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Complex Numbers

1.1 Complex Numbers V_;_
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Operations on Complex Numbers

With a view to develop algebra of complex numbers, we state a few definitions.

The symbols a, b, ¢, d, k, where used, represent real numbers.
(1) Addition: (a+ib)+(c+id)=(a+c)+i(b+d)
Gi) k(a-+ib)=ka+ ikb 2(3-4i) = 6-8:
<~ >
(i11) Subtraction: (a+ib)—(c+id) = (a+ib)+[—(c+id)]
7
=a+ib+(—c—-id)=(a—c)+i(b—-d)
(iv) Multiplication: (a@d ) =ac + iad + ibc + i*bd = (ac — bd) + i(ad + bc)

Complex Numbers as Ordered Pairs of Real Numbers

q
AN\

< > % Q-\-Zb = (Q) b) /lR«”
V

We can define complex numbers also by using ordered pairs.

Let C be the set of ordered pairs belonging to /K& x 7K which are subject to the
following properties:

(1) (a,b)=(c,d)=>a=cnAnb=d
(1) (a,b)+(c,d)=(a+c,b+d)
(111) (a, b)(c,d) = (ac—bd, ad+ bc)

Then C 1s called the set of complex numbers. It 1s easy to see that

(a@)=(a—c,b—d)

(iv) If k is any real number, then k(a,b)= (ka, kb)

q:___g(cnibz a, bek, i-—-—ﬂ}
,b): QJEG'IR}

|
N
)

C =



Example 1: Find the sum, difference and product of the complex numbers (8, 9) and
(59 _6)

pLS
Sun:  (8,9) « (5,7 = (&*S, 9+ (=6)
_(13,3)
D'\S}%exence <%)GD N (S)—6> = <8 -, - <—5>>



Properties of the Fundamental Operations on Complex Numbers

It can be easily verified that the set C satisfies all the field axioms i.e., it possesses the
properties of real numbers.

By way of explanation of some points we observe as follows:

(1)— The additive identity in C 1s (0, 0).

(11) Every complex number (a, b)_hag the additive inverse (—a, —b) 1.€.,

——

(a, b) + (—a, —b) = (0, 0)

(111) The multiplicative identity 1s (1, 0) 1.e., Note:
(a, b)(1,0) = (a-1- b-0, b-1 + a-0) = (a, b). The set C of complex
= (1, 0)(a, b) numbers does not satisfy the

order axioms. In fact, there
1s no sense 1n saying that one
complex number 1s greater
or less than the other.

(iv) Every non-zero complex number {i.e., number
not equal to (0,0)} has a multiplicative inverse.
The multiplicative inverse of (a, b) 1s

_,( a —b j
a’+b° a’ +b’

a —b
, b , = (1, 0), the identity element
“ )(az+b2 a2+b2) (1,0) Y
a —b
B (az +b* 7 a* +b* ](a,b)
/N

(v) (a,D0)[(c,d) £ (e, f)]=(a,b)c,d) *(a,b)e,f)
N—

Example 2: If z, =(4, 2) and z, =(3,—1), then find =iy

2,
Z, _ <Ll,l> - Ll'\’D\l
Z. (>, 3 -1
442 D+l
= X .
=_3 D+l
= Ch+20) CB*D (G.—b) (ch-b> —d-b

(3—7',) ('B-m-i)



A1 +4 2+ §ivAl

2-

3 -t

Argand Diagram
C-R= § (o) <, 4ER

Ay
4 -
T A(3,2)
B(—2,2) 5
R R
1t :
X' e————p——— >
-4 3-2-10[ 1 2 3 4
(] .__1-_ ‘l
-~ =24----»
((-3,-2) 3 )
_4+



Modulus of Complex Number

(1+2i)
2—1
F () @) ~ Q)

)
Q+Mi+QGO
S -

Example 3: If z =

Z. =

- _3+h y 2+
= -l 2rl

—S—Bi-\-8i+l-”:2—

—
Cm—

D\L—' iL

_L+5 14
G

—
Cm—

 Ral

then evaluate |z|
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V" EXERCISE 1.1 _4

Find the multiplicative inverse of each of the following numbers:

1 =47 A=-4, b=7
—7 >
— -3 > T, -\ a _b
((‘@2—"‘72_ SR @) - (G.?—-\-B') a2

(i) (2,-5) 0oz, b ds




(iii) (1,0)

S
1 -o>
= 2 2 ° 2. 2
17™=+0 1"+0

_ (1,9

Separate into real and imaginary parts (write as a simple complex number):

4+ 5;
<
D\_7i _ 2—(1 _ 4-5 a-b) _ L_\D"
LSt (arsi) @SD) (aeb)(a-b) d
8 —’\oi-—Qgi*‘?’SiL
. 8-38i +235CY
18 — 5D
_Q7—3%¢

\

41



-27 _ =39
2%, A="2", b=

1 4| 41
L_.l

(Cl— b>7_= CLL— Aab + \DL

s - -tqD\é")
} ey
A7 =7

2

AT L
ol

L]



(iii)

(1v)

141
[
1 +2 ) ) X,I—L
|+ -1
f- -t
_ =Y
-GV
L
: 1 1
() 2" X
(4+3i)°
4—3i
(41*3L>L )
= ) <q>i3l> +3
ey




28 +211 +TSkx T2

4_'2_.___ bei)z..
e « 1172 +7D\C—1>#
B 1g =D
__an MO
= 35 S
Prove that z =z iff z is real. i & only if
s
| et 2 =Z
I_% Z = 2+l T\F\ex\ =z ='x,-—i‘a
g-iy =% i
_id ____.id
Ri\d e
= Y‘d:_o HGXICE Z = 'x,-\-Oi-_-_'x,

— D0, =z 1o ’(QCLQ.



| e T > be a ‘(QG.Q, Then

Mence

: +
(1) ZZZ=Re(Z)
S
let z=%xt{d , Z=7¢2(
> +Z
| . NS.= ;
_ x,-\-}'/if'x—-}’ﬂ
Y
_ %
=X



S
L et Z = xx
L.NS. = \ Z\z




_ 2 — GO ‘(‘[L
Z.Z -:_’)c,z—-\-‘dz_ — &)
Fom © *®, |zl -2zZ -

z.Z, . .
L3 in the form of a+ib .

If z, =2+1,z, =3-2i,z, =1+ 3i then express

2

> .
Z, =2-1, Zs =12
sz, (403

Lo ) 3 -1
2__67’,—71-\-37'.2—
= -2

d—(1 3 (=) - ~1-71z
- -2 S 3l




e . A+ AL
231 Y

—5-—25.—1%—“&

|

5 — Qi)
_3 -3 14
T aoa®
4 -23i
13
-2‘232_41_1_~_«2_?>?_>_L — Q=q1_;’ bz-:\%

If z =2+7iand z, =5+ 3i, the evaluate the following:
(1) |2z1 — 422‘
s

P

2 (D\-\-7i> —4 (—S’-\-Bi) )

|
\Qz\_l-xzz,) =
4141+ 20 —IDJ]

—
—

— \ Q4 + Ril |%1—i‘dl :—_\] 7(3'*\-‘6’2'

= \JlLlLﬂ— 2



_ \f‘576+‘;

_ {seo S80= 4x145

(i) [3z+2z)
<&

2=

]52‘ ,c)\zll - l?)(l+7i> + D\(Q‘7i>[
____\ g*.l’\i+Lt——1L'i,




\

_D~ ) _.ﬂ
]
O 'L
100??
[ 27 ( t
4000'3
A

H

a— \ a ]
) ® ’
i

P
+ (01 o
o6l

_ \%73—73oil



_ J<%73>L-\- (739"

= \F'?GQMQ‘R y 93700

- JHCISOI’I - \[Mﬂixﬂo{

— 10‘%/10“1

7) Show |hal: iml N inﬁ-\' z.n+'-1=o ¥°Y ol nelN.
=L

Q-+l N+ n+d nrk
LNS. = & ~1 +1 * L .
> 3 .H v b=
____in (i-ri + 0 +Z> i3=i2_°i=-z
(e )+ 6D+ PR (DT
_m (}’-/—/V@
— in <O> = :RHS

g) Find te least posilive value of ‘m, it

1:«1)‘“___ 1
|-
§$ 1+t

TaKe —1“_

=1



_ ’\L-vl(")(i) +1
| - 1)
___/1/+li—/l/
1+ 1
_ Rt
oL
{(+1 _ i
MNow, -
2N mn
’\"\"i _ 2 _1
{-1
izﬂ _ ZLI
AN -_—_L[
N = &

q) Shew That, fRe value of @ for nreN and Rr»4

X b LA :
s {, whxe X is e vemainrdex when N is

cliVide_(i \DH 4. Z'q ?:{ n>4

S
_[He imqjincn’\d unit l hqs d Caop.ic pc&ﬂ'em in i‘ts



PoweJ(S:

l:‘b=_i
l.'
l =1
S ..
2.
n7q,
n-qq/\_(}
4
oﬂ .L‘%-\.
. =1
4 X

i

4
[ ¥
N = L\%'\‘(
(ﬁﬂ) 1
4ls
a
<; >
S =1xbto-
where 0 <¥<4
e (Ll=1
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1.2 Equality of Two Complex Numbers

The two complex numbers z, =a+bi and z, =c+di are said to be equal iff their real

and imaginary parts are equal 1.e., a+bi=c+di<>a=candb=d.
— A T
i
Example 4: If (3+2i)(x+iy)=5+12i, where x, ye R, then find the values of x and y.
Solution: Given that 3 +2)(x+iy) =5+12i
=  3x+3iyH2ix+2yf =5+ 12i
= Bx—-2)+2x+3y)i=5+12i

Comparing real and imaginary part, we have

3x—2y=5 ...(1)
2x+ 3y =12 ...(11)
Multiplying equation (1) by 3 and equation (i1) by 2, we have
— 9x -6y =15
4x + 6y =24
Add the equations
9x — gy +4x + 6f =15 +24
13x =39

x=3

Substitute x = 3 in equation (1), we have
93) -y=15 — =&Y =1572(

76y =#12
y=2

Thus,ix =3,y =2




Square Root of a Complex Number

The square root of a complex number is another complex number that, when squared,
give the original complex number.

Let w= p+giis a square root of a complex number z =x+iy, where p,q,x,ye R,

then w=+/z ...(1), taking square on both sides, we get
w? =z P=7
-—-)

> ‘ V=T
<\>+<\,i> = Xty

2=

S (P () + Hi = 2 i

(\DL_O\:—)—% 2P L = e xiy
C,@mPCLYi“a xz\;_q/z_ B
Yy =PV — S
Sc‘/udxina 2 Then QAA{“a © j" S
o (Fa) + (AP
g = () (@) (@) +4 P

_(P) b (%)

= ey P



Subtract @ from W,




Example 5: Find the square root of complex T AV

number 5 + 12i and also represent the square 4
roots on an Argand diagram. 3+ o
Solution: Let x+ yi =54+12i 2______,____?
;e 11+ |
:xzsandy:12>0 f l ! l ! ; : i! . ;
B ] —l _l _l 0 { i : -
|Z|=|5+12z1:\/52+122:13, 4 3 2 1_1__ 1 2 13 4?
' (G
Applying the square root formula for complex et Yae
numbers, we get 1l
-
. 13+5 ilf [13-5 Ty
—> J5+12i == 4
2 A\ 2

=+(V0 +iv4 )=%(3+2i)

Thus, the square root of the complex number 5 + 127 are 3 + 2/ and —3 — 2i are shown
in adjacent figure.
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¥~ EXERCISE 1.2

1.  Find the values of x and y 1n each of the following:

(1) x+iy+2-3i=i(5—-1)(3+4i) A+ bi
S

%-&-Ua-\'l—%i — 2»(gﬂi) (5+L'£>

‘d-'%’; _; Q\S—.\_D\o 2;’37;-/-!21)

X.-\-;\-\-Z:
N i(‘d"?’> _ i(qsﬂ?i—L\@)
, _ i(\ﬂ +\7i>
, =T
K—\—D\Jri(‘d-‘%) =-17+192
e T a--?>---1<"l’5
o =— | 1T-2 t‘:llZ;
e =19 d=

(i) (c+iy)(1 —i)= (2 = 3i)( =5 + 5i)( — i3/5)

s giv = (1o loix 1 s (- T

%_xi-rzli"
(-0 4@ = (o -15¢9) (3
W +l\d”7

rx+i(yg-+ 1 = <S'-\-QSL) ("—;—9



2

(o) + 0 (9-7) = _3i-2(5)1

3 —\SEY

Mo, x-\-\d_—_'\s —® —-')c—‘c“d=-'3 —
i &
Aclclnﬂ @ +a____\s
+‘d=—3
Q3=19\
a:_S
O= e+ §=1S
K =
(i) ——+-2—=4+5i
2+1 3—1
S.é; D\..,L a X o+l =-Lt-\-‘52.
(9\?:21)4 o G CY
] AP @b
x((l—o 1(3*%) sy . d=Bo@bHed




) 10
10<l%;—Xi = 3+ ‘°<L'+5i>
16

+\di — LIO'\"’S'O?"

;&gx7x0+3ﬂ

L, —2ci * DY+t = hox So

le_\_?)a +<——D,'><~+d>i = L6+Tol

MNow,
4By = H0 —@ ~2x+g=So —
Y=_x+°° — &
l—\x+?>(3\%+5°> =40 Pub 1
‘%&+6x+ﬁﬂh+m
lox =4H0o-156
17% - -N¢
=_” P@-H&@
‘a_—: l(_"’"‘) +€O
_ 2L+ 5o

2B

cc
\




2. It zg=-134+24i and z,=x+ yi, find the values of x and y such that
z,—2z,=—27+15i

$§ __x7+lsi —O

Z, —Z, =
34— (+4i)

=_q'5+241i—’°”\di
. 2L_‘___> Pu.—t' l“@
—22_:—"/\%-%_\-1( ﬂ

Z\ ~-Z

Z,
IR (Qq_a>— 27 +15¢2
A2 ==-7 xeg= 1
43427 =% ak-19= 4
e = A4 q=1




3. Find the value of x and y 1f:
(i) (x+iy) =25+60i

.
ﬁQ———/ <‘)<_-\vikd>?—= as—\"éOL
’K.-\—id= JRS*GOZ
— — Ox bl B IZI+€1 L O Sy
'\FCL-\—\DL = — 2 \b) \ 2
Let L, _ 25+Cot
o = QS) b -_:GQ?O
\ f\lD\SL-» 6: = J&QS"“ 6eo
\zl =
_Juazs =63
Now, _ §5+35 . 62 65:%5_)
\Jgs-\-SoL = =\ & A /\'65r N
N 0 4 L Ll—;- _
- o \ J‘-I D =D XS
+l/4as -\—1~ng> A0= QXD



(ii) (x+iy) =64+48i

x*i\(‘l _ \ISLH-L!@Ji j d=G064

Let z-64+a®

=1- o guraE = |46 3
Z | =

_ [steo =8

- N

/N ow,

—&4
_ Bo+ <S4 | _41_%: Qol)
Jgaxhdl == E /\4/

)
= 7 =d6XQ

~Ea
+<ﬁf~f) P

_ ::(6“5-*" Dsr)

2C + Ld

§{T+iNZ, —6Y2-id>



i) (cwiy) = Ri=3
sl D+
(=37 O
2i-D _ Ai-3 37t
=42 o X ik 3"3
) (2i-3)(3-1)
3 -7
_ Sl—RiL“C}["—BZ
- ¢
_ C\z—-?\(‘D—q
A
_ -7 +9¢
\o
2i-3 _ =
2+ lo 1o
:rom ®)
N -7 4
xl] = — —
( 'd) o -\-’lol



2
- 0-7—\-oﬁ
Z =

X

@

1

-\-

=—0.7

b.L c—
! J’Q+

o] \ 2,

i |z .\l ! i>
: (6)

*O' am— u

4 O‘

o )
0‘

 095)
48 ~

Q.

= X



4. If z,=2+3i and z, =1—-«, find the value of & such that Im(z,z,)="7.
sd

T zZas (9\+?>i).<1—o<)
2 .Z,= Q'\ —ol) 3 ('\— ) &

[m(z2Z) =3 (1=

Since

Tm(z2) =7
DO,
3 (1-¢) =7
-
|- =L
o= L]
3
o= L3
3
_ ol = A
3
_4
A =3




5. Ifz,=x+yiandz,=a+ bi findx, y, a and b such that z, +z, =10 + 4i and

B, —Z, =0 +2
b |
Coiven Thal Z =X+t
Z, =+ bi
Since

2_‘ -2, = 6"\"ll
eyl = (arloi) = G+ i

-;<_+\di+q-\-bi=10+Lli 'X—-\-\di—-d—bi &+t
e+ Q.+ ('d'\'\3>i=10+L1i (,,C_QO _\_<H_b)z’___c§+3\i
Eq,ucfte, e vedl and imag incud pcu"tsz
"X_-\-C‘L:’\o — ® < B ")(,—-Cl.—.—.é ——'®
‘d-\-b:Lf _ B < Nj—b=l— — &
Adding @ * ® Adc\ana @ %0
]+ — ‘\O ‘d '\'/g =L|
%‘7 = 6 H - =<Dv
L2 =168 &a =&
%:e H:?)
1 2
Put i O, Put in ,
&+d =10 J+b =4




Hence
— Z, =B+di

v Zz_-.:l-\-l

6. ShowthatVz,z,eC,z 2z, =22z,

S
| et Z, _ Q4 bi 5 Zz, = c+di
fRen
= _a-bi _2',__—_<,—clz'
LS | RS
2,2, = (axbi)(crd) 27, = (a-bi)(c-dj
=dC+ ac\i-\-bc_i +|Z>Al?- _ac —G.Cli—- ‘:)C.Z *‘b&iz-
Z\ZL_: (Gﬁ.— bd)-\- (G.d "\‘lDC,>.Z _ de - (CLCL\-bC)L_bA
=7, - (ac-bd) - (ad+bor| 2= (a.c-bd) — (ad+bo

Hence o



7.  Find the square root of the following complex numbers:
(i) —7—24i

|
S’ 2= —'7"21'”'

- ,\[éﬁ-\r 5 7€
_As2s
|z| = 25 x=-7, J=-2%
SO)
_\I My e VY RS JQS—\-G?} N . <—2Ll) 25—(‘7})
- |xal N *F
. ( T8 _ A 3}
- N g xq =]
= % (ﬁ ~i«fﬂ?>

J—?—DAE = -_t(?)~41i) i%-\rqz






(iil) —15—36i
s 1536

Z — o« [Hrx g |zl-x
r B (d L \‘dl ~A & )
|z | _~ (-18) + (-36)

,_JllS-\- 1236




(iv) 119+ 120
i

Sk
2= /HCI + Roi

1z -
= i( Iz +x i
1= . |z| -
\‘dld \21)

|z _____’\fl'ﬁl-\-uo:
_ [ 14161+ 14400

_~28561
|1z| = 169




8.  Find the square root of 13— 20+/3i and represent them on an Argand diagram.

\&
= | et - 13- 203 x=13, Y=-2073
Jz = + zlt+x  id [lzl-x
A & \‘dld L
2] = 15+ (200
=,ﬁ6ﬂ -\.<4too><—‘3>
_ J16C1+1Roc:
_ 139
| z| = 3/
Now

— 37+13 . -— 37-13
13-20Y3 = * e J
“f ~ ] -26¥3)| )
. 3




d
|
< — > 2C
—S 1 ?
S NS
V

9. Find the value of x and y if (—7+1)(x+iy)+(—1-5i)=i(11-1)

S
(=7 +i) (3e+iy) + (-1-5¢) = :(11-1)
"7%—7yi+xi+iz—d _1=-O:¢= 117 -1
q-si = 11i=C1)

T+ (-Ty+9 1 =7
~ T —y-1+ (x-Ty-5)i =1+

Eq/ucfte Te ceal and imq3 incud paﬂ‘s:

_7‘)&—\(]—1:1 x_7d_,5=1/‘
—T-—Y = | +|



Subsh itz

< = 16-14
SO 'X.,:;l
e = 2
SO
e
QLS
9(.:-—1— 'ln-t)
S
(L
d 7(&5‘)—9“
_—l_2
AL S
Z] =—7—’So _




10. Find the value of x and y if (5—-2i)(x+iy)+3=i(11-i)—4i

28
(5-25) (et ) +3 =i (11-1)-41

S 4 DY =A% L 2yir3= Mi-i=4

S+ (Sy-20)i -3 ¥d= G)

Sx+QY+d + (Sn-&x)i = 1+
EC\,ucfEe e  ved and 'Lqu} incrcd Paﬂ‘sz

S -\—Qd+5 =1 S\d _ax =T
S'x_-\-‘l\d:—l — 0 —9\%-\-5‘(1=7 —®
Mulliply equd® by ‘X, equ® by S and
-n-\_e’n ddd)
\o -'c'é'l‘d:—z"l
a_?ﬂ Pt in O
2
21
5 + 82 =2
2.7



0= 739
Doe = _;‘D;:
2.4
SR =L
e = =22

“) F‘nd ﬂ\_e YQCLQ VG.QMQ.S Q'F U and V i'T’

U-a 4+ —-—V—§ =417
X+ -1

U—D\ \/-’ L'Z
D\-\-i -1

(u-)(2-D)+ (v-3)Qx1) _ 4;
(«l-'c i) (D\—l)

U~ UL — Lf"‘QZ-\-D\\/-\-Vl §-3i _ 4
;2 —Z




(QU'\‘R\/— 10 -Ui-\'Vi—i _ L“

4 -(-1)

AU+ V=10 +z’<—uw..1) Y4
S

U+ 2v=106 -\-l.<—Ll-\\/-1) — A 0ol
Compoxinﬂ (qu e imdaincx(\d paf\fsz
AU +2v-lo=0 — O ~urv-1= Ao

V=340 +u+1
&

V=2l +u
< bsilie inlo equ@,
QU.*‘&<11*U>—1O=O
U+4+AU —10=0

LIU*'?DD\:O
Lyl ==
DA _ -
U="2=-< 3
put' in @
V= 1+ (-8)

V'—'—lll—e = 13



12. If z, =4+5i and z, =a —2i, find the value of @ such that Re(z,z,)=20.
S 2 Z,= (l-p+5i><°(—2i)
2
_ 4o -Bi +Sxi=lo
- L.lo(-\-(—8+5°l>i_,lo<—,])

7z z=4e+lo (5-8)

] Rdb
Goiven R o (222) = 20
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1.2 Complex Polynomials as a Product of Linear Factors

A complex polynomial P(z) is a polynomial function of the complex variable z with
complex coefficients. It 1s expressed in the general form as

_ n n—l
P(z)=az" +a,_;z" +..+az+a,

n—1
Where a,,a, ,,...,a,,a,are complex numbers (a, #0), and n=01s an integer
representing the degree of the polynomial.
For examples P(z)=(1—-1i)z + 3i, P(z)=(5 — 4i)z> + (2 + i)z + (3 - 4i)and
P(z)=(2-i)z’+2z°i+(5+3i) are the examples of linear, quadratic and cubic

complex polynomials respectively. If n =0, then P(z) becomes a constant polynomial.
A fundamental property of complex polynomials 1s that they can always be factored
into a product of linear factors.

According to the Fundamental theorem of algebra, a polynomial of degree n >1 has
exactly » roots in complex numbers system C.

A corollary to this theorem states that any polynomial P(z) of degree n can be factored
completely into a constant a and n linear factor over C in the form

P(z)=a(z-2z)(z—-2,)..(2—2) (1)
where z,,z,,...,z, are complex roots of the polynomial. Once we know the roots of a

polynomial equation, we can apply equation (1) to factored the polynomial P(z) into n
linear factors. Specifically, if z, and z, are roots of the polynomial equation P(z), then

the equation must be P(z)=(z—z)z—-z,). For examples, the polynomial

P(x)=x" +4 consists of real coefficient has no real roots, so it cannot be factored into
linear polynomials with real coefficients. However, if we considered as a complex
polynomial P(z) =z’ +4, we can easily be factored into two linear factors as

z° +4=(z+2i)(z-2i) QL—B-_—, (Ci-b> Y
where 2i and —2i are the complex roots of z*>+4=10
2
z 4 =2 'D);_
_ o1

N CO IR CEED) (Z-21)



Example 6: Factorize the polynomial P(z) =z>+ (1 —1) z—1.

Solution: P(z)=z"+(-i)z—i
= g* b Z—iz—i
=z(z+1)—-i(z+1)
=(z+1)(z—1)

Example 7: Factorize the polynomial P(z) =z’ —4iz +12
Solution: P(z) =z* —4iz + 12

=z° — 4iz — (-12)
=g% — iz — {*12 S . |
= 7% —jb6z + 2z — i*12 _4-2-6

= z(z — 6i) + 2i(z —61)
= (z —60)(z + 2i)

Example 8: Factorize the polynomial P(z) =z> + (1 +i)z* + iz.
Solution: P(z) =22+ (1 +i) 2>+ iz

=z[z* + (1 + )z +i]

=z{z* +z+ iz + ]

=zlz(z+ 1) +i(z+ 1)]

=z[(z + D)z +1)]

=z(z + 1)(z + i) are linear factors.




Key Concept

The Rational Root Theorem is a mathematical tool used to find all possible rational roots of a
polynomial equation with integer coefficients. According to rational root theorem:

. n n-1 . . .
If a polynomial P(x)=a x +a_x +..+ax+a, has integer coefficients, then every rational

root g (in simplest terms) satisfies:

(1) p 1s a factor of the constant term a,. (i1) ¢ 1s a factor of the leading coefficient a,.
'2_3—322--\-2-\'5 Ay =0 > CGa =1
P=5,-5, -1 4= 1 -1
b S S s -s L 2 o=
= S V2 Vv w2’ v
~{

Example 9: Factorize the + polynomial P(z) =z> — 3z* +z + 5.

Solution: According to rational root theorem the possible root of the equation are +1
and +5. On checking, we see that z=—1 1s the root of the polynomial P(z) because
P(-1)= (-1’ =31+ (-1)+5=0.

. . R z- =2+
So z + 1 1s a factor of the P(z). Using synthetic division

1|1 -3 1 5
1 4 -5
T 4 5 0= Remaindex
Therefore, z3—322+z+5:(z+1)(22—4z+5) ...(0)

Next find the factors of z> — 4z + 5 using quadratic formula
z°—4z+5=0, here a=1,b=-4,c=5
—(—4)1\/(—4)2 —4(1)(5) 4+ J16-20 B 4++/-4 425
s 2(1) 2 2 2
= z=2%2iv" z, v
The quadratic factors are22—4z+5=(z—(2+i))(z—(2—i))=(z—2—i)(z—2+i)

Substitutes in equation (1), we have the
z’ —322+Z+5=(Z+1)(Z—2—i)(Z—2+i) v~



1.3.1 Solution of Quadratic Equations by Completing the Square

Example 10: Solve the equation 22> — 12z + 50 = 0 by completing square method and
hence express it as a product of its linear factors.

ﬁ QZL—I\QZ.-\- D0 =0

blvicle bd 2,
ZL_ Sz +3A5S =0

> - @@+ 3 -3 +A5=0

= 4+hi1, DR
L o> {2z+So=2(2- (3+4) (2-(34)
_2(z-3-" i) (1‘5*“9
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V" EXERCISE 1.3 _4

1.  Factorize the following:

(i) a*+4b°

Sl

(i) 92
S

A+ ng —Q - Q'/D L'b:_

_o-i4b
=<f¥-(lbif
_ (q— D\bl> (CM- lbi)

1657

CIGL+165____ Ja- 1) (66

_ qcf'—- i 1S
_(23q) - (4bi)
_ (3a-4bd) (3a+ by



(iii) 3x*+ 3)”
S
350Dy 3 ()
_ 2 -(NY)
_3(ec-i)
-3 |- (i9)]
=3 (i) (xi)

(iv) 144x* +225)°

S
1445 + 225 4 = (169‘7’*‘ 9\521")

1658 - DS
_ - (3
_ (4 ')c,)L— (Sjij-

_ (4_‘ x__"jai) (‘-l‘)(,-\- 52‘2)



(v) z*2—2iz—1

2- . .
'Z_L—D\iz—1=2.—9\22-\-l

_z (Z—i> ~ i(Z—i)
_(z-0(z)

(Vl) 72+ 67 + 13

S _ .
= >+ €2z +10 =7 « 9\(1)(5>+3+Lt

— (Z-\- 3)2- + &
_ (Z-\- ?3>2- — ("'\> 4
-.-.(Z—\-B)l - (D\il

)

= (Zﬂ-?)—li> (Z-\-?D'\-l'l)



(vi1) 22 +4z + 35

S )
T 4245 = Z 2(2)() +2 +1
= (z-vl)z-ﬂ
= (z+ Dj—— -1)
= <Z-\-D\>L— i

= (Z-\-D\- i> (Z-\- 2,-\-1')

(viii) 2z° —22z+65

Rt
AZ - Rz +85 = 2 (-z_"— Nz + %5

-3 208
(- %2
- 2

1Y -0
=DI(—_27> 4 |

N




2.  Factorize the following polynomial into its linear factors:

(i) 22+8

S

Z’5 + 8 = =+ 2,3

_(z+) (- @)+« X)
_ (z4) (£-22+9)
_ (z+2) (Z-2E@ W+ 7+3)
_ (z-rl) [(1—1;-4\— 5]
_ @)@ D3]
= (Z-k- l) I(z—'\y_— i (E> ]

qf’ A Q — (Ci«- b) (QL— &b -\-b">



j (2+2) [z-) - ({37 ]
(2+)) (z-1-+39) (=1 3

(i) 2
_|_
sy 27
Zs '\'27= 23 “ ?)3

_(z3) |3 -2
_(z+3)|(® 3)_ _‘J;ééi
3| - )|
__.(zafa)‘_( -3)- i:a_?Zi
~ (=3[ —%L—(_i;)i
) )



=(z-\-3><z-— 3—\-;[,?7—2.)(1— 5-12_7—?)
= + 33i) (5 _ D337
—<z-\-3><z_ 3 sﬁ)( 3-3 3)

L

(i) Zz°—2z2+16z—32
sd
13—2,7_7'-\-167_—39\ = ZZQZ—QJ}-\-\G(Z—D»)

_ (z-(Z+9)

_ (2-2)(Z-ED19)

- (=)(Z- i)
_(z-2)| - 5]

_ (z-D(z- 49 (z+4D



) z'+21z° =100
&

Zq-\- 217z = loo = 7_1-| L2547 - oo

_ 2 (2429 -4(Z+29

= (£+25) = 4)
_[z-057](Z-2)
(29 @2

~ (2-59 (22 5) (2= ()

v) z'-16
S [ (z")’-— 2
= (ZL— L') (ZL+ Ll)
_ (zf' _2) [7_"— Q) 4]

.z L

= (z—l) (Z«-l) {Zz—- -4



el
2—2) (Z-\-l:) LZ | l)
= << _Q) (Z-\-l) (1 ~ lz)(zx—l

w) z'+3z"°—4
S

ZL'_\. 47:-—27_- -
2'+372-4 = } <ZL+L')_ (Z:__\_Lr)
i (zz_+ L,> (ZL— 1) 2)
_ [zz—- 1) Lf_] (Z-1
= =i i—] (z_ \) (Z-\' '\)
=i7—" (2 i)z] (z—1) (z+1)
= EZ l? (z—vli) (Z‘D (Z*D



wi) z'+5z°46

(viii)  Z'- 3L 2*-39¢9

Sk
372 - 3969 = 44 4927 817 - 3969

_ 2@+ uY)-81(z%4Y
_ (Z+aD(Z-8Y)
= {ZL— (-D‘ﬂ:’ (z--)



c—
—

2= 7] (29 (=9

- (7] @DEY
kz—-7 z’) (z-\- { z') (Z—cv (Z* 9



3. Find the roots of z*+7z°>—~144=0 and hence express it as a product of linear

sé_ factors.
87 = 2= 1h4-0
2 (2+16) -9 (£+16) =0
(2+16)(Z-T) =
(2= ()] @-3)=0
(- @] @9 (=
(z-t11) (z+11i) (2-3)(z+Y =0
2-4j=0, z+4i =0, 2-3 =0, z+3=0
z =4, 2 = _4i, 2 =3, S --3

i—Lli, LIZ) —37 3}
So, %'wen poQa ngm,ie& can be w\'ﬂten qs:

_ (z- 4) (z-49) (z- 63) (-3



4.  Solve the following complex quadratic equation by completing square method:
. 2
(1) 2z°=3z+4=0

So
‘L_ RZQ-_ 32 +L" =0

QJ[ZL-— %2“‘2’] =0

a3 - 9O
'Z.-——D:z"';‘ oY

4 (6
( 3)_9 3
4 16
S 9-3
I

_\_qk\na Sq uaxe Yoot; S 3 L —,-1163
4
3 _ 4 N23,
_3 & (25 ;
Z_Ll - 2
L _ DxA33




=
z? —6z+30 C
(11) (z)(?))-\- 3+R
S8 - 3 |
—-3>l-\— 21 =
( @33f=_l1

ot
S c‘/uoxe, X0
_\_qkiﬂa

+ 1
_3_.:_*\/ .
Z +~1 1

31421i
Z =



(iii) 3z*—18z+50=0

S
'5(2_2—_62_'\’5%:0
2 SNo _ O

32—
@
(z _—5>3'= 9\7; S0
SR
'Z_—?):_-_ By -%?Z
2-3=1 %;')éz
- = 0% )%5' 2
2 -3+ Y87
3



V) z°+4z+13=0

(z«-z)"»fcl =0
(2@)7': -9
To.k“mj Sq uaNe xaol,
2+ = £~4-9
242= % 3t



v) 2z°+6z+9=0

2,2-\-6Z+<1 =___C_)_
2, L
z +3z +<«’_D: =0

(=3)-%-3
_9-18
e
(=3)-%



s
5Y_25 .1 o
(Z 6> 38 3
_12_:-2_5_.——7—
(Z 6) 238§ D
25 -84
36

5 -59%
z-< =%, 3¢
-+ 51
S
Z-._-__S-__-\_-_ _Sq
S S
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VP~ EXERCISE 1.3 4
5.  Solve the following equations:

i) 2z*-32 =0

Sa )
p\kz - '\5) =0
O
@ - e
) -
2 +4 =0 Z ~4=0
2.7-’\‘2L=O ZL-Q—__'O
2N =0 (z+)(z-9=0
> _ (20 =0 zr3=o,  272=0
- - =
_2, z=2
(z-\-DJ').(Z—D\i) =0 -
Z'\'Ri:O; Z—Qi:O
- =_>\i) Z:Ql

s.S.zs(:\: 2, :«_avi}



(i) 3z°—243z = 0
S
i——— 32(2‘1__ 81):0

Z .(7_1-‘ - 81) =O/3

4 _
2 =0 ~t-81=0

(zz')?— — ql =0

(2 P(L-P =0

'Z..z"k'q =0




(iil) 5z2° -5z = 0

sq/uqfe \fﬁot’)

Z =X

Taki 09

2

2 —1 =-O
2z - '\L=0
<Z+'\>(Z"1> =0

Z'\'"-’—'—o) Z—1=O

SR R R

3.8, =10 £1, =i



(iv) z2—522+z-5=0

3
z_"(z—-‘S) + (ZJS) =0

(z- 5>_<ZL+ 1) =0

~z-5=0, z +l=0
z =2 Z ==
quina S9,uxe
z=x~-1
Zz =X

) {0 ot,



(v) 4z'-25z"-21=0

S3.
42 -252-21=0

42 -8 2432 - 21=0
4 zz— (ZL—‘7) Ay 3 (Zz—7> =0

z - (=0, 47 +3=0
S _ 7 {47 = -2
> _3
2 a7 .
Z=x [3-
Z = i(\E‘—-
2

-~ S = -B+D



(vi) Z2+z°+z+1=0
s
-Z_L(Z-\-O * (Z-\- D =0
(Z*q) .(zz'*’\) =0

2.'\"/\‘20)

z =

zl-\-'l =0
- -1

72 =+~
Z =+



6. Find a polynomial of degree 3 with zeros 3, —2i, 2i and satisfying P(1) =20.

_c(z-9(=Y

D(2) = c(2-3Z+bz-13) — @

Using  P(1) =20,
o()_ <[ £-3E)+alD-1]

O =
20 ____Q&/\ _3-\-L\—'\D)
20 -_—_C(-k))
40 _¢

_I\O



C=- Substitute ik ©
P(=) =—2/(Z3—'523-—\-L12—13\>
D(z) = -2z + §Z-82+24

7.  Find a polynomial of degree 4 with zeros 2i, —2i, 1, —1, and satisfying
P(2) =240.
Sgk
L—Q_t Zo_ Ql) Z‘__ll) Zz__,ll) Z3=-—1
nen




P@E) = < (Z+)(Z-1)
_ (2 -2y o)
P —c(2'x32-1) — O
Using  P(Q) =240,
o(9) = (3+3(2)-4)
2bo= c (16+12-4)

Q40 = < (4)
240 _ ¢
24

C ___'lo Put in O

p(2) = 1o(Z +32-)
(=) = oz + D02 —RO



8. Find a polynomial of degree 4 with zeros 4, —4, 1 + i, 1 — i and satistying
P(2)="72.

Sk

—

et z.=4 z,="4, =, =1+, 23___1-é

Then 5(2) - c (z-2)(= 2) (2-2.)(z-2>)

_ o (2-4) (- €D (2= QD) (== 1-D)

_ o (z-%) (z+9) (21 -¢) (z-1+9)

(2

_ o (2= (-t @)

_ o (2-19) (F-22x Y

_c (7_“ L2224 27 - 1627322 -3 )

P(2) o c(2-227- 19274222 _32) —O©

US"“a Y;ij): 75 ( Vo) —14 (3) 2 32(2) -3

23 =< (M6 - ‘5’6+64v—31>

72.= (2%
72 - C



C=—5 PLLt in @

P(=2 =—?><ZL'— 2= 1924322 —3;79
D(2) = -3 2+ 8Z + 4)7—96=z+9€
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1.4 Three Cube Roots of Unity

Let x be a cube root of unity We know that the numbers containing

X =(1)%

i are called Complex numbers. So

— x =1 _1+\/§i and —1_\/_3} are called

= X-1=0 2 2

— (x — 1)(x2 +x+1) =0 complex or imaginary cube roots of

unity.

Either x-1=0=> x=1 B ,

or x+x+1=0 :I;c____._x,a
a-l_boc - —1£41-4 143 Y,

2 2 25
—1£+/3i
= % = 2\/51 (v -1=1i)

Thus, the three cube roots of unity are:

—1+\/§i
a

2

nd

_1-4/3i
2

L

. (f’— b3 _ (Q_-b> (cf_-r abx B>

(@)=

1.4.1 Properties of Cube Roots of Unity
(1) Each complex cube root of unity is square of the other

If AL, = @, then _1_\/51= o,
2 2
and 1f _1+2\/§l = w, then _14_2\/51 = o’ [w is read as omega]

(ii) The sum of all the three cube roots of unity is zero i.e., 1+ o+ @’ =0

(iii) The product of all the three cube roots of unity is unity ie., -0 -0’ =w’ =1



Four Fourth Roots of Unity
Let x be the fourth root of unity

]
x = (D"
k=
2
x*-1=0— (¢
x-1Dx*+1) =0
= X-1=0 = x¥*=1 = x=+1
and ¥’ +1=0 =>x*=-1=x=4=1.
Hence four fourth roots of unity are: 1, -1, i, — 1.

Y1 -0

J Ul

Properties of four Fourth Roots of Unity

We have found that the four fourth roots of unity are: 1, -1, +i, —i {+ (-\)-_:O
(1)  Sum of all the four fourth roots of unity 1s zero

1+ (D) +i+()=0
(i1) The real fourth roots of unity are additive inverses of each other
|1 and —1 are the real fourth roots of unityand 1 + (-1)=0=(-1) + 1
(111) Both the imaginary fourth roots of unity are conjugate of each other
i and —i are imaginary fourth roots of unity, which are obviously conjugates
of each other.

(iv) Product of all the fourth roots of unity 1s —1 1.e., 1 x (1) x i x (i) =—1
1 (=1) xix(-1) =i =-1

Example 11: Prove that:(x’ +°) = (x + y)(x + @y)(x + &) rwr w =0
Solution: R.H.S = (x + y)(x + wy)(x + &’y)

=(x+ y)[x>+ (w+ a)z)yx i 0)3)/2]

S+ N@ -y +)) =X +y (v @ =1, w+e?=-1} =LHS.

L, -t

Hence proved.
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PV~ EXERCISE 1.4 _4

. Find the three cube roots of: 8‘/3
(1) 8
S
et 22 be a abe wob of 8,
2
% =9
—_ ')(? = 8
> —8=0
C—2 =0
2 3 . R
(%—9\)(7&—\- (%><l> A o) >= 0O 0.3- b _ (Q- b) (g_\.qb_\_b)
K- =0 o A +H =0
= 2+ 20001 +1 +3=0
{x-\- 1)1-\-3_—_ O
(x+DL=_3
aKing  square vool,
x+] = ++-3
x4z x3
ikD\) QUU, D\w"} 7C=D\—1'_\'_';[—%_l

p 1S
Ko=Qw, W



Sdl
- X_,: "‘8>3
D
% —
'K,%—\— 8 =0

T

P

N (atb) (a=ab +bz)

W — Ak +4=0

(D) x4 @O
B 2D
_ 2 4-18
L r.;]TlJD:’LXS
_2ax -

oL
_2Ax 43¢




(xx3) (3= () +3) =0

T —3%+9 O

e =D 2 @O
20

_ 2=z \(?-—364
oL

_ 37
oL
B %_—:352

oL
_ -3 (‘1 i“’;?
B L
—3<-‘“f‘>, _.5<—1—:32>

2

_%w — AW

’)(,"\"3':_0

K==—2

i(__ 3 3w, -2 w"}



(r~12) (< + QIC) "‘L*L> =

> -4 =0

< =4

o+l + 16=0

.+ 2D «2 +12 =0

('X.:bD\)L =12
re 42 =t AL

2 =—EAAD L
x=9\<—11‘_4—€i>

. q(—hfa

iéﬁ’ Luw, & w”)z



S V/
T = (‘125’} ’

2o —1D
x’+12S =0

x+ s =

(3e+5). (6= (D) +5) =0

e —StAS =0

H_+D=0
K== ‘
() £AEHOCD
2 (1)
S+ 4 25 oo
. 2L
AF]‘S::‘J%XS} 5'1‘4—75
Y -
_ S £33
2L
o =D (—'\ =+ ﬁ?
2



2. Fied e fowr Jouwk vosts of 16, 81, §25. Also

Show W\qt l'\e,i\’ SUM IS ZzeYO0 in eqch cqse.

52 (@)
let  be a Joud vool st 16,
x,_—_'lé\/q
x =16
v 18 =0
iR =0
xD) —(Q) =0
(=) () =0
r—2 =0 2+ =0
x> 2,
70::‘;'{55' %:14?2?‘
W =t L xr_i&i
X =t
-2, -2, 24
Now,



sS4 (o)

%, = &1

se — 81

' — Q1=0
y N
w, — > =0

* —3 =0 oY %6 +5=0
QQ__?)>@L+?>> e X =3
7 —D=0, X+d=0 > =&
=2, X =—23 . = L A1

T™Now
__'5 +.?> <= <-3 2> + 32:::0






3. 2
H‘ 1, w, w ) axe )ke, awbe Yo oLs o{- umt(j h
fat  1r’rw =3 whexe ‘N is a mu&téyes :’;

3 Yespecfﬁve%.

2
Since. s o multiple &F 3, So
n =3k whexe ke
L HS Aot ol
Y T uolL% K
= (uf“’)K " (uf’)lk
s =]

:/{ By 1K Y 'lLK
Z 1+ 141
-3 =KMNS






(i)

1+ B) 7+ (-3

1= >§+ (—1 —J—_b'f___ QLL)) * (D\ w”)g
TP U
= D (ws*r Ry
L xS
_ 3 (W W + L.
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P EXERCISE 1.4 _4

S. Show Thdal: .
(1-—0&-\-0.)’) ('\— UUL+UUL‘)(1-UJ“-\- w8>(1-w + W .. To AN
‘F‘QC—B\’S = in, o (U3 —

Si .o J+w+w =0

LHS = (1 - ru) O —w:w-b-w)({_ﬁ.w + Qw?’):_wz-)
(1- ( WP (w-‘")S- w) - - an faders

= U —w+w”>0 —wa-_\.'\.w>0_1,w '\‘(1L>w’>
(‘\_(‘LM*;-'\‘(F)“’) ... 2n Taders

-:L_uu— u0> (_—uon—_ w”) <_U° _w> (- W W) ... AN

_ Q—l) L o bW W - AN

I
Py

-
3



S Prove That Hﬂ[—) (z {—) ~-1.
Soh

a—

= o Ntwtrw=o



7 Evaluate CSK) whexe w is an imaginary

K=0

C,ube. *(oot o‘f‘ un\td
sd

> 2K 2(0) 2(\) 2(2) 2(» (W 2(S)
ZU‘) _w 4w AW T rw rw wW

K=6
- “ ) ) \o -

UO-\-UO-\-U\)—\-UQ-\-LU + W o]

2. 3 3) (U?>w+<u)>w

— 1-\-LL) '\"LU-W-&-(LD

_law 4 Lw (1) (D w + (P)w

2 2
=1+w + W -\-1-\-‘.*) 4+ LI

=0+0O

=0



Q. H— w 1S an imqamm’d c»be \foot <>]t LmiTa,
pYove mdt

Q-+ bu)a-—‘rcw - W
aw +bw=+C

S

a—

LHS, - axbuwaicw

aw +obw+C

w (arburcw)




9. I¥

W IS an cube vool of unitd, P Yove hal -
\9
Q(&J‘l-\-bww-\-cw L
du)m -\-bu&z-\- cus”
s 26
4 Y 2
Cng - aw?) bWV v (W) w

a ((Sj\ w"*.\z)(u)%jlw + C (uf)b
C1<\“> -\-st_) Uo:-—\- C (\6>lk)
a(w+b (MNw+< (1)

a +bw + ww

Aw bwa+ C
o (Q-\- \owz'+c,w>
o (qwz_-kbuoa-c)

- w(&-&bw"-\-cw)
- IR

Cl()\;’s + bwz_-\- Qo
L (QL—& b w"/ow)
Q + lDLy({—\-Luo

w = R.MS,

o—
[

—
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Polar Coordinates System

YA Rectangular coordinate Polar coordinate

C

T .0
T o P(x, )
2_-—

1 5>

i 4

0, Polar axis
X




For example, the polar coordinates (5, %) represent a

point 5 unlts away from pole at an angle of 2 ) radians.

-5, _T_t_> T S*I‘:)
4
PR
0=0

O Polar axis

For example, the polar coordinates

T . .
(—5,—) represent a point 5 units away from the

4
pole, but in the direction of %+ T = % radians.

d K,Q(c»sﬁ X '5\“9)

Z =2 z‘d N
=2 +
9t (<)
2
Y= 2+ ]
. Z =2 2
sinf-d q = ¥.sM -~ ) \d. :
¥ _ wco3Q+ivsing
YV
wsf=2% =  e=vcest — z=x(cosB+isin®



The Polar Form of a Complex Number

Consider the adjoining diagram representing the e
complex number z = x+1iy. From the diagram,

we see that x=rcosfand y=rsinf, where

y=rsin0

r=|z| 1s modulus and @ 1is called an argument
of z . s Olx=rcos® M ;
Hence  x+iy=rcos@+irsind (1)
where r=|z|= \/x2 +y® and @=tan"' 2 (x £0)
Equation (1) 1s called the polar form of the v
complex number z .

P Z——)mWecanwrite cos@ +isin@ =cis tan): j_

C
axgum erit: Q —tan <x)

Example 12: Express the complex number 1+ V3 in polar form. 2€ =¥<esH

Solution: Step—1 : Putrcosf=1 andrez\s:\g=\/§ &J:\(g'\'ng
Step—11 : > = (1)’ +(V3]
= r=1+3=4 . Ifx=0,y>0then9=%
= r=2

T
\/5 e Ifx=0,y<0thenf=——
» —_ _]_z -1 — 0 2
pip—IE  P=dal =l E = o el e el
Thus — 1+iv/3 =2 cos 60° +i2sin 60°

‘( @ B-\-‘( <N 8 })'CCQS @-\-%mG

?_

Principal Argument: The principal argument 0 of a complex number z = a + bi 1s
the angle between the positive real axis and the line joining (a, b) to the origin

in the Argand plane.

Argz=60=tan" (éj d‘rjl < <0)D:lt]

a

It 1s denoted by arg. It 1s a single, specific value of the argument, typically chosen
within a standard range: frg z € (-, 7].



Operations on Complex Numbers in Polar Form

Addition and Subtraction of Complex number in Polar form

Let z =r(cosé, +isind, )and z, =r,(cosh, +isind,)be two complex number in

polar?orm. The addition and subtraction of two numbers can be computed simply as
z,+z, =1, (cos6, +isind, )+ r,(cosb, +isinb, )

and z,—z, =r/(cosd, +isinb,)—r,(cosb, +isind,)

Multiplication of Complex number in Polar form

Let z =r(cosf, +isind,)and z,=r,(cosb, +isind,)be two complex number in
polar form. The product of two complex numbers can be derived by multiplying them
directly and simplifying

z,-z, =1,(cosf, +isind,)- r,(cosb, +isinb, )

(

Z,+Z, =1, 1| c0s 6, cosb, +icosb, sinb, +isinb, cosd, + i°sin®, sin@z)
z,-2z, =11, | (cos cos@, —sin6, sinf, ) +i( cos b, siné, +sinf, cosé, )] it =—1
2z, =1 1| cos(6,+0,)+i sin(6, +6,) ] (Using trigonometric identities)

Thus, multiplying two complex numbers in polar form involves multiplying their
moduli and summing their arguments 1.e., arg(z,- z,) = arg(z,)+ arg(z,)

Example 13: Find the product of 5(cos%+isin%) and 4(0083772- +isin37”j.

Solution: Let z, :5(cos%+isin%jand z, =4(cos3§+isin3§]

Here, r, =5and 6, :1, while », =4and 0, _ 2
6 2

Substitute this value in the product formula
z,-2, =11, | cos(6, +6,)+isin(6, +6,) ] &«

i T 3r . (T 3«7 S .. S5« v~
=5x 4| cos + +1SIn + = 20| cos— +isin—
i 6 2 6 2 R) R)

Thus, the required product 1s 20(005 5?7[ + isinS% j



Division of Complex Number in Polar Form
Let z =r(cosf, +isind,)and z,=r,(cosd, +isind,)be two complex number in

polar form. The formula for division of two complex numbers in polar formagn pe
derived by rationalizing the denominator.
i (cos6, +isind, )

Zy

z, 1(cosb,+isind,)
z, r(cosf +isind,) (cosd, —isind,) ( Multiply and divide the equation }

by conjugate of cos, +isind,

z, 1(cosd,+isind,) (cosd, —isinb,)

(cos, cosb, +sinb, sinb, )+i(sinb, cosd, —cosb, sinb), )

AR
- 20. +sin’0
s b cos” ¢, +smo,

Zi I : . . . .
L=l cos(6,—6,)+isin(6,—6,) | «  (Using trigonometric identities)

2, h

Thus, the modulus of the division of two complex numbers equals the quotient of
their moduli, while the arguments of the quotient is the difference between their
arguments.

Thus, when dividing two complex numbers, the modulus of the result i1s the ratio of

their moduli, and the argument of the result 1s the difference between their arguments

1.e., arg(i j: arg(z,)—arg(z,)
2,
Example 14: Divide 2(0057—7[+isin7l j by 3 cos(—zjﬂ'sin —ij
7 6 6 5 2 2
Solution: Let z, :g cos7—ﬂ+isin7l and z, :E cos| = Z |+ isin| ==
7 6 6 5 2 2
2
Here, r,=—, 6, =7—7z,r2 2 and@ =
7 6 5 2

Substitute value 1n the quotient formula
“]

= :‘ | cos(6,—6,)+isin(6,-6,) |

Z; >




A 12—(;(0085—” +isin%z) is the required polar form of division of two complex
Z
number.

Example 15: If z = x + iy, then write the equation |3z— i| = ‘3E+ 7‘ in term of x and y.

Solution: Given |3z—i|:‘32+ 7‘ ...(1)

3z—i|=B(x+iv)—i|=Bx+iBy—1)| = /(3x)* + By—1)

32+ 7= [Bx+3iy+ 7| = Bx = 3iy+ 7| = [Bx+ T+i(=3y)| = Bx+7) + (-3y)’
Substitutes these values 1n (1)

/ >, *
(J(sx)z +(3y— 1)2>= <[(§x+ 7)? +(=3y) )

Taking square on both sides
Bx)*+By-1D)*=Bx+7) +(-3y)’

9+ 97— 6y+1=9 ~+42x+49+}¢

=t —6y +1=42x+49
= —6y =42x + 48
or y=—71x—38

The equation y = —7x—8 represents a straight line in the complex plane.



Example 16: Show that

N

x+2)2+y2 = 81f arg(ﬂzz j:3—7z for z=x+1iy.

z=2i) 4
Solution: :x+iy+2i:x+z(y+2):x+z(y+2)xx—z(y—2)
» x+iy=2i x+i(y-2) x+i(y-2) x—i(y-2)
N Z+2i_(x2+y2—4)+4ix x2+y2_4)+i/ 4x )
z-2i  xX+(y-2) 2+ (y-2)Y W+ (y-2)
: /Y
o . arg(z+21 ):3_75 Fon <->_<,>
z—21 .
( Adx A
2H=2) | 3 4x 3
= tan —— =— = ———=tan—=-1
X +y -4 4 X +y -4 -
2
X <) )
— 4x:—1(x2+y2—4) = x*+4x+y’=4

Completing the square for x*, we have
(x+2) +y*=8




Complex Numbers in the Real World
(Voltage, Current and Resistance)

Ohm’s Law 1s a fundamental principle in physics that describes the relationship
between voltage ‘v’, current ‘I’ and resistance ‘R’ in an electrical circuit.
Mathematically Ohm’s Law can be expressed by the formula V' = IR .

when dealing with alternating current (AC) circuits, resistance generalizes

to impedance (Z). Resistance in a circuit 1s due to

inductor (X, ) and capacitor (X.). Their difference 1s = if’
reactance X = (X, ) — (X-). Geometrically it 1s shown gj
in the adjacent figure. Here Z=R+iX >”<
Then for AC circuits, Ohm’s Law in Terms of R

Impedance 1s expressed by the formula V'=[-Z.

Example 17: If the impedance of circuit 1s 11(cos 55.35° +isin 55.35°) ohms at a
voltage of 25(005 30" +isin 30”) V, find the value of current in the circuit.

Solution: Substitute the voltage 25(cos 30° + [ sin 30°) and impedance

11(cos 55.35° + I sin 55.35°) into the equation V' = IZ , where V 1s voltage, I denote
the current and Z 1s impedance.

25(cos 30°+1i sin 30°) = I .11(cos 55.35°+i sin 55.35°)
; 25(cos 30°+1i sin 30°)
or =
11(cos55.35°+isin 55.35°)

[= ?—f cos(30° —55.35°) +isin(30° - 55.35°)

I= 2.27|:COS(—25.353)+iSin(—25.35C) 1

Express into rectangular form
I=2.27/0.90+i(-0.42) |=2.04-0.95i

Thus, current1s 6 —-4.211i.



Cryptography: It 1s the science of securing information by transforming readable
messages called plaintext into secrete code called ciphertext using mathematical
algorithms and encryption keys. It consists of two main processes 1.e., encryption to
lock message with complex math, and decryption to unlock it with the right key.

Example 18: The word "MATH" is to be encrypted by multiplying a complex number

k = 2 + 3i and then decrypted back to its original form using the concept of
multiplicative inverse in complex numbers.

Each letter of the alphabet 1s assigned a numerical value as follows:
A=1,B=2,C=3,...,Z=26

Solution: First, we assign each letter in the word “MATH” a complex number with

zero 1maginary part. The encryption and decryption shown in the table below

Letter | Complex Number (z) zencrypted =z x k |z decrypted = z encrypted / k| Letter
\Y| 13 +0i (13 +0i)(2 +3i) =26 +39i| 26 +391)/ (2+3i))=13+0i| M
A 1 + 0i (1+0i)2+3i)=2+3i 2+3)/2+3)=1+0i A
T 20 + 0i (20 + 07)(2 + 3i) =40 + 60i| (40 +607)/2+3i=20+0i T
H 8 + 0i (8 +0i)(2+3i)=16 + 24i 16+24i/2+3i=8+ 0i H
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P EXERCISE 1.5 _4
1.  Plot the following points:

(i) (-3, 120')
3 .
=3 8 =120




°0

o

I )

2% o

) TN %)
o 7 Ao __
k|\© ) ﬁg
_ ] ‘ /Ip\luk
» > 0 I

i > A A
2 4 S 4
NSV



‘(:—-%) 9:"?:5—“-
B--120

_120 + 180 =68







(’C)‘d)
< X
\
/\zlo(:tdﬁ‘ %_)
0= (-
S ol / %
/(_ TB=ctr
(2,4 P-A
v

S .A.

V78
Al
PA
9=—OL
>
A 2
(e, )
A4
9 = QJY— A
SA. T



2.  Express the following complex numbers 1n polar form :

(1) 4+3i
33\ z__:x(Coseﬂ-iSin@ —q)
Hexe ‘)Q"':'L') Ld-""?) X = 49(3‘_%\:,7—
(=\1L’L*?> o = Tan (T?Z)
=\J16+Cf
=~
¥ = O
Lotan( ) 23687 Argz=8 =«
Fyom O

Ly+37 = 5&@&3667" +i$in?>6.87>



(i) 143

SS
~ o _v(wsBaismd) — O
x =1, ="
¥ = '\“2—"\'1?_ = 43"—
an Q'T) _tan' () =4Sk
S0,

141 = (CmS—--\-L %‘Y\—>















_ 57 AT
J €3S 8§25
. Sas
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¥ EXERCISE 1.5 _4

3.  Convert each of the complex number z 1n the rectangular form x+iy:

(1) 4(coss—ﬂ+isin£j
3 3

> _X (Case +isin 9)



3 Tr ..
(11) — cos?ﬂsm

O\‘S]




23
(iii) Iz‘ =77, arg(z) = il

12
Seb
S _ =l (CosS +ism@

. _ - ADK
=7<C-03>‘—\5TW‘\'2'5\“ \D\>

7(E5E o (5

_T (o.‘ié _ i 0.26)



117z
12

> _ = (cose +ism8)

(1v) |Z‘ =11, arg(z) =

53

12 1

== 1/| QC‘OS ,\—‘[A —i'Sin
{8

R

—

1L

_ 11 (‘E"ﬁ-i A
4 ~ )

_ 1062 -i2 .85



10 |
V) ==, arg(z)=——=

3 )
S

> _ lzl (Q)Se +i5in8)
P S




(vi) 2 cos(—33)+i2sin (—33)

s
A Cod (-33? + 1 A Sin (‘3—5?: A (o3 3?;-2' 233n3’5

= o.%Lt>_ Zd (o. SL)

_1.68 i 1ol



4. If z, = 9(0055—7[ + zsmz jand g, = S(COSz +1SIn — jthen find

4 4 3 3
i) z +z,
Sd ) ) .
Z\“‘Zz-.-zCI <C®5:—3,_T7‘+i5m ‘DTR) + O (Co$? +sz€>
_Ol("izz)-rqz(_%)JrS('z)JrSi(g
S+ 5 - DA3
~9+Z +S | ; 942 543
B 2 2,
_ _3.868 - 7 .02
(11) 21—22
Seb

] — T ,isini
Z\—Z> = ! <C®$ bl_l'l( L SN b:) ») <Co3 = +1 ?))

_a(-E)« 2 (F)-s(2)-5i(%

93-5 ; 94Z+543

C—

L py
_2.88 —i l0.69




(iii) z,- z,
z,-Za= 3 <Co$ 5: Lisin ‘3:) .5 <Co$— LisinX 3)
c 2.2, =5 Y <c°s (8,+6,) +isin (e 1ue)
— Qx> (Cos 2L+ 7%) + i Sin :‘\'Q)
=43 Pcos (13\7;*“79 +isin (151&11;’_-11:};

— 4 (Caé Ar +Lsin \<17r>
| 12







; 23 . 23 11 11 .
3. It z =7 (cos o + 1sm—77 j and z, =1 l(gos—ﬁ +7sIn i j then find the
12 12 - 12 12

pa—

following and express the result into x + 1y form

(1) z+z,

i 2z, = 7 B isn2ge) o1l
h PR EL z7sm%ﬁ. e IX i sinl
;(7 s 2T+ l%su\rb‘) <75m2{;+”3m1®



(i) z -z,

s
2—2-2_27 Ca m ok
( $ 3 1 sin T)—H<Q$1L§ 25m1l/'1\)
_ 7 wsd2T i Tsin 238 - ““
TR H%E'lusm%
=(7cm$l5~“_ll s +i<75m~—“3mL§
X 7
17.38 -14.69
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V" EXERCISE 1.5 _4

6. I{' Z, and z, Qxe o Cmmpﬂex, numbexs, <how
that: Q{? Z, 0<0=ar

ég AYa (z‘.Z,) — A\’a Z, r AY% Z2 A‘(a 2,— N < =<n

Let z =r(cosf, +isind,)and z, =r,(cosb, +isind,)be two complex number in

polar form. The product of two complex numbers can be derived by multiplying them
directly and simplifying
z,-z, =1,(cos O, +isinb,)- r,(cosb, +isind, )

Z,+ g, :r]-rz(cosﬁ1 cos@, +icos@, sinf, +isinb, cosl, +i” sinb, sm62)

z,- 2, = 1;- 1, | (c0s 6, cos B, —sinb, sind, ) +i(cos b, sinb, +sin6, cosd,) v i*=-1

z,-z, =1 1,| cos(6,+6,)+isin(6, +6,) ] (Using trigonometric identities)

Thus, multiplying two complex numbers in polar form involves multiplying their
moduli and summing their arguments 1.e., arg(z,- z,) = arg(z,) + arg(z,)

AY% (Z\~Zz.> -:_81 X 92_
:.A*(jz\ '\'A\(azz



(i) Afa ( > A(ff z, - P\*(cd z,
S

Let z =r(cosf, +isind,)and z, =r,(cosé, +isind,)be two complex number in

polar form. The formula for division of two complex numbers in polar formagn pe
derived by rationalizing the denominator.

z,  1(cosé, +isind))

, 1(cosd,+isingd,)
z,  1(cos +isind,) (cosd, —isind,) Multiply and divide the equation
- by conjugate of cos 8, +isind,

Z

iy

z, n(cos,+isind,) (cosd, —isind,)

7, (cosd, cosb, +sinf, sinb, ) +i(siné, cosd, —cos, sinb), )

[

z cos” 6, +sin’0, <CL +\:>><Q-b> _a=h
‘i [005(91 —0,)+isin(6,—-6,) ] (Using trigonometric identities)
Z

2

Thus, the modulus of the division of two complex numbers equals the quotient of
their moduli, while the arguments of the quotient 1s the difference between their
arguments.

Thus, when dividing two complex numbers, the modulus of the result 1s the ratio of
their moduli, and the argument of the result 1s the difference between their arguments

1.e. arg[z J— arg(z,)—arg(z,)

Z,

Arg(ZL)= 8.9, = Avgz, -Avg=



7. Divide z; = 6(cos 150° + i sin 150°) by z, = 3(cos 30° + i sin 30°) and express 1n
x+ iy form.

S ° | °
= - s (Co%'\So * 1 S\\M'So)

2o 23 (ws30 +isin33)
— )\lcosQS;— 58) +1:%‘Y\<'\5'<;~35_J

_ 2 (cosud’drism'\l?\c;)




8.  Multiply z, = 2(cos 60° + i sin 60°) and z, = 5(cos 90° + i sin 90°) and express in

x+iy form.
S o °
2. Z, = l(ces& +1SMN 6o> S(C‘Dﬁo +isin<1c>)

Z, =

{

2 XD I_Cm$(6o°+<1<;> + is'm<60°‘rc1 5)]
- 10(@3155 +13n W’Soj

2.2 = _S5A43 + St

2.



9. Find the modulus and argument of z = —2 — 2i.

Since - ig N

O.{aZ=

Il

cn’a Z

In C(]enexGQ,

?) _QU.Qdo)
A + X

AN 4"
—— %
=

™ +4T
Ly

O

51t
L.{

o

O

z =X (%59 +1 Sme)
ATt



27T

10. Write the equation arg(E— 2+ z') = Y In cartesian form, ifz = x+iy.
LS
Griven g ('Z—D\-vi)’ Q‘BK
Since  z= x+id )
C.L’(a ('x,-'c-Ld —d ) = D\?ﬂ
) AKX
g (’C'ZH_&J“O: =)

2~

1-9 _ -3

K
1 - = Y (X"‘l>
|y = NI NS
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¥V~ EXERCISE 1.5 _4

Z-142i | 9
11. If z=x+iy and arg| — b |2 , show that x>+ y* —4x+2y-5=0.
& z+ 1—21 -
S8 .
v i—'l-k'll)_qn
a N —
W =+1-2 ~
Since Z='x,+iz! z P ld)

-2 'l-k-D\) 37(
dxﬂ ('x,—zd-ﬂ —) i

-1 %1 (l"'d>> _ I
0 (w i)

g (2) gz, - a¥ gz,

" —1 >n+ _ q_ﬁ
tan | = -
2y (-2-y) B
\ 1+ 1 — |
-y (=2~
>\ et _ td.ﬂ 9t
29 . ) n
1 cadad >t |




(2) bext) + Qey) )
Gy tacal) _
() e ) —(2-Y) L}*ﬂ)
(20

D\X'\";i"%—kd'\' l%—z"c"/ﬁ-ﬂ _
) = (-4

Lx-24 =1
S

Lix—-2y

'xf'—\:}jl' -

Ly2e—2Y ____7c3'+zr'— S

0 = )(,L-\.al—le,-le—S

7(,2--\.\(11—41)6*'18—5 =0



12. If z=x+iy and arg(z—2-3i)—arg(z+2+3i)=2x, show that 2y = 3x.

s
cn(ca (x*id—l—%i> — G.Vﬁ(x+i\z,+l+3i> =T

G.‘(ﬂ {'x,-—)\ + 1 (H-—’ﬁ)] — oxﬁ[x,-v D,-&i(‘d *c3>]=_lrc

o &3 _ o 42 -2w

e — l ‘)(:E'D\.

L/ A-B
' Tan 'A _tan B = tan <'1+AB>

( Y4-3 . 4+3
tqﬁ\ 2 k), \ _ AT

| + d-> 43
L se—a ekl

43 _ 43
= AC) _ tg_n D;((
v 472 33

- ek

CDEY Y3 Y3 >
0

e xex/
@c-l)é@)Q L 43y *3>
o= AR

()4 - 0@
(%-2) (ex) + (42 4+

(xx) (4-3) = G- (§+3) =0
2y —dnrdY-C - <’°2| +3x—ld-6)=o




%—3x+ld~f-’?ﬁ‘3’° T+ <7=0
_69(, -\-l—la.-:_O
L.EI = &%



13. Solve the equation |z — 21" = lE b 2| for z=x+1iy.

S
\'x.-\-i‘d — li’ -..-_l %-—i‘d '\'ll
l% x1 (H‘l>l = I 'K—'\'D\"iﬂ)
N I + Ct[ -'lj—‘ = J (k*'bj—'\‘ (- 27)}-
%c\/uo:dnﬂ)

( (J /;c - (y __l)")i(ﬂlf(/)/uly_-\- (- 5>§>¢
70 * C‘d'Dj = (e 3‘>LJ" \d)_

?g-\-{—i-fd*'%i =?Z+L""+%*{



14. For z = x+iy, solve the equation |52+4+z‘| > |55—3+2i‘.

pES
\S(Kﬁ\d) +4 +i, _ l 5(x-z‘ﬂ>_3*;\i(

S Syivlri| = | S Syi—3+2i]

ot wi(Syel)] = | 53+ (2-5)

[ 537 = [ (529« (-39

Sq/uaf inj :

(J(Sxm): (5 jﬂ):)/:_g ( ,5"x_5>z+ (1—53)1)%

(St (Sy+1) = (5%-3) +(2-5 y)
Q‘S/éi-lcsx)@)* 16+ 2%"-\. 2 (SY) U)-k’ll= 3\5'%"1(5"‘)(@
vq 442G+ AP

qox+loy 17 = —20%-20y+ \'S
Lox +]oy +17 +20%+ L0y -13 =0
10X x20Y+4 =0

30Y = -Tox—-4
K -—fox _ 4 -, xR
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¥  EXERCISE 1.5 _4
15. Determine the set of points z = x+ iy that satisty the equation

S

Since z =% +i‘d (i:x-izp

3 (x-iy) - Xxi| = [3Gerig)+i]

3:—2+1":l3:+1'.

3oc — DY _2xi] = | Boer Y i

-2 _\.iu—?)tl)l =\?>'>c+ i<1+35>}

ST D

Sq,uoxincd, 2/ /
(G C ) e (1)

(3= 4 (1-39) = (300 + (13y)

G- 23O (D + 4= 2N D+ = YA ROCY
Y

;é

—'llx.-G‘d +4 = 63

——11%—[—@: 19\27
o H
e & = N

1
a.:—x-\-—_g



16. I} zoxviy and wol=i2, ghoy kit luwl-t

Z—-1

= v 1S rec& .

Dince \w\ =l\

Lo+ (o) =gy~
5%\)«03““?]) , y —
<(\/ 2 (3—1)2-) }:- Q(’HEDL* G")L);




Mence



axe

17. ¥ =z, and =z, diffexent
wilk lZ,_I=1) find Z,-4, .

SO

a—

Z,— <) Z,_—'Z|l

'l -E, Za

1-2%]

M\»&UPQ»J y  divide bd | Z.\.

|Z.|

\ ,.l 11 "_Z-lz‘(

2| |z.-2l

Z,- 4, |

NI

\.22_ —i\zz.zz.

complex. numbers

_,21,

ey

L4 ZL

- |zl\z,l =2

zi=lzr

- 2\ +Z, =2|""2-2,






. R T .. T S
18. An AC source supplies a voltage of V' = lZO(COS—Jrzsm j volts to a circuit

L =
. 1403
with impedance Z =

ohms. Calculate the current in polar form.

s
As V=17
Vo o
{+id3 | L id3 . 2 _y (@sB+ising
Z = +D\ = + 3 Z < )

a4
_t = 4_S/ﬁ _ l
X2 = an Yy 3

6
W
/—-\/\
.
o7
L
|
N—
,l.
oo
A
S
7~
W
— A
{
?J.L‘
A
‘-‘



[ _ 135{(»3("%) +1 SN

[=1ao(

Cazs N _ 150

(%)
5
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¥V~ EXERCISE 1.5 _4

19. An AC circuit has an impedance of Z = 3 — 6i ohms and 1s connected to a voltage

& source of V=90 + 30i volts. Find the current in both rectangular and polar form.
>

’ V=I1Z

_V
— I-= =
T ﬂof'?)@i
-Gt
B 3(50-\-'\0i>

A(1-21)

I - 20+ ]o1 ;) 1+
1 -2 1+

- i
20+ Sol « 1o+ R0?

(1-28) (1+24)

cm—
qm——

_ dox(0i-3A0
=@

loxTot _ lotlot
- 1 +4 S

I _ 2+ 14 — Pectcmgu&ax %“Wm
To convext iplo P olax 1V-orm,

T_v (Q,,seusmB)



O =187
PonX 1E0Km:

-+ dgo=axleo

_xlo

T_ 1oV <cos 17 + i sin81-%7?



20. Encrypt the word "CODE" by multiplying the complex encryption key k=2 —i.
Then decrypt it back to the original word.

sg-

We staxt bd epre se_n_ﬁna ke letters in “MAT H“ Q
Co WLPQQD(.. mlxnbe.( W l-lk 2eX0 melca lnﬁx\d PG.Xt

| ety ﬁ:,:;ﬁe(t) 2z enwypted = zx Kk |z decrypted = 2z encrypted / [ eltex
M | 13vot |[(13+0i)(2-1)=26-13: (REBY/(5.) = 13+ot M
T | 20+0i |(Roro) (- =402l (Lio-203)/(3-) = w0t | T
H | 8xoi |(B+o)(2-1)=16-81 (’lé~gi>/(g_z> = 8+01 M
D\S-'\"Bi — '\3(27/7) - /‘3_,?05'
- 244
L'tO—}Di _ A0 <%’/l> _dOo+0l
- 2 2L



21. Consider the complex encryption key &£ = 3 — 3i. Encrypt the word "QUIZ", and

then recover the original word using the inverse of the key.

sg-

We staxt by rvepre senTlng o letters in “QUI VAN
Comeex, n»mbe.\’ wi'\k zeXY0 imqamdx\d pcu’t.

LQ.-\TQX ﬁ::;ﬁez:) 2 eno(aptec\ =2Zx K 2 dec{dp‘ted =2 eﬂc(tlp‘teci /K LQ.-“_QX
Q |17+0t |(7+0i)(3-3)=51-51i [O1-51)f 5= 1T <ol a
U |21+0i [(a1+01) (3-30=63-63](63-€3)/(33)= Al+0i | U
1 |Q+0i |@eo)(3-3)=27-272 | Q7-270)/(3-3) =9+0i | ]
Z | AS+01 @Sfoi)@%i)—_-‘(g-'{gi <78"7%i>/ (3-31) =28+0i| L

51-51i _ 17T (38) _17 40!
3-3i 3P

s3-631 _ 21 GPY _31z0i

-1

(33D




22.  Encrypt the word “CLASS” by adding the complex encryption key k=— 3 + 4.
Then decrypt it back to the original word.
Sgh

We stq.\"t bd xep \’ese,n'ﬁna ﬂ(e, Qeﬁers in " cL A S S\\ o
COYYLPQQX, YULYYL\DQX wﬂk 2eY0 i,mqaindxgd Pq_‘zt

Lefer | S | 2 enorgpted = z+x |z decrypted = 2 encrypted - K [|_efey
C 3roi [(3+ob)+ (Brud)= o+4 i |(oran)- (-3 +4i) = Broi
12x0i |(larod)+ (+b)=F +4i |(Fei) - (34D = {2r0i
1500 | (1+01)+ (3+4) = bt [ (Couk)~ (-3+b) =1 0t
Qoi [(Fro)+(ad=| €441 |(1g+ud)- (-3+4D) =19 +oi
19 +oi_|(19+00)+ (Bri)=lg +4i | s+4i)- (3 +bi) = 19 +oi

wn o>
AN O

ovhi— (-3+4i) = 0+4f+3-4 = D +oi




