DOGAR NOTES SERIES MATHEMATICS-11 (PECCTA) Unit # 13
Unit # 13, Differentiation

Differentiation:

Differentiation of a function y = f () is the process of finding the derivative f’(x), which represents the rate

of change of 'y' with respect to 'x".

Mathematically, it is defined as:

f (x+6x)—f(x)

P00 =m =5«
Where
. OX is avery small increment in X.
. f (x+6x)— f(x) is the corresponding change in y.

In simple words:
Differentiation measure how a small change in x affects V.
Example: Speed of a car

Derivative as the Limit of a Difference Quotient:

f ()= f(x)

Let f be areal valued function continuous in the interval (X, Xl) c Dy then
X, — X

is called average

rate of change of the function.

If X, approaches to Xthen Iimw

is called the instantaneous rate of change of function with
X=X X, — X

respect to X and is written as f '(X) (read as "f prime of ")
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DOGAR NOTES SERIES MATHEMATICS-11 (PECCTA)

Finding f’(x) from definition of derivative:

ify=f(x)
Step 1 y+08y=f(x+6x)

Subtracting equation (i) from equation (ii)

Step 2 8y = f(x+6x)—f(x)
oy f(x+ox)-1f(x
Step 3 —y: ( ) ( )
OX OX
Step 4 Iimﬂzlim f(X+5X)_f(X) and
50 §X  0x-0 OX
|imﬂis denoted by d—y, o)
50 §X dx
dy lim f (x+6x)-f(x)
dx x>0 X
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DOGAR NOTES SERIES MATHEMATICS-11 (PECCTA) Unit # 13
EXERCISE 13.1

1. Find by definition, the derivatives w.r.t ‘x’ of the following functions defined as:
(i) y=2x*+1
Solution:

Let y=2x*+1

Step I: Taking small increment
y+§y=2(x+5x)2+1

Step Il:

Sy =2(x+6x)" +1-y

8y =2(X* +(5%)° +2x5x) +1-2x" -1

Sy =2x*+ 2(5x)2 +4xox+1-2x7 -1
5y =6x[25x+4x]
Step llI: Divide by 6x on both sides,

oy :Q[25x+4x]
OX OX

Step IV: Taking limit as 6x approaches to O,

lim oy _ lim (26x+4x)

5x—0 HX x>0

dy
& _2(0)+4
» (0)+4x

W _y
dx
(i)  y=2-x
Solution:
Let y=2- Jx
Taking small increment,

Y+30Y =2—+/X+5X

Oy =2—X+x-y
6y=2—\/x+5x—(2—\/§)
5y =2—x+x—2+x
5y=\/§—\/x+5x

5y:(f-my[—ﬁ +m}

X

X +/x+ 5%
(ﬁ)z —(\/x+5x)2
(\/;+\/x+§x)

X—X—-0X

”5[%}

Dividing by J x on both sides

oy =

oy =
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oo 1|
SX  SX| X +/x+5x

Taking limit as 6x approaches to 0,
. Oy . -1
lim—=lim

5x-0 SX EXHOW
dy -1

d (Vx+x+0)

(iii)
Solution:
Let y= i

Ix

Taking small increment,

1
+0y=—F——o—
yroy XA+ SX

\/_.\/x+5x

Rationalizing by numerator

= IxA/x+0x | x +x+0x

(&)2 —(\/x+§x)2
\/;.\/x+5x :\/;+\/x+5x_

oy =

X—X—0X

B XX T x| X +/x+0x |

5y

1
5y_5x[\/§.\/x+§x [\/?+«/x+5x]]

Dividing by X on both sides

sy _ox 1
5X X ﬁ,m[\/}+\/x+5xJ

Taking limit as 6x approaches to 0,
oy

. o -1 dy _ 1
»‘12"05‘ﬁl%[&.¢x+5x[ﬁ+¢x+5x]l dx Jxx+0[ X +x+0]
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)G

a"a"=a
CIENIES
dx\/x 2xg
(iv) y=x(x-3)
Solution:
Let y=x(x—3)
y=x*-3x
Taking small increment,
y+§y=(x+5x)2—3(x+5x)
8y =x* +(6x)" +2x5x—3x —35x—y
5y =x* +(8%)" +2x5x —3x— 36X +3x — x* 5y =8x[x+2x 3]
Dividing by ¢ x
ﬂ:Q[5x+2x—3]

X OX
Applying (!Imo on both sides

lim oy _ lim (6x+2x—3)

ox—0 §X x>0
im&Y _dy
=0 SX  dX

ﬂ=0+2x—3
dx

%[x(x—3)] =2x-3

2. Find j—y from first principle and find gradient of curve at the given point.
X

(i) JX+2 at x=6
Solution:
Let y=~/X+2

Taking small increment,

Y+Oy =X+IX+2
Oy =AX+O6x+2-y
SY =X+ 0x+2 —Ix+2

By rationalizing, we get

=05, v 5 X+ X +2 g VX+2 i
6y:\/x+§x+2—\/x+2.{ X+ox+2+ X+2} 5y=( ) ( )
X+EX+2 +/x+2

X4 X +2 +/x+2

X+O0X+2—X—-2

SV =
y X+ OX+2 +/X+2
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1
oy =0X
y [\/x+5x+2+\/x+2}
Dividing by ox on both sides,

sy 5x{ 1 }
OX  OX| IX+OX+2 +/x+2

Taking limit as 6x approaches to O,

mnéx—hm 1

X0 SX 0 \[X 4 SX+2 +~IX+2
ﬂ_ 1

dX  X+0+2+/x+2

dy 1

dx  2x+2

At X=6
dy

dx|,

1

L 20612
1

X=6 B 4\/E

dy

dx

atx=a

(ii) Let y= !
JvX+a
1
JvX+a

Taking small increment,

1
NX+a+0x

1
oy=———
y X+a+oxX y

11
Jx+a+6x +Jx+a
Ix+a—+/x+a+0ox

Jx+a+oxA/x+a
Rationalizing by numerator

_m-m{m+m} sy (Vxva) ~(Vaxrarox)
Ix+a+oxalx+a | Vx+a+/x+a+ox (Jx+a+5x.Jx+a)(Jx+a+5x+Jx+a)

Solution:

y+9y=

oy =

sy

X+a—X—a—ox

_ _ -1
- (\/x+a+§x.\/x+a)[\/x+a+5x +\/x+aJ 5y_(Sx[(\/x+a+5xmxx+a+6x+m>

Dividing by oXx on both sides,

Sy _ 6X
ox 5X[\/x+a+5x\/x+ (\/x+a+5x+\/x+a)

} Taking limit as §x approaches to 0,

dy -1 dy -1

|Imﬂ7 lim

20 OX "“{(m«/r)(mﬂ/_)] dx \/x+a+0\/x+a[\/x+a+0+\/x+aJ dX—(x+a)[2x/x+a]
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ﬂ -1
dx 2(
X+a)2
At x=a
y -1
- 3
Uxco 2(a+a)?
dy] = -1
o - 3
Whea 2(2a)2
Gradient = 5_—13
2232
3.
2
(i) Find the derivative of x® at x =8 from the first principle.
Solution:
2
Let y=x3

Taking small increment,
2
y+08y=(x+5x)3
Step Il:
2
Sy =(x+6x)3 -y

2 2

Sy =(x+06x)s —x*
2
2 3 2
5y=x3[1+ﬁ} —x8
X
By using binomial series expansion " (1+ x)n =1+nx+involving termsx...)

2
Sy=x3 [1+g(ﬁj+...involving terms..(ﬁj...— }
3\ x X

2

oy = x%xE.i+...invo|vingterms...(ﬁﬂ Dividing by X on both sides,
X X

2
oy x36x|2 1 . . OX
—= —.—+involving terms—
oX  Ox [ 3 X X
Taking limit as 6x approaches to O,

Sy 2

0x-0 X 6x—>0

2
lim == = lim x3 F.lﬂnvolvingtermsﬂ} Yy =x3 {£+0+0+ et O}
3 x X ] dx 3%

2

dy _2.53
dx 3
dy_2.5
dx 3
At x=8

dy 2 2
= ==(8
dX|,_g 3( )3
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ﬂ _ g y 23><%1
dx

x=8
dyl _2
dx|,s 3
dy] _1
dx|._s 3

(ii) Find the derivative of x° +2x+3 by definition.
Solution:

Let y=x"+2x+3

Taking small increment,

y+5y=(x+5x)2+2(x+5x)+3

Step Il:

Sy =x° +(§X)2 +2XOX + 2X+ 20X +3—Y 8y =X +(5X)" +2x5X+ 20X +3—X* —2x—3+2x 5y = SX[SX+2X + 2]
Dividing by dx on both sides,

oy _ox
OX OX

Taking limit as 6x approaches to O,

lim oy _ lim[5x+2x+2]
5x—0 HX 5x—0

[5x+2x+2]

ﬂ=0+2x+2
dx

d
= (y)=2x+2
dx(y) X +

%(x2+2x+3)=2x+2

4. Find from first principle, the derivatives of the following expressions w.r.t their respective independent
variables:

(i) (3x-2)"

Solution:

Let y =(3x—2)_2

Taking small increment,
y+5y=[3(x+§x)—2]_2

Step Il:

Sy =(3x+36x-2)" —y

Sy =(3x—2+36x)" —(3x-2)"

sy =(3x-2)" [1+ 335"2 T ~(3x-2)" sy=(3x-2)" Ku 335" j_z —1}

X_

By using Binomial series expansion

(L x) =1+ x4+ n(r12|—1) X2 + n(nfl:gl(nfz) o
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~+(1+x)" =1+ nx +involving terms x

sy =(3x-2)" [1— 2 335)(2 + involvingterms—l} sy =(3x- 2)72 5{3

5 +involving terms 6x} Dividing by 6x on both sides,
X_

Sy (3x=2)" ox

= —6 +involvingtermsSx | Taking limit as §x approaches to 0,
OX OX 3x-2

_ d -
lim &Y — Iim(3x—2)’2[ 6 +invo|vingterms§x} —y=(3X—2) 2
x>0 §X x>0 3 2 dX

+0+0+..}
3x-2

dy 3
—=-6(3x-2
5~ 0(3x-2)

2 ()=-6(3x-2)°

d
dx
(i) y=(2t+3)
Solution:
Let y=(2t+3)°
Taking small increment,
y+5y=[2(t+5t)+3}5
Step Il:
Sy=(2t+3+26t) -y
sy=[(2t+3)+25t] (2t +3y°

By using Binomial Theorem i-e

(3x—2)" =—6(3x-2)"

(a+b)'=a"+ narip M= oz, g
2!

Sy =(2t+3) +5(2t+3)*(26t) +...

+(26t)" —(2t+3)

5y =06t[10(2t+3)" +...+2°(st)' |

Dividing by X on both sides,

dy _ot

st ot

Taking limit as 6x approaches to 0O,

lim%Y = lim|10(2t+3)° +...+32(t)’ | % ~10(2t+3) +0+0+..4+0

-0 S5t 5t—0
d

a(2t+3)5 =10(2t+3)’

(i)  y=(aw+b)’

Solution:

[10(2t+3)" +...+32(6t)’ |

Let y=(aw+b)’

Taking small increment,
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y+5y=(aw+b+a§w)7
Step Il:
sy =(aw+b+asw) —y

sy =(aw+b+asw) —(aw+b)’
By using binomial theorem from ne N

(a+b)'=a"+na"b+..+b"

sy =(aw+b) +7.(aw+b) asw+...+(asw) —(aw+b)’ Oy = §W[70(aw+ b)6 +..+ a7.(5w)6]
Dividing by dx on both sides,

oy ow 6 7 6
%_%[Ya(awﬁtb) +...+a’(6w) }

Taking limit as 6x approaches to O,

lim 9y _ lim [7a(aw+b)6 +...+a7(5w)6} j—\?’v :7a(aw+b)6 +0+0+...+07(0)

w—0 SW w0

dy =T7a(aw+ b)6
dw

;—W(aW-i- b)' =7a(aw+b)’

5. Find the gradient and equation of tangent lineto y = 3x*—4x+1 at x=2
Solution:

Gradient=m= IimM

X—a X—a
m=|im—f(x)_f(2)
X—2 X—2
{sz—4x+1—(3(2)2—4(2)+1)} [3x2—4x+1—5}
m=lim m=Ilim| ——————
x—2 X—2 X2 X—2
_ (3x2—4x—4J
m=Ilim
X—2 X—2
i X2 —6Xx+2x—4
T o2 X—2
:“m(3x+2)(x—2)
X—2 (X—Z)
m=3(2)+2
m=8

Hence gradient =8

If x=2 then y=3(2)"-4(2)+1
y=12-8+1

y=5

So pointis (2,5)=(x, ;)
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Equation of tangent is at (2,5)
y=-Vy,.= m(x - Xi)
y—-5=8(x-2)
y—-5=8x-16
8x—-y-11=0
y=8x-11
6. For the function f (X) =2x* + X, calculate the equation of the tangent line at x =—1.
Solution:
Step I: To find point (X, Y;)
If X, =-1 then
V,=2(-1) +(-1)
y,=—3=>f (—1)=—3
P(%%)=(-1-3)
Step Il:
To find slope (m) or gradient

m =%(2x3 +X) at (~1,-3)

d d
=2—x3+— t(-1,-3
m dxX +dx(x)a ( )

-.-ixn =nx""

dx
m=2(3)x*+1 at (-1,-3)
m=6(-1)"+1
m=7
Required Eqg. of tangent is
Y=y, = m(x— Xi)
y-(=8)=7(x-(-1))
y+3=7x+7
y=7x+4

7. Find the coordinates of the point of tangency and the equation of tangent line for f (X) =x*-2x+1 at x=1
Solution:
For point of tangency
If x=1 then y=(1)’ -2(1)+1
y=1-2+1
y=0
Point of tangency is (1,0)
Slope of tangent line
_dy

m=
dx(

wy=f(x)

X, Y1)
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m=3x*-2 at (1,0)
m=3(1)" -2

m=1and P(10)

Required equation of tangent is
Y=Y =m(x-x)
y—-0=1(x-1)

y=x-1

8. Find the gradient of the curve f(x)=3x’+2x at x=1

Solution:
Gradient=m

d
m:d—i at (x,;)
If x, =1 then y, =3(1)" +2(2)
X, =1then y =5
(%,¥:)=(L5)

m =%(3x2 +2x) at (1,5)

d , ,d
=359— _ l
m 3dxx +2dx(x) at (1,5)

o — X" =nx"t
dx

m=3(2)(x)+2(1) at (1,5)
m=6x+2 at (15)
m=6(1)+2

m=38

MATHEMATICS-11 (PECCTA) Unit # 13

9. Find the gradient and an equation of tangent line to the graph of f (X) = \/; at x=9.

Solution:
f(x)=vx=y=+x
If x=9 then y=+/9
Xx=9and y=3
So point of tangency is (9,3)

Gradient = m=% at (X]_!yl)

Here y=x/;
()(1’)’1):(9’3)
Q: d

b &(x); at (9.3)

By using theorem

d -
_Xn — an 1
dx
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1
=—— at (9,3
m 2\/;3( )
1
—m==

1
249 6
Equation of tangent line is:

y—ylzm(x—x1)

m=

y—3=%(x—9)

6y—18=x-9

X—6y+9=0

is required equation of tangent

10. The position of a car after t hours is given by: s(t) =2t*-3t’ +t (in kilometres)

0) Find average velocity over the interval [1,4]
Solution:
s(t)=2t°-3t" +t
L.4]~(ab)
Let s(t) distance equation by using formula.
s(b)-s(a)

Average velocity =

s(4)-s(2)
4-1
Average velocity = %

Average velocity =

Average velocity = 27 km/h
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(i) Find the instantaneous velocity at t =2

Solution:
Instantaneous Velocity at t =2

s(t)-s(2)

Instantaneous Velocity lim
t—2

IimM - f'(a)
X—a X—a
So,
d d d

’ 3 2
§(1)=25 (1) -3 5 (07 + 20
Using iXn =nx"*
dx
s'(t)=6t*—6t+1
S'(Z) =24-12+1
a'(2)=13
So Instantaneous Velocity is 13km/h
s(t)=-16t*+32t+10
11. A stone is thrown upwards and its height after t seconds is given by: s(t) =—16t? +32t +10 (in feet), find the

instantaneous velocity at t =1.
Solution:
s(t)=-16t*+32t+10

v(t)=s'(t) :%(—1&2 +32t+10)

d n n-1
o—(at’ )=nat"
dt(a ) na
v(t)=-16(2)t** +32(1)t"" +0
v(t)=—-32t+32

Instantaneous velocity at t =1
Substitute t =1 into the velocity function v(t)

v(1)=-32(1)+32

v(1)=-32+32
v(1)=0
The instantaneous velocity at t =1 is O feet per second.
12. The outdoor temperature (in °C) over time is modeled by: T (t)=—t*+12t +10, where t is the time in hours.
Find the instantaneous rate of change at t =2.
Solution:

By using formula

. T(t)-T(a
Instantaneous Rate of change = llmw
—a —a
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im T =T@) g

X—a X—a
T’(a):lim—T (H)-T(a)
t—a t—a

T(t)=-t*+12t+10

% T(t)]:—%t2+12%(t)+%(10)
T(t)=-2t+12

T'(2)=-2(2)+12

T'(2)=8
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