctom h@:) _ St +2oC+30

Kneq/uoﬁftdi h (k) » 40
st dob 0 =40
Sttt +20-40 %0
St +20t - 1020
Divide bd -5,

tL-L*t + A <0
Associated. eo\/ucihon is:
tl—iat—hl,.—_o
R (G R OLEY
2(1)
41 [16-9
- 2
t_QiJ_g
Y
L+ 292
- +QJ /t—_-;L—,JZ ~ 0:08
C= 2Lt > t—_—l,-\—(\}—_,\,?)Lﬂ
O { 4

N
N

o.'S‘B E‘AI



6 4(0)+2=2 £0, \"-h )+ 2 =-<o, ST+ =2 %0

Mence

T e mtexvaﬁz 0.58 =t <>4]



