Exercise 9.1

Chapter 9
d
Y et 2e”
dx
a p e r‘ Again differentiating
d2y d X 2x
- : : . . =—e" +2—e
‘leferentlal equatlonl An equation that involves dx? dx dx
the derivatives of dependent variables of one or d2 d d
more independent variables J ="' —(x)+2e” —(2x)
dx? dx dx
‘Ordinary differential equation‘ An equation that d?y
involves the derivatives of dependent variables of R e" +4e
one independent variable )
Partial differential equation] An equation that Putting value of y’ﬂ and _Z in equation (1)
involves the derivatives of dependent variables of X X
more than one independent variables d? y dy < - < o
‘Order of differential equation:‘ dx? 3&+2y e +4e” 3(e +2e )+2(e +e )
Order of highest order derivative g2 y dy
Degree of a differential equation| VR +2y =e*+4e* —3e* —6e™ + 28" + 2™
Power of the highest order derivative )2( X
- - - — . . d d
‘.Llnear dlffer.entlal eq_u.atlon.‘ D.E is said to be linear 2’_ _y+ 2y = e* —3e* + 26" + 4e?* —6e? + 26
if the following condition holds dx dx
1. Dependent variables and its derivatives occur to d Zy dy
the first power only —-3—+2y=0

dx* dx

2. There is no products involving the dependent « o
Hence Y =€ + € is asolution of differential equation

variables or its derivatives
3. There should be linear functions of dependent dy
variables, such as trigonometric (sine) exponential etc b). y=X-X Inx, X& tX-y= 0

Exercise 9.1

. dy
Sol: GivenX—+X—-Yy =0
Q1. Find the order, degree linear and nonlinear of dx

each of following ordinary differential equations: y=X-X Inx
dy 2 Differentiating both sides with respect to x
a). d_ =X"+Yy dy d d
X L= —x——(xInx)
ody dx dx  dx
Sol: Given—=X"+Y
dx ﬂ—l— xilnx+lnxix
Order=1 Degree =1 Linear dx dx dx
d’y  ,dy
o). 73 11y =3x L VS T
X’ ) dx X
d7y Ldy d
dX dx +1ly:3X —=1—(1+In X)
X
Order =2 Degree =1 Linear
d2 d 3 ﬂ :1—1— In X
0 g+z(_yj _y=0 dx
dx dx dy
dy (d ax
X
Sol: leen—y+2( y} -y=0 dy
dx’ dx Putting the value of y and — in equation (1)
Order=3 Degree =1 Non-Linear dx
QZ. In eth case, shqw that .the |nd|c§ted function X_y+ X—y = X(— In X) +x —(X “xIn X)
is a solution of the differential equation dx
d’y ,dy d
. __ AaX 2x
Ay =er+e”, o Cax Tey=o x—y+x—y=—xlnx+x—x+xlnx
q2 d dx
Sol:GivenS Y _ 3% 5y 0. (1) dy
dx dx X—=—+X-y=0
y=e"+e* dx
Differentiating both sides with respect to x Hence y = X—XINX is a solution of differential eq
dy d , d X dy “x
dx dx dx c). y=(x+c)e™, dx+y e
dy X d 2x d d
axC &(X)Jre &(ZX) SoI:Givend—y+y=e_X
X
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Chapter 9

=(x+c)e :
y=( ) e ﬂ+ xy® =0
Differentiating both sides with respect to x dx
y=(X+C)e’X It is non linear
dy d d Q4. In each case, use the initial condition and the
——=e*—(x+c¢)+(x+c)—e™ general solution of the differential equation to
dx dx dx
q q q q determine a particular solution:

Y _ x —x
—=e | —X+—cC |+(X+cCc)e " —(—X a). Xy=c 2)=1
dx (dx dx ] ( ) dx( ) ) Y y( )
dy Sol: Givenx y =c.....(1) y(2)=1
dx =e " (1+0)—(x+c)e Here X =2, y =1 putting in equation (1)

2)(1)=c
ﬂze’x—(x+c)e’X (2)@)
dx c=2
d Th tion (1) b
Putting the value of y and &y in equation (1) us equation (1) becomes
X Xy =2

d_y+y:e—x_(X+C)e—x+(x+c)e—x b). y=Xx-xInx+c y(1)=2
dx Sol: Given Yy = X— XIN X+ Cevevvvrvrvreeeernen, (1)
g—ery=e‘X with y(1)=2 = x=1y=2 putin(1)

X
Hence y = (X + C)e_X is a solution of differential eq ( )In (l)
Q3. For each of following equations, determine whether 2= 1_1( )+ c
or not it becomes linear when divided by dx or dy 2-1+c¢
a). (x+y)dy =(x—y)dx 5 _1-¢
Sol: Given (x+ y)dy =(x—y)dx c=1

Dividing it by dX on both sides

dy dx
(x+y) dx_( y)dx
dy
(x+y)dx X—y
dy A
deerdx_X y

d
It is non-linear because coefficient of d_y isy
X

Thus equation (1) becomes
y=x—xInx+1

b). ady+bysinx dx=0
Sol: Givena dy+bysinx dx=0
Dividing it by dX on both sides
aﬂ+bysinx %zo

dx dx

aﬂ+bysinx:0
dx

It is Linear. But after dividing by dy it is non linear

c)sin(xy)+y=c,
Sol: Givensin(Xy)+ Y =Cuocvvevrrvrircrinnnns 1)

With y(%jzl :>X:%,y=1 putin (1)

sin(z.l}rlz C
4

V2

—+1=cC
2
Thus equation (1) becomes

sin(xy)+y=g+1

c). 3y dx+2x dy=0
Sol: Given3y dx+2x dy =0

Dividing it by dX on both sides

3y dX+2x dy =0
dx dx

3y+2xﬂ=0
dx

It is linear

d). e* dy + xy%dx =0

Sol: Givene” dy + xy*dx =0
Dividing it by 0X on both sides
. dy 2 dx

e —+xy*—=0
dx y dx

2 2

Yy X
LS y(1)
2 2
Sol: Given 2= = X 4G (1)
X 2
with y(1)=1 = x=1,y=1 putin (1)
1?7
—==—+c
1 2
1=%+cC
c=1-%
C=3
Thus equation (1) becomes
y_x, 1
X 2 2

Q5. Solve the following initial value problems:
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dy Integrating both sides
) a0 v(0) j y2dy = Zj x dx
. dy -1 2
SoI.leen&—COSX 31_122[%J+C
with y(0)=1 x=0,y=1
L2
we have Y _ cosx —g_x F G, (1)
dx .
Separation of variables Putting the value of xand y
dy =cosx dx _i:32+c
Integrating both sides -
Idyzjcosx dx 1=9+c
i 1-9=c
Y =SINX+Curerrrrrrereeeeerereeee e (1) o
) C=-
Puttn-wg the value of xand y Thus equation (1) becomes
1=sin(0)+c 1
-~ =x"-8
1=0+c y
1= C 1 _ 8 2
Thus equation (1) becomes y =o-X
y=sinx+1 Taking reciprocal
dy , 1
b). — =X, 0)=1 =
) dX y( ) y 8— X2
dy o dy 1
Sol: Given— = X ZLiy=y? ==
ol: Given d). i +y=Yy*  y(0) 5
with y(0)=1 x=0,y=1
| y( ) { SoI:Givenﬂ+y=y2
We have % = x2 . dx
X y 1
Separation of variables dx +y=Y, y(O) = 2
dy = x* dx 1 1
Integrating both sides With y(O) = 2 x=0,y= 2
j'dy =J'x2 dx % dy
3 ehave —+Yy=Y
Y = o Gt 1) _ dx '
Separation of variables
Putting the value of x and y dy )
0? —=Yy -y
1= ?-FC dX
1=0+c zdy =dx
1=c y -y
Thus equation (1) becomes dy _
y=X 11 y(y-1)
3 Integrating both sides
dy 2 dy
o). —==2xy*, y(3)=-1 = | dx
d>:]I J y(y-1) /
e Ay 1 A B
Sol: Given dx - ny Take ( _1) =— —_1 ................... (1)
dy ) yly y 'y
o 2xy*, y(3)=-1 Multiply each fraction by y(y—1) we get
With y(3)=—1 X=3,y=—1 y y_l 1 =y y_]_ é_{_y y_]_ _B
Dy =YDy

We have d—y = 2xy?
dx

1=A(Y-1)+BY.iiiiirienee, (2)
Separation of variables Put Y =0 in equation (2) we get
d
& _ ox dx 1=A(0-1)+B(0)
1=-A
y2dy = 2x dx Ae—1

Khalid Mehmood Lect: GDC Shah Essa Bilot Available at http://www.MathCity.org Page 213



Exercise 9.1

Chapter 9
Put y =1 in equation (2) we get N[ Y2 = X2 =20 (1)
1= A(1_1)+ B(l) Putting the value of x and y
1=A(0)+B = B=1 Inj1-0°| =-0°-2¢
Putting the value of A and B in equation (1) we get In (1) - _2¢C
_1 _1. 1
y(y-1) vy y-1 c=0
Thus integral becomes Thus quatlon (21) becomes
Inl—y*|=-x
IL: [ ax -y
y(y-1) 1-y? =g
dy dy
| == 7 d _x2
—Inly|+In|y-1=x+c y=1-e*
y—1 d
InX—|=x+c Y _ fye _
f). 2—=4xe™, 0)=42
y ) dx v(0)
Putting the value of x and y dy
1_ Sol: Given2—= =4xe™*
In[&=—|=0+c dx ]
? or Y oxe
| —1 dx
nl—%l=c
1 2%=4xe‘x, y(0)=42
X
In-1j=c With y(0) =42 x=0,y =42
c=0 dy
Thus equation (1) becomes We have ] =2xe” "
X
In (y—_lj =X+0 Separation of variables
y dy = 2xe™* dx
y_—l = e Integrating both sides
y Idy = ZI DI o) T (1)
—1= ve*
y Xyel Integration by parts
y—ye = |l —x d -x
y(1-e)-1 y_Z[xJ.e dx Ia(x)(je dx)dx}
g1 y:Z[x(—e‘X)—I(—e‘x)dx]
1-¢*
dy y=-2xe " + ZI e “dx
e). y&+xy2—x=0, y(0)=0

y y=-2xe"+2(-e")+c
Sol: Giveny @Y |, wy2 _x—0
Yax Y y=-2xe*-2e " +c

with y(0)=0 x=0,y=0 Putting the value of xand y
_ -0 -0
We have yj—y+xy2—x=0 .......................... (1) 42——2(0)6 —2e"+C
X -0—

Separation of variables 42=0 2(1) +e

dy 2 42+2=cC
y—==X-=-Xy

dx c=44
y% = x(l— yZ) Thus equation (1) becomes

y=-2xe -2 +44

y dy = xdx : . "

1—y? ‘Solutlon of D.E by Separation of varlables‘

solution of DE is not possible by direct integration,

Integrating both sides
So we try to rearrange the DE to be solved such a way

y > dy:jxdx that all terms involving dependent variable appear on
1-y one side of the equation and all the terms involving
—_ZI_J- -2 y2 dy = J‘ x dx independent variables appear on the other side
21—y ’Homogeneous function‘

-1 In |1 2| _x +c A function is said to be homogenous of degree n
Multiply by -2

Khalid Mehmood Lect: GDC Shah Essa Bilot Available at http://www.MathCity.org Page 214



Chapter 9

Exercise 9.2

Homogeneous differential equation
f (X,

The DE ﬂ = M

dx g(xy)

if it defines a homogenous function of degree zero

Solution of HDE| HDE can be reduced to separable

form by assuming Y =UX

is said to be homogenous DE

\Orthogonal trajectories\ The two families of curves
F (X, y,cl) and G(X, y,CZ) are perpendicular at a

point of intersection if and only if their tangents are
perpendicular at the point of intersection

Exercise 9.2

Q1. Find the general solution of the following
differential equations:

2xd—y—2y
a). dXz =0
X
x5y
SoI:leendx—_o
X

2xd—y—2y =0.x°
dx

ox oy _0
dx
Dividing both sides by 2
dy
X—-y=0
dx y=
Separation of variables
d
x=Y = =Yy
dx
dy _ ox
Yy X
Iny=Inx+Inc
Iny=Incx
y =CX

b). d—)2/+ydx=2dx

Sol: Givend—ywL y dx =2 dx
X

ﬂ:z dx —ydx
X

dy
2-y)d
= (2-y)dx

Separation of variables

d
_y = xdx
2-y
Integrating both sides

I jxdx

—In(2—y)=§+c

X2

In(2—y):—?—c
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dy ’ 2
) —= | =1-
c) (dx) y

()
Sol: Given ™ =1-y

X

Taking square root on both sides

2
2] -
dy =
o VY

Separation of variables

dy =dx

J1-y?

Integrating both sides

2 o

sin™(y)=x+c

y =sin(x+c)
d). exﬂ+y2:0
dx

Sol: Givene” B +y*=0
dx

P

Separation of variables
dy  dx

e

y?dy = —e *dx
Integrating both sides
j ydy = j—e‘xdx

-1 -X
Y _ % ¢
-1 -1
—ize‘x+c
y
Taking reciprocal
1
e“+c
-1
e +c

e). J1-x2 dy:\/l— y2 dx

Sol: Given+/1—x* dy =

Separation of variables

dy dx

\/1— y? - J1-x2

Integrating both sides

dy ¢ dx
j\/l_yz _'[\/1—X2
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Chapter 9

sin(y)=sin"(x)+c

y =sin (sin‘l(x)+c)

f). cosec’x dy +secy dx=0
Sol: Given cosec’x dy +secy dx=0

cosec’x dy =—secy dx
Separation of variables
dy dx
secy  cosec’x

cosy dy =— sin® x dx

cosy dy =— (#j dx ..sin’ x=M

2
-1 1
cosy dy =?dx+§c032x dx
Integrating both sides
-1 1
jcos y dy :?IdX”LEjCOSZX dx

siny—_—x+i sin 2x +cC
2 2%(2x)
. —X sin2x
siny=—+ +C
2 4

) (—x sin 2x j
y =sin| — + +cC
2 4

Q2. Reduce the following differential equations in
separable form and then solve:

a). y' =(y+ x)2

Sol: Given%:(y+x)2 ...................... (1)

Let X+y=uU

Differentiating both sides

d d d
—X+—Yy=—1U
dx dx dx

1+ﬂ:d_u
dx dx

dy _du_

dx dx

Putting the values in equation (1) we get

Separation of variables

;:iu = dx
uc+1
Integrating both sides

d
quilzjdx

tan™ (u)=x+c

u=tan(x+c)
Putting the value of u
X+y =tan(x+c)

y =tan(x+c)—x

Khalid Mehmood Lect: GDC Shah Essa Bilot

b). y'=tan(x+y)-1
Sol: Giveny' =tan(x+y)—1
Let X+Yy=U

Differentiating both sides

d d d
—X+—y=—1Uu

dx dx dx
Loy _du

dx dx

dy _du_,

dx dx
Putting the values in equation (1) we get

du
= 1=t -1
» an(u)

1

du

—=tan(u

5 = tan(u)

Separation of variables
du

tan(u)

cosu

— du = dX

SIinu

Integrating both sides

In(sinu)=x+c

sinu=e**

Putting the value of u
sin(x+y)=e*"

o). y'=(e*-1)e”
Sol: Giveny' = (e* —1)e”’
dy _

<L =(e"-1)e”

il G

Separation of variables
dy (.
eTy = (e ‘—‘1) dX

e’dy =(e" —1)dx
Integrating both sides
jeydy = J'(eX ~1)dx
e’ =" —Xx+¢
dy
d). y&
dy

Sol: Given y —
dx

+xy°-x=0

+xy*-x=0

Separation of variables
_ydy
1-y°
Integrating both sides

1y_d;/2 = I xdx

= xdx
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-1¢-2yd
J' yy Id

B 2
?In(l—y2)=%+c

1-y“ =e
y2=1_e—x—2c
y: 1_e7X72C
e) dy _y X
dx x y?
Sol: Given dy _1+X_
dx x y?
1
dy_l+—2 .............................................. (1)
dx x vy
X2
y _ _
et ==U =y =UX
X

Differentiating both sides
d d d

—Yy=X—U+U—X

dx dx dx

Putting the values in equation (1) we get
du

X—+U=U+—
dx u
du 1

dx T2
Separation of variables

u®du _ &
X

Integrating both sides

TE
—=In|x+Inc

3

u®=3Incx

Putting the value of u

(%T =3lIn(cx)

y—3—3ln(cx)

X
y® =3x’In(cx)

f). (y-3)dy =(x*+1)dx
Sol: Given(y—3)dy = (X3 +1)dX
Integrating both sides
I(y—3)dy = '[(xg +1)dx

yz X4
—-3y=—+Xx+C by 4
> y 4 <Dy

2y? —12y = x* +4x+4c
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Q3. Solve the following homogeneous differential
equations:

g W _xey
dx x-y

Sol: Givenﬂ:u .......................... (1)
dx x-y

L y_ =

et ;—u = y=UX

Differentiating both sides

d d d
—y=X—U+U—X
dx

dx dx
.,
dx dx
Putting the values in equation (1) we get
du X + UX
X—+U=
dx X — UX
du X(1+u)
X—+U=
dx x(l—u)
du 1+u
dx l u
du _1+u-u(1-u)
dx 1-u
du _1+u- u+u?
dx 1-u
du _1+u?
dx 1-u
Separation of variables
1—u2 du _X
1+u X
Integrating both sides
1-u dx
J. >du=|—
1+u X
1
[—du-[——du= e
1+u 1+u X
P ek
1+u? 1+u? X

tanl(u)—%ln(l+u2):In(x)+|n(c)
tan~ (u) =In(cx)+=In(1+u?)

tan™ (u) =In(cx +In\/1+_u
tan™ (u) = In(cxm)

Putting the value of u

=)

N[

dy xy—y?
o, WXy
dx X
_dy  xy-y?
Sol: Given— =222 ] 1
o] ven dx XZ ()
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Let ¥ =u = y=UX
X

Differentiating both sides
d d d
y=X—U+U—X
dx dx dx
Wiy
dx dx
Putting the values in equation (1) we get
du ux? —u?x?
X—4+U= —
dx X

Separation of variables

—izdu =%
u X

dx

X
Integrating both sides

_ dx
—ju ’du = <

—u~?du =

u—l
———=Incx
1

—=Incx
u
Putting the value of u

=Incx

=Incx

< | x x|k

dy x*+3y*
dx 2Xy
2 2
Sol: Givenﬂ XY (1)
dx 2Xxy

Let ¥ =u =y =UX
X

Differentiating both sides

Putting the values in equation (1) we get
du x® +3u?x?
X—+U=——F——
dx 2x°u
du x° (1+ 3u2)
dx 2x°u
du 1+3u?
X—

dx  2u

du _1+3u®-2u®
dx 2u
du C1+u?

dx 2u
Separation of variables

1+u? X
Integrating both sides
J- 2u dx

1+u? du= X

In(1+u®)=In(x)+In(c)

In(1+u?)=In(cx)

1+u® =cx
Putting the value of u

2
l+(l) =CX
X

1+7=cx

2 2
X +2y =cx

X
x*+y>=cx’
g Y _yX-yiry —y +y

dx

Sol: G|ven dy “X _y Y (1)
Letlzu =y =UX

X

Differentiating both sides

d d d
—y=X—U+U—X
dx dx dx

Putting the values in equation (1) we get

du X% —u?x? +ux

X—+4+U=
dx X
x?(1—u?) +ux
du )
dx X
2
Xd_u+u:x\/1—u + Ux
dx X
du x(\/l—u2 +u)
X—+u=————— 7~
dx X
xd—ulel—u2 +u-—u
dx
xd—ulel—u2
dx
Separation of variables
du  dx

J1-u? T x

Integrating both sides
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e
sin™(u)=In(x)+In(c)
sin”™ (u) =1In(cx)
u=sin(In(cx))

Putting the value of u

2 =sin(In(cx))

y =xsin(In(cx))

dy  xy+y’
ax x>+ xy+y’

Xy + Y

e).

Sol: Given —y =

ax X2 +xy+y’
Y _
et Z=u = y=UX
X

Differentiating both sides

Putting the values in equation (1) we get

du ux® +u’x?
dx x? +ux? +u®x?
du X (u+u?)
dx _x2(1+u+u2)
du u+u?

dx 1+u+u?
du u+u’—u(l+u+u?®)

X— =

dx 1+u+u?
Xd_u: u+u’—-u-u’-u?

dx 1+u+u?

du —u®

dx 1+u+u’
Separation of variables

1+u+u? dx
—3du —_
u X
u: u u X
1

Integrating both sides
I(us +u? +1jdu _ (9
u

X
u? ut
—+—+Inu=—-Incx
- -1
-1 1
> ——=—Incx—Inu
2u u
-1 1
5 ——=—Incxu
2u u

Putting the value of u

—x? =2xy =-2y*Incy

Q4. Reduce the differential equations in the
standard form of homogeneous form and then
solve:

a). x%:yﬂ/x%yz y(4)=3

X
d
SoI:GivenXd—y=y+«/X2+y2 ............ (1)
X
With y(4)=3 =Xx=4,y=3
ot Y o _
et —=Uu = y=UX
X
Differentiating both sides
d d d
—y=X—U+U—X
dx dx dx
dy du
—= =X—+u
dx dx

Putting the values in equation (1) we get

du . 2 2,2
X Xd—+u =UX+X +U"X

X

x(xg—z+u): UX + Xa/1+u?

x(xd—u+u): x(u+\/1+u2)
dx

xg—u+u =U++/1+U°
X
xg—u:\/1+u2

X
Separation of variables
du  dx

Ji+u? X

Integrating both sides
du _J-dX
X

1+u?

In‘u+\/1+u2 =Inx+Inc
In‘u+\/1+u2 =Incx

U++v1+u® =cx
Putting the value of u

<

_|_

[y

_|_
~—
X |<
N
N

Il

o

X

+

X
N

+

2 2
X
LAY
X

RS G AT ob G (2)

X< x|« x|<
x
_|_
<
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Putting X =4,y =3 in equation (2) we get (1_u2)*1
3+\/42+33:c(4)2 Inx=- o ¢
3++/16+9 =16¢ Inx = +C
1-u?
3++/25 =16¢ Putting the value of u
3+5=16¢C 1
8 =16¢ Inx= >+C
8 _1 1-(%)
16 2 1
Putting the value of c in equation (2) we get Inx= ~+C
2 1-24
y+«/x2+y2:% 1X
Inx = ——+C
2y +2x? +y? =% —
b). (x4+y4)dx=2x3ydy y(1)=0 Inx = X’ e (2)
T F G
Sol: Gwen(x +y )dx 2x%ydy........... (1) Xy
Putting X=1,y =0 in equation (2) we get
With y(1)=0 x=1y=0 P
y In(l) == +C
Let ==u = y=UX 1"-0
X . 0=1+c
Differentiating both sides
d d d c=-1
& y= X&U +U & X Putting th;value of cin equation (2) we get
dy du Inx= -1
—=X—+U 2_ 2
dx  dx Xy
Putting the values in equation (1) we get Q5. The slope of family of curve at a point P (X, y)
x* +y*)dx = 2x%yd -
( y ) yey is il—x Determine the equation of the curve that
dy -
4 4 3
(X Ty ): 2X y& passes through the point P (4,-3)
X4+U4X4:2X4U(Xd—u+Uj Sol: Given slope i.e., ﬂ:y—_l
dx dx 1-x
du Separation of variables
x4(1+u4):2x4u(x—+u] dy dx
dx
y— 1 1-x
1+u* =2u (Xd_u+ u) Integrating both sides
dx J- dy o dx
1+u“:2uxd—u+2u2 y-1 “1-x
dx J~ dy _ —dx
1—2u2+u4:2uxd—u y-1 1-x
’ dx In(y-1)=-In(1-x)+Inc
u
(1-u? ) =X In(y-1)+In(1-x)=Inc
Separation of variables In(y—l)(l—x): Inc
dx  2udu
—~ = v (Y=1)(1=X) = Crrrrererreerieiecinns (1)
(1—u ) Curve passes through point P(4,-3) lLe,,
Integrating both sides x=4y=-3 weget
Kj Al 3-1)(1-4) -
] (-3-1)(1-4)-
dx _  —2udu (-4)(-3)=c
X (1—u2)2 c=12
Putting the value of c in equation (1) we get
%——J-(l—uz) (—2u )du (y-1)(1-x)=12
X 12
y_1:1—x
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12

e
_12+1-X
- 1-x
_13-x
C1-x

_ x-13
- x-1

Q6. Find the solution curve of the differential

d
equation Xyd—y = 3y2 +x* which passes through
X

the point P(-1,2)

Sol: Given xy%=3y2+x2 + by xy
X

g 3(%) +[§] ................... 1)

y

Let ==U = y=UX
X

Differentiating both sides
d d d

—y=X—U+U—X

dx dx dx

Putting the values in equation (1) we get
du 1
X—+U=3u+—
dx u
du 1
X—=3u—-U+—
dx u
du 1
X— =2U+—
dx u

du 2u®+1

dx u
Separation of variables

udu  dx

2u°+1 X

Integrating both sides

J~ udu _ pdx
2u2+1 Y x

EJ. 4u du dx

4

2ul+1 Y x

lIn(2u2 +1): Inx+Inc
4

In(2u2 +1)% =Incx

1
(2u®+1) =cx
Putting the value of u we get
1
(2(%)2 +1)4 =CX
1
2 2
(2 1) =X (2)

Curve passes through point P(-1,2) lLe.,
X=-1Ly=2 we get

1
(o) =
L
c=-94
Putting the value of c in equation (2) we get
1 1

(zxif +1)Z =—94x

(25 +1) =-ox

Q7. Determine the particular solution y = f (t) of
the homogeneous differential equation

t?y’ =y?+2ty with initial condition y(1) =2
Sol: Givent®y' = y* 4+ 2ty.....cceeveurnne. (1)

y

Let y =ut :>u:?

Differentiating both sides
d y=t d u+u it

dt dt dt

ﬂ =t d_u +u

dt dt

Putting the values in equation (1) we get

t2 (ti—l:+uj =u’t? + 2t

tz[t((jj—l:+uj=t2(u2+2u)

td—u+u=u2+2u
dt
du
t—=u’+2u-u
dt
du
t—=u’+u
dt
Separation of variables
du dt
u’+u t
Integrating both sides
J' du . E
ul+u Yt
Tak ! Usi tial fracti
ake = sing partial fraction
u’+u  u(u+l) 8P
1 A B

= (2)

u(u+l) u u+l

Multiply each fraction by u(u+1) we get
1=A(U+1)+BU.cciiiciirnnes (3)

Put U =0 in equation (3) we get

1= A(0+1)+B(0)

1=A

Put U=-1 in equation (3) we get
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1= A(—l+l)+ B(—l)
B=-1
Putting the values of A and B in Equation (2) we get

21 11
u(u+l) u u+l
Thus integral becomes

J' du _ ﬂ
u(u+1) t
jdu_du o

u u+1 t
Inu—In(u+1)=Int+Inc

u
In—=Inct
u+1

u J—
u+l
Putting the value of u we get

ct

Initial condition y(1)=2 le, t=1y=2 weget
2

——=c(1

2+1 ( )

2

pu— C

3

Putting the value of c in equation (4) we get

Yy 2,
y+t 3

Q8. A particle moves along the x-axis so that any
point is equal to half its abscissa minus three times

the time. At atime t =2, X =—4 determine the
motion of a particle along the x-axis

Sol: half its abscissa minus three times the time

dx x

S 23t
dt 2

B X st (1)
dt 2

Letx—6t=u

Differentiating both sides

dx du

Z _f=—

dt dt

o _du

dt dt

Putting the values in equation (1) we get
du u

i 6=—
dt 2
du u
dt = 2

du u-12
)

Separation of variables

du dt
u-12 2
Integrating both sides
J- du _ ﬂ
u-12 2

In(u —12):%+k

Putting the value of u we get
In(x—-6t-12)=£+k

x—6t—12=¢*"

X = BL+124 B orvrrrrrvrrrrrrrrrrrsrrssrssssssnnsnees (2)
Atatime t =2,X=—4 we get
—4=6(2)+12+ce’

—4-24=ce

c=-28e"
Putting the value of c in equation (2) we get

X =6t +12 — 28e et
X = 6t +12 — 28e* ™

Q9. Rate of consumption of oil (billions of barrels) is given

dx
by a =1.2e" where t =0 correspond to 1990. At

this rate how much oil will be used in 8 (t = 8) years.

Sol: Given % =12 (1)
dt

Separating the variables
dx =1.2e>*"dt
Integrating both sides

j dx=1.2 j e*%dt

1 2e0.04t
Yo +C
0.04

When t =0 the oil consumption was X =0 gives
0=30e""" +¢

0=30+c

c=-30

Thus equation (2) becomes

x =30e**" —-30

When t =8 years the oil consumption will be
x =30e*® 30
x=11.3138 billions of barrels

Q10. Rate of infection of a disease (in people per month)

dl 100t
is given by — =

dt t*+1
since the disease broke out. Find the total number of
infected people over the first four month of the disease.

_dl 100t

Sol: Given — = ——
dt t°+1
Separation of variables

dl = 1200t dt
t°+1

where t is the time in month
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Taking integrals

2t
[a zsojt2+ldt

1 =50IN (17 +1)+ Coovrrvrrrrecrrrscsresn (2)

At time t =0 the number of infected people was
=0

0=50In(0”+1)+c

0=50In(1)+c

0 =50(0)+c

c=0

Putting the value of c in equation (2) we get

| =50In(t* +1)
The number of infected people for the first month
| =50In((2)° +1]
I =501In (1+1)
I =50In (2)

| =34.65
number of infected people for the second month

| =50In((2)" +1)
| =501n(4+1)

| =50In(5)

| =80.47

The number of infected people for the third month
| =50In((3)"+1)
I =501In (9 +1)
I =501In (10)

| =115.13
number of infected people for the fourth month

| =50In((4)" +1]
| =501In (16+1)

| =501In(17)

| =141.66

Q11. rate of reaction of a drug is given by (;—R =2x%*
X

where x is the number of hours since the drug was
administered. Find total reaction to the drug form X =1
to X=6

Sol: Given d—R = 2X%E ™ e (1)
dx

Separation of variables
dR = 2x%e *dx
Integrating both sides
IdR = 2J' x*e *dx

R= 2[xzje‘xdx -[(& xz)('[e‘xdx) dx}

R:2x2£—2j2x € dx
-1 1

R=-2x%""+ 4J' xe *dx

R=-2x%"+ 4[x_|'e’xdx— J.(% x)(_fe’xdx)dx}

R =—2x% " +4x S 41. € dx

-1 -1
R=-2x%e"—4xe™ + 4_[ e *dx
R=-2xX%e"—4Xe ™ =48 * 4 Currrvveerererrerrrn. (2)

At time X =0 the reaction of drugwas R=0
0=-2(0)"e"” -4(0)e” -4 +c
0=0-0-4+c

c=4

Thus equation (2) becomes

R(x)=-2x%e"" —4xe™ —4e™* +4

The reaction of drug when time X =1
R(1)=-2(1)"e®-4(1)e™ —4e™ +4

R (1) =0.321=32.1%

The reaction of drug when time X = 2
R(2)=-2(2) e -4(2)e™® ~4e +4
R(Z) =1.293=129.3%

The reaction of drug when time x=3
R(3)=-2(3)" e -4(3)e™ —4e™ +4
R (3) =2.307=230.7%

The reaction of drug when time x= 4
R(4)=-2(4) e —4(4)e —4e 14
R(4) =3.0475=304.75%

The reaction of drug when time x=5
R(5)=-2(5) e ™ -4(5)e™ —4e® +4
R (5) =3.5013=2350.13%

The reaction of drug when time X=6
R(6)=-2(6) e"® —4(6)e " —4e™® 14
R (6) =3.7521=375.21%

Q12. Rate of increasing of the number of cellular
phone subscribers (in millions) since services

ds
began, was given by: i =0.38x+0.04 where x
X

is the number of years since 1998, when the
services started. There were 0.25 million

subscribers in year 1998 (x =0) Find a function

that gives number of subscribers for the year 2004.

Sol: Given$:0.38x+0.04 ................ (1)

Separation of variables
ds =(0.38x+0.04)dx Integrating both sides

[ ds = [(0.38x+0.04) dx

2

s=o.38%+o.04x+c

§ = 0.19% + 0.04X + Covvvvvvrrrsevvvrnrsssiennes (2)

When service started X = O subscribers S = 0.25 millions

Khalid Mehmood Lect: GDC Shah Essa Bilot

Available at http://www.MathCity.org Page 223



Chapter 9

0.25=0.19(0)" +0.04(0)+¢
c=0.25

Thus equation (2) becomes

s=0.19x* +0.04x +0.25
From 1998 to 2004, X =6 years

s=0.19(6)" +0.04(6)+0.25
s=0.19(36)+0.24+0.25
s =7.33 millions

Q13. Determine the equation of the orthogonal
trajectories of the following families of curves.

a). y=cx’
Sol: Given Y = CX>...cveeveeeeeeeeeeeeen (1)

e
X

Differentiating equation (1) we get

For orthogonal trajectories M, = _El

-1
3cx’

-1
3(4)x
_—
3%

dy —x
dx 3y
Separation of variables
3ydy =—xdx
Integrating both sides

SJ' ydy = —.f xdx

2 2
3y7=—X?+k

3y?+x* =2k

m, =

m, =

k is constant

b). Xy=cC

SOl: GIVEN XY = C..covvnceicciinces (1)
=Cc=Xy

Differentiating equation (1) we get

d d
—(xy)_&c

< dy
dx
dy -y
dx

—+y=0
X
m =Y

For orthogonal trajectories M, = _El

-1
e
m. =2
“y
dy_x
dx vy
Separation of variables
ydy = xdx
Integrating both sides
I ydy = _[ xdx
L =Xk
y? —x* =2k kis constant
c). y =cxe*
Sol: Given Y = CXe™.....ccvevveeeeeeieereennen, (1)
=C= yx
Xe
Differentiating equation (1) we get
d_ ci(xex)
dx dx
dy x d d ,
—= =Cc{e"—Xx+X—=e
dx dx dx
dy X | yak
m =——=cie"+xe
L dx { }
For orthogonal trajectories M, = _El
m = -1
2 c{eX + Xe }
il -1
[ (XZ) {1+ x}
y__ X
dx y(1+x)
Separation of variables
dy =———adx
Y= 1+X
Integrating both sides
X
dy =—[——dx
J- o j 1+x
Yy _Il+ X—1 4
2 1+X
- _2_|' Xy 2 — dx
y* =-2[1. dx+2j—dx
y? ==2x+2In(1+x)+k kis constant
d). y>=x>+cC
Sol: Given Y% = X% 4 Cuvevvverrrereeeenes (1)
—c=y' -x*
Differentiating equation (1) we get
g e y? = LINC SN P
dx T dx dx
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2yﬂ:2x+0
dx

dy _2x

dx 2y

m X
dx vy

For orthogonal trajectories M, = ==

m
-1
m, =—
y
dy _ -y
dx X
Separation of variables
dy —dx
Yy X
Integrating both sides
Idy o pdx
Yy X

Iny=—Inx+Ink k is constant

Iny+Inx=Ink

Inxy =Ink
xy =k
e). y =csin2x
Sol: Given Y = CSiN2X..ccveviereriesieenane (1)
__ Y
sin2x
Differentiating equation (1) we get
ﬂ = cisin 2X
dx dx
ﬂ = CCO0S 2x12x

dx dx
m, :d_y: 2CC0os 2X
dx

For orthogonal trajectories M, = =1

m
-1
m,=———
2CC0s 2X
m - -1
* 2(5%)cos2x
_ —sin2x
2 2ycos2x
dy _ —1sin2x
dx 2y cos2x
Separation of variables
—1sin 2x
=— dx
2 C0S2X

Integrating both sides
sin 2x
Jyay==]

cost
y_: J-25|n2xdx
2 2x2Y cos2Xx
y2

-1
=—I 2 k
> 2 n(cos2x)+

k is constant
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f). e“cosy=c

Sol: GIVen€* COS Y = Cuvvvvvereereeieieeeenanes (1)
=Cc=e"cosy

Differentiating equation (1) we get

d, . d
&(e cos y):&c

exicosy+cos yiex =0
dx dx

. d

—e*sin y—y+eX cosy=0
dx
dy —e*cosy
dx —e*siny
_dy cosy

dx siny
For orthogonal trajectories M, = ’El
-1
cosy
siny

m, =

dy -—siny
dx cosy
Separation of variables

Ccos
CO3Y gy — —dx
siny
Integrating both sides

cosy
Ismyd —jdx

In(siny)=-x+k kis constant

siny =e**

g). y=\/x+c
Sol: Given Y =X +Covirerrerrernrrieieenn, (1)

Squaring both sides
y’ = (\/ X+C )2

y>=X+cC

c=y°—X

Differentiating equation (1) we get
dy d
dx dx
dy 1 1 d

X+C X+C
dx 2( ) dx( )
dy 1 4
m X+C

For orthogonal trajectories M, = ==

(x+c)

my
M. — -1
27 3cx?
-2
m,=———
(x+c)?
ﬂ:—Z(x+c)%
dx
dy 3
&z—Z(x+ y* —x)
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d :
¥ ()

dy
=2 __2
dx y

Separation of variables
¥ = —2dx
Integrating both sides
[ - 2fax
y
Iny=-2x+k k is constant

Iny=-2x+k

—2x+k

y=¢e

sin

_y dy = dx

cosy

Integrating both sides

[ =30 gy [

h). y=x’+¢C

Sol: GIVEN Y = XZ + Cuvevvevereeeeeeeeeeeeees (1)
=c=y-x

Differentiating equation (1) we get

dy_d.,9;
dx dx dx

ﬂ:2x+0
dx

m1=%=2x

For orthogonal trajectories M, = ‘El
_dy_ -1
27 dx 2x
Separation of variables
—1dx
dy=_—"-—"
2
Integrating both sides
—1 rdx
dy=—|—
I y 27 x
1 -
y:—Eln X+Ink k'is constant

y = In(k.x%)

e’ =k.x?

i). e*siny=c

Sol: Givene* SiNY =C...oeeveeveeveierereinnnnns 1)
=c=e"siny

Differentiating equation (1) we get

i(ex sin y) :ic

dx dx

e* isin y +sin yieX =0
dx dx

x dy
e*cosy—=

ydx
dy —€'siny

dx e*cosy

m _dy siny
odx cosy

+e*siny=0

For orthogonal trajectories M, = =1

my
m - -1 :dy_cosy
27 sin v o
~ oy dx siny

Separation of variables

cosy
—In(cosy)=x+k k is constant
i) cosx coshy=c

Sol: GivencoSX COSh Y =C.....cocvrunnine. (1)

Differentiating equation (1) we get

d d
2 hy)=—
o~ (cosxcoshy) o C

cos xicosh y + cosh yicosx =0
dx dx

cos xsinh y%—sin xcoshy =0
X

dy _sinxcoshy

M= dx cosxsinhy

For orthogonal trajectories M, = ==

m
-1
m2 " sinx coshy
‘cosx sinhy
dy cosx sinhy
m=—-=—-———"=

“dx  sinx coshy
Separation of variables
cosh COS X
- y dy =———adx
sinhy sin x
Integrating both sides
IC9Sh y dy Z—J.C?SXdX
sinhy
In(sinh y)=—In(sinx)+Ink kis constant

In(sinh y)+In(sinx)=Ink
In(sinh ysinx)=Ink
sinhysinx =k

k). e*(xcosy—ysiny)=c

Solution: €*(XCOS Y —ySiNY)=C wrrrrrreeeeeea(1)
Differentiating equation (1) we get
ge*(xcosy—ysiny)=4c
(xcosy—ysiny)Le*+e* & (xcosy—ysiny)=0

(xcosy—ysin y)ex+ex(x§fxcosy+cosy%x—y$siny+sin y§7y):0
(xcosy-ysin y)ex+ex(7xsin Y&+ cosy-ycosyL+sin y%):o
(xcosy—ysin y+cosy)e‘+ex(—xsin y—YyCosy+sin y)%:o

e* (-xsiny—ycosy+siny)$=—(xcosy-ysiny+cosy)e"

dy _-Xxcosy+ysiny-cosy
dx —xsiny-ycosy+siny

For orthogonal trajectories M, = ==

m
m _dy  —xsiny—ycosy+siny
2 dx —XCO0S Y+ Yysiny—cosy

Separation of variables

Integrating both sides
Wrong question
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