DOGAR NOTES SERIES MATHEMATICS-11 (PECCTA) Unit # 04

Unit # 04, Matrices and Determinants

Matrix:

A rectangular array of numbers enclosed by a pair of bracket is called a matrix such as:

2 3 0

2 -1 3 1 -1 4
or

-5 4 7 3 2 6

4 1 -1

The numbers used in rows or columns are said to be the entries or elements of the matrix.

Generally bracketed rectangular array of m.n elements a; (1,2,3,..., m;j=12,3,..., n) arranged in m rows and n columns

8 8, a3 ... &,

aZl a22 a23 T aZn

such as: is calledanmbynor (Written asmxn matrix) . The matrices are usually represented by

aml amZ am3 amn
the capital letters such as A,B,C,X,Y etc., and small letters such as a,b,c,I,m,n or a,,4a,,a;,,.., etc., are used to
indicate the entries of the matrices.

Row Matrix or Row Vector:

A matrix, which has only one row, i.e, a 1xn matrix of the form [ail a, Qg .. ain] is said to be a row matrix or row

vector. For example [1 -1 3 4] is a row matrix having 4 columns.

Column Matrix or Column Vector:

A matrix which has only one columni.e., an mx1matrix of the form | a;; | is said to be a column matrix or a column vector.

2
For example | —1| is a column matrix having 3 rows.
3

Rectangular Matrix:

If m=n, then the matrix is called a rectangular matrix of order mx n, that is, the matrix in which number of rows is not equal
to the number of columns, is said to be a rectangular matrix.

2

10 } is rectangular matrix of order 2x 3.

For example; {

Square Matrix:

If m=n, then the matrix of the order mxn is said to be a square matrix of order n or m. i.e., the matrix which has same

2 5
number of rows and columns is called a square matrix. For example: { 1 6} is a square matrix of order 2.
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DOGAR NOTES SERIES MATHEMATICS-11 (PECCTA) Unit # 04
Diagonal Matrix:

Let A= [aij:l be a square matrix of order n. If a; =0 Vi= j and at least one g; #0 for i = j, that is, some elements of
the principal diagonal of A may be zero but not all, then the matrix A is called a diagonal matrix.

0 00O
) 1 00 ) .
The matrices [7], are diagonal matrices.
0020
0 0 0 4
Scalar Matrix:
Let A= [aij] be a square matrix of order n.If a; =0 Vi = j and a; =k (some non-zero scalar) for all i = j, then the matrix

is called a scalar matrix of order n. For examples

ol

Unit Matrix or Identity Matrix:

are scalar matrices of order 2 and 4.

o O w o
o w O o
w O O o

O O O Ww

Let A= [aij] be a square matrix of order n.If a; =0 forall i# j and a; =1 forall i= j, then the matrix Ais called a unit
matrix or identity matrix of order n. We denote such matrix by | orsimply | . For example The identity matrix of order is 3 is
1 00
denoted by I, thatis, I,=/0 1 0].
0 01

Null Matrix or Zero Matrix:

A square or rectangular matrix whose each element is zero, is called a null or zero matrix. An mxn matrix with all its
elements equal to zero is denoted byO, . Null matrices may be of any order. Here are some examples:

0

(0],[0 0 0],{8 8} 0

0

Equal Matrices:

Two matrices of the same order are said to be equal if their corresponding entries are equal e.g.
Azl:aij]mxn and B :':bij:lmxn are equali.e.,, A=Biff a; =b, for i=123,...,m,j=123,...,n.

Transpose of a matrix:

If A is a matrix of order mxn then an Nxm matrix obtained by interchanging the rows and columns of A, is called the
transpose of A. it is denoted by A'. Let A= [aij ]m o then the transpose of A is defined as:

ij

A' =[a' ]nxm where @ =a; for i=12,3,..,nand j=123,..,m

B8 Visit us at: MathCity.org

&3 https://www.youtube.com/@mirfandogar
€) https://www.facebook.com/mirfandogar786
= 0300-1920009

Prof: MUHAMMAD IRFAN DOGAR
MATHEMATICS INSTRUCTOR / TRAINER
(F.Sc./1.Cs. / O/A-Level / Entry Test Expert )




DOGAR NOTES SERIES MATHEMATICS-11 (PECCTA) Unit # 04
b, b, by by,

=|b, b, by b, |, then
b31 b32 b33 b34

For example, if B= [bij]

3x4

B'=[bj |, where bj =b; for i=12,34 and j=123 ie,

bl/l b1,2 b1'3 bll b21 b31
o |Bi Bh b | (b, by Dy
by by, By | by by by

bé;l bé;Z b4’>3 b14 b24 b34

Properties of Matrix Addition, Scalar Multiplication and Matrix Multiplication:

If A,B and C are conformable for the indicated sum or product of matrices and cand d are scalars, then following
properties are true:

Commutative property w.r.t. addition:. A+B=B+A
Associative property w.r.t addition: (A+B)+C=A+(B+C)

Associative property of scalar multiplication: (cd) A=c(dA).

Existence of additive identity: A+O =0+ A=A (O is null matrix and A is a square matrix)
Existence of multiplicative identity: 1A= Al = A (1 is unit/identity matrix)
Distributive property w.r.t scalar multiplication:

(a) c(A+B)=cA+cB (b) (c+d)A=cA+dA
Associative property w.r.t multiplication: A(BC)=(AB)C
8. Left distributive property: A(B+C)=AB+AC

9. Right distributive property: (A+B)C =AC +BC

10. c(AB)=(cA)B=A(cB).

Uk w DR

~

EXERCISE 4.1

1. If A= [aij ]M , then show that
i) LA=A i) Al, =A
Solution:

We have A= [aij]

3x4

8, 4, a; a,
A=lay 8y 8 ay
85 8y 85 Ay
1000
100
0100
Also we knowthat I;,=/0 1 O|and I, =
0 010
0 01
0 001
(i) LA=A
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Consider L.H.S= |,A

10 0fa, a, a; a,
=0 1 0 Ay 8y Ay Ay
0 0 1jlay a, ay a,

[1xa, +0xa, +0xa, 1xa,+0xa, +0xa, 1xa,+0xa,,+0xa, 1xa,+0xa, +0xa,
=|0xa, +1xa, +0xa, Oxa,+1xa,+0xa, Oxa,+1lxay,+0xa, Oxa,+1lxa, +0xa,
|Oxa,; +0xa, +1xa; Oxa,+0xa,+1xa;, Oxa,+0xa,+1xa; Oxa,+0xa,+1lxa,
[a,+0+0 a,+0+0 a,+0+0 a,+0+0
=|0+a,+0 O+a,+0 O+a,+0 O0+a,+0
|10+0+a; 0+0+a;,, 0+0+a,; O0+0+a,

a, &, a; a,
=la, &, a,; a,|=A=RHS
[ 8 8y 8y

L.HS=R.H.S, Hence I,A=A

(ii) Al,=A
LH.S=Al,

1 000

a; &, a3 ay 0100

=@y 8y Ay Ay 00 10

8y Ay Gy 8y 000 1

a, x1+a,x0+a,x0+a,x0 a,x0+a,x1l+a,;x0+a,x0a,x0+a,x0+a,x1+a,x0 a,x0+a,x0+a,x0+a,x1
=|a, x1+a,,x0+a,x0+a,,x0 a, x0+a,x1+a,x0+a, x0a,x0+a,, x0+a,x1+a, x0 a,x0+a,x0+a,x0+a,x1
ay x1+a, x0+a,x0+a,x0 a,;x0+a;,x1+a,x0+a,x0a, x0+a,, x0+a,x1+a, x0 a8, x0+a, x0+a,x0+a,x1

a,+0+0+0 O+a,+0+0 0+0+a,+0 0+0+0+a, a; &, a; a,
a,,+0+0+0 0+a,,+0+0 0+0+a,+0 0+0+0+a, |=|a, a, a8, a,|=A=RHS
a8, +0+0+0 O0+a,+0+0 0+0+a,,+0 0+0+0+ay, a; a;, a5 a,

L.H.S = R.H.S, Hence Proved.

0 -1 2 2 1 -1 1 0 -2
2. fA=|3 2 1|,B=|1 2 4|andC=|-1 5 O |,thenfind
-1 0 4 -1 2 1 3 4 -1
(i) A-B (ii) B-C

(iii) (A-B)-C (iv) A—(B-C)

(i) A-B

Solution:
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0 -1 2 2 1 -1
A-B=3 2 1|-]1 2 4
-1 0 4 -1 2 1

0-2 -1-1 2-(-1)
=| 3-1 2-2 1-4
“1-(-1) 0-2 4-1

[ -2 -2 2+1
= 2 0 -3
|-1+1 -2 3
-2 -2 3
A-B=|2 0 -3
0o -2 3
(ii) B-C
Solution:
2 1 -1 1 0 -2
B-C=|{1 2 4|-1-1 5 0

-1 2 1 3 4 -1

[ 2-1 1-0 -1-(-2)
=|1-(-1) 2-5 4-0
| -1-3 2-4 1-(-1)

(1 1 -1+2]
=[1+1 -3 4

| 4 -2 1+1 |

1 1]

B-C=|2 -3 4

-4 -2 2

(iii) (A-B)-C
Solution:
First we find A—B.
0 -1 2 2 1 -1
A-B=|{3 2 1|-|1 2 4
-1 0 4 -1 2 1
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0-2 -1-1 2-(-1)
=| 3-1 2-2 1-4
-1-(-1) 0-2 4-1

[ 2 -2 2+1
= 2 0 -3
-1+1 -2 3

-2 -2 3
A-B=|2 0 -3
0 -2 3

Now,
2 2 3 1 0 -2 -2-1 -2-0 3-(-2)

(A-B)-C=|2 0 -3|-|-1 5 0|=[2—-(-1) 0-5 -3-0
0 -2 3| |3 4 0-3 -2-4 3-(-1)

-3 -2 3+2

=241 -5 -3

-3 -6 3+1
-3 -2 5
(A—B)—C: 3 5 -3
-3 6 4

(iv) A—(B—C)
Solution:
First we find (B—C)
2 1 -1 1 0 -2
B-C=|{1 2 4|-|-1 5 0
-1 2 1 3 4 -1
[ 2-1 1-0 -1-(-2)
= 1—(—1) 2-5 4-0
_—1—3 2-4 1—(—1)

1 1 -1+2]
=[1+1 -3 4

| -4 -2 1+1 |

1 1]

B-C=|2 -3 4

-4 -2 2

Now,
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0 -12][1 1 1 0-1 -1-1 2-1
A-(B-C)=[3 2 1|-|2 -3 4|=| 3-2 2-(-3) 1-4
-1 0 4] |4 -2 2] |-1-(-4) 0-(-2) 4-2
-1 -2 1
= 1 2+3 -3
-1+4 0+2 2
-1 -2 1
A—(B—C): 1 5 -3
3 2 2
i 2 -i 1 2i 1
3. If A= |, B=| . and C=| . _|, thenshow that
1 - 21 1 -1 1
()  (AB)C=A(BC)
Solution:
) i 2 -i 1 2i 1
Given that: A= |, B=| . and C=| . .
1 —i 21 1 -1 1
LH.S=(AB)C

First, we will find AB.

i 2] 1
AB:L —iMZi 1}
))+(2)(2) (O)+@)Q)] o [P +47 i+2i
AB{(l)(—i)+(—i)(2i) (1)(1)+(—i)(1)} AB{—i—ziz 1—i}

.2 - _ -
AB = 3i 3i _ 3_ 3|'
—1+2 1-i 2—i 1-i
-3 3|2 1
Now, (AB)C=|_—~ || =
2—1 1-i||—-1 1
—6i —3i° —3+3i?

(2-1)(20)+(1-)(-1) (2-1)(2Q)+@2 i)(i)}:[4i—2i2—i+i2 2—i+i—i2}

:{—6i+3 —3—3} ('.'iZ:—l)

3i+1  2+1

(AB)C:F_G_I —6}
1+31 3

R.H.S=A(BC)

First we will find BC.
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e~y 3 ]

-2t -i i
4P 2i+i

BC = {_24__: ?ﬂ (it =-1)

e e [ ]2 ]

[2i-i*-8i-2i* 0+6i°
| 2-i+4i+i® 0-3i

| 1+3i 3

ME)[ g

Hence, proved that L.H.S=R.H.S

(ii) A(B+C)=AB+AC
Solution:

. i 2 -i 1
Given that: A= 1 B= an

- 2i
LHS=A(B+C)

First we will find B +C.

el G

wnnseer, 712
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MATHEMATICS-11 (PECCTA) Unit # 04

i

} B+C:E 1.2“}
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r2+2ﬁ 2L+Z+2F}

lisit 2-ioi?

MB+C):ﬁfi_§t?1(vF:—ﬂ

R.H.S=AB+ AC
First, we will find AB and AC.

o[l 20 ]

) (=) +(2)(20)  (i)@)+(
AB{<1><—I>+(—I>(2|> O+
g | A i+21

__|—2i2 1-i

r -2 .
ago| 3 3i }

[ -3 3i :|
AB = .

o i 2|2 1
Similarly, ACz{ }[ . }
1 =il i

(i)(2
2i

[2i2 —2i% i+2i?
| 2i+i2 1o

0 —2+i
AC = _
{—1+ 2t 2 }

-3  3i 0 —2+i
AB+ AC = +

2-i 1-i
B -3+0 3i—2+i
l2—i-142i 1-i+2

-3 -2+4i
AB +BC = ] . |=R.HS
1+i 3-i

-1+2i
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)+(2) (=) ()(D)+(20)(0
()(20)+(=)(=) @Q)@)+(=)()
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MATHEMATICS-11 (PECCTA)

DOGAR NOTES SERIES

a.
i) (A+B) #A%+2AB+B?

i) (A-B) #A?-2AB+B?
iii) (A+B)(A-B)=A*-B?
(i) (A+B)" = A? + 2AB + B?
Solution:
LH.S=(A+B)  =(A+B)(A+B)
=AA+AB+B.A+BB
= A’ + AB + BA+ B?
= A’ +(AB+BA)+B?
In matrices AB = BA in general
Therefore AB+ BA=2AB
(A+B)’ = A*+(AB+BA)+B?
# A’ +2AB + B?
Hence (A+B)’#A?+2AB+B?
(i) (A-B)" = A’ ~2AB + B?
Solution:
Consider (A—-B)’=(A-B)(A-B)
=AA-AB-BA+BB
= A*—(AB+BA)+B?
In matrices AB = BA in general

Therefore AB+BA=2AB

So (A-B)" # A*~2AB +B?
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Unit # 04

If A and B are square matrices of the same order, then explain why in general
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Hence (A—B)’ = A*—2AB+B?

(i)  (A+B)(A-B)=A*-B?

Solution:
Consider (A+B)(A-B)
=AA-AB+BA-B.B
= A~ AB+BA-B?
In matrices AB = BA in general

Therefore —AB+BA=0
So, (A+ B)(A— B) =A’- AB+BA-B?
# A? — B?

Hence (A+B)(A-B)= A*-B?

-1 2 3
5. If A=| 1 0 2|, thenfind A+ A", A— A", AA', A'A and (A‘)t.
-3 5 3
Solution:
-1 2 3
Giventhat: A=| 1 0 2
3 5 3

First we will find A'

r t

12 3
A=l1 0 2
3 5
11 -3
A=l2 0 5
'3
12 3] [-1 1 -3] [-1-1 2+1 3-3
Now, A+A'=| 1 0 2|+|2 0 5|=[1+2 0+0 2+5
35 3] |3 2 3| |-3+3 5+2 3+3
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-2 30
A+A'={ 3 0 7
0 7 6

-1 2 3 -1 1 -3 -1+1 2-1 3+3
Similarly, A~A'=|{ 1 0 2|-|2 0 5| =|1-2 0-0 2-5

-3 5 3 3 2 3 -3-3 5-2 3-3
0 1 6
A-A'=-1 0 -3
-6 3 0
-1 2 3|1 1 -3
Now, AA'=| 1 0 2|2 0 5
1+4+9 -1+0+6 3+10+9

=-1+0+6 1+0+4 -3+0+6
3+10+9 -3+0+6 9+25+9

14 5 22
AA'=|5 5 3
22 3 43

-1 1 -3||-1 2 3
Similarly, AA=| 2 0 5|1 0 2
3 2 3(|-3 5 3

(-1)(-1)+ () (1) +(-3)(-3) (-1)(2)+(1)(0)+(-3)(5) (-1)(3)+(1)(2)+(-3)(3)
=1 ()(-D)+(0)(1)+(5 )( ) ( )(2)+( )(0 )+( )(5)  (2)(3)+(0)(2)+(5)(3)
B)(-D)+(2)®)+3)(-3)  (3)(2)+(2)(0)+(3)(5)  (3)(3)+(2)(2)+(3)(3)

=-2+0-15 4+0+25 6+0+15
_—3+2—9 6+0+15 9+4+9

[ 1+1+9 -2+0-15 —3+2—9]

11 -17 -10
AA=-17 29 21

-10 21 22
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t

-1 1 -3
Now, (A') =[2 0 5
3 2 3
-1 2 3
(A)=|1 0 2
-3 5 3
2 0 1
6. Solve the matrix equation A>—5A+4l - X =0if A=|2 1 3
1 -1 0
Solution:
2 0 1
Giventhat: A={2 1 3
1 -1 0
First we will find A?
2 0 1|2 0 1
A*=AA=2 1 3|2 1 3
1 -1 0/|1 -1 O

[4+0+1 0+0-1 2+0+0
A’={4+2+3 0+1-3 2+3+0
2-240 0-140 1-3+0

5 -1 2
A’=l9 -2 5
0o -1 -2

Now, A*>~5A+41-X =0

X = A’ ~5A+4l
5 -1 2] [2 0 1] [L 00
X=|9 -2 5|-52 1 3|+4/0 1 0
0 -1 2| [1 -10] |00 1

[5 -1 2710 0 5] [4 0 0
-110 5 15(+|0 4 O
0

0 -1 -2 |5 -5 0]

5-10 -1-0 2-5][4 0 O
X=[9-10 -2-5 5-15|+(0 4 0
0-5 -1-(-5) —2-0] [0 0 4
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(5 -1 3] [400
X=-1 -7 -10[+|0 4 0
5 4 2| |00 4

[-5+4 -1+0 -3+0
X=|-1+0 -7+4 -10+0
|-5+0 4+0 -2+4

(-1 -1 -3
X=-1 -3 -10
_—5 4 2
7. If A and B are two matrices such that AB=B and BA= A, show that A’ + B> = A+ B.

Solution:
Given that: AB=B and BA=A
B.AB=B.B and ABA=AA

(BA)B=BB and (AB)A=AA

AB = B? and  BA=A’ (-AB=Band BA=A)
B=B’ and A=A’ (-AB=Band BA=A)
A’ +B*=A+B

Hence proved that, L.Hs.S. = R.H.S.
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