DOGAR NOTES SERIES MATHEMATICS-11 (PECCTA) Unit # 04

Elementary Row Operations on a Matrix:
Usually, a given system of linear equations is reduced to a simple equivalent system by applying elementary
operations which are stated as below:
Q) Interchanging two equations.
(i) Multiplying an equation by a non-zero number
(iii)  Adding a multiple of one equation to another equation.
Corresponding to these three elementary operations, the following elementary row operations are applied to
matrices to obtain equivalent matrices:
Q) Interchanging two rows
(i) Multiplying a row by a non-zero number
(ili)  Adding a multiple of one row to another row
Notations that are used to represent row operations for (i) to (iii) are given below:
e Interchanging R, and R; is expressed as R «<>R;.

e ktimes R; isdenoted by kR, > R’ .
e Adding ktimes R; to R, isexpressed as R; +kR; = R/
Upper Trianqular Matrix:
A square matrix A= [aij] is called upper triangular if all elements below the principal diagonal are zero, that is,

a; =0foralli> j.
Lower Triangular Matrix:
A sguare matrix A= [aij} is said to be lower triangular if all elements above the principal diagonal are zero, that

is, a; =0forall i< j

Triangular Matrix:
A square matrix A is named as triangular whether it is upper triangular or lower triangular matrix. For example,
the matrices.

1 0 0O
1 2 3
3 200 . .
0 1 4|, are triangular matrices.
4 1 0
0 0 6
-1 2 31

Echelon and Reduced Echelon Forms of Matrix:

In any non-zero row of a matrix, the first non-zero entry is called the leading entry of that row.
Echelon Form of a Matrix

An mxn matrix A is called in (row) echelon form if:
0] The number of zeros before the leading entry is greater than the number zeros in the preceding row.
(i) Every non-zero row in A precedes every zero row (if any).
(ili) ~ The leading entry element in each row is 1.

01 -2 4 1 2 -3 4
Thematrices |0 0 1 2|and|{0 O 1 2| areinechelonform.
00 0 O 00 0 1

Reduced Echelon Form of a Matrix:
An mxn matrix A is said to be in reduced (row) echelon form if the first non-zero entry (or leading entry) in R,

lies in Cj , then all other entries of Cj are zero.
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010 4
0 1 2 1200
The matrices 000 2 and|0 0 1 O] arein (row) reduced echelon form.
0001
0000

Inverse of a Matrix:
Let A be a non-singular matrix. If the application of elementary row operations on A:l in succession reduces A

to |, then the resulting matrix is 1: A™.
Rank of Matrix:

Let A be a non-zero matrix, if r is the number of non-zero rows when it is reduced to the reduced echelon form,
then r is called the (row) rank of the matrix A.

System of Non-Homogeneous Linear Equation:
Three linear equations in three variables such as:

ax+by+cz=k

a,x+b,y+c,z=k, (i)

ax+hby+c,z=Kk,

is called a system of non-homogeneous linear equations in the three variables x,y and z. If constant terms k,k,
and k, are not all zero.

Consistent: A system of linear equations is said to be consistent if the system has a unique solution or it has
infinitely many solutions.

Inconsistent:
A system of linear equations is said to be inconsistent if the system has no solution.
Now we will solve the system of non-homogeneous linear equations with the help of the following methods.
Q) Using reduced echelon form
(i) Using matrix inversion method
(ili)  Using Cramer’s rule
System of Homogeneous Linear Equation:
The system of following homogeneous linear equations:
aX +a,X, +a,% =0
A X +8pX, + 8% =0 ()
%, + 8%, + 855X =0
is always satisfied by x, =0,x, =0 and x, =0, so such a system is always consistent.

Trivial solution: The solution (0,0,0) of the above homogeneous system is called the trivial solution.

Non-Trivial solution: Any other solution of system (i) other than the trivial solution is called a non-trivial
solution.
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EXERCISE 4.3
1. Find the inverse of the following matrices by using row operations.
2 6 -3
(i) 0 -2 0
-2 5 6
Solution:
2 6 -3
Let A= 0 -2 0
-2 5 6
2 6 -3
|A|= 0 -2 0
-2 5 6

=2(-12-0)-6(0-0)-3(0-4)

=-24-0+12=-12+0

As |A|#0, so A is non-singular matrix.

Appending |, on the right of the matrix A, we have
2 6 -3:100

RIO -2 0 010
-2 5 6 : 001
1 :

By ERl—>R1, we get
1 3 3 : 1 00

2 2

RIO -2 0 0 1
-2 5 6 0 01

By R, +2R, — R;, we get
1 3 3 : 1 00

2 2

RIO -2 0 0 10

0 11 3 1 1

By —%RZ — R;, we get,
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13 -3

1y

2 2
RI0O 1 0:0—1
~ 2
0 11 3 0 1

0

MATHEMATICS-11 (PECCTA) Unit # 04

By R —3R, >R/ and R, -11R, — R}, we get

10 -2.1 3
2 2 2
RIO1 O 0—1
2
0 0 3 1E
i 2
1 :
By =R, > R;, we get
10 2.1 3
2 2 2
RI0O1 O O—1
- 2
0 0 1 11—1
L 3 6
3 :
By R1+ER3—>R1, we get
100:1El
4 2
1
RI0O 1 0 0 = 0
2
0ol Ul
i 3 6 3
1

Thus, the inverse of A is| 0

Prof: MUHAMMAD IRFAN

0

MATHEMATICS INSTRUCTOR/

(F.Sc./1.Cs./ O/A-Level / Entry Test Expert

o N

Wl

BE® Visit us at: MathCity.org

@ https://www.youtube.com/@mirfandoga
© nhttps://mwww.facebook.com/mirfandogar7
) 0300-1920009




DOGAR NOTES SERIES MATHEMATICS-11 (PECCTA) Unit # 04

1 2 -
(i) 0 -2 8
1 0 2
Solution:
1 2 -
LetA=|0 -2 8
1 0 2

Inverse of A by Row operations Appending I,on the right of matrix A
1 2 -1:100
0 -2 8 : 010
1 0 2 :001
By R,-R, — Rs’,(—%j R, >R,
1 2 -1:1 0 O
RIO 1 -4 : 0 —-= 0
0O 2 3 :-1 0 1

By R, +2R, >R,
12 -1:1 00

1 -4 : 0 —1 0
2
5 : -1 -1 1

R|O
00
By (-%) R, >R,

12 -1:1 0 0

RIO 1 -4 : O 1 0
2

00 1 1 1
L 5 5 J
By R, +4R, >R,

12 -1:1 0 O
RIO 1 O 4 3 4
- 5 10 5

001+ 1 1
L 5 5 5]
By R +R, >R/
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120:2 1 1
5 5 5
Rlo 10 : 2 3 4
- 5 10 5
0ol 1L
L 5 5 5]
By R -2R, >R/
100:-2 21
5 5 5
RIO 1 0 4 3 4
- 5 10 5
0o01: + 1 1
L 5 5 i
Hence
2 2 7
5 5 5
aio| 4 3 4
5 10 5
1 1 1
|5 5 5]
1 6 2
(iii) 2 13 0
0 -1 1
Solution:
1 6 2
Let A=12 13 0
0 -1 1
Inverse of A by Row operations Appending I,on the right of matrix A
1 6 2 100
2 13 0: 010
0 -1 1 0 01
R,-2R, —R)
16 2 : 1 00
RIO 1 -4 : 210

0 -1 1 : 0 01

By R,+R, >R,

16 2 : 10
01 -4 : =21
00 -3:-211

0
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16 2 :1 0 O

By(—ljR3—>R3'l3 01 -4:-2 1 0
3
001 : 2 1.1
3 3 3
By R, +4R, >R,
16 2 1 0 O
RI0O 1 0 211
- 3 3
001:2 1.1
L 3 3 3]
By R -2R, >R/
16 0 12z
3 3 3
RI0O 1 0 2 1 4
- 3 3 3
001 2 1.1
L 3 3 3]
ByR -6R, >R/
Loo. B 8
3 3 3
Ro10: 2 1.2
- 3 3 3
0 01 2 11
i 3 3 3]
Hence
13 8 2]
3 3 3
ato| 201 4
3 3 3
2 11
| 3 3 3]
2. Find the rank of the following matrices:
1 -13 1
() -2 6 1 -1
3 14 2
Solution:

We reduce it into echelon form by using row operation
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1 -13 1
-2 -6 1 -1
3 1 4 2

!

ByR,+2R —R,,R,—3R >R,

1 -1 3 1
RIO -8 7 1
0 4 5 -5

!

1
By (—gj R, >R,

1 -1 3 1
Rlo 1 £ 1
- 8 8

0 4 -5 -5

By R,—4R, >R,

1 -1 1
Rlo 1 L 1
~ 8 8

0o o -3 3

i 2 2]
By( E)R3—>R3'
3

1 -1 3 1
RI0O 1 r 1
~ 8 8

0 0 1 3

Which is in echelon form.

Numbers of non-zero rows =3
i.e Rank =3

(i)

Solution:
We reduce it into echelon form by using row operations.

1 -2 3
2 -4 6
-1 0 2
0 1 -1
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By R,-2R, »R,,R,+R >R,

(1 -2 3]
I % Ylayr oR
rd
~ 0 _2 5 y 2 4
0 1 -1
By R,+2R, >R,
1 -2 3]
0 1 -1
R
10 =2 5
0 0 0]
1 :
ByER3—>R3
1 -2 3
0 1 -1
R
10 0 3
0 0 O

Which is in echelon form.
Numbers of non-zero rows =3
Rank of given matrix is 3

3 -1 3 0 1
(i) 1 2 -1 -3 -2
2 3 4 2 1
2 5 2 3 3
Solution:
3 -1 3 0 1
1 2 -1 -3 =2
2 3 4 2 1
2 5 -2 -3 3
1 2 -1 -3 =2
g2 13 0 By R <R
12 3 4 2 2
2 5 -2 -3
R,-3R =R}
By R,—2R, - R;
R,—2R, —>R;
(1 2 -1 -3 -2
. 0 -7 6 9 7
“I0 -1 6 8 5
01 0 3 7]
(1 2 -1 -3 -2
RO 1 087 By R, &R
“lo -1 6 8 2 !
0 -7 6 9 7|
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R,+R, = R;
Y R,+7R, >R,
1 2 -1 -3 -2]
0 3 7
6 11 12
6 30 56
-1 3 -2

0

1
R 11 By 5 R,

R
~0011—12
6
0 0 0 19 44
1 2 -1 -3 =2
01 0 3 7
11 1
R 2 By —R
~00162 y194
0001ﬂ
19

Which is in echelon form.
Numbers of non-zero rows =4
Rank of given matrix is 4

3. Solve the following system of linear equations by Cramer’s Rule:
2X+y-z=1

Q) X—y+2z=3
3X+2y+z=4

Solution:

The given system of linear equations can be written in matrix form
2 1 1) x 1

1 -1 2|lyl=|3
3 2 1)z| |4

Let
2 1 -1 X 1
A=[1 -1 2|, X=|y|,B=|3
3 2 1 z 4
2 1 -
Here [A=]1 -1 2
3 2

= 2(-1-4)-1(1-6)+(-1)(2+3)

=2(-5)-1(-5)-(5)

|Al=-10+5-5=-10%0
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Since |A| =0 so solution is possible
Now by Cramer’s rule

1 1 -1
3 -1 2
L4 2 4 1(-1-4)-1(3-8)-1(6+4) _-5+5-10 -10 _,
|A| -10 -10 -10
2 1 -
13 2
34 1 2(3-8)-1(1-6)-1(4-9) _2(—5)+5+5_—10+10_0
TN -10 YT T
2 1
1 -13
,_13 2 4 _2(-4-6)-1(4-9)+1(2+3) -20+5+5_-10 _,
|Al -10 -10 -10
x=1y=0,z=1

Hence solution set is {(1,0,1)} .
X, +2X, —3%, =0

(i) A% — X, + %X, =5
—2X, +3X, +2X; =3

Solution:
The given system of linear equations can be written in matrix form

1 2 =3][x] [o
4 -1 1|y|=|5

Let
1 2 -3 X 0
A= 4 -1 1, X=|y,|,B=|5
2 3 2| |z 3
1 2 -3
Here |A|=| 4 -1
-2 3 2

=1(-2-3)-2(8+2)-3(12-2)

|A=-5-20-30=-55%0

Since |A| = 0o solution is possible.

Now by Cramer rule

0 2 -3

5 -1

3 3 2 0-2(10-3)-3(15+3)
Al 55

_-14-54 68 68

~ 55 55 55

X1:
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1 0 -3

4 5 1]

-2 3 2]_1(10-3)-0-3(12+10) _7-66_-59 59
A -55 2 55 -B5 55

1 2 0

4 -1 5

2 3 3 _1(-3-15)-2(12+10)+0 _-18-44 62 62
|A 55 ® 55 55 55

68 59 62

:_lx :_1X =—-
% =557 T55"% T 5

. . 68 59 62
Hence solution set is | —,—,—
55 55 55

2X, — X, +X; =1
(iii) X, +2X, +2X, =2
X, —2X, =%, =1
Solution:
The given system of linear equations can be written in matrix form
2 -1 1}x 1

1 2 2|yl=|2
1 -2 -1}z 1
2 -1 1 X 1
Let A=|1 2 2|, X=|y|,B=|2
1 -2 -1 z 1
2 -1 1
Here|A|=]1 2 2
1 -2 -1
=2(-2+4)+1(-1-2)+1(-2-2)
|A|=4—3—4=—3¢0
Since |A|=0 So Solution is possible. Now by Cramer’s rule

1 -1
2 2 2
-2 -
A
1(-2+4)+1(-2-2)+1(-4-2)
N -3
2-4-6_ -8 8
o
1
2
« = - :—8+3—1=—_6=2
? Al 3 -3
2(-2-2)-1(-1-2)+1(1-2)
- -3
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2 -1 1
1 22
_11 -2 4 2(2+4)+1(1-2)+1(-2-2) « = 12-1-4 7 7
A -3 3 3 3
xlzg,x2 =2,X%, =?7
Hence solution set is {ﬁ 2_—7j}
3 3
4. Solve the following system of linear equations by matrix inversion method:
X=2y+z=-1
(1 X+y-2z=4
y-z=1

Solution:
The matrix form of the given system of linear equations is:
1 -2 1]|x -1
3 1 2| y|=|4
0 1 -1}z 1

1 -2 1 X -1
Let A=|3 1 -2, X=|y|,B=| 4
0 1 -1 A 1
AX =B
X =A"'B ...(>i)
1 2 1
A=[3 1 -2
0 1 -1

=1(-1+2)+2(-3-0)+1(3-0)
|Al=1(1)-6+3=-2%0

Since |A| = 0o inverse of A is possible and given by A™ = a|dTJ|A
Ar A A

Now ade: A21 Azz Az3
Ay Ay Ay

) 3 -2 13 1 ]
1 -1 0 -1 o 1

2 o1 poa 1 -2
|11 -1 o -1 0 1

r t

(-1+2) —(-3) 3
- -(2-1) (1

(4-1) —(-2-3) (1+6)
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t

1 3 3] [1 -13
=|-1 -1 -1/ =3 -1 5
3 5 7| |3 -17

_ 1 -1 3
G 8A_ s s
|A| 2 3 -1 7
Put the values of A™ and B in (i) we get
1 -1 3| -1
X-AB=-1[3 1 5[4
3 -1 71
~1-4+3 2]
Y [
-3-4+7 2 0 |

X 1
yi=[1
z 0
x=1y=1z=0
Hence solution set is {(1,1,0)} .
2% + X, +3%, =3
(i) X, +3X, —2%, =0
—3% — X, +2X;, =4
Solution:

The matrix form of the given system of linear equations is:

2 1 3|[x] [3
1 3 -2x|=|0
-3 -1 2|[x| |4

2 1 3 X, 3
Let A=| 1 3 -2|,X=|x,[,B=|0
3 -1 2 X, 4
AX =B
X = A?B ...(J)
2 1 3
A= 1 3 -2
-3 -1 2

=2(6—2)—1(2—6)+3(—1+9)
=8+4+24=36-0

Since |A| = 0 So inverse of A is possible and given by A™ =

t

A A, A

ade = Azl Azz A23

A Ay Ag
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3 2 |1 -2 |1 3]
o T B (6-2) —(2-6) (-1+9)]
aias| " Y120 M adias|(2+3)  (4+9) (2+3)
13 2 3 2 1 (2-9) ~(-4-3) (6-1)
4 4 87
adjA=| -5 13 -1
-1 7 5
(4 5 -11
adjA=|4 13 7
8 -1 5
] 4 -5 -11
a_2dA_1), 13 7
|Al 36 s 1 &
Put the values of A™and B in equation (i)
X 4 -5 -11][3
y L4 13 70
36
z 8 -1 5|4
12-0-44 [-32
:i 12+0+28 :i 40
24-0+20 36_44

| 32] [ 8
36 9
_| 40 |_j10
36 9
M| L
136 | |9 |
8 10 11
:——,y:—,Z:—
9 9 9
Hence solution set is (—g,g,l—lj .
9 9 9
X+y=2
(iii) 2x—z=1
2y—-3z=-1

Solution:
The matrix form of the given system of linear equations is:

1 1 0yx| |2

2 0 -1|ly|=|1
0 2 -3z -1
11 0 X 2
Let A=|2 0 -1|,X=|y|,B=|1
0 2 -3 z -1
AX =B
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X =A"B...(J)
11 0
|A=2 0 -1/=1(0+2)-1(-6-0)+0
0 2 -3
|A=2+6=8%0
Since |A| = 0o inverse of A is possible and given by A™ = a|dTJ|A
A A, AT
ade: A21 Azz A23
An Ay Ay
o -1y |2 -1 |2 o
‘2 —3‘ _‘o —3‘ ‘o 2‘
. ‘1 o‘ ‘1 o‘ ‘1 1‘
adjA=| - -
2 -3 [0 -3 0 2
10 1 0] 11
IR
(0+2) —(-6+0) (4-0)]
adjA=|—(-3-0) (-3-0) —(2-0)
(-1-0) —(-1-0) (0-2)
(2 6 47
adjA=| 3 -3 -2
-1 1 -2
2 3 -1
adjA=|6 -3 1
4 -2 -2
_ 2 3 -1
ar-BdA g g
A8
4 -2 -2

Put the values of A™and B in equation (i)
X . 2 3 -1 2
y =§ 6 -3 1 1
z 4 -2 2|1

4+3+1 8 1
:1 12-3-1 :1 8|=|1
8 8
8-2+2 8] |1
x=ly=1z=1

Hence solution set is {(1,1,1)} )
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5. Solve the following system by reducing their augmented matrices to the echelon form and the reduced

echelon form:

X, +2X, —2%, =-1
(i) 2% +3X%, + X, =1

SX, +4X, —3%, =1

Solution:

The augmented matrix of the given system is:

(1 2
2 3
5 4

1 2
2 3
15 4

-2
1
-3

-2
1
-3

-1
1
1

-1
1
1

By R,-2R, »R,,R,—-5R, - R,

(1
0
0

0

1
R| 0
0

2
-1
—6

2
-1
0

-2
)
7

-2
5
-23

By R,-6R, >R,

-1
3
6

-1
3
-12

We reduced the above matrix to echelon and reduced echelon form by applying elementry row operations, that is:

1
By[—g) R, >R,

!

1 2 -2 : -1
RIO -1 5 : 3

0 0 1: 2
By (-1)R, >R,

1 2 -2 : -1
0 1 -5 : =3|....... )

0

00 1. —
By R, +5R, >R,

12 -2 : -1

RO 1 0:—i
- 23

0 0 1 12
23 ]

By R +2R, >R/
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120 £l
23
Rlo 10 -2
- 23
00 1 12
L 23
By R —2R, >R/
100 19
23
Rlo 10 : -2 (I1)
R o
00 1 12

(1) is in echelon form thé equivalent system is
X +2X, —2X%, =—-1...... (1)
X, —5%, =—3....(ii)

From equation (ii)

X, — 5{%) =-3

60 -69-+60 9
=>X=-"3+—=—-—"7=—"7

23 23 23
Form equation (i)

9 12
2/ —= |-2[ £ |=1
042552 )

18 24 -23+18+24 19
=>x=-1l+—+—= =

Solution:
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23 23 23 23
_19 X ——iandx _12
. 23" 237 7 23 _ _
(1) is in reduced echelon form the equivalent system in row reduced echelon form:
_1 X ——iandx _1z
T3 T3N3
Hence solution set is Q,_E’E .
23 23 23
X+2y+2=2
2X+y+2z=3
2X+3y—z=7
The augmented matrix of the given system is:
12 1: 2
21 2 :3
2 3 -1 :7

We reduced the above matrix to echelon and reduced echelon form by applying elementary row operations that is:
ByR, 2R, —>R;,'\R,~2R, >R/
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1 2 1. 2
RIO -3 0 : -1
0 -1 3 : 3
12 12
RIO 1 0 : 1 (—lij—)Rz'
- 3 3
0 -1 -3:3
12 1 2
RIO1 0 % ByR,+R, >R,
0 0 -3 E
L 3]
121 2
RIO 1 0 %By(—lj&—m; )
00 1: 0
9
12 0 : 28
9
1 '
R[O 1 0 : 3 ByR -R, >R/
0 0 1 —10
L 9 |
100 2
9
RIO 1 0 %ByR1—2R2—>R1'...(||)
00 1: 0
9
()] is in echelon form the equivalent system is:
X+2y+z2=2....(1)
1 .
D 11
y=3 (i)
10
I=——....... 11
9 (iii)

From equation (i)
X+ Z(EJ _10 =2
3) 9

2 10 18-6+10 22

X=2——+—="—"
3 9 9 9
22 1 10
X=—,y==andz=—-—
9 3 9
(m is in reduced echelon form the equivalent system in row reduced echelon form:
22 1 10
X=—,y=-andz=——
9 9
Hence solution set is (gl—_loj .
93 9
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X +4X, +X; =2
(iii) 2% + X, — 2%, =9

33X + X, — X, =12
Solution:
The augmented matrix of the given system is:
14 1: 2
21 -2 : 9
31 -1 : 12
We reduced the above matrix to echelon and reduced echelon form by applying element row operations that is:
1 4 1 : 2 R _2 R’
-2R -
R0 -7 -4 : 5|By °* R :
0 -11 -4 : 6] RR-R
(1 4 1 : 2
RI0 -7 -4 : 5|ByR,—-R, >R/
0 4 0 : 1
21 (-)R,—>R,
RIO 7 4 : -5By/ 1 ,
1 (——jRS—>R3
010 : -= 4
L 4]
(1 4 1 2]
1
RIO 1 0 : 2 ByR, & R,
_O 7 4 —5_
14 1 2
RIO 1 0 : —% ByR,—-7R, >R,
004 ;-8
L 4 |
14 1 2
1 1 ,
RIO 1 0 -7 By (Zsz—mg Q)]
—
16
140 ﬁ
16
1 /
R[O 1 0 : -7 [BYR-R >R
0 0 1 —E
L 16
100 o
16
RIO 1 0 : —% ByR,-4R, > R/....(II)
00 1: -3
16
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(1

(1

(i)

is in echelon form the equivalent system is:
X +4X, + X%, =2.....(1)

1 .
X, = 1 .....(11)

X3
16
From equation (i)

ey

13 32+16+13 61
=>x=2+l+—=—""=—
16 16 16

_o X ——landx _.B
TN 16

MATHEMATICS-11 (PECCTA) Unit # 04

is in reduced echelon form the equivalent system in row reduced echelon form:

—6—1 X ——l and x ——E
% Ry 16

Hence solution set is 6—1,—3,—9 )
16" 4 16

Solve the following systems of homogenous linear equations by using Gaussian elimination method:

X+4y—-2z=0
2X+y+5z=0
5x+2y+8z=0

Solution:

1 4 -2 :0
Let A=2 1 5 : 0
52 8 :0
ByR2—2R1—>R2'
R,-5R — R,
1 4 -2 :0
A=0 -7 9 :0
0 -18 18 : 0

1 :
By (_E) R, >R,

1 4 -2 :0
=0 -7 9 : 0
01 -1:0
BYyR, <> R,

1 4 =2 :0
=0 1 -1 :0
0 -7 9 :0

ByR,+7R, >R,
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14 -2 :0
=01 -1 :0

00 2 :0
By (lj R, —> Rg'

2

1 4 -2 :0
=01 -1 :0

00 1 :0

Which is the required echelon form. So rank of A= rank of A then solution must be exist therefore:
X+4y—2z2=0....(1)
y—z=0....(i)
z=0....(iii)
Form equation (i)
x+4(0)-2(0)=0=x=0
Form equation (ii)
y-0=0=y=0
x=0,y=0,z=0
Hence solution set is {(0,0,0)}.
X, +4X, +2%,=0
(i) 2% +X%,—3%;=0
3%, +2X, —4x, =0
Solution:
14 2 :0
Let A=/2 1 3 :0
32 4:0
R,—2R, - R,
R,—3R —>R,
1 4 2 0

By

ByR,-R, >R,
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1 4 2 :0
=01 1:0
0 00 :0

Which is required echelon form. So rank of A=rank of A is less than number of variables, so we have infinite
many solution of given system.
X, +4X, +2%,=0.....()
X, + %, =0....(i1)
Choose x, =t is any arbitrary constant so that:
From equation (ii) X, +t=0=Xx, =—t
From equation (i)
X +4(-t)+2t=0
X —4+2t=0=x =2t
X =2t,X, =—t,X; =t
For any value of t.
Hence solution set is {(2t,—t,t)} .
X +2X,—X; =0
(iii) X, —X, +5%, =0
2X + X, +4%,=0

Solution:
1 2 -1:0
Let A=|1 -1 5 : 0
2 1 4 :0
ByR,-R =R,
R,—2R —R,
1 2 41
A =0 -3 6
0 -3 6
ByR,-R, >R,
1 2 -1:0
A=/0 -3 6 :0
0 0 0 :0

Which is required echelon form. So rank of A= rank of A, is less than number of variables. So we have infinite
many solution of given system.

X +2%X, =%, =0...(1)

—3X, +6%, =0 ....(ii)

Choose x, =t is any arbitrary constant so that:

From equation (ii)

—3X, +6t =0-3x, =—6t=Xx, =2t

From equation(i)

X +2(2t)-t=0=x +4t—-t=0=>x =-3t x, =-3t,x, =2t,x, =t
For any value of t.

Hence solution set is {(-3t,2t,t)} .
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A triangle has vertices at A(4,1),B(-2,5) and C(0,-3). Find the vertices of the reflected triangle over the
y —axis using a transformation matrix.
Solution:

7.

8.

Given vertices of the triangle are:
A(4,1),B(-2,5)and (0,-3)

MATHEMATICS-11 (PECCTA)

Unit # 04

Here to reflect the given point over the y —axis is we use the transformation matrix{_O J

4 -2 0
We write the point as column matrices A= L} B ={ 5 },C :[ 3}

The vertex A’ of the reflected image

T

The vertex B’ of the reflected image

[ e

The vertex C' of the reflected image

a ey Pl B

Thus the vertices of the reflected triangle are

A'(-4,1),B'(2,5)and C'(0,-3)

Solution:

-5 0
The point A is mapped to (30,20,-5) by the scaling matrix P=| 0

0

0
-5 0
0 -5

. Find the coordinates of A.

X

Let the coordinates of point A be (x, Y, z). We can write this as a column matrix: A=|y

z
30

The transformed point A" with coordinate (30,20,-5) can be written as a column matrix: A'=| 20

Since Ais mapped to A’ by scaling matrix P, then PA= A’

5 0 0][x 30

0 -5 0|y|=|20

|0 0 -5)z] |-5
[—5x+0+0 30 -5x 30
0-5y+0 |=]|20 |=| -5y |=|20
| 0+0-5z -5 -5z -5
—5x=30;-5y=20;,-5z=-5
X=—6;y=—4;z=1

Hence the coordinates of point

A is (-6,-4,1).
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9. Find the equation of the image of the curve with equation y = x* under the transformation with associated
112
matrix .
3 4
Solution:

Equation y = x?
. . 1 2
Associated matrix =
3 4

Let original coordinates are (X, y)and new coordinates are (X,Y).
By transformation
X=X+2y...... (i)
Y =3x+4y...... (i1)
Multiply equation (i) by 3 on both sides
3X =3x+6Y ....(ii)
By subtracting equation (ii) and (iii)
3X —Y =3x+6y—(3x+4y)
3X -Y =3x+6y—-3x—4y
3X =Y =2y
_3X-Y

As y=x?, then

3X2—Y e

3X -Y =2x

Image of the curve y=x* is
_3X-Y

=

(No Answer in Book)

1 0 1
10. Use the matrix A={2 -1 1| toencode the message: KEEP IT UP, where letter A to Z are corresponding
0 1 2

to the numbers 1 to 26.
Solution:
As we know that

ABCDEFGH1JK

I
8 910 1

NOPQRSTUVW

14 15 16 17 18 19 20 21 22 23 24 25 2

1 0 1
Let A=|2 -1 1
0 1 2

Message: KEEP IT UP

K=11LE =5,P=16,1 =9,T =20,U = 21Making group each of length 3
(KEE),(PIT),(UP)

Uncoded matrix are

M

12 1

o
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11 16 21

51,19 |and |16

5 20 0
Encoding matrix | Uncoded matrix | Coded matrix
1 0 1] [11] [16]

2 -1 1 22

10 1 2] 5] 15 |

[1 0 1] [16] [36]  Coded matrix are
2 -11 9 43

10 1 2] 120 119 |

1 0 1] [21] [21]

2 -1 1 16 26

0 1 2] 1 0] 16 |

16 36 21
22|, |43], |26
15 19 16
111 25]| 22

11
11. Decode the message | 20 || 10 || 14 | that was encode using matrix A=|1 0
43| 41| 41 2 1

are corresponding to the letter A to Z, and 27 is representing space or “-”

Solution:
The encoded message is given three column matrices:

11|25 22

20(,/10 | and |14

43141 41

To decode, we need to find the inverse of matrix A.
11 -

Here, |Al=[1 0

1

-1

1 |, where the numbers 1 to 26
1

1 1
2 1
~1(0-1)-1(1-2)-1(1-0) =—1+1-1
=-1+0
Since |A| =0, so inverse of matrix A is possible and given by A™ = —ji{r‘

t

A A, A
ade: Azl Azz A23
A Ay Ag

. 1 - 1 - 11
adjA=| - -
1 1| |2 1 2 1
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(0-1) -(1-2) (1-0)]
= -(1+1) (1+2) -(1-2)
(1—0) —(1+1) (0—1)

192 1
adjA=| 1 3 -2
1 1 -1
i 2 1
So, AT=3UM_1 4 3 )
A
1 -1 1

Now we multiply each encoded matrix by A™
(1 2 -1][11] [ 11+40-437] [8

-1 -3 2/20|=|-11-60+86|=|15

-1 -1 1/ 43] |-11-20+43] |12

8 corresponds to H, 15 corresponds to O, 12 corresponds to L.
1 2 -1][25] [25+20-41] [ 4]
-1 -3 2|10 |=|-25-30+82|=|27
-1 -1 1|41] |-25-10+41| |6

4 corresponds to D, 27 corresponds to A, 6 corresponds to F.
(1 2 -1][22] [ 22+28-41] [9]
-1 -3 2|[14|=|-22-42+82|=|18
-1 -1 1| 41| |-22-14+41] |5 |
9 corresponds to I, 18 corresponds to R and 5 corresponds to E.
Hence required decoded message is

HOLD A FIRE.

(Wrong Answer in Book)
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