Chapter 8

Exercise 8.1

Derivation of equation of tangent on parabola

Chapter 8

Conics: Set of all points in the plane in such a way
that its distance from a fixed point in a constant
ratio to its distance from a fixed straight line.
Or F is a fixed point in a plane and L is the line
in the same plane, then the set of all points P in the
plane that satisfy the condition |PF| _

|PM|
Or Let P (X, y) be any point on conic with focus
F, the distance between P and F is |PF| perpendicular

distance of a point P from directrix |P|\/| | in all conics
|PF|

[PM]

When e<1 Ellipse

When e=1 Parabola

When €e>1 Hyperbola
The General Equation for a Conic:
ax® +hxy +by* + 2gx+2fy+c=0
if h? —ab = 0 equation of conic becomes
1). Parabola,

2). Two parallel lines
3).1line A\

4). No curve.

—e where € is eccentricity of the conic

\Derivation of general form of equation of parabolal

Ll L i

i Ll N 0

8

Let the fixed point/focus F(p,0) and the equation
of directrix x=—p parallel to the y-axis
Let P(X, y) be any point on the curve & Pl(—p, y) be

any point on the directrix then by definition of parabola
PF| _
PR
Jox=pY +(y=0)" = [(x=(=p))" +(y-y
Squaring both sides

(x=p) +y*=(x+p) +(0)

X2+ p? —2px+Yy* = x>+ p* +2px

e=1 = |PF|=|PR)

—2px+y® =2px

y? = 2pX+2px

y® =4px

y = 4px

E1

End point of focus chord

Directrix Line

v} Focus Line of symmetry

F

End point of focus chord

E2

Vertex

We have y2 =4 px Differentiating with respect to x
dy d

2y—=4p—x
ydx pdx

dy
2y-—2=4
Y =P

dy _4p
dx 2y
Since derivative at the point P (X, Y, ) gives slope

m:(ﬂj _2p
dX (% 1) yl

We know that equation of line having slope and passing
through point P(Xi, yl) gives equation of tangent
y—Y;, =m(X—Xx,) putting the slope

2p
y-v.= T(X ~%)

1
VY =Y =2px—2px,
V1Y —4px, =2px—2px
Y1y =2px—2px +4pX,
yly:2pX+2pX1
yly:2p(X+X1)

Equation of normal‘ using slope m = 271"

LYE =4px,

y—Y, =2(x—x,) putting the slope

y=-y.= ;_);(X I Xl)

’Derivation of equation of tangent on parabola’
We have Yy = —4px Differentiating w r t x

dy _—4p
dx 2y
Since derivative at the point P(X,, Y, ) gives slope

oo(2),,
dx (%%1) Y1

We know that the equation of line having slope and passing
through point P(Xl, yl) gives equation of tangent
y—Y, =m(x—Xx,) putting the slope

_2p
y=-Y.= _(X - Xl)

Y1

VY = Vi =-2pX+2px,
VY —(—4px)=-2px+2px, Ly =—4px
Y1y +4pX =—2pX+2pX,
V1Y =—2pX+2px —4px
Y1y =—2px—2px
Yy =-2p(X+x%)
’Equation of normal‘ using slope m =22

Y1
y—Y, =2(Xx—x,) putting the slope
y-y,= 2y_t)(x - X1)
Curve along the x-axis
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Chapter 8 Exercise 8.1
Left Curve Right dy _ 2x
y? =—4px Parabola y? =4px 3; :‘)tp
F(—p,O) Focus F(p,O) &Zz—p
E (— p,+2 p) End points of E ( p,+2 p) Since derivative at the point P(xl, yl) gives lope
focus chord dy B
X=p Equation of X=— m= [d_j = 2_X1
Directrix X uw) P
y=0 Line of y=0 We know tr.mat equation of.lme havmg slope & passing
symmetry through point P(Xi, yl) gives equation of tangent
(0,0) Vertex (0,0) y—Y, =m(X—Xx,) putting the slope
4 Length of 4 _y. =4 X —
| p| Latus Rectum | p| y=¥ 2p ( Xl)
Xx=0 Tangent at x=0 2p(y—y,)=—x(x-x)
vertex )
Yoy =-2p(x+%,) Tangent on s = 2p(x %) 2py —2py, = —XX+X
' curve 2py —2py, =—xX—4py, X =-4py,
\ Normal on . - -
y_ylzzy_p(x_xl) curve y_yI:Z—{)(x—xi) 2py 2py1+4py1 XX

Sul] >xaaoD=Sa1a

Derivation of equation of tangent on parabola\

We have X* = 4py Differentiating with respect to x

dy
2x=4p&
dy 2x
dx 4p
dy X
dx 2p

Since derivative at the point P(X,, Y, ) gives slope

dX iy 2P

We know that the equation of line having slope and passing

through point P(Xl, yl) gives equation of tangent
y—Y, =m(x—Xx,) putting the slope
Y=Yi= Zip(X =)
2p(y-¥)=x(x-x)
2py —2py; = XX =X
2py —2py, =xX—-4py,
2py —2py, +4py, = %X
2py +2py; = XX
2p(y+Y;)=xX
‘Equation of normal‘ using slope m= zx—lp
y—Y, =(Xx—x,) putting the slope
Y=Y == (x=x%)
‘Derivation of equation of tangent on parabola
We have X =—4 py Differentiating w.r.t x

2x=—4py

dx

X =4py;

2py +2py, = XX

2py +2py, =—XxX

—2p(Y+ Y1) =XX

[Equation of normal using slope m = =
y—Y, =2(Xx—X,) putting the slope
Y=Y =3 (x=%)

Curve along the y-axis

Down Curve Up
x2 — —4py Parabola X2 = 4py
F(O,—p) Focus F(O, p)
+ _ End points +
E(_Zp’ p) of focus E(_Zp’ p)
chord
Yy=p Equation of y=—p
Directrix
x=0 Line of Xx=0
symmetry
(0, O) Vertex (0, O)
Length of
|4 p| Latus |4 p|
Rectum
— Tangent at =
y 0 vegrtex y 0
Xx==2p(y+y,) | "N | xx=2p(y+y,)
V4= 00) | et [V n= )

Exercise 8.1

Q1. In each case, sketch the parabola represented by
equation, indicate the vertex, the focus, the end point of
the focal chord (latus rectum) and the axis of symmetry

a). x* =2y

Sol: we have Parabola X* =2y

Comparing with the general equation x* = 4py
Curve is along the y-axis and Upword

4p=2 =Pp=i=z

Length of Latus Rectum 4p =2

Focus F (0, p) =F (O,%)

End points of focal chord
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= (20.9)=E(2(1) 1) E(+11)

VertexV (0, O)

b). y? =-3(x+1)

Sol: We have y? =-3(x+1)

Comparing with the general equation

(y-4" =4(c-1)

Weget k=0 and h=-1

Curve is along the x-axis and left

4p=-3

p=3

Length of Latus Rectum |4 p| = |—3| =

Focus F(h+p,k)=F(-1+3,0)=F(3,0)
End points of focal chord
E(-p+h+2p+k)=E(2-1%2($+0))=E(Z,7%)
End points are E, (,2) and E,(,3£)
Equation of DirectrixXx =—p+h

()4
X= 4
X==2=-025

Line of symmetry y=k =0
Thus vertexis V (h, k) =V (-1,0)

E1

-0.5 0 0.5

End points of focus chord
E(-p+h+2p+k)=E(-0,22()+3)=E(%,£1+3)
End points are E, (,) and E,(4,%)
Equation of Directrixx =—p+h

=(3)

X=
Line of symmetry y=k =3
Thus vertex is V (h, k) =V (0,3)

c

E1

E

c). (y-3) =x

Sol: We have (y —3)* = x

Comparing with the general equation
(y-K)'=~4p(x-h)

Weget k=3 and h=0

Curve is along the x-axis and left

4p=1

p=1

Length of Latus Rectum |4 p| =1 =

Focus F(—p+h,k)=F(£+0,3)=F(4,3)

Q2. In each case determine the equation of graphed parabola:

Sol: We have Curve is along the y-axis and Upward
So eq of parabola (X—h)2:4p(y—k) .......... (1)
Vertex V (h,k) =V (2,-1)

=h=2 k=-1

Focus F (h, p+k)=F(2,1)

=h=2 p+k=1
p—1=1
p=1+1
p=2

Putting the values of h,k & pin (1) we get

(x=2)"=4(2)(y-(-1))

(x—2)" =8(y+1)

Sol: We have Curve is along the y-axis and Upward
So eq of parabola (X—h)2=4p(y—k) .......... (1)
Vertex V (h,k)=V (-1,0

| —

Focus F (h, p+k)=F(-12%)

—h=-1 p+k=32
p+0=3%
p=3%

Putting the values of h,k & pin (1) we get

(x=(-1)) =4(2)(y-0)

(x+1)* =3y

Q3. In each case, write the equation of parabola
through the given information:
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a). Focusat F(0,3) directrix y =-3
Sol: Focus F (0, p)=F(0,3)

= p=3
Since X° = 4py putting the value of p we get
x? =4(3)y
x? =12y

Putting the value of p in equation (1) we get

(x-5)"=4(%)(y-1)

(x-5)' =%(y-1)

b). Focus at F (4,0) directrix X=-4
Sol: We have F(p,0)=F(4,0)
=p=4
Since y2 =4 pX putting the value of p we get
y? =4(4)x
y? =16x

c). Vertex at V (0,0) x-axis is the line of symmetry,
passes through (3,6)

Sol: X-axis i.e., ¥ =0 is line of symmetry & V (0,0)
Then the eq of parabola y* =4 pX................ (1)

Passing through the point (3, 6)

6 =4p(3)

36=12p

36 _

12 P

p=3

Putting the value of p in equation (1) we get

y? =4(3)x
y? =12x

f). Line of symmetry is horizontal, passes through
(7,9) vertex at V (3, —7)

Sol: Line of symmetry is horizontal(parallel to X-
axis ) and V (3, —7)

=h=3 k=-7

Then eq of parabola

(y=K) =4p(X=h)errrrrrrccnn (1)

Passing through the point (7, 9)

(9-(-7))" =4p(7-3)

(9+7)" =4p(4)

16> =16p

256 _

16

Putting the value of p in equation (1) we get
2

(y=(-7)) =4(16)(x-3)

(y+7) =64(x-3)

= p=16

d). Vertex at V (O, O) y-axis is the line of symmetry,
passes through (-12,-3)
Sol: y-axisi.e., X =0 is line of symmetry and v (0, O)
Then the eq of parabola X* =4py................ (1)
Passing through the point (—12,-3)
(-12)° = 4p(-3)
144=-12p
p=-12
Putting the value of p in equation (1) we get
x> =4(-12)y
x* =48y

Q4. Find equation of set of all points with distance
from (4,3) that equal their distance from (—2,1)

Sol: Let P(X,y) by any pointand A(4,3)
B(—2,1) according to condition |PA| = |PB|
Jx=47 +(y=3)" = [(x=(-2))" +(y-1)
Squaring both sides

o+ | =(x-Ca) + (-7 |

(x—4)2+(y—3)2 =(x+2)2+(y—1)2
X* —8X+16+Yy? -6y +9=x"+4x+4+Yy*—2y+1

X2 —X*+y* -y’ =4Xx+8x—-2y+6y+4+1-9-16
12x+4y-20=0 +by4
3Xx+y-5=0

e). Line of symmetry is vertical, passes through
(—3,4) , vertex at V (5,1)

Sol: Line of symmetry is Vertical line (line is parallel
to y-axis) and V (5,1)

=h=5 k=1

Then eq of parabola (x—h)2=4p(y—k) ........... (1)
Passing through the point (—3, 4)

(-3-5)" =4p(4-1)

() ~ap(2)
64=12p

Q5. Find an equation of parabola whose focal chord has
length 6, if it is known that parabola has focus (4, —2)

and its directrix is parallel to the y-axis.
Sol: Length of the focal chord = 6

4p=6

p=%=3
Directrix is parallel to y-axis then
(y=K) =4p(X=h).rrrrrrrree (1)

Having Focus F (h+ p,k)=F(4,-2)
=h+p=4 k=-2

h+§:4
2

heg-3_823
2
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Putting the values of h,k & pin (1) we get
(y=(-2)) =4(3)(x~%)

(y+2)" =6(x-%)

Q6. In each case, find the points of intersection in
between the line and the parabola

a). y? =9x, X—y+2=0
Sol: We have Y2 =9X..covvevivireeeiinnns (1)
X=Y4+2=0ereeirereeeeeeeieen, (2)
X+ 2= Vot (3)

Putting the value of y in equation (1) we get
(x+2)2 =9x

X? +4X +4 = 9x

X +4Xx—-9x+4=0

x> —5x+4=0

X? —4x—-1x+4=0

X(x—4)-1(x-4)=0

(x-1)(x—4)=0

Either or

x=1=0 X—4=0

Putting the values of x in equation (3) we get
y=1+2 y=4+2

y=3 y=6

Hence the points of intersection are (1,3),(4,6)

Putting the value of x in equation (1) we get
2
(y+2) =2y
Yy +4y+4=2y
Yo +4y—-2y+4=0
y2+2y+4=0
—b++/b*—4ac
2a

Using quadratic formula y =

tti =
putting Y 2(1)
—2F4-16
Y=/
—2F-12
Y=/

Here discriminant is negative i.e.,

b?—4ac=-12<0

Therefore line and the parabola does not intersect

b). y?+3x=-8, Xx—-y+2=0

Sol: We have Y2 +3X=—8...cccevevererererennnnne, (1)
X=Y+2=0ueeeerereeeeeeee e (2)
X =Y = 2eeeeeeeeeeeesee e en s en s (3)

Putting the value of x in equation (1) we get
y*+3(y-2)=-8

y>+3y-6+8=0

y?+3y+2=0

Yy +2y+y+2=0
y(y+2)+1(y+2)=0

(y+1)(y+2)=0

d). y? =-2(x+1), X+y—-2=0
Sol: We have y* ==2(X+1)..cccccinrirnnns (1)
X4+Y=2=00orreeeereecereerenne (2)
X =2 Yoot eieeeeeeee et (3)

Putting the value of x in equation (1) we get

y?=-2(2-y+1)

y'=-2(3-y)
y? =—6+2y
y>-2y+6=0

—b++/b* —4ac

Using quadratic formula y =

2a
L 2
putting y — —2F42 —4(1)(6)
2(1)

_ —2F~4-24

y= 2

_ —23+/~20

y= 2

Here discriminant is negative i.e.,

b? —4ac=-20<0

Therefore line and the parabola does not intersect

Either or

y+1=0 y+2=0

y=-1 y=-2

Putting the values of y in equation (3) we get
X=-3 X=-4

Hence the points of intersection are
(-3-1),(~4,-2)

o). X* =2y, X—y-2=0

Sol: We have X% =2V..cooeeeeeeceenenenan, (1)
X=Y=2=00oererereeeeeeeee e (2)
X = Y AH 2o (3

Q7. For what value of c
a).line Xx—y+c =0 will touch parabola y2 =9x

Sol: We have the parabola y* = 9x........... (1)
And the line Xx—y+c=0
OF X=Y —Cuoverrererrererrererranns (2)

Putting the value of x in equation (1) we get
y’=9(y-c)

y>=9y-9c

y>-9y+9c=0

The line and the parabola touch each other if
B2 —4AC =0 putting the values
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Chapter 8

(-9)* —4(1)(9c) =0 =4p=4

81-36c=0 p=1

211: 36c Since Equation of tangent at the point P (X, y; )
36 yY; = 2p(X+ x, ) Putting the values

b). Line X—y+C =0 will touch parabola y* =8X y(2)=2(1)(x+1)

Sol: We have the parabola y* =8x........... (1) 2y =2(x+1)

And the line x—y+c=0 2y =2x+2

OF X =Y =Currrrrrrrrrernniinnens (2) 2x—2y+2=0+by2

Putting the value of x in equation (1) we get X—y+1=0

y*=8(y—c)

y?> =8y -8¢c

y?—8y+8c=0

The line and the parabola touch each other if
B? —4AC =0 putting the values

(-8 ~4(1)(8c)=0

Since Equation of normal at the point P (X, ;)
y-y, =22(x—x) Putting the values

-2
m(X—l)
y—2=—(x-1)
y—-2=-x+1

y-2=

X+y-2-1=0
X+y-3=0

64-32c=0

64 =32¢c =>Cc=2

¢).line X—y+C=0 will touch parabola X* = -8y
Sol: We have the parabola x> = -8y........... (1)
And the line x—y+c=0

OF Y =X+Curerrrerrrrerernarennn, (2)

Putting the value of x in equation (1) we get

x> =-8(x+c)

x* =-8x—8c

x> +8x+8c=0
The line and the parabola touch each other if

B2 —4AC =0 putting the values
(8)" —4(1)(8c)=0

64 =32c

=c=2

d). line X—y+C =0 will touch parabola x* = y

3
Sol: We have the parabola X* =2 V........... (1)
And the line x—y+c=0

OF Y= X~4Corrvrerrrrererrerennn, (2)

Putting the value of x in equation (1) we get
x> =2(x+c)

3x* =2x+2C

3x*—2x-2c=0

The line and the parabola touch each other if
B2 —4AC =0 putting the values

(-2) -4(3)(-2¢)=0

4+24c=0

24c =-4 =Cc=3

Q8. In each case, fine tangent equation & normal eq
a). at a point (1, 2) to the parabola y2 =4x

Sol: parabola y* = 4xAnd point (1,2)
Comparing with y? =4 px

b). at a point (3,6) to the parabola y? =12x
Sol: parabola y? =12X And point (3,6)
Comparing with y* =4px
=4p=12

p=3
Since Equation of tangent at the point P(Xl, yl)
yY, = 2p( X+ x, ) Putting the values
y(6)=2(3)(x+3)
6y =6(x+3)
6y =6x+18

6x—6y+18=0 +by 6
X—y+3=0
Since Equation of normal at the point P (X, ;)
Y—yl=£—ﬁ(x—xi) Putting the values
-6

y—G—E(X—@
y—6=—(x-3)
y—-6=-x+3
X+y-6-3=0
X+y-9=0

c). atapoint (3£,3) to the parabola y* =—12x
Sol: parabola y* =—12X And point (‘73,3)

Comparing with y* =4px
=4p=-12
p=-3
Since Equation of tangent at the point P (Xl, yl)

yY; = 2p(X+ X, ) Putting the values

y(3)=2(-3)(x+(3))

3y=—6(x—2%)

3y=—6x+2

6x+3y—52=0 x by 2
12x+6y—-9=0 +by 3
4x+2y—-3=0

Khalid Mehmood Lect: GDC Shah Essa Bilot

Available at http://www.MathCity.org Page 188



Chapter 8

Exercise 8.1

Since Equation of normal at the point P(Xl, yl)
Y=Y =22 (x-%) Putting the values

p
y-3=75(x-(2))
y-3=3(x+3%)
2(y-3)=x+%
2y—6=x+3
X-2y+6+3=0 xby 4
4x-8y+24+3=0

4x-8y+27=0
d). at a point [—_1 —_1j to parabola y2 _ =3,
2'3 4
Sol: parabola y2 — =3 y And point [—_1—_1j
4 2 3

Comparing with y* =4px
:>4p—_—3 :2p—_—3

4 8

Since Equation of tangent at the point P (Xl, yl)
xx, =2p(y+y,) Putting the values

13 1
L3yt by8
2" s(y 3] o

1
—Ax=-3|y—=
b J

-4x=-3y+1

4x-3y+1=0
Since Equation of normal at the point P(Xl, yl)
X=% =22(y-Y,) Putting the values

3 1) -1 1
3 = 2 by 8
8(x+2j 2(y+3) « by
3| x+=|=-4 =
[ +2] [y+3)
3 4
X+—=—=—-4y——
2 Y73

3x+4y+§+ﬂ:0
2 3

3x+4y+9—J6r8=0

3x+4y+%=0
18x+24y+17=0

4x=-3y+1

4x+3y-1=0
Since Equation of normal at the point P(x,,y,)
X=% =22(y-Y,) Putting the values

2 3 3

3 1 1 1
Six—=|=Z[y+= by 8
8(X 2) 2(y+3] it
1 1
3| X—=|=4| y+=
( 2] [y 3)
3 4
Ix— =4yt 2
y 3
3x—4y—§—i=0
2 3
17

3x—4y——=0
™%
18x—24y—17 =0

d). at a point E,__l to the parabola x? :_—3 y
2 3 4

Sol: parabola x?2 =__3yAnd point (;1 ;1]
4 2'3
Comparing with y* =4 px
-3 -3
=4p=— =2p=—
p 2 p 8

Since Equation of tangent at the point P (Xl, yl)
X =2p(y+Y,) Putting the values

1 -3( 1
Iy-3(y-1 by8
2 s(y 3) by

1
4x=-3ly-=
[y 3j

QQ. Find the tangent equation

a). to parabola y2 =8X which is perpendicular to

line 2y —x+1=0 Find also the point of contact

Sol: We have the parabola Y =8X.................. (1)

Comparing with y* =4px =4p=8
p=2

And the line —X+2y+1=0

Slope of the line ,; — =2 putting the values
b

—(-1 1
mo (D _1
2 2
Slope of tangent/Perpendicular
-1 -1
m=—="-=-2
m 3

1

Equation of tangent y — mx+2 putting values
m

y=-2x+%

Y= -2X Lo (2)

For point of contact Putting value of y in eq (1)
(—2x—1)" =8x

4x% +4x+1=8x
4x* +4x—-8x+1=0

4x* —4x+1=0
(2x)* —2(2x)(1)+(1)* =0
(2x-1)° =0
=2x-1=0
2x=1
x=1
Putting the value of x in equation (2) we get
y=-2(3)-1
y=-1-1
y=-2

Hence the point of contact is (% , —2)

b). to parabola y2 =5X which is parallel to the line
X+4y+1=0 Find also the point of contact

Sol: We have the parabola y* =5X.................. (1)

Khalid Mehmood Lect: GDC Shah Essa Bilot

Available at http://www.MathCity.org Page 189



Chapter 8

Exercise 8.1

Comparing with y* = 4px
=4p=5

p=%
And the line x+4y+1=0

Slope of the line m = %a putting values m, = ‘Tl

Slope of tangent/parallel m, =m, :‘71

Equation of tangent y — mx + P putting values
_ 5 "

y:?x+%

y=2x-5

y+5=3x

4(y+5)=—x

For point of contact Putting value of x in eq (1)
y* =5{-4(y+5)|
y? =-20(y+5)
y? =-20y-100
y? +20y+100=0
(y)"+2(y)(10)+(10)° =0
(y+10)2 =0
= y+10=0
y=-10
Putting the value of y in equation (2) we get
x=—-4(-10+5)
x=-4(-5)
x=20
Hence the point of contact is (20, —10)

EN

y =/3x+—

J3
1
y=\/§x+m

c). to parabola y2 = X which makes an angle of
135° with the x-axis.

Sol: We have the parabola Y% = X.................. (1)
Comparing with y* =4px
=4p=1
!
4

Slope m=tan135° =-1

Equation of tangent Y = MX+ P putting values
m

1
=-Ix+-%
y 1

:>y——x—l
4

Q11. Find the tangent equation
a). to parabola X% = Yy which makes an angle of
45° with the x-axis.

Sol: We have the parabola Y = X........o....... (1)
Comparing with y* = 4px
=4p=1
o al
4

Slope M=tan45° =1
Equation of tangent Yy =mx— pm2 putting values
1.2
=1x——(1
y 7

y=x-7
4

Q10. Find the tangent equation
a). to parabola y* = X which makes an angle of
45° with the x-axis.

Sol: We have the parabola Y2 = X.......cocu..... (1)
Comparing with y* =4 px
=4p=1

p=3%

Slope m=tan45° =1
Equation of tangent Y = MX+ P putting values
m

1
y=1Ix++
— 1
y=X+32

b). to parabola X% = Yy which makes an angle of
60° with the x-axis.

Sol: We have the parabola Y% = X........o....... (1)
Comparing with y* = 4px
=4p=1

p=13

Slope m = tan 60° :?zﬁ

Equation of tangent Yy =mMX— pm2 putting values
2
y =~/3x+ %(\/5)

y=+/3x+2

b). to parabola y2 = X which makes an angle of
60° with the x-axis.

Sol: We have the parabola Y = X.......co.co....... (1)
=4p=1

1

4

Comparing with y? = 4px

Slope m = tan60° =+/3

Equation of tangent y — mx + P putting values
m

Q12. Find the equation of the parabolic portion of
archway, if parabolic archway has the dimensions
shown in the figure below:
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Chapter 8

Exercise 8.1

Sol: from figure vertex (h, k) = (0, —3)

orh=0 k=-3

Point of parabola P,(6,—9) and P, (-6,-9)

Eq of parabola (X — h) =4p(y—K)eorrrnee. (1)

Putting value of h,k and p, in equation (1) we get

(6-0)"=4p(-9-(-3))

36=4p(-9+3)
36=4p(-6)
36=-24p
_36 __3
—24 2

Putting the value of h,k and p in eq (1) we get
(x=0)" =4(2)(y-(-3))

x? =—6(y+3)

Ellipse| The set of all points in a plane the sum of whose

distance from two fixed points/foci Fl, F2 is constant (2a)

|Derivation of equation of eIIipse|

Let we place the foci on the x-axis at the points
F (—C, 0) &F, (C, 0) so that the origin is halfway between

the foci. P(X, y) be any point on
ellipse Let the sum of distance from the
point on the ellipse to the foci be 2a

IPF,|+|PF,|= 2a

JOxref +(y—0) +4J(x—c) +(y—0) =2a Q
\/(x+c)2+y2 :2a—\/(x—c)2+y2 ;
Squaring both sides

(x+c)2+y2 =4a? +(x—c)2+y2 —2(2a) (x—c)2 =

(x+c)2 —(x—c)2 =4a* —4a4/(x—c)2 +y?
4cx=4{a2 —a\/m}

cx =a’ —am

cx—a’ =—am

Squaring again

(o = fafler o |

¢’x’ +a* —2a’cx=a’ {x* +¢* - 2cx + y*}
c’x* +a* —2a’cx =a’x” +a’c® —2a’cx+a’y’
a* —a’c? = a’x? —c?x? + a2y’

az(az _Cz)z(az_cz)xz +azyz

a’b? =b°x* +a’y? ~b?=a*-c?
Dividing both sides by a’b’
2 2
X
L
a> b
‘Derivatlon of equation of tangent on EIIipse‘

2 2
X

We have—ery—2 =1 Multiply both sides by a’b®
a“ b

b?x? +a’y? =a’b’............ (1) Differentiating w.r.t x

2b%x + 2a° ydy 0
dx

2a2yﬂ =-2b*x
dx

dy —2b%x dy —b?x
ay _ _ay
dx 2a’y dx a’y
Since derivative at the point P(X,, Y, ) gives slope
_ (ﬂ) _b™x
dx (x.y1) a’ Y1

We know that equation of line having slope and passing

through point P(Xi, yl) gives equation of tangent

y—Y, =m(x—Xx,) putting the slope
—ble
a? VA
a’y, (y—vy.)=-b*x(x-x)
a’y,y —a’y; =—b*xx+b*x;
b?x x +a’y,y =b*x? +a’y;
b?x x +a’y,y = a’b?
Dividing by a’b®
XX YN

y—-VY.= (X Xl)

b*x? +a’y? =a’b?

a’ b?
\Equation of normal\ using slope | _ —b’x
a?y,
y— Y, =2(Xx—x,) putting the slope
2
ay
-y, = X—X
y yl ble ( 1)
y-v _a%,
Xx—% b’x
\Derivation of equation of tangent on EIIipseI
2 2

X
We havey—2+F =1 Multiply both sides by a’b’
a

b’y® +a’x* =a’b’........ (1) Differentiating w.r.t x

2b2yﬂ+2a2x_0
dx
2b2yﬂ_—2a2x
dx
dy _ —2a’x _dy —a’x
dx 2b%y dx b2y

Since derivative at the point P(xl, yl) gives slope

A2
(2|3
dx (x1,¥1) b yl

We know that equation of line having slope and passing

through point P(Xi, yl) gives equation of tangent
y—Y, =m(x—Xx,) putting the slope

b*y, (Y —y,)=-a"% (x—x)
b?y,y —b’y? =—a’xx +a’x’?
a’xx+b’yy =a’x’ +b*y;
a’xx+b’y,y=a’h®>  ..b*y’+a’x? =a’h’
Dividing by a’b?

Y XX,

P
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Exercise 8.2

Chapter 8
. : —b?x,
‘Equatlon of normal‘ using slope m=—;
ay
y—Y, =2(x—x,) putting the slope
b%y,
_ — X —
y yl ale ( Xl)
y-v _b%y,
X—X  a’x
Major axis Ellipse Major axis along
along Vertical Horizantal
o Curve With ke 4 =
o I or T&
s a>b . -
i] a
2 2 2 2 K2 2 2
X c-=a"-b X
F y—2 = 1 —+ F = 1
a
F (0, £c) Focus F (c,0)
E(O,ia) End points of E(ia,O)
Major axis
E(ib,O) End points of E(O,J_rb)
Minor axis
a Equation of a
y= E Directrix X= ig
(0, 0) Centre (0, o)
2h? Length of 2h?
—_— Latus Rectum —_—
a a
2 Tangent at bz
+—, tae vertex +ae,+—
a a
Xx=0 Equation of y= 0
Major axis
. X, Tangent on X, |
yazll + b)z(l =1 curve a)2(1 + be1 =1
y-y, _b’, | Normalon y-y, _a%y,
X— ¥, ale curve X— %, ble

Exercise 8.2

Q1. In each case, sketch the ellipse represented by
the equation, indicate the center, foci, end points
of major axis and end point of minor axis:

2 2
g XY
9 4
X2 2 . Xz y2
Sol: We have X, ¥ _qComparing 2+ ¥ __1
9 4 a® b?

We get a° =9,b* =4
—a=3b=2

Major axis is along x-axis with centre (0,0)

Now using ¢’ =a’—b?
c?=9-4=5

=c=+5

Foci F (iC,O) =F (i\/g,O)

Then foci are Fl(\/g, 0), F, (—\/5,0)

End points of Major axis E (ia, O) =E (i3, 0)
End points of major axis are E,(3,0),E,(-3,0)
End points of Minor axis E(0,£+b)=E (O, +2)

End points of Minor axis E, (0, 2), E, (O, —2)

E3

E2 E1

2 2
LA
16 25

2 2 2 2
2

b).

Sol: We have X—+y— =1Comparing X—2+y— =1
16 25 b

QD

We get a* =25,b” =16
—a=5b=4
Major axis is along y-axis with centre (0,0)
Now using ¢ =a* —b?
c?=25-16=9
=c=3
Foci F (O, ic) =F (0, ir3)

Then foci are F, (0,3), F,(0,-3)

End points of Minor axis E (ib, 0) =E (i4, 0)
End points of Minor axis E, (4,0),E, (—4,0) End
points of Major axis E (0,+a)=E(0,5)

End points of major axis are E, (0,5), E, (0, —5)

E3

; E4 , ,
(x+1) +(y—2) 4
16 9
2 2
(x+1) +(y—2) 4
16 9

~h)y" (y-k)’
Comparing with (Xa2 ) +(yb2 ) =

We get @° =16,b* =9 with h=-1, k=2
=a=4,b=3

Major axis is along x-axis with centre C (—1, 2)

Sol: We have

1

Now using ¢’ =a’—b?
c*=16-9=7

=c=47
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Chapter 8

Exercise 8.2

Foci F (iC+ h, k) =F (iﬁ—l, 2)
Then foci are Fl(ﬁ—l,Z), F, (—\/7—1,2)

End points of Major axis
E(htak)=E(-1%4,2)

End points of major axis are E; (3, 2), E, (—5, 2)

End points of Minor axis

E(hk£b)=E(-12+3)
End points of Minor axis E, (—1, 5), E, (—l, —1)

E4
-2

Sol: From the figure Centre is (h, k) = (0, O)

Major axis is along x-axis i.e.,
2

%Jrg'—z = (1)

End point of major axis E (a,0)=E(6,0)
=a=6

End point of minor axis E (0, b) =E (O, 3)
=b=3

Putting the value of 4, b in equation (1) we get
2 2

Xy
?4'?:1

2 2
X_+y_:1
36 9

Sol: From the figure Centre is (h, k) = (6, —2)
=h=6,k=-2

Major axis is along x-axis i.e.,

=) =k, (1)

a’ i b?
End point of major axis E (a+ h, k) =E (13, —2)

Q2. In each case, determine eq of graphed eIIpse _

= a+h=13
a+6=13
a=13-6
a=7
End point of minor axis E (h,k +b) = E(6,2)
=k+b=2
—-2+b=2
b=2+2 =b=4
Putting the value of a,band hK in eq (1) we get
2 2
(X726) +(yé+122) 1
2 2
(x—6)+(y+a _

1

49 16

Sol: From the figure Centreis (h,k)=(2,0)
=h=2k=0

Major axis is along y-axis i.e.,
2 2
(=) (y=k)

e =L )

End point of major axis E(h, K+ a) =E (2,5)
= k+a=5
O+a=5
a=>5
End point of minor axis E(h +h, k) = E(5,0)
=h+b=5
2+b=5
b=5-2
b=3
Putting the value of a,band h,k in eq (1) we get

x—2)? y—02
o2’ (o,

j— 2 2
(x=2y v _,

9 25
Q3. In each case, determine the equation of ellipse
through the given information

a)centre at (—3, 2) ,a = 2,b =1major axis is horizontal
Sol: We have centre (h,k)=(-3,2)

=h=-3 k=2
Giventhat a=2,b=1& major axis horizontal

2 2
So using (X_Zh) +(y;2k) —1, Putting values
a
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Chapter 8

(x=(3)" (v-2)" _,
22 12

(x+3)2 +(y—2)2 _1
4 1

b). Vertices are at (4,2) and (12,2) ,b=2
Sol: Vertices are (4,2) and (12,2)

Midpoint of vertices is centre — (4"'12 , 2+ Zj
2 2
Centre (h,k)= [Efj
2 2
Centre (h,k)=(8,2)
=h=8k=2
Since vertices (h+a,k)
Take h-—a=4
8—a=4
8—4=a
a=4

Giventhat b=2
So using (><—2h)2 4 (y—zk)2 _ 1, Putting values

a b
(x-8)" (vy-2)"
42 22
(x-8)" (y-2)
6 4 !

c). Afocus is at (—3,3) a vertex s at (6,3) length

of minor axis is 6
Sol: Length of minor axis 2b =6

=b=3
Foci (h+c,k) take F(h—c,k)=(-3,3)
= h-c=-3, k=3
h+3=c

Since vertices (h+a,k) take Vertex
(h+a,k)=(6,3)
= h+a=86, k=3
a=6-h
Now using ¢’ =a’ -’
(h+3)" =(6-h)" -3
h? +6h+9=36-12h+h*-9
h? —h*+6h+12h=36-9-9
18h =18

h=1
Putin h+a =06 we get
1+a=6

a=6-1
a=5

2 2
So using (X_Zh) +(y;2k) —1, Putting values

a
(x-1° (y=3) _,
52 3
(x-1)° (y=3)°
25 9 T

Exercise 8.2

d). vertices are at (0,8) and (0,2) , C I\/g
Sol: Vertices are (0,8) and (0,2)
0+0 E]

’

2 2
Centre (h, k) :[99)

Centre (h, k) = (0,5)
=h=0k=5
Since vertices (h,k +a)

Take k+a=8
5+a=8

a=8-5
a=3

Now using ¢’ =a’—b?
() =3
5=9-b°
h*=9-5

b? =4

= b=2
(x=h)" (y=k)
b? ] a’
(x=0)° (y-5)
2 Tz
2
X (y-5)
4 9

Midpoint of vertices is centre = (

So using =1, Putting values

1

=1
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Q4. The shape of an ellipse depends on the

C
eccentricity of the ellipse € = g Determine

2 2

a). the eccentricity of the ellipse —+-—=1
25 16

2 2

Sol: We have the ellipse X +y— =1
25 16

2 2

Comparing with —2+y— =1
a

b2
We get a° =25,b? =16
—=a=5b=4
Major axis is along x-axis with centre (0,0)
Now using ¢’ =a’—b?
c?=25-16=9
=c=3

c
Now using eccentricity € = — putting the values
a

3
=e==
5

b). the equation of the ellipse with vertices are at
(—5, 0) and (5, 0), and the eccentricity is :%

Sol: vertices are (—5,0) and (5,0)
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Exercise 8.2

Given line will tangent to ellipse if Discriminant =0

2 2
Centre (h,k) :[QQJ
22

Centre (h, k) = (0, O)

Midpoint of vertices is centre _ (_5+ =) , 0+ Oj

—=h=0,k=0
Therefore equation of ellipse
2 2
X~y
—+—==1...... 1
a.2 b2 ( )

C
Since € = a Given that €= g By comparing

=Cc=3, a=>5
Now using ¢’ =a?—b?

3% =52 _p?
9=25-p?
b*>=25-9
b* =16

= b=4

Putting the value of a, b in equation (1) we get
2 2

W
?4'? :1

2 2
X_+y_:1
25 16

b?—4ac=0

(8c)° -4(5)(4c®-4)=0
64c® —20(4c” -4)=0
64c? —80c” +80=0
—16¢% =—80

c’=5

—c=+/5

c). the eccentricity of the ellipse if the length of the
semi-major axis is @ =4 and the length of the
semi-minor axis is b =2

Sol: We have a=4and b=2

Now using ¢’ =a’—b?
c?=4*-2°
c®=16-4
¢’ =12
Je? = ax3

=c=2/3

Cc

b)line 2x—y +c =0 will touch ellipse
2 2

XLy

3 4

XZ 2
Sol: We have ellipse —+—=1
3 4
Or 4X2 +3Y? =12, (1)
And the line 2x—y+c=0
y=2X+C
Putting the value of y in equation (1) we get

4x2 +3(2x+c)" =12
4x? +3(4x2 +4cx+c2) ~12
4x% +12x% +12cx+3c>-12=0

16x* +12cx+3c* -12=0
Given line will tangent to ellipse if Discriminant =0

b®> —4ac=0

(12c)* -4(16)(3¢* -12) =0

144c? —64(3c2 —12) =0

144¢* —192¢? +768=0

_48¢% =768

o2 768 _
—48

—Jc? =+/16

=Cc=%4

16

Since ¢ = = putting the values
a
e_2V3 L e_V3
4 2
Q5. For what value of c
2 2

a). line x—y+c¢ =0 will touch ellipse 7+T =1

2 2
. X
Sol: We have ellipse —+—=1
4 1

And the line x—y+c=0
y=X+C
Putting the value of y in equation (1) we get
x2+4(x+c)2 =4
x> +4(x* +2cx+¢") =4
X* +4x° +8cx+4c* —4=0
5x* +8cx+4c”—4=0

X2 2
c).line X+ y+c =0 will touch ellipse X .Y _1
25 11
2 2

Sol: We have ellipse —+-—=1
25 11

Or 11X* +25Y% = 275..ccieveeereernennn (1)
And the line Xx+y+c=0

y=—X—C
Putting the value of y in equation (1) we get
11x* +25(—x —c)’ = 275
11x* + 25(X* + 2cx +¢* ) = 275
11x* +25x* +50cx + 25¢° =275 =0

36x% +50cx + 25¢ —275=0

Given line will tangent to ellipse if Discriminant =0

b*—4ac=0
(50c)° —4(36)(25¢* -275) =0

Khalid Mehmood Lect: GDC Shah Essa Bilot

Available at http://www.MathCity.org Page 195



Chapter 8
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2500c? —144(25c2 — 275) 0

2

= c). at a point (\/5%) to ellipse x72+y_:1

2500c? —3600c? +39600 =0
—1100c? =—39600
::c=i$%‘ =Cc=16

Q6. In each case, find tangent eq & normal eq
2

2
a). at a point (%,2) toellipse X_ Y _
4 9

Sol: We have X_ | Y y* =1
4 9
2 2
X
Compare with —+y——1 We get @ =9,b* =4
b  a’
X.
X1 yy =1Putting values
a
&(5j+2[zj:1
3 4 9
@+ﬂ=1 xby 36

3x2 9

6(~/5x)+4(2y) =36

6-/5x +8y = 36

b*(x-x%) _a*(y-¥)
X1 yl

4(x-25 _
Putting (ms)zg(y 2)

2><4( 2\/_}_2\/_

Equation of normal

cross multiplication

X—— 9(y—2)

o x- 202 |-osB(y-2
8x —ﬁ_&/ﬁ ~12.5
8x_ 6By - 16J_ 3 12J’

31
8x— 65y + 20‘/_ =0

=0

X2 y2
b). at a point (O, 2) to ellipse 7+T =1
2 2

Sol: We have X—+y— =1
7 4

2
Compare with _+y_2 _1Weget a’°=7,b*=4
a’> b

Equation of tangent XX, | ¥-¥: _ ; Putting values

a2 b2
X y_
(0)%+(2)% -1
o+X -1
2
y=2
2 2
Equation of normal 2 (X_Xl):b (y-w)
X VA
7(x-0) 4(y-2)

o 2
2><7(x—0)=0><4(y—2)
14x =0
= x=0

1

2 2
Sol: We have X, Y _4
4 1
2 2
Comparewith X+ Y _1 Weget a® =4,b> =1
a? b?

Equation of tangent % + % =1 Putting values
a

X 1)y 9
(V3)3+(3 )% by 4
\/§x+2y=4
Equation of normal a’(x=x) _b*(y—-v)

X Y1
Putting 4(X_\/§) _Uy-3)

V3 3
$x4(x-1)=V3(y-3)
2x—2=3y-&
2x—By=2-8

Q7. Find the equation of tangent

2 2
a). totheellipse X_ ;¥ _1 whichis
4 9

perpendicular to the line 9x+8y—-36=0
2 2

Sol: We have ellipse X . Y _1 Multiply by 36
4 9

G AVt T (1)
And the line 9x+8y—-36=0

So perpendicular line 8Xx—9y+k =0
_8x+k

9
Putting the value of y in equation (1)

2
9x? +4[8X; kj - 36

2 2
9 +4(64x +;€15kx+ k ]: 36

81x 9x> +4(64x2 +16kx + kz) —81x36

729x% + 256X + 64kx + 4k* = 2916

985x” + 64kx + 4k? —2916 =0
For tangent b —4ac =0

(64k)° —4(985)(4k* - 2916) =0
4096k> ~15760k> +11489040 = 0
~11664k? +11489040 = 0
11664k* =11489040

9y =8x+k

x by 4x81

k? =985
k =++/985

Therefor equation of tangents

8x—9y £+/985 =0

2 2

b). to the ellipse X7+y7 =1 which is parallel to

the line 6x+21y—-14=0
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Exercise 8.2

2 2
Sol: We have ellipse X_ Y _ 1 multiply by 28

7 4
VD Gy AV s R (1)
Given line 6x+21y—-14=0
So the parallel line 6x+21y+k =0

—6x—k
21

Putting the value of y in equation (1)

2
4x2+7(_6;‘1_kj —28

2ly =—-6x—k =y=

2 2
Ax% 4+ 7 36x° +k° +12kx _og
21x21
2 2
4)(2+36x + k= +12kx _98 « by 63
3x21

63x4x* +36Xx% +k? +12k =28x63
252x2 +36x% +12kx + k% —-1764=0

288x% +12kx +k*—1764=0
For tangent b* —4ac =0

(12k)° —4(288)(k* -1764) =0

144K? — 4x 2 x144k? + 4x 2x144 %1764 =0
144(1-8)k? = —4x2x144x1764

—7k* =—8x1764

k® =8x252

k =+/2016 = +4/16x126

k =+4126

Therefor equation of tangent
6x+21y+44126 =0

— C
Eccentricity € = — >1
a

Hyperbola| set of all pointsin a \/
A

plane the difference of distance

from two fixed points/foci Fl, F2 is ‘
constant (28.) i\
Derivation of equation of Hyperbola| «
Let we place the foci on the x-axis at ]
the points F (—C, 0) &F, (C, 0)

so that the origin is halfway between the foci. P(X, y) be

any point on hyperbola Let the difference of the distance from
the point on the hyperbola to the foci be 2a

|PF1|_|PF2|:2a

\/(x+c)2 +(y-0) —\/(x—c)2 +(y-0)° =2a
J(x+c) +y? =2a+,/(x—c)’ +y?

Squaring both sides

2

(x+c)2+y2:4a2+(x—c)2+y2+2(2a) (x—c)2+y
(x+¢)’ —(x—c)’ =4a® +4a/(x—c)* +y?
4cx=4{a2+a (x—c)2+y2}

ox=a’ +ay(x—c) +y?

ox—a? =ay(x—c)’ +y?

Squaring again

2
{a\/(x—c)2 + yz} =(cx—a?)’
a{x* +¢* - 2cx+ y*} =¢’x +a* - 2a%cx
a’x? +a’c’ —2a’cx+a’y’ =c’°x* +a’ —2a’cx
aZCZ _a4 — CZXZ _aZXZ _aZyZ

a2<CZ _az):(cz_az)xz _azyz

a’b? =b?x* —a’y? s b?=c?-a?
Dividing both sides by a’b®

X2 y2

a?z b®

|Derivation of equation of tangent on Hyperbolal

Xy
We have — s =1 Multiply both sides by a’b’
a

b?x?* —a’y? =a’b’........ (1) Differentiating w.r.t x

2a2yﬂ= 2b%x
dx

dy 2b%x

dx 2a’y

dy b’x

dx  a’y

Since derivative at the point P(X,, Y, ) gives slope

2
AX )y @V

We know that equation of line having slope and passing

through point P(Xi, yl) gives equation of tangent
y—Y, =m(x—Xx,) putting the slope

2

b,
TR,
a’y, (y-y.)=b"% (x—x)
a’y,y—a’y? =b*xx—b*x’
b?xx—a’y,y =b*x’ —a’y;
b*x,x—a’y,y =a’b’ - b?x? —a’y? =a’b?
Dividing by a’b?

X% Y% g
a’ b

(x=x)

b%x,

aZ

]Equation of normal‘ using slope m=

Y1
Y-V, :*ﬁl(x— X1) putting the slope
Y=Y = bzx)lll

Or y-y, _—a’y,
X—%  b*x
‘Derivation of equation of tangent on Hyperbola‘
2 2

X
We havey—z——2 =1 Multiply both sides by a’b?
a® b

(x—x)

b’y? —a’x* =a’b’............ (1) Differentiating w.r.t x

2b2y%—2a2x =0
X
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2b2yd—y=2a2x
dx

dy 2a’x

dx  2b%y

dy a’x

dx by

Since derivative at the point P(X,, Y, ) gives slope

_[ﬂj _a%
dx (% 1) b2y1

We know that equation of line having slope and passing
through point P(Xl, yl) gives equation of tangent

y—Y, =m(x—Xx,) putting the slope

_y X
Y-y, bzy1(>< %)
b2y, (y-y,)=a%(x-x)

b?y,y —b’y} =a’x x—a’x’
2

by, y —a’xx =b’y’ —a’x;]

b’y,y-a’xx=a’h®>  ..b%y’-a’x’ =a’h’

Dividing by a’b?
YV X% g
a? b?
2

ax

‘Equation of normal‘ using slope m= o’

1

Exercise 8.3

|20| Distance b/w |2C|
Foci

ﬁ_M 1 Tangent at ﬂ_ﬁ B

a2 b2 (% 1) b2 g -

y—y, _-a’y, |normalat Y=y, _ b’y

x—x  bix | (X% V) X—x  a’x
as tot

yZiEX ymotote x:iEy

a b

Exercise 8.3

y—Y, =2(Xx—x,) putting the slope
—b%y y-y _ b’y
Y=y =l (x—x) or LB
ax X=X ax
Along x-axis Hyperbola Aong y-axis
- Shape It
] P ¢
¢’ =a’ +b?
c=ae
Equation
Centre
Foci,F,F'
Eq of Directrix, a ¢
P y =4 ——=—
Il e e
Vertices A, A’ (0, ia)
Length of |2a|
Transverse axis
Length of |2b|
Conjugate axis
b2 P,P,Q,Q b2
*C,t— . *—,xC
a end points of a
Letra Recta
2b? Length of 2h2
a Latus Rectum a
X =+C Eq of Latus y=1C
Rectum

Q1. In each case, sketch the hyperbola represented
by the equation, indicate the center, foci and the
equations of asymptotes.

2 2
a). X__y_:]_
4 9
X2 2
Sol: We have X _ Y =1
4 9
2
Compare with __y__l
a® b’
We get a% =4, b? =9

=a=2 b=3
Centre (h,k) :(0,0)
Using C* =a* +b?
c?=22+3
c?=4+9

c=+13
Foci F(+C 0 ( )

Fociare F,(v13,0), F, (~+13,0)

Vertices V (+a,0) =V (+2,0)
Vertices are V, (2,0),V, (-2 O)

Equation of asymptotes y =

x butting values

o VX
25 4
2 2
Sol: We have y——X—:l
25 4
2 2
Compare with b—);+§:1
We get a® = 25, b*=4
—=a=>5, b=2

Centre (h, k) = (0, O)
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Exercise 8.3

Using ¢’ =a’+b’
c?=2°+5
¢’ =4+25
¢’ =29
c =429
Foci F (0, ic) =F (0, i@)

Foci are Fl(O,\/E), F, (O, —\/E)
Vertices V (0,2a) =V (0,45)
Vertices are V, (0, 5) v, (0, —5)

Equation of asymptotes Y =+ — X putting values

o). (X—Z) _(y_‘?’) -1
9 16

Sol: We have (x=2)° (y—3)° -1
9 16

Compare with (x—h)* _(y—k)* _1
a’ b?
We get a° =9, b*> =16
=a=3 b=4
And h=2, k=3
Centre (h,k):(2,3)

Using c’=a’+b’

¢’ =3 +4
c?=9+16
c2=25
c=15

Foci F(hirc k): F(2i5,3)
Fociare F,(7,3),F,(-3,3)
Vertices V (hia, k) =V (2i3,3)
Vertices are V, (5,3),V, (-1,3)

Eq of asymptotes (y—k):+g(x—h) putting
y-3=24(x-2)
y=%4(x-2)+3

Either or

y:g(x—2)+3 y=—§(x—2)+3

2 " 2
d). (y+1)" (x+3) 1
16 25
Sol: We have (Y+1)" (x+3)"
16 25

Compare with _b_)iz+z_z=1
We get a* =16, b =25
=a=/4, b=5
And h=-3, k=-1
Centre (h,k)=(-3,-1)
Using 02 =a2 +b2
c®=16+25
c?=41
c=+/41
Foci F(h,kic) F(—3,—1i\/ﬂ)

Foci are Fl( -3, 1+\/H) Fz(—3,— —\/H)
(

Vertices V (h, k £ a) =
Vertices are V. ( -3, 3)

<<

Eq of asymptotes y —

y+1= ig(x+3)
Either or

y+1=ﬂ(x+3) y+1=—%(x+3)

4x 12 —4x 12
5 5 5 5
4x 7 _—4x 17

/ 5 5

\ /

-10

Q2. In each case, determine equation of graphed hyperbola
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Sol: curve is along x-axis so, X° _¥* _ 1. (1)

a’ b?
from the figure centre (0, 0)

Vertices V (ia, 0) = (i4, 0) —a=4
1 2
equation of asymptote Yy = E Xory= Z X

Now compare with Y = —X we get
a

b =2 because a must be 4
Putting the values in equation (1) we get

W
o
X2 y2

Yy X
P
from the figure centre (0, 0)

Vertices V (0, ia) = (0, i5) —=a=5

Sol: curve is along y-axis so,

5
equation of asymptote Y = Z X

a
Now compare with Y = B X we get

b=4 & a=5

Putting the values in equation (1) we get
yz X2

5 4

yz X2

25 16

Sol: curve is parallel to x-axis so,
x—h)? y—k)?
(x=h) v=k) g )

a b?
Vertices are (1,3),(7,3)

Midpoint of vertices is centre

Exercise 8.3

1+7 3+3
(h’k)_[T'Tj

8 6
(n=(53)
(h,k)=(4.3)
Vertices V (h+a,k) are (1,3),(7,3)
h—a=1 h+a=7 and k=3
4—a=1
4-1-—a
a=3
Equation of asymptote y=%x+1 .................. (2)

Since y_k = E(x—h) putting the values
a
b

-3=—=(x-4
y=3=3(x-4)
b 4b

=—X——+3 e, 3
y 3 3 ()
Comparing equation (2) and (3) we get
b 1 3

p——— =b==—

3 2 2

Putting the values in equation (1) we get
2 2
(x=4) (=8 4
¢ (3)
(x-4)° _4(y-3f __

9 9

Sol: curve is parallel to y-axis so,
—-k)* (x—=h)

(yz) ) (1)
a

Vertices are (—5, —5),(—5,1)

Midpoint of vertices is centre

(h,k) =[$ —52+1J

o-(22.5)

(hi)=(-5,-2)
Vertices V (h, k ia) are (—5, —5),(—5,1)
h=-5 and K—a=-5, k+a=1

—-2-a=-5

-2+5=a

a=3

From the figure Foci are (-5,3),(-5,—7)

Compare with (h, k£ C) we get

h=-5 and K+C=3, k—c=-7
—2+c=3

c=5
Using ¢ =a® +b?
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Chapter 8
5° =3 +b’ 2=1+b?
25=9+Db? 2_1=Dh?
25-9 =b? b2 =1
b? =16 b=1
b=4 general equation of hyperbola along x-axis

Putting the values in equation (1) we get

(y=(-2)" (x=(-8)" _,
32 42

(y+2)2 _(x+5)2 _1
9 16

Q3. In each case, write the equation of hyperbola
through the given information:

a)foci are (0,3) & (0,—3) one of vertex is at(O,—Z)
Sol: foci are (0,3) and (0,-3)

So the curve/hyperbola is along y-axis
Midpoint of foci is centre

0+0 3+(—3)
(h'k):(T’T]
(h.k)=(0,0)

Compare with F (0,+c)=F (0,%3) we get c =3
Vertex s at (0,-2)
Compare with (O, —a) weget a=2
Using C2 = é‘l2 +b2
32 =27 +b?
9=4+b?
9—4 =b?
b? =5

b;QE

general equation of hyperbola along y-axis

—k)* (x=h)’
bk )y
Putting the values in the
(y-0) _(x=0)* ,

()

2 2

y X4

4 5

(x=hY _(y=k)° _,

a’ bz
Putting the values in the
(x=0)° _(y-0)"
r
x> -y =1

1

b)foci are(ﬁ, O) &(—\/5,0) one of vertex s at (1,0)

Sol: foci are (\/E,O) and (—\/E,O)

So the curve/hyperbola is along x-axis
Midpoint of foci is centre

(h,k):[\/z (2—\/5)'020]

(h.k)=(0.0)

Comparing F (+c,0) = F (J_r\/f, 0) we get C=+/2
Vertex is at (1,0)

Compare with (a,O) we get a=1
Using C2 = é‘l2 +b2
(\/5)2 =1% + b?

c)vertices are at(5, 0)&(—5, 0)one of focus is at (-7,0)
Sol: vertices are (5,0) and (—5,0)

So the curve/hyperbola is along x-axis
Midpoint of vertices is centre

(h,k):(5+(—5)1w]

2 2

(hk)=(0.0)
Compare with F (£¢,0)=F(7,0) weget c=7
Vertex is at (5,0)
Compare with (a,0) weget a=5
Using C2 = 8.2 +b2

72 =5% +b?

49 = 25 +b?

49-25=p°

b* =24

b=+24

general equation of hyperbola along x-axis
(x=h)" _(y-k

a2 b =1
Putting the values in the
(x=0Y _(y-0)" _,

52 ( f_24)2

2 2

Xy
25 24

d). vertices are at (3,0) and (-3,0), and
asymptotes are the lines y =3x and y =-3X
Sol: vertices are (3,0) and (-3,0)

So the curve/hyperbola is along x-axis
Midpoint of vertices is centre

(hk)=(*52.2)

(hk)=(0.0)
Vertices are at (i3, 0)
Compare with (J_ra,O) we get a=3

asymptotes are the lines

Since y:in put a=3 we get
a
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Chapter 8
Y = X (2) eccentricity =3
3 .
Comparing (1) and (2) we get - C=ae putting the values
—=3 =b=9
3 Using ¢® =a’ +b?
general equation of hyperbola along x-axis 2 2 2
(x—hY  (y—k)’ 5°=3"+b
X_ p—
2 ot 25=9+b?
Putting the values in the 25-9=Dh’
2 2
(x-0) (y-0) _, b? =16
3 9>
., b=4
%—é =1 general equation of hyperbola along x-axis

e). Transverse axis is the x-axis, asymptotes are the
lines y=3x and y =-3x
Sol: Transverse axis is the x-axis, so

b
i = — X 3
Since Y aX ( )

Comparing (2) and (3) we get
b=3 a=1
Putting the values in equation (1) we get
X2 yz
3
2 2

W

1 9

(x—h)" (y—Kk)*
a>  Dp? =1
Putting the values

(x-0)° (y-0)°
# 2 '
2 2

Yy

=1
9 16

f). Transverse axis is the y-axis, asymptotes are the
lines y=3x and y =-3X
Sol: Transverse axis is the y-axis, so

X2 yz

—F‘i‘? :1 ................................. (1)
asymptotes are the lines

Y = E3Xeeiiiiiieeseeee (2)

, b
SINCE Y = — Xevroieiie e (3)

a

Comparing (2) and (3) we get

b=3 a=1
Putting the values in equation (1) we get
yz X2

¥ 1

yz X2

9 1

g). Foci are at (5,0) and (—5,0), eccentricity is %
Sol: foci are (5,0) and (—5,0)

So the curve/hyperbola is along x-axis
Midpoint of foci is centre

(hk)=(*5222)

(h.k)=(0,0)

Compare with F (ic, 0) =F (J_r5, 0) we get C=5

Khalid Mehmood Lect: GDC Shah Essa Bilot

h). vertices are at (9,0) and (—9,0), and
asymptotes are perpendicular to each other.
Sol: vertices are (9,0) and (—9,0)

So the curve/hyperbola is along x-axis
Midpoint of vertices is centre

(hk)=(>52.%2)

(hk)=(0.0)

Vertex is at (iQ,O)

Compare with (ia, 0) we get a=9

asymptotes y = iE X

a
either or
b —b
y a y a
Slope are
m, =2 m, =
'a ’ a

Given asymptotes are perpendicular to each other
m.m, =-1

b

=b*=a’

Put a=9 we get
b? =92

b=9

general equation of hyperbola along x-axis
(x=h)* (y—k)’
a® b’ =1
Putting the values
(x=0)" (y-0)°
o o¢ '

2 2

X y

=1
81 81
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Exercise 8.3

a). the points (—5,0) and (5,0) is 8
Sol: Length of transverse axis 2a =8

a=4
foci are (5,0) and (—5,0)

So the curve/hyperbola is along x-axis
Midpoint of foci is centre

(hk) = [5+( -5) 0+oj

2
(h,k)=(0,0)
Compare with F (£¢,0)=F (45,0) we get =5
Using ¢ =a® +b?
52 = 42 +b?
25=16+bh’
25-16 =b?
b*=9
b=3

general equation of hyperbola along x-axis
(x=h)" (y=k)* _

az b2 =1
Putting the values

(x=0Y (y=0) _,
42 32

2 2

X y

16 9

b). the points (0,—13) and (0,13) is 10

Sol: Length of transverse axis 2a =10
a=>5

fociare (0,-13) and (0,13)

So the curve/hyperbola is along y-axis

Midpoint of foci is centre

0+0 -13+13
(= 552757
(h.k)=(0,0)

Comparing F (0, ic) =F (0, i13) we get =13
Using C2 =a’ +b°
13? =52 +b®
169 = 25 +b?
169 — 25 =Db?
b? =144
b=12
general equation of hyperbola along x-axis
—k)*  (x—h)?
SR
Putting the values
2 2
(y-0F (x-0) _,
52 122
o x
25 144

2

Sol: vertices are (2,—2) and (—4,—2)

So the curve/hyperbola is along x-axis
Midpoint of vertices is centre

(h’k):£2+(—4)’—2+(—2)]

2 2
n-(2.3)

(hk)=(-1-2)

vertices are (2,—2) and (—4,—2)
Compare with (hia,k) we get
h—a=-4, h+a=2, k=-2

-l-a=-4

-1+4=a

a=3

general equation of hyperbola along x-axis
—h k

(x| S (- i ) 1)
a b

3 b?

OENEX

5 b2 ©
36 _,_9

9 7 p?
4—1:b%

3b? =9

b=3

Putting the values in equation (1) we get
(x=(-1)"_ (y=(2)" _,
32 (\/5)2

(x+1)2 _(y+2)2
9 3

=1

Q5. Write an equation of hyperbola
a). with vertices at (2,—2) and (—4,—2), and

that passes through point with coordinate (5,1)

b). with vertices at (—3,1) and (—3, 3) , and that
passes through the point with coordinate (0, 4)
Sol: vertices are (—3,1) and (—3, 3)

So the curve/hyperbola is along y-axis
Midpoint of vertices is centre

(hK) = (M 1+3j

2
(h.Kk)= (26 ‘z‘j

(h.k)=(-3.2)
vertices are (—3,1) and (—3,3)

Compare with (h, k+ a) we get

h=-3, k+a=3, k—a=1
2+a=3
a=1
general equation of hyperbola along y-axis
(=K' _(x-h)
Y — pE L s (1)

Putting centre h=-3 k=2 & (O, 4) with a=1
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Chapter 8
2 2 2 2
(4_2) _(O_(_3)) -1 Sol: We have (X_3) _(y+1) =1
12 b? B 4 4
2 2 general equation of hyperbola
(2F (F_, @) savation of
1 b? (x=h)" (y=k) —1 Weget
9 a® b?
T h=3k=-1 a?=4b>=4
9
4_12F a=2,b=2
3b* =9 Using ¢’ =a’+b?
b*=3 ¢’ =22+2
b=3 . . c=+/8=4x2
Putting the values in equation (1) we get
c=242

(v=2) (=(B)"_,

)
(v-2 (x+3) _,
1 3

Q6. In each case, sketch the rectangular hyperbola and
identify the vertices, the foci and the asymptotes:

). (x+1)'—(y-2)'=1
Sol: We have (x+1)2 —(y—2)2 =1
general equation of hyperbola

(x=h)’ _(y—k)2 —1 We get
a’ b?

h=-1k=2, a’=1b’=1

Using ¢ =a® +b?
¢’ =1"+1°
c’=1+1
c’=2

c=+2
And Centre (h, k) = (—1, 2)

Foci F (h+c,k)=F(-1£+2,2)

Foci are |:1(_1+ J2, 2)1 F, (_1_\/51 2)
Vertices V (h+a,k) =V (-1+1,2)

Vertices are V, (0,2),V, (-2, 2)

Eq of asymptotes (y — k) = i%(x— h) putting

y-2=%(x~(-1)

y=+(x+1)+2

Either or
y=x+1+2 y=—x-1+2
y=X+3 y=—-X+1

Fz ~2 A ® Fi
/3 =) 1 [5) 1\\2

2 2
b). (x—3) _(y+1) 1
4 4

And Centre (h,k)=(3,-1)

Foci F (h+c,k)=F (3+2v2,-1)
Fociare F;(3+2v2,-1),F, (3-2v2,-1)
Vertices V (h+a,k)=V (3£2,-1)
Vertices are V; (5,-1),V, (1,-1)

Eq of asymptotes (y—k):ig(x—h) putting

2

y=(-1)=+5(x-3)

y+1=+%(x-3)

y=+(x-3)-1
Either or
y=x-3-1 y=-x+3-1
y=x-4 y=—X+2

Q7. In each case, find the points of intersection
between the line and the hyperbola
a). Xy =4, y=x-3

Sol: We have XY =4....ccoooiiiiiiiineeen, (1)

Putting the value of y in equation (1), we get
X(x—3)=4

X*-3x—-4=0

X —4x+1x—-4=0
X(x—4)+1(x—4)=0

(x+1)(x-4)=0

Either or

X+1=0

x=-1
Putting the values of x in equation (2) we get

n
y=-1-3 y=4-3
Thus points of intersection are (—l, —4)&(4,1)

X—4=0
x=4
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b). x*—y? =1 y=\/§(x—1)

Sol: We have X* — Y =L..coeeiiieecereennen, (1)
y=\/§(x—1) ........................................... (2)

Putting the value of y in equation (1), we get
2

x? —(\/§(x—l)) =1

x? -3(x-1)" =1

X2 —3(x2 —2x+1):1

x* —3x*+6x-3-1=0

-2x*+6x-4=0 +by -2

x> —=3x+2=0

X*—2x-1x+2=0

x(x-2)-1(x-2)=0

(x-1)(x-2)=0
Either or
x—-1=0 x—2=0
x=1 X=2
Putting the values of x in equation (2) we get
y=v3(1-1) y=3(2-1)
y=+3(0) y=V3(1)
y=0 y=+3
Thus points of intersection are (1, 0)&(2, \/5)
2 2
o XX _1 xiay-a-0
1 4
2 2
Sol: We havey——x— e (1)
1 4
X+4y—-4=0
X=4-4y
X=4(1-y) e, (2)

Putting the value of x in equation (1), we get

v (402-y)

1 4
Xi_les(l—y)z__1
1 4

y2-4(1-y)' =1

y? —4(1—2y+ y2)=1
y?—4+8y-4y*-1=0
-3y*+8y-5=0
3y*—-8y+5=0
3y*—3y-5y+5=0
3y(y-1)-5(y-1)=0
(8y-5)(y-1)=0

Either or
3y-5=0 y-1=0
y=3 y=1

Putting the values of y in equation (2) we get

_ x=0
X=4| —
)
—8
X =—
3
Thus points of intersection are (__8 , §j &(0,1)
33
2 2
d. Y _X _4 =3(x+1
9 4 y=3(x+1)
Sol: Wehave Y X" _q . (1)
9 4
Y =3(X+1) e, (2)

Putting the value of y in equation (1), we get
(3(x+1)) X2

=1
9 4
9(x+1)° X
9 4
2
(x+1)2—XT=1 x by 4

4(x2 +2x+1)—x2 =4
4x* +8X+4—-x>—4=0

3x*+8x=0
x(3x+8)=0
Either or
3x+8=0
x=0 "
X=3
Putting the values of x in equation (2) we get
y=3(0+1) y=3(3+1)
y=3(1) y=3(%%)
y=3 y=-5

Thus points of intersection are (0,3) & (£,-5)

Q8. For what value of c
X2 y2
a). line y = X+C will touch hyperboIaE__ =1

4

X2 y2

Sol: Wehave — — 2 =1 ... 1)
16 4

VD G SRR (2)

Putting the value of y in equation (1), we get

2 (x+c)’
Xt _(x+c) —1 x by 16
16 4

x? —4(x+c)2 =16

x* —4(X* +2cx+¢") =16
x> —4x* —8cx—4c?-16=0
—3x*—-8cx—4c*-16=0

3x* +8cx+4c® +16=0
Given line will touch hyperbola if Discriminant = 0

b?—4ac=0 putting the values
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(8c)° —4(3)(4c? +16)=0
64c* ~12(4c” +16)=0
64c® —48¢° -192=0
16¢? =192
o192

=——2=12
16

64c® —48c*—48=0
16¢? = 48
c’=3

c=+3

2 2
b). line Yy =—X+C will touch hyperbola — Y =1
16 9
Sol: Wehave X~ _ Y™ _q .. 2)
16 9
y=—X+C

Putting the value of y in equation (1), we get

5 Y
L GtV Y < by 144
6 9

9x? —16(c2 —2CX + x2) =144
9x* —16¢% +32cx —16x* -144=0
—7x? +32cx—16¢c°>-144=0

7x* —32cx+16¢° +144=0
Given line will touch hyperbola if Discriminant =0

b*—4ac=0 putting the values
(-32c)" —4(7)(16¢* +144) =0
1024¢” - 28(16¢° +144) =0
1024¢? — 448¢2 — 4032 =0

576¢ = 4032
2= 4032 _7
576
c=+7
X2 yz
c). line y = X+C will touch hyperbola ?_T =1
2 2
Sol: We have x_ ¥ e (1)
4 1
Y = XA Curerereierereeere e (2)
Putting the value of y in equation (1), we get
2 2
X (x+c) -1 x by 4
4 1

X* —4(x* +2cx+¢%) =4
X2 —4x? —8cx—-4c*—4=0
—3x?—8cx—4c*—4=0

3x* +8cx+4c*+4=0
Given line will touch hyperbola if Discriminant = 0

b?—4ac=0 putting the values
(8c)° -4(3)(4c’ +4)=0

64c> —12(4c2 +4) =0
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Q9. In each case, find equations of tangent & normal
2 2

9 X°y
.at | —v/13,= | to the hyperbola — —2— =1
a).a ( 2) o the hyperbola 29

Sol: We have X_z_y_z —1Point (_‘ /13’2J
4 9 2

X2 2
Compare with general eq = _§ =1We get
a

a’ =4, b*>=9
= a=2, b=3
Since equation of tangent);—)z(i—% =1Putting
—J1_3x_ 9y
4 2(9)
__‘/1_3)(_X=1 x by —4
4 2
\/1_3x+2y:—4
2
Since equation of normal =% =# Putting
X=X b7
y-5 _ —4(3)
x+\/1_3 9(—\/1_3)
y-2 _ 2
x+13 13

VI3(y-3)=2(x+i3)
13y - 2413 =2x+ 213
2x—/13y + 213+ 213 =0
4x—2J1_3y+4J1_3+9J1_3:O
4x—24/13y +13\13 =0

Available at http://www.MathCity.org

16 y> X
b). at point | —,5 | to the hyperbola ~——-—=1
). at poin (3 j o the hyperbola o 16

2 2
Sol: We have y_x =1 Point (Eﬁj
9 16 3

2 2
Compare with general eq = — o =1We get
a

a’=09, b’ =16

= a=3, b=4

Since equation of tangent%—xt;—);1 =1Putting
S5y _Zx_
9 16

Xy x by 9

9 3

5y—-3x=9
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. _ y-y, - Zyl ' Using translation equations
Since equation of normal m = W putting X=X +h, Y=Y +K putting the values
y—5 —16(5) X=X +0, y=Y+2
x—%_ 9(%) X=X, y=Y+2
Put in equation (1) we get
y-5 -80 -5
— == 2(X)—(Y+2)+2=0
i (x)-(1+2

2X-Y-2+2=0
2X-Y =0
b). point (—1,2) the equation

3(y-5)=-5(x-%)
3y—15=-5x+%8
5x+3y—-15-8=0

15x+9y —45-80=0 X*+y?+2x—4y+1=0
15X +9y ~125=0 Sol: equation X* +y?+2x—-4y+1=0.....(1)
LTransIation of Axis And the point (h, k)= (-1,2)
The shifting of the reference axes —=h=-1 k=2
without turning so that each axis Using translation equations
remains parallel to its original position. X=X +h, y=Y +K putting the values
y Y x=X+(-1), y=Y+2
PO, Y) X=X -1, y=Y+2
¥ e — .l:(x”.}’) Put in equation (1) we get
Y| i (X =1)° +(Y +2)" +2(X —1)—4(Y +2)+1=0
(h,k) 1 x X2 _2X +1+Y2+4Y +4+2X —2—4Y —8+1=0
. X24+Y2_2X 42X +4Y —4Y +1+4-2-8+1=0

X24+Y?-4=0

c). point (3,—4) the equation

X? +2y* —6x+16y+39=0

Sol: equation X* +2y* —6x+16y+39=0.....(1)
And the point (h, k) = (3,—4)

=h=3, k=-4

Using translation equations

X=X +h, Y=Y +K putting the values
x=X+3,  y=Y+(-4)

X=X+3, y=Y -4

Put in equation (1) we get

(X +3)° +2(Y —4)° —6(X +3)+16(Y —4)+39=0
X?+6X +9+2(Y?-8Y +16)—6X —18+16Y —64+39=0
X24+6X +9+2Y2-16Y +32-6X —18+16Y —64+39=0

X=X +h, y=Y +k
X=x-h, Y=y-k

IRotation of axes|
y

v’

R(0, y)

R'(0, y'

Q(x, 0)

X=Xcosg—y'sing, y=y'cos¢+Xx'sing

X' =ysing+Xcos¢g, Yy =ycosg—xsing X2 +2Y2 46X —6X —16Y +16Y +32+9-18-64+39=0
or X?4+2Y?2-2=0

X=X COS¢_Y Sin¢/ y =Y COS¢+ X Sin¢ d). point (—2, 2) the equation

X =ysing+xcosg, Y = ycosg—xsing X2y — 3¢y +10X 10y +21= 0

Rotation and translation of axes| Sol: X2 +y? —3xy +10x~10y + 21=0.....(1)

X=h+Xcosg-Ysing,y=k+Y cosg+ Xsing

And the point (h,k)= (-2,2)

Exercise 8.4 —~h=-2 k=2
Q1. Translate to parallel axes through the Using translation equations
a). point (0,2) the equation 2x—y+2=0 Xx=X+h, y:Y +k putting the values
Sol: equation of line 2Xx—y+2=0............... (1) x=X +(—2), y=Y+2
And the point (h,k): (0,2) X=X-2, y=Y+2
—h=0 k=2 Put in equation (1) we get

Khalid Mehmood Lect: GDC Shah Essa Bilot Available at http://www.MathCity.org Page 207



Chapter 8 Exercise 8.4

2 2 2 2

(X =2 +(Y +2) ~3(X ~2)(Y +2) (2wl [
+10( X —2)-10(Y +2)+21=0 2 2

X2 —4X +4+Y? +4Y +4-3(XY +2X -2Y —4) +4{%(x_y)}{%(x_,_y)}_lzo
+10X —20—10Y —20+21=0 i i

X24Y2—4X +4+4Y +4-3XY —6X +6Y +12 FXY) HF(X4Y) +4(2)(X?-Y?)-1=0
+10X —10Y —20-20+21=0 H(X?=2XY +Y2)+ (X2 +2XY +Y?)

X2 +Y2-3XY —4X —6X +10X +2(X?-Y?)-1=0 x by 2

X24+Y2-3XY +1=0

X2 =2XY +Y2 4+ X?+2XY +Y? +4X?—4Y*-2=0

Q2. Transform to axes inclined at an angle
X2+ X244X%=2XY +2XY +Y?+Y?—-4Y2-2=0

a).45° to original axes of the conic X2 — y2 =a?

2_ogy2_o9_ -
Sol: We have X* —y? =a’Angle ¢ = 45° 6X2 ZZ 2=0 by 2
Using X=X cos¢-Ysing, y=Y Cos¢+ Xsing 3X _OY —1=0 — ‘
X = X COS45° —Y sin45° y =Y cos45° + X sin 45° d). 45° to the original axes of the conic

NN NN x? —y? —242x-10\2y+2=0
=X =S Sol: We have X? —y? = a? Angle ¢ = 45°
x:%(x_y) yzg(xw) Using X=X C0S¢—-Y Sing,
Putting the values in the given equation, we get y =Y COS¢+ Xsin ¢
2 2 X = X c0s45° —Y sin45°
{g(X—Y)} —{%(X +Y)} =a’ 5 5
XZTX _TY

XYY —3(X v ) —al

=Y c0s45° + X sin 45°
1(X?—2XY +Y?)—1(X?+2XY +Y?)=2a’ y

_ 2 2
1., 1., 1., 1o, y=3Y+3X
ZXZ XY +2Y2-ZX2-XY-ZY2=a 5 5
i : 2 2 [ i Xx=2(X-Y) y=%(X+Y)
ZXZ-ZX2-XY-XY+=Y2-2Y2=3a? Putting the values in the given equation, we get
2 v 22 o U [ s |E

b). 90° to the original axes of the conic y* = 4 px

200
—10v21 5 (X +Y 2=0
Sol: We have y* =4px Angle §= 90° { 2 g

Using X=X cosg-Ysing, y=Ycosg+Xsing 2(X =Y) =Z(X+Y) =2(X =Y)-10(X +Y)+2=0
X=X c0s90° -Y sin90° y =Y cos90° + X sin90° (X _Y)Z ~1(X +y)2 —2(X=Y)-10(X +Y)+2=0
x=X(0)-Y (1) y=Y(0)+X(1) X2—2XY +Y? = X2-2XY —Y2—4(X =Y )=20(X +Y)+4=0
xX=-Y y=X X2 XZ2=2XY =2XY +Y2-Y2-4X +4Y —20X —20Y +4=0
Putting the values in the given equation, we get _AXY —24X —16Y +4=0 by —4

2 _
y"=4px XY +6X +4Y ~1=0
(X )2 =4pY Q3. Transform to new axes inclined at an angle
X2 — 4pY a). tan’l(%) to the original axes of the conic

14x* +11y” - 36X +48y —4xy +41=0 through (; ;)
Sol:14x* +11y* —36x + 48y —4xy +41=0...(1)

c). 45° to original axes of conic x* + y® +4xy—1=0
Sol: We have X*+ y2 +4xy —1=0Angle ¢: 45°

Using X=X C0sg-Ysing,  y=Ycosg+Xsing p=tan"(3) TOA
X=X c0S45° ~Ysin45°  y=Y cos45° + X sin 45° tan g = & tang = PP
(N2 A2y _V2, 2y ° Ad)
2 2 =7 2 = Opposite side = 1, adjacent side = 2
Using Pythagoras theorem
XZQ(X—Y) y:Q(X+Y) 2 N 2
2 2 (Hyp)” = (Adj)” +(Opp)
Putting the values in the given equation, we get (Hyp)* = (2)° + (1)
(Hyp) =4 +1
(Hyp)2 =5
= Hyp = NGY
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Hyp Opp
Adj
T
SOH CAH
. Opp adj
sing = ——— cos¢g=—>
Hyp Hyp
ing = L =2
Sing = G Cos¢ %

using translation (1,—2) rotation tan i (%) eqs
x=h+Xcosg-Ysing,y=k+Y cosg+ Xsing

1.2 1 2 1
x—1+\/§x J§Y, y=_2+£Y+EX
X:J§+ZX—Y y:_2J§+2Y+x

B — 5
X:2X—Y+J§ y:X+2Y—2J§
B 5

Putting the values in equation (1), we get

1{2)( —v +J§]Z+ll[x +2Y—2J§]236[2x —v +J§]

5 3 5

18 X +2Y - 245 W 2X =Y ++5 ) X +2Y —24/5
3 N3 N3

14(2X —Y +J§)2 +11(X +2v —2\/§)2
—36J§(2x SV +J§)+48J§(x +2Y —2J§)
—4(2x AV +J§)(x +2Y —2J§)+205=0

]+41=o

14(4x2 +Y24+5-4XY —2/BY +4J§x)

+11(x2+4Y2+20+4XY—8J§Y—4J§x)

—36J§(2x -Y +J§)+48J§(x +2Y —2J§)

_4(2x2 +4XY — 45X — XY —2Y? +2/5Y
+5X +2/5Y —10

56X 2 +14Y 2 + 70—56 XY — 28+/5Y +56+/5X

+11X 2 +44Y2 4220+ 44XY —88/5Y —44./5X

—72/5X +36+/5Y —180+ 486X +96+/5Y — 480

—8X 2 —16XY +16+/6X +4XY +8Y 2 —85Y

—4J5X —8/5Y +40+205=0

56X % +11X*—-8X?

+14Y? +44Y° +-8Y*

—56XY +44XY —16XY +4XY

—28+/5Y —88/5Y +36+/5Y +96+/5Y —8/5Y —85Y

156+/5X — 445X —72/5X + 485X +16+/5X —4/5X
+70+220-180—-480+40+205=0

59X 2 +66Y2—-24XY -125=0

b). tan™ (’—34) to the original axes of the conic
11¢ +4y? — 20x —40y + 24xy —5=0through (2,-1)
Sol:11x* +4y* — 20x — 40y + 24xy —5=0...(1)

J+205=0

g=tan™ () TOA
_ 4 _Opp
tan ¢ = 3 tang = 20,

= Opposite side = -4,
Using Pythagoras theorem

adjacent side =3

Hyp)' =9+16
(Hyp)" =25
=Hyp=5
Hyp Op P
! Aadj
SOH CAH
. Opp adj
sing = —— cos¢p=—>
Hyp Hyp
it _ 4 _3
S|n¢ ~— 5 COS¢ =5

using translation (2,—1) rotation tan™ (’74) eqs

x=h+Xcosg-Ysing,y=k+Y cosg+ Xsing
3 -4 3 —4
= X —-— =—1+=-Y +—
X 2+5X 5 y 5 5
10+3X +4Y —-5+3Y —4X
X="— y=——-——
5 5
X_3X +4Y +10 y:3Y—4X—5
5 5
Putting the values in equation (1), we get

2 2
11(3x +z:( +1oj +4(3\( —L;X —5] _20(3x +4;Y +1o)

_40(3Y —ééx —5j+24(3x +4;Y +10j(3Y —Z;X —5]_520

11(3X +4Y +10)" +4(3Y —4X ~5)° ~100(3X +4Y +10)
~200(3Y —4X —5)+24(3X +4Y +10)(3Y —4X ~5)-125=0
11(9X +16Y* +100+ 24 XY +80Y +60X

+4(9Y2 +16X 2 +25-24XY +40X —30Y)
~100(3X +4Y +10X )—200(3Y —4X —5)

24 9XY —12X?*-15X +12Y 2 -16XY
—20Y +30Y —40X —50

99X % +176Y % +1100+ 264 XY +880Y +660X

+36Y 7 +64X? +100-96 XY +160X —120Y
—300X —400Y —1000X —600Y +800X +1000

+216XY —288X 2 —360X +288Y 2 —384 XY
—480Y +720Y —960X —1200-125=0

99X 2 +64X 2 — 288X >

+176Y2 +36Y + 288Y 2

+264XY —96XY + 216 XY —384XY

+880Y —120Y —400Y —600Y — 480Y +720Y

+660X +160X —300X —1000X +800X — 360X — 960X
+1100+100+1000-1200-125 =0

~125X 2 +500Y2 ~100X +875=0 +By—25
5X2-10Y2+20X —35=0

j—125=0

c). tan™ (%) to the original axes of the conic
3x* +10y* +6x+52y —24xy =0 through (3,1)
Sol:3x* +10y” + 6x+52y — 24xy = 0...(1)
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g=tan"(3) TOA 30X2-95Y%-175=0
2 2 _
tan¢=% Tan¢=opF_’ 6X°—-19Y°-35=0
Adj Q4. At what angle the axes are rotated about the origin

= Opposite side = 3,
Using Pythagoras theorem

(Hyp)" = (Adj)" +(Opp)
(Hyp) =(4)"+(3)
(Hyp) =16 +9

adjacent side =4

(Hyp) =25
=Hyp=5
Hyp OppP
I A
SOH CAH
. Opp adj
sing = —— - S¢p=—>
"’ Fyp €°S? " Yiyp
Sing =3 Cosp =%

using translation (3,1) rotation tan™ (%) equations

X=h+Xcos¢g-Ysing, y=k+Ycos¢g+Xsing

x=3+iX—§Y y=1+£Y+§X
5 5 5 5
X_15+4X -3y _ 5+4Y +3X
5 y= 5
4X -3Y +15° 4Y +3X +5
=75 Y=/

Putting the values in equation (1), we get

2 2
3(4X —2Y +15j +10[4Y +C;X +5J +6[4X —S;Y +15j

+52[4Y +3;X +5j_24[4X —S;Y +15j(4Y +3;X +5J:0

3(4X —3Y +15)° +10(4Y +3X +5)° +30(4X —3Y +15)
+260(4Y +3X +5)—24(4X —3Y +15)(4Y +3X +5)=0

3(16X*+9Y? +225—24XY —90Y +120X )
+10(16Y? +9X? + 25+ 24 XY +30X +40Y
+30(4X —3Y +15)+260(4Y +3X +5)
_24[16XY +12X % +20X —12Y2—9XY]
—15Y +60Y +45X +75

48X +27Y* +675-72XY —270Y +360X

+160Y 2 +90X % + 250 + 240 XY +300X +400Y

+120X —90Y +450+1040Y + 780X +1300

—384XY —288X? —480X +288Y? + 216 XY
+360Y —1440Y —1080X —1800=0

48X? +90X? —288X?

+27Y? +160Y 2 +288Y?

—72XY +240XY —384XY +216XY

+300X +120X +360X +780X —480X —1080X

+400Y —270Y —90Y +1040Y +360Y —1440Y

+250+ 675+ 450+1300—1800=0

~150X % +475Y2+875=0 divided by -5

so that the transformed equation of the conic

a). 11x° +4y* —20x — 40y +24xy —5=0 does
not contain the term involving XY?

Sol: We have

11x* +4y* —20x— 40y + 24xy —5=0
Compare with general equation of conic

ax® + 2hxy +by® + 2gx+ 2 fy +¢ =0 We get

a=11, 2h=24, b=4
Using ¢ = %tan’l (Z_hbj putting the values
a_

¢:£tan’1 A
2 11-4
1

¢ =36.87°

b). 5X* +7y* + 2\/§W-16 =0 does not contain
the term involving XY?

Sol: We have 5x% +7y? +2/3xy —16 =0
Compare with general equation of conic

ax® + 2hxy +by® + 2gx+2fy +¢c =0 We get

a=5, 2h=243, b=7
. 1. . 2h .
Using ¢ = —tan (—) putting the values
2 a-b
gé:ltan‘1 —2\/5
2 5-7
b= Liant[ 23
2 -2
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