DOGAR NOTES SERIES MATHEMATICS-11 (PECCTA) Unit # 14

The Cross Product or Vectors Product of Two Vector:

() Definition 1: y
The vector or cross product of two vectors uand v in space is

~
=

7 X
I=

uxv=|u|lv/sindn i

I=

where & is the angle between u and vand 0<é@ <. nis a unit vector perpendicular to the

plane of uand v . It is important to note that uxv =vxu, rather uxv=—(vxu). 0 !
(i) The Unit Vectors: »
1.k
(a) ixi=0,jxj=0,kxk=0
(b) Ixj=k, jxk=i,kxi=]j
Definition 2:

If u=ai+bj+ckand v=a,i+b,]j+c.k are two vectors in space, then cross

k

]
productof u and v is: uxv=|a b ¢| (“Determinant formula” for uxv.)
a, b

2 2 C2

Parallel Vectors:
If two vectors uand v are parallel, then uxv=0

Angle between two Vectors:

Juxy

The angle 6 between two vectors uand v is sinezm
ujlv

Area of Parallelogram:
Avrea of Parallelogram = Basex Height = |g x\_/|

Area of a Triangle:

. 1
Area of Triangle = % (Area of Parallelogram) = E|g><y| where u and v are

vectors along to adjacent sides of triangle.
Moment of Force:
Let a force F (@) act at a point P, then moment of F about O

= Product of force F and perpendicular ON the direction of n
:(@)(CW)Q: PQ)(OP)sinén

=0OPxPQ=rx

M —~
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EXERCISE 14.3
Q.1  Compute the cross product axb and bxa . Check your answer by showing that each a and b are

perpendicular to axb and bxa.
(i) a=2i+j-k,b=i-j+k

Solution:
a=2i+j-k ,b=i-j+k
I j k
axh=|2 I -
1 -1 1
=i(l-D)-j@2+)+k(-2-1)

=-3j-3k
a(axb)=(2i+j-k).(-3]-3k)
~0-3+3=0 = alaxb
b.(axb) =(i - j+k).(-3] —-3k)
=)+ (D=3 +D(-3)
=0+3-3=0
=blaxb
Thus axb is perpendicular to both vectors a and b.
I j k
bxa=|1 -1 1
2 1 -
=i(l-)-j(-1-2)+k(1+2)
=3j+3k
a.(bxa)=(2i+ j—k).(3j +3k)
=2(0)+ME)+ (D)
=3-3 =0=albxa
b.(bxa)=(i-j+k)(3j+3k)
=(1)(0)+(-1)(3)+(1)(3)=0-3+3=0
Thus bxa is perpendicular to both the vectors a and b.
(i) a=i+3j+2k, b=2i-j+k
Solution: -

=i(3+2)— j(1-4)+k(-1-6) =5i +3j -7k
a(axh)=(i+3j+2k).(5i+3j—7k)=0Also
b.(axb)=(2i - j+k).(5i +3j -7k)

b

(axb)=10-3-7=0

Thus axb is perpendicular to both vector a and b.
I j k

bxa=|2 -1 1
1 3 2
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=i(-2-3)- j(4-1)+k(6+1) =-5i -3j+7k
a(bxa)=(i+3j+2k)(-5i-3j+7k) a(bxa)=-5-9+14=0

Also
b.(oxa)=(2i - j+k).(-51+3j+7k)=0
Thus bxa is perpendicular to both the vectors a and b.
(iii) a=2i-2j+k, b=-i+j+3k
Solution:
i j ok
axb=|2 -2 1
-1 1 3
=i1(-6-1)-j(6+D)+k(2-2)
=—7i-7]j

a(axb)=(2-2j+k)(-7i-7])
a(axb)=-14+14=0=alaxh
b.(axb)=(-i+ j+3K).(-71-7])
=0= blaxb
Thus axb is perpendicular to both the vectors a and b.
i j ok
bxa=|-1 1 3
2 21
=i(l+6)- j(-1-6)+k(2-2)
=7i+7j a(bxa)=(2i-2j+k).(7i+7])
a(bxa)=14-14=0=albxa
b.(bxa)=(-i+ j+3Kk).(7TL+7])
b.(bxa)=—7+7=0= b L bxa
Thus bxa is perpendicular to both the vectors a and b.
(iv) a=-4i+j-2k, b=2i+j+k

Solution:
i j k
axb=|-4 1 -2
2 1 1
=i(+2)- j(-4+4) +k(-4-2)

=3i —6k

a.(axb)=(-4i+ j—2k).(3i —6k)
=(-4)(3)+0+(-2)(-6)=0

= alaxhb
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=6+0-6=0= b laxb
Thus axb is perpendicular to both the vectors a and b.

K

i
bxa= 5 1
-4 -2
=i(-2-1) - j(-4+4)+k(2+4)
=-3i +6k
a.(bxa) =(-4i + j - 2k).(-3i +6k) =(-4)(-3) +1(0) + (-2)(6)= 0

i i

= albxa

b.(oxa)=(2i + j +k).(=31 +6k)
=(2)(-3)+1(0)+(@)(6)=0

= blbxa

Thus bxa is perpendicular to both the vectors a and b
Q.2  Find a unit vector perpendicular to the plane containing a and b . Also find sine of the angle between

them.
()  a=i+6j-3k, b=2i+j+3k
Solution:
a=i+6j-3k, b=2i+j+3k
I j k
axb={1 6 -3
2 1 3
=i(18+3)- j(3+6)+k(1-12)
=21i -9j-11k

laxb|=[21i -9 —11K]

= J(21)? + (<9)? + (-11)?

= J441+81+121 = /643

Let fiis unit vector

_axb _21i-9j-11k

axb] 643
Ao 9 j_11k
V6437 J643- /643~
:>sin9=|§XQ|
lallb
_ 643
JW? +(6)° +(-3) (27 + (1) + (3)?
~ J643 /643
V1+36+9/4+1+9 /644
sin(9=—‘643
J644
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(i) a=-i-j-k,b=2i-3j+4k
Solution:
a=-i-j-k, b=2i-3j+4k
b j ok
axb=|-1 —_1 -
2 -3 4
=i(-4-3)-j(-4+2)+k(3+2)
=-Ti+2]+5k

laxb|=(-7)2+(2)* + (5)°

Let fi is unit vector
axb —7i+2j+5k

axb] 78

A=

78

(i) a=i
Solution:

1 -1 -1
= i(-1+1) - j(-1-D+k(-1-1)
=2j-2k

= J(2) +(-2) =a+4 =18
laxb|=2+2

Let A is unit vector.
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sinezﬂ
(iv) a=5i+j-3k,b=-2i+4j+k
Solution: - -
ik
axb=5 1 -3
-2 4 1

=1(1+12)- j(5-6)+k(20+2) =13i + j+22k
laxb|=[13i + j +22K|

J169+1+484 =+/654

Let A is unit vector

axb _131+i+22k
laxb| /654
sin0=|§xb| = /654

lall]  V25+1+9+/4+16+1

\/654 654

~/v21 \73
sin6’:—'654

A 735

Q.3 Find the area of the triangle, formed by the points P, Q and R.
() P(235), Q(12,0);R(412)
Solution:

P(235), Q(120);R(412)

PQ=(i+2j)-(2i+3j+5k)

=—i-j-5k

ﬁ:

PR=(4i+ j+2k)—(2i+3j+5k)=2i-2j-3k

i j ok
Now PQxPR=|-1 -1 -5

2 -2 -3
= i(3-10)- j(3+10)+k(2+2)

=70 -13j+4K

[PQx PR|=/(=7)" + (-13)" + (4

=/49+169+16 =+/234

.. Area of triangle PQR is

Unit # 14
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326

8= 3P0 PR -5z - 25

(i) P(0,0,l), Q(2,—1, 2); R(—L3,2)
Solution:

sq.units

-1 3
=i(-1-3- j(2+1) +k(6-1)
=—41—3i+5k
‘W}xﬁ‘=‘—4l—3i+5k‘:\/16+9+25
=+/50 =512

= (-3 + (-3’ + (3 =0+9+9
=27 =33

Avrea of triangle PQR is
lex =2 1 .
A :E‘PQX PR‘ :E(S\/E) sq. UNits
Q.4  Find the area of parallelogram, whose vertices are:
(i) A(111),B(4,2,3),C(56,7),D(2,5,5)
Solution:
AB=(4i+2j+3k)-(i+j+k)

=3i+]j+2k
AC=(5i+6j+7k)—(i+j+k)
=41 +5] +6k

N Ix

I
ABxAC=[3 1
4 5 6
=i(6-10)— j(18-8)+k(15-4)

=—4i-10j+11k

Area of parallelogram ABCD is A = ‘ﬁx E‘

= J(~4)’ +(~10)° +(11)" =+16+100+121
=+/237 sq. units
(i)  A(456),B(132),C(-2,0,1),D(1,2,5)
Solution:
AB=(i+3j+2k)—(4i+5]+6k)
=-3i-2j-4k
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AC =(-2i+0j+k)—(4i+5j+6k)
= —6i-5j-5k
i j k
ABxAC=|-3 -2 —4
-6 -5 -5
=i(10-20)— j(15—24) +k(15-12)
~10i +9j+3k
Area of pa_rallelogram ABCD is
A= |ﬁx E| = J(-10)? + (9)* + (3)°
=4/100+81+9 =+/190 Sq. units
Q5 If the cross product of the vectors u=7i —-4j+5k and v=ai —bj+3k is zero, then find the values of a and b.
Solution: - -
Giventhat uxv=0
gk
=7 -4 5/=0
a -b 3
i(-12+5b)- j(21-5a)+k(-7b+4a)=0

Gives —12+5b=0:>b=%

And —(21-5a)=0= a=%1

Q.6 Which vectors, if any, are perpendicular or parallel.
() u=5i-j+k;v=j-5k,
w=-15i +3j-3k

Solution:
w=-15i+3j -3k =301~ j+k) =-3u
uand w are parallel
(”) g:l+2j—£,\_/:—l+i+K,
w=-"i-zj+2k
_ 2= T2
Solution:

v=>01+2j-k).(-i+]j+k)
QD) +21)-1)(1)=-1+2-1=0
The vectors u and v are perpendicular

I =

vw=(-i+j+k) | Si-mj+ Tk | = S-S =
= 2 = 2 2 2

The vectors v and ware perpendicular
Q.7  Use definition of cross product, for any vectors uU,Vv,w and scalar k, prove that

(i)  ux(-u)=0
Solution:

Let u=u. +u,]j+u,k then —u=-u,i —u, j—Uu,k . Taking cross product, we have

i j ok
gx(—g): U Uy U | =1 (=Uly+U,us) = (Ul + Uy )+ K (—Uu, +u,u,)
-u U, U
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=0i+0j+0k=0

(i)  uxyv=-vxu

Solution:

Let U=ugi +U,j+uk and V=V, i +V,j+V,K then

i j k

UXV =0 Uy U= (UpVg = UpVy ) = (U —UgVy ) + K (U, =,V ) oo (1)
Vl V2 V3
i j k

VXU=|V Vo Vgl = (UgVy —UpVs) =  (UgVy —UpVg )+ K (Upv, — Uy, ) o (2)
ul uZ u3

Equation (2) can be written as

I j k
—VXU=—|V, V, V=10 (UVy—UyV,)— j(UVs—UgVy )+ K (U, —u,v, ) ......(3)
ul u2 u3

From equations (1) and (3), we can conclude that UxV =—V xU
i) ux(kv)=(ku)xv=k(uxv)

Solution:

Since Kk is a scalar, so it can’t be the part of cross product since cross product can only be done when both are

vectors. So it’s clear by definition of cross product that U x ky) =(ku)xv =k (g XV )

(iv)  ux(v+w)=(uxv)+(uxw)

Solution:
Using distributive property of cross product, we can deduce the above result.

Q.8 Provethat ax(b+c)+bx(c+a)+cx(a+b)=0
Solution:
LHS=ax(b+c)+bx(c+a)+cx(a+b)
=axb+axc+bxc+bxa+cxa+cxh
=axb+axc+bxc+(—(axb))+(~(axc))+(-(bxc)) =axb+axc+bhbxc—axb-axc—-bxc

Q.9 If a+b+c=0, then prove that axb=bxc=cxa

a+b+c=0
Taking cross product with a

O+axb—(cxa)=0, axb=cxa...(i)
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Taking cross product with b

—axb+0+bxc=0,bxc=axb...(ii)

From (i) and (ii), axb=bxc=cxa
Q.10 Prove that sin(a — ) =sinacos f—cosasin
Solution:

Let OA and OBare unit vectors in Xy -plane making angle « and £ with the positive x—axis respectively.
So that m/BOA=a - Y

Now OA=cosai +sina j,0B =cos Bi +sin Bj ,
ik .
OBxOA=cosf sing 0
cosa sina O
‘@Hﬁ‘sin(a—ﬂ)g=1(0—0)—i(O—O)+K(cosﬂsina—sinﬂcosa) “OTAH@‘zl
sin(e — )k = (sinacos B —cosasin B)k = sin(a — 8) = (sinacos - cosasin )
Q.11 Show that [axb|’ =[af |b] —(ab)’

A(coso,sina)

B(cosP,sinB)

X

Solution:
We know that |axb|=|a|[b|sin& where & is the angle between the given vectors.
LHS =|axb|’

= ([a]|b|sin 9)2 =|a[*|b[*sin?@
=[a[’|b[* (1-cos® 8)("'sin® @ =1—cos’ )
= |af’|b" - (ja[b|cos &)’

=[af'|of" - (ab)*(~ 2b =[al|blcos®)
= RHS
Q.12  Use definition of cross product, prove that for any vectors u and v

=[al"[b[" - [al"[b[" cos® ¢

(U+v)x(u-v)=-2(uxv)
Solution:

Here LHS = (u+Vv)x(u—v)

Il
[

x(U—V)+Vx

—~

u-v)
=uxu-uxv+vxu-—VvxVv (Distributive property of cross product)

O—uxv—-uxv—0since uxu=0and vxu=-uxVv
=-2(uxv)=RHS

Q.13  Find the moment about the point M (1, -3, 3) of the force represented by AB where the coordinates of points
A(4,3,-1) and B(-1,3,7) are given.

Solution:
Here AB = (-1-4)i+(3-3)j+(7+1)k
AB =-5j +8k

And given that r =MA=0A-OM =(4-1)i+(3+3) j+(-1-3)k r =3i +6j —4k
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I jk
So moment of the force is givenby M =rxF=|3 6 -4
-5 0 8

M =i(48+0)— j(24-20)+k(0+30)
M =48i -4 j+30k

Q.14 A force E=61+4i—4g is applied at the point A(l,—1,2). Find the moment of the force about the point

B(3,-2,3).
Solution:
Here F=6i+4j-4k and r =BA=(1-3)i +(-1+2) j+(2-3)k
r=-2i+j-k.
I j Kk
So moment of the force is givenby M =r xF =|-2 1 -1
6 4 -4

M=i(-4+4)-j(8+6)+k(-8-6)
M =-14j-14k

Q.15 Givenaforce F =2i+ j—3k actingatapoint A(1-2,1) . Find the moment of F about the point B(2,0,-2)

Solution:

Here F=2i+ j-3k and r =BA=(1-2)i+(-2-0) j+(1+2)k
r=-i-2j+3k

I j k
So moment of the force is givenby M =rxF =|-1 —_2 3

2 1 -3
M=i(6-3)-j(3-6)+k(-1+4)
M =3i+3j+3k

Q.16 Aforce F=-2i+ j—3k isapplied at P(-1,-3,2). Find its moment about the point Q(4,2,2).
Solution:

b j k
So moment of the force is given by xF=|-6 -5 0
-2 1 3

M =i(15-0)- j(15+0)+k(-5-10)
M =15i -15j —15k
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