DOGAR NOTES SERIES MATHEMATICS-11 (PECTAA) Unit # 12
Unit # 12, Limit and Continuity

Limit of a Function
Let a function f (x)be defined in an open interval near the number "a" (need not be at ). If, as xapproaches "a" from

both left and right side of "a™ f (x) approaches a specific number "L"then "L", is called the Limit of f (x)as x approaches
a . Symbolically it is written as:
lim f (x)=L read as "limitof f(x) as x»>ais L"

X—a

Theorems on Limits of a Functions
Let f and g be two functions for which lim f (x)=L and limg(x)=M , then

X—a

@ The limit of sum of two functions is equal to the sum of their limits.
lim[ f (x)+g(x)]=lim f (x)+limg(x)=L+M

(b) The limit of the difference of two functions is equal to the difference of their limits.
lim[ f (x)—g(x)]=lim f (x)-limg(x)=L-M

(©) if k is any real number, then
lim[ kf (x)]=klim f (x)=kL

(d) The limit of the product of the functions is equal to the product of their limits.
lim[ f(x)g(x)]=lim f (x).limg(x)=LM

(e) The limit of the quotient of the functions is equal to the quotient of their limits provided the limit of
denominator is non-zero.

i [ F00]_imf0)
e 9(x) | img(x) ™
() Limitof [ f(x)]", where n is an integer

lim[ £ ()] =[tim t (x)] =1

X—a X—a

(9) limx"” =a’”, where p>0and peR

X—a

limc=c

X—a

Limit of a Sequence
Let {a,} be asequence, the limit of a sequence {a,} is the value L that the terms of the sequence approach as n — oo, that
is,

Lima, =L

n—oo

If such an L exists, the sequence is said to converge to L and {an} is called convergent sequence. If no such L exists, the
sequence is said to diverge.
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DOGAR NOTES SERIES MATHEMATICS-11 (PECTAA) Unit # 12

Limits of Important Functions

If by substituting the number that x approaches into the function, we get (gj , then we evaluate the limits by using:

Cox"=a" _ . .
. lim =na"" where nis non-zero integer and a>0.
X—a X — a
. _Jx+a-+a 1 . .
° lim Ja = where n isan integerand a>0.
x—=0 X 2\/5
. 1Y N 1
. lim (1+—j =e Deduction: lim(1+x)x =e
nN—+00 n x—0
X _ eX _
o lim =log, a Deduction: Iim( ] =log,e=1
x—0 X x—0 X
. Let p be a positive rational number. If x° is defined, then
.a . a .
lim— =0 and lim — =0, where a is any real number.
x—o0 ¥ P X——o0 X
. oL (1
. lime* =c0 and lime* =lim| — (=0
X—00 X—>—00 X—0 e
° If 6is measured in radian, then Ling%:l also this result holds for —%<9<0.
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DOGAR NOTES SERIES MATHEMATICS-11 (PECTAA) Unit # 12
EXERCISE 12.1
Q.1  Find the limit of the following sequences if exists:
. 2n+3
(i) a, =
n+1

Solution:

_2n+3
n+1
Applying limit n — o on both sides

. . 2n+3
lima, =lim
n—w n—o nN+1

n(2+3j 2+§
n n
1

n

=lim =lim——-

n—o n(1+1) nN—oo 1+7
n n
As n—>oo,§, 1—>0
n n

_2+0 _g
1+0 1
lima, =2
.. 2n+3
i b =
(i " onf4l
Solution:
b =

n

2n+3
n®+1
Applying limit n — o on both sides

. . 2n+3
limb, =lim—;
n—w n—w M +1

_5n’
" 2n+3

(iii) c
Solution:
5n°
C,=
2n+3
Applying limit n — o on both sides

2

limc, =lim
n—o n—o 2N +3
. 5n? . 5
=lim =lim
noe (2 3 nso 2 3
n°| —+— —+—
n n n n
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DOGAR NOTES SERIES
As n—>oo,z,%—>0
nn
5 5
= =—=00
0+0 O

Since, limc, does not exist, so {c,} is divergent sequence.
n—o

~ n*-3n+1
2n° +n+4

(iv)  d,
Solution:
n’-3n+1

2n° +n+4
Applying limit n — o on both sides

. . n*=3n+1
limd, =lim———
n—> > 2n° +n+4

n

. n
=lim

s " 21040

Q.2 Evaluate each limit by using theorems of limits:

(i) I;Lrp(2x+4)
Solution:
';LT(ZX+4)
=Lim(2x)+Lim(4)

Xx—3 x—3
:ZI;Lr?(x)+4 =2(3)+4 =6+4 =10
';LT(2X+4)210
. ) )
(ii) I;Lrp(3x ~2x+4)
Solution:
Lim(3x2—2x+4)

x—1

—Li 2\ _Lj i

= Lim(&3)-Lim(2x)+ Lim(4)
_ H 2\ H
=3Lim(x’)-2Lim(x)+4
=3(1)"-2(1)+4 =3-2+4 =5
Lim(3x2—2x+4)=5

x—1

(i) Limyx*+x+4

Solution:

LimVX2+x+4 = Lirp(x2+x+4)

x—3

= [Limx?+Limx+Lim4

x—3 X—3 x—3
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DOGAR NOTES SERIES MATHEMATICS-11 (PECTAA) Unit # 12

=3 +3+4 =/9+3+4 =16 =4

Limyx>+x+4 =4
x—3

(iv) lim~/x* +4

X—2

Solution:

= i +4) = fim o) + i)

Iin;\/x2+4 =2’ +4

=\8=22
(v) Lir121(\/x3+1—\/x2+5)

Solution:
Lirp(\/x3+1—\/x2+5)
I 3 s 2
- i) - in(oe 9

TAFT b
Lip(ie 1= vs)=0

3
wi)  Lim2ZHX
x>-2 3X—2

Solution:

3 2Lim(x*)+5Lim(x
Lim2x + X - x—>72( ) x—>—2( )

x>2 3x—2 3Lim(x)—Lim(2)

X——2 X—>-2

2(-2)"+5(-2) _ 2(-8)+5(-2)

T 3(2)-2  3(-2)-2
_-16-10 _-26 _13
—6-2 -8 4
Q.3  Evaluate each limit by using algebraic techniques.
. . X=X
i Lim
® -1 Xx+1
Solution:
i’ X b7 =(a+b)(a-b)
Lim rat—b*=(a+ —
x>-1 X+1
2
im0 X (x)
-1 x+1 x>-1 x+1
:I;i[r}x(x—l):—1(—1—1):—1(—2):2
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DOGAR NOTES SERIES MATHEMATICS-11 (PECTAA) Unit # 12
2
.. . X°—5x+6
(i) “m[—+j

-3 x> —2x—3
Solution:
. X*—5x+6 . X*—-3x—-2x+6
=lim—>————=lim——F—
-3 X7 —2X—-3 28 X —3X+X-3
x(x—-3)—-2(x-3)
=lim
=3 X(x—3)+1(x—3)
iD= X2
3 (x+1)(x=3) 8 x+1
_3-2_1
3+1 4
2
So, lim* —2X+0_1

3 x2—2x—3 4

. x* -8
W 'i”(mj
Solution:
%2 X2 —5X+6
~ra’-b®=(a-b)(a* +ab+b?)
—Iimﬂ
o2x? —5X+6
_“m(x—2)(x+2x+4)
o2 X2 —2X-3X+6
i (x=2)(x* +2x+4)
T X(x—2)-3(x-2)
y (x—2)(x2+2x+4)
g (x-3)(x-2)
_"mx2+2x+4_4+4+4_
%2 x-3 -1
3
So, Iimzx—_gz
x->2 X° —5X+6
3 2
(i) LXLTX —3;; _+X3x—1

-12

-12

Solution:

. X =3x?+3x-1
Lim—————=
X—1 X =X
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DOGAR NOTES SERIES

(x-1f _(-1 o
_I?Ll x(x+1) 1(1+1) EZO

W) lim x* —6x%+12x -8
x-2 x> —4x
Solution:
. x*—-6x*+12x-8
=I|n; 3
x> X* —4x
_lim x® —8—6x% +12x
=2 x(x*-4)

(x—2)(x2 +2x+4)—6x(x—2)

X2 X(x=2)(x+2)

:"m(x—z)(xz +2x+4-6X)
x-2 X(x=2)(x+2)

X2 —dx+4 2°-4(2)+4

=[im =
=2 X(x+2) 2(2+2)
4-8+4 8-8 0
= :_:—:0
2(4) 8 8
3_ 2 _
So, IimX 6); +12x 8=0
X2 X° —4x
4_
vi)  lim| Xt
o1 X2 —3x+2
Solution:

N (x* +1)(x* -1)
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DOGAR NOTES SERIES

:“m(%+¢xX+n:(f+ga+n
x—>1 X—2 1-2
D (5)(2)=4
x* -1

So, lim————=-4
x-1 X2 —3x+2

(vii) !(I_r)TZI \/XT \/_

Solution:

Rationalizing by ‘Denominator’

X—2 \/x+2+\/6 X

HZ\/x+2 J6—x Jx+2+J6 X

i (x 2)(Vx+2+6-x)
() ()
 (x=2)(Vx+2+/6-x)

=lim

X2 X+2-6+X

(x-2)(Vx+2+6-x)

x—2 2x—4

(x_z)(m+M)

x-2 2(x-2)

(m+M)

=lim

X—2

m+¢— Jis i

2 2

_2+2_4_,
2 2

So, Im——————

- -
Jih—x
h

(viii) IELT
Solution:

g =

h—>0
By ratlonallzmg with numerator

hoh s e
i) h X h X

L XER) ()
D h[ Vx+h x|
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DOGAR NOTES SERIES MATHEMATICS-11 (PECTAA) Unit # 12

. X+h-x . h . 1 1
=Lim =Lim =Lim =
“*"h[\/x+h+\/ﬂ “ﬁoh[\/x+h+«/ﬂ 50 Jx+h+X  x+0+/x
11
NEENRN
. .ox"=a"
(0 Lim=ss
Solution:
.ox"=a"
I;LTXm_am
x—a)(x"+ax"?+a*x"*+..+a"" n-1 n-2 4 g2yn-3 n-1
:Lim( )( ):Limx +ax" 2 +a?x" 4. +am—l

x> (X — a)(xm‘l rax™2+a’x" P o+ am‘l) xsa X" pax™? +aix" 3 +......+a

_a"t+aa"?+afa" ..+t

a"™+aa"?+a’a"l +...+a
Cam+a"t+a" 4 ta
Ca™lta™ a4 +a

nan—l na n-1-(m-1) a n-1-m+1

= = = — =—a

ma™ m m m

Q4 Evaluate the following limits:

(i) Limsme
x—0 X
Solution:
Lim sin(5x)
x—0 X
Multiply and divide by 5
=Lim5><sm5x =5|_imsm5x
x—0 5x x>0 By
As x =0, then 5x >0
—s5Lim™M>X _5(1)=5
5x—>0 By
Giy  Lim2X
X—0 X
Solution:
. T
sin x° Sm(lSOXJ T
Lim =Lim——= o x°=—
x>0 X x—0 X 180

Multiply and divide by —*—
ply Y 150

(o (7

SIn| —X SIN| —X

4 (180) T (180]

=Lim—x——"—" 2 ="_[|im———~2
x>0 180 T o 1800 7 X
180 180

When x — 0, then ix—>0
180

sin(lgoxj

ST i 80 T gy T

180 7 450 (7[ ) 180 180
180 —X

180
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DOGAR NOTES SERIES

(i) Limi=S%d
6-0 sin@

Solution:
I_iml—.cose
6-0  sin@

By rationalizing with numerator
1-cosé ><1+ cosd

MATHEMATICS-11 (PECTAA)

Unit # 12

N s

=Lim—
-0 sin@  1+cos@
2 2 2
= _1 —C0S°0 | im . 1-C0s°0 . .gin?g+cos?0=1
>0 5in@(1+c0sf) 40 sinH(1+cosd)
~ sinf9 im_Sin0@ _sin0 0 _0_
00 sin@(1+cosf) -0 1+cosd 1+cosO0 1+1 2
(iv) lim Sin X — cos X
X—)ﬁ 7[
4 X——
) 4
Solution:
. sinx — cosx
= lm}t—n
xﬁz X—Z
1
ﬁ(—sinx——cosx)
= lim V2 n\/_
s
x—q X —
.m0 1 T 1
S SIN— = — , COS— = —
4 2 4 2
T . . T
. coszsmx — SII’IECOSX
=\/§}:_r)171_r T
. _n
. T 4
. smx—Z
= V2 lim ———~
x>z X— 7
=+/2 (1)
=2
. cosax —coshx
(v) lim————
x—0 X
Solution:
. Cosax —cosbx
x—0 X
‘.‘COSO{—COSﬂ=—23in(a+ﬂjsin(a_'3]
2 2
. (ax+bx) . (ax—bx . (ax+bx) . (ax—bx
-2sin sin sin sin
. 2 2 . 2
=lim 2 =-2lim 5
x—0 X x—0 X
Multiply and divide by (aT*b) and (aT‘bj
sin aib X || sin a—_b X
i 2 2 (a+bj(a—bj
=-2lim
2 2

x>0 (a+bj (a—bj
“—|x - |x
2 2
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MATHEMATICS-11 (PECTAA) Unit # 12

. (a+b} . (a—bj
sin| =—— |x sin T X

DOGAR NOTES SERIES

a—bj a’-b* b*-a
b

_,._cosax—cosbx b*-a’
=lim 5 =
x—0 X 2

tanx -1

(vi) lim
X—)Z X_*
4

Solution:
sin x 1

. tanx-1 .
lim = lim £OSX

z T z T
=7 x— = T

Sin X —CoS X

—lim COS X —lim SIN X —COS X ()
x—Z T x>Z T
4 X—— 4| X—— |COSX
4 4

. 1.
~sinx—cosx=+/2| | == |sinx—
Sin X - Cos X =sin xcos - —cosxsin 7

sinx—cosx=\/§sin(x—%j

Equation (i) becomes

. ﬁsin(x—jj

z T
24 | x—= |cosx
4

1 j T s
cosx | sin—=cos— =1
} 4 4

Put h=x—z
4
=As x—>%, h—0
—iim J2sinh
” hcos(h+”j
4
sinh 1

ﬁmﬁm@
1 ﬁﬂ =242

cos[O + ”j oS —
4 4

=\/§(1)><
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DOGAR NOTES SERIES MATHEMATICS-11 (PECTAA)

tanx-1

So, lim =2
x>Z. z
X_i
4
(vi)  Limi=o%2X
x—0 X
Solution:
I_iml—cozs.ZX
Xx—0 X
=Lim 23|nz%< €0 2X =1-2sin’x
x—0 X
sin’x sinx )’
=2Lim—; =2Lim(—)
x>0 X x—0 X
sinx )’
=2(Lim—j =2(1)" =2
X—0 X
. cosax —coshx
(viii)  lim———
x-0 COSCX — COS dX
Solution:

. cosax—cosbx
lim——————
x=0 COSCX — COoS dx

COSa—cosﬂz—Zsin(a+ﬂjsin(a_’3j
2 2

Unit # 12

) (ax+bx]. (ax—bxj . (ax+bx). (ax—bx)
-2sIn sin sin sin
lim 2 2 _lim 2
x>0 . (cx+dxj. [cx—dxj x>0 (cx+dx). (cx—dx)
-2sin sin sin sin
2 2 2 2
Multiply and divide by (a”bx) (ax_bxj, (CXJ“de and (Cx‘dxj.
2 2 2
. (ax+bx} . [ax—bx} (cx+dx) (cx—dxj [ax+bx)(ax—bxj
sin sin
. 2 2 2 2 2
=lim X X X X
x>0 (ax+bx) (ax—bxj . (cx+dxj . [cx—dxj (cx+dxj(cx—dxj
sin sin
2 2 2 2 2
a+b a-b c—d

2JXX Sm( 2 )X C+djx i ( 2

sin(
=lim

)

g(a+b)§(a—b)

x—0 |
X Sin

[a—b < lim c+d

2
j x—0 | (
X Sin
2

x>0 [a+b

)

As, xeo,(a;bjx,(a;bjx,(czdjx,(cgdjx—m
S i S
So,

. _cosax—coshx a’-—b?
lim ==
x>0 cosCcXx —cosdx c¢”—d
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DOGAR NOTES SERIES MATHEMATICS-11 (PECTAA) Unit # 12

. X3l
00ty
Solution:
X3l
lim—
x—>1 X _1
3_q3 x=1)(x*+x+1
=lim X2 12 =Iim( )( )
olx?—12 ot (x+1)(x—1)
X +x+1 1P+1+1 3
=lim = =—
x> x+1 1+1 2
3_
So, limX -3
ol -1 2
2_ —
) Iimx xlogx+3logx—9
x—3 X—3
Solution:
2_ —
lim X xlogx+3logx—9
x—3 X—3
2_ —
_"mx 9—xlog x + 3log x
x—3 X—3
x> —3* —(logx)(x-3
X =% ~(logx)(x-3)
x—3 X—3
_"m(x—3)(x+3)—(|ogx)(x—3)
_xa3 X—3
x—3)(x+3-logx
o (x=3)(x+3-logx)
x—3 X—3

=lim(x+3-logx)
=3+3-log3=6-1log3
2
S0, lim X —xlogx+3logx—9 _
x—3 X—3

6—1log3

_ _ x(2°-1)
(xi) lim——~
x>0 1—C0S X
Solution:
2" -1
x>0 1 —C0S X
Multiply and divide by X
2" -1
x>0 1—-COSX X
x?(2* -1
x>0 X(1—-cosx)
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DOGAR NOTES SERIES

Rationalizing by '1—cosx'
X’ (2" -1)  L+cosx
-0 x(1-cosx) 1+C0sX
X (2 -1)(1
i (2" -1)(1+cosx)
>0 x(1-cos’x)

“+sin® x+cos? x=1
x?(2* =1)(1+ cos x

x>0 xsin? x
2 X
. X . (271 .
:Ilm[ — jxllm( jth(l-i-COSX)
x—0 SIN° X x—0 X x—0

x ) 2" -1
=(Iim_—j x(lim Jx(1+coso)
x—0 SIN X x—0 X

=(1)" xlog, 2x (1+1) = 2log, 2

) x(2X —1)
So, lim———==2log, 2
x>0 1—C0S X

Q.5  Express each limit in terms of e:

. : 1\
(M L|m(1+ Hj

N—+o0

Solution:

2n
Lim(1+ij
N—+o0 n
n 2 n 2
:LimKHlj } :{Lim(ulj } =g’
N—>-+o0 n N—>-+o0 n

(ii) Lim(uljz
n

nN—+o00

Solution:

|_im(1+1j2
N—+o0 n
1 1
N2 n 2 1
:Liml:(l+1J:| :{Lim(ﬂlj} =g?
N—+o0 n N—>+00 n
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DOGAR NOTES SERIES MATHEMATICS-11 (PECTAA) Unit# 11

: 1Y
(iii) Hm(l—ﬁJ

Solution:

s3] el |
Jumfoo )] ] e

: : 1Y
(iv) L|m(1+ 3—)

N—+oo n

Solution:

Lim(1+i)
N—+o0 3n
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