Exercise 7.1

Chapter 7

Chapter 7

‘Derlvatlon of equation of C|rcle

Let C(h,k) be a fixed point/centre and P( ,Y) be
any point of the circle then 3

OP=(xy),0C=(hk)e | °

OP=0C +CP '
CP=0P-0C 1 o o

-(x3)-(nk)

(x=0)" +(y-0)" =42

22
Hence X +Y =16 is the required eq of circle

(3,2) r=1

Solution: We have centre (3, 2) r=

Equation of circle having centre (h, k) & radius r
(X— h)2 +(y - k)2 =r? putting the values

(x=3)°+(y—2)" =12
Hence(x _3)2 +(y— 2)2 —12is required eq of circle

=(x=h,y—k)
[CP|=J(x—hY" +(y—k)’
r’=(x-h)’+(y-k)*  ~|CP|=r
‘Equation of circle| having centre (h, k) & radius r
(x—h)’ +(y—k)" =

‘Equation of circle‘ having centre origin (0, 0) &radius r

N yz _ 2
Properties of the equation of circle;]

1). Eq of the circle is a second degree equation in x & y.

2
2). Coefficients of x* and Y* are same
3). There is no term containing XY

4). Radius must be positivei.e. r >0

General form of an equation of circle

general equation of the second degree in x & y is
ax® + 2hxy +by® + 2gx +2fy +c=0

Dividing each term by a

X2 +2hxy+Ly? 4 23x 4 2Ly re=0

For circle h=0,§=1, g,=2,f =1+ & c, =< gives
x> +y? +2g,x+2f,y+c, =0 rearranging

x* +2g,x+y* +2fy+c, =0Addingbs g7, f?

X* +2g,x+07 +y*+2fy+fP=9>+f’-c
(x+gl)2+(y+ fl)2 =g/ + 17—

I:X—(_gl)]z +|:y_(_ fl)jz :|:\/ g7 + f,? _(:1:|2 ------
Thus centre (—gl,—fl) & radius r =\/912 + f12 -G

If r >0 then, circle is real and different from zero
If r =0 then, circle shrinks into a point

(—g ,— f ) is called point circle

If r <O then, circle is imaginary or virtual

(-4-3) r=

Solution: We have centre (—4,—3) r=
Equation of circle having centre (h, k) & radius r
(X - h)2 +(y - k)2 =r? putting the values

(= (=) +(y=(-3)) ="

(x+4)" +(y+3)" =4

Hence(x+4)2 +(y+3)2 — 4% is required eq of circle

(-a,-b), r=a+b

Solution: We have centre (—a,—b), r=a+b
Equation of circle having centre (h, k) & radius r
(X — h)2 +(y — k)2 =r? putting the values
(x=(-a))" +(y~(-b)) =(a+b)’

(x+a)2 +(y+b)2 =(a+b)2
Hence above eq is the required equation of circle

Exercise 7.1

. In each case, find an equation of a circle when the
centre and radius are the following

(0,0), r=4
Solution: We have centre (0,0), r=4

Equation of circle having centre (h, k) & radius r

(x—h)*+(y—k)* =r? putting the values

. In each case, determine the equation of a
circle using the given information:

centre C(0,0) , tangent line X=-5

Solution: centre C(0,0), tangent line X=-5

Or X+0.y+5=0

The tangent line passes through only one point of
the circumference of the circle and

The shortest distance from the
circumference/tangent line of the circle to the
centre is radius, using formula

_|ax, +by, +cC

Ja7 b7
@@ +(0)(0)+5]
J(@)7* +(0)°

‘O+O+5

putting the values

Now to find the equation of circle using formula
(x—h)* +(y—k)* = r? putting centre & radius

(x—0)2+(y—0)2 =5°
x> +y?=25

C(0, 0) , tangent to the line y =6
Sol: We have centreC (0,0) , tangentline y=6
Or 0x+y—-6=0
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The tangent line passes through only one point of
the circumference of the circle and
The shortest distance from the
circumference/tangent line of the circle to the
centre is radius, using formula
_|ax, +by, +c
Ja? +b?
_|©@©+@)-4
2 2
Joy +@)
0+0-6
JO+1

r=|=%_6

NG

Now to find the equation of circle using formula

putting the values

(x— h)2 +(y— k)2 =r? putting centre and radius

(x—0)’ +(y—0)* =6
x*+y® =36

Sol: centre C(_gy_g)and point of circumference (-20,8)

The distance from the point of the circumference
of the circle to the centre is radius, using formula

\/(Xl X ) +( yz) putting the values
r=J<—20—(—9)>2+(8—<—6>>2
r= \/(—20+9)2 +(8+6)2
_ 1215196

(-11)" +(14)°
=317
Now to find the equation of circle using formula
(X— h)2 +(y— k)2 = r? putting centre and radius
(x=(-9))"+(y~(-6))" =(¥317)

(x+9)* +(y+6)" =317

C (6, —6) circumference passes through origin

Sol: centre ¢ (6,-6) and point of circumference (0, 0)

The distance from the point of the circumference
of the circle to the centre is radius, using formula

r= =% ) (%

r=(6-0) +(-6-0)’
r=(6) +(-6)°
r=+72

Now to find the equation of circle using formula

yg) putting the values

(x— h)2 +(y— k)2 = r? putting centre and radius
(x(6)" +(y=(-8))" = (72

(x-6)"+(y+6) =72

centre C (0, 5)and point of circumference (5, O)

Sol: centre C (0,5)and point of circumference (5, O)

The distance from the point of the circumference
of the circle to the centre is radius, using formula

r= \/(Xi —%, ) +(yi—y,)" putting the values
r=1/(5-0)’ +(0-5)’
(5)° +(-5)’
=25+25
r =+/50

Now to find the equation of circle using formula

(X— h)2 +(y— k)2 = r? putting centre and radius
(x—0)* +(y—-5)° z(\/%)z

x? +(y—5)2 =50

C (_gy_a)circumference passes through point(_zolg)

c(zy_g) circumference passes through point(-lO,—G)

Sol: centre ¢ (2,-8) & point of circumference (—10, —6)

The distance from the point of the circumference
of the circle to the centre is radius, using formula

= \/(Xl —-X, )2 +(y1 -y, )2 putting the values
r=y(-10-2)" +(-6-(-8))’
r=(-12)° +(-6+8)

— 144+ 27

r=+144+4 =/148
Now to find the equation of circle using formula

(X— h)2 +(y— k)2 = r? putting centre and radius
(x=(2))" +(y—(=8))" =(V148)’

(x—2)* +(y+8)* =148

C (—5, 4) , tangent to the x-axis

Solution: We have centre C (—5,4) ,

Equation of x-axis = tangent line y =0

Or 0.x+y+0=0

The tangent line passes through only one point of
the circumference of the circle and the shortest

distance from the circumference/tangent line of
the circle to the centre is radius, using formula

ax, +by, +c
Ja? +b?
|0)(=5)+@)(4)+9|
J0) +()?

‘O+4+O 4
=— =r=4
l 1

Now to find the equation of circle using formula

putting the values

4

(X— h)2 +(y— k)2 = r? putting centre and radius
2 2

(x=(-8)) +(y—(4)) =(4)

(x+5)" +(y—4) =16

C(5,3), tangent to the y-axis
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Solution: We have centre ¢ (5.3),

Equation of y-axis = tangent line X =0

Or X+0y+0=0

The tangent line passes through only one point of
the circumference of the circle and the shortest
distance from the circumference/tangent line of
the circle to the centre is radius, using formula

ax, +by, +c .
r =|—2—=2L__"| putting the values

Ja® +b?
e+

Joy -7 |

r—[2+0+0/_5

N1+0 | 1
r=>5

Now to find the equation of circle using formula
(X— h)2 +(y— k)2 = r? putting centre and radius

(x=5)"+(y-3) =(5)’

(x—5)2 +(y—3)2 =25

29 =4 2f =-3
g=2 f=2 )

Therefore the coordinates of centre of the circle
C(-9.-1)=C(~(2).-(3))
C(-9.-f)=C(-23)

And the radius ¢ = . /gz + f2 —c Putting values

-Jer ()

\/ 9 7 \/4 4 9 7
r= 4+—+ X—+—+—
41 4 4

e
=+/4x2

Hence centre C (—2,73) and the radius r = 2/2

Q3. In each case, find the centre C (—g,—f ) and
the radius r = /g’ + f>—c of the following:
a). X +y -8x-6y+9=0

2 2
Solution: We have X" +Yy~—8x-06y+9=0
By comparing with general equation of circle

X+ Y2 +20X+2f y+Cc=0 we get
29 =-8 2f =—

g=—=-4 f=—=-3

Therefore the coordinates of centre of the circle
C(-g.-)=C(~(-4)~(-3))
C(~g,—1)=C(43)

And the radius I = m Putting values
=4 +(-3)~(9)
r=+16+9-9=116 =4

Hence centre C(4, 3) and the radius =4

0. X +Y+4x-6y+13=0

Solution: We have X + y2 +4x-6y+13=0
By comparing with general equation of circle
X+ Y2 +20X+2f y+c=0 we get

2g=4 2f =-6

g=2 f=-3

Therefore the coordinates of centre of the circle
C(-9,-1)=C(=(2),~(-9))
C(-g,—f)=C(-2,3)

And the radius , — \/m Putting values
r=y(2)" +(-3)" ~(13)
r=+4+9-13=.13-13=0

Hence centre C(-2,3) and the radius r =0

When radius is zero then equation of circle
becomes equation of point.

c=13

b.  AX*+4y°+16x-12y-7=0
Solution: We have 4X’ +4y2 +16x-12y-7=0

2
Dividing it by 4 to make coefficients of x? &Y
equalto1

X*+y?+4x-3y—-1=0

By comparing with general equation of circle
2 2 —

X“+Y +20X+2f y+Cc=0 we get

4. X +y* —x-8y+18=0
Solution: We have X + y2 -X-8y+18=0
By comparing with general equation of circle
2 2 _
X“+Y +20X+2f y+Cc=0 we get
29=-1 2f =-8
Therefore the coordinates of centre of the circle

C(-9,-1)=C(~(3).~(-4))
C(-9.-1)=C(3.4)

And the radius y — \/gZ & 2 —c Putting values
r=\(z)" +(-4)" ~(18)

r=\/1+16—18 =\/1—2
4 4

Which is not possible
If we take C=—18

c=18
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r=\(2)"+(-4) ~(-18)
r=++16+18 = /1 +34

r_\/£_3_4§_\/1+136_\/137_\/137
4 4 2

Hence centre C(l 4] and the radius , _ Y137
2 2

Q4. In each case, determine whether the given equation
represents a circle. If no state why not, if it is, then state
the coordinates of the centre and the radius

a). X +y* -8x-4y+16=0

2,42
Solution: We have X" +Y~ —8X—4y+16=0
Here the coefficients of x* & y? are equal
therefore the given equation represents a circle,

Now to find centre and radius
By comparing with the general equation of circle
x> +y?+2gx+2f y+c=0 we get
29 =-8 2f =—4
-8 4 c=16

== f -2
973 2

Therefore the coordinates of centre of the circle
C(-9.-1)=C(-(-4).~(-2))
C(-g,-f)=C(42)

And the radius I = \/m Putting values
r=(-4)" +(-2) - (16)

r=v16+4-16 =+/4 =2

Hence centre C(4, 2) and the radius F =2

Exercise 7.1

By comparing with the general equation of circle
X+ Y2 +20X+2f y+Cc=0 we get
29=0 2f =-1

g:Q:O f:—_l c=-2
2 2

Therefore the coordinates of centre of the circle
-1
crat-e[0-(3)
(=g, ):c(o,lj
2
And the radius = w/gz + f 2 —c Putting values

Hence centre C (0%) and the radius  _ 3
2

b). x> +y’ +8y+6x=0

Solution: We have x*+Yy*>+8y+6x=0

Here the coefficients of x* & y? are equal
therefore the given equation represents a circle,

Now to find centre and radius
By comparing with the general equation of circle

x> +y?+2gx+2f y+c=0 we get

20=6 2f =8
0-8_s (LB, ©=0
2 2

Therefore the coordinates of centre of the circle
C(-g,-f)=C(-3-4)

And the radius r = \/m Putting values
r=\(8)" +(4) ~(0)

r—8+16-0 25 -5

Hence centre C (—3, —4) and the radius r =5

0. X +y'-y-2=0

2,32
Solution: We have X +Y —y—-2=0
Here the coefficients of x* & y? are equal

therefore the given equation represents a circle,
Now to find centre and radius
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d. X +y +5x=0

2, \2
Solution: We have X" +Y° +5Xx=0
Here the coefficients of x* & y? are equal

therefore the given equation represents a circle,
Now to find centre and radius
By comparing with the general equation of circle

X+ Y2 +20X+2f y+¢=0 we get

20 =5 2T =0

g=3 f=0

Therefore the coordinates of centre of the circle
C(-9,-f)=C(~(3).~(0))
C(-9,-f)=C(5.0)

And the radius r = «/gz + f? —c Putting values

a \/@) +(0)°~(0) = \/@

5
r==
2

Hence centre C($,0) and the radius r — s

c=0

e). 3x*+3y* +6x—6y =0

Solution: We have 3x* +3y? +6x—6y =0

Here the coefficients of X & y? are equal therefore
the given equation represents a circle, To make
coefficients of X° & y2 are equal 1 Dividing it by 3
32,3,,6,6,0

3 3 3 3 3
X>+y?+2x—-2y=0

Now to find centre and radius

By comparing with the general equation of circle

X+ Y2 +20X+2f y+Cc=0 we get
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29j2 2f:2—2 X2+y2=l’2weget 2 oo
9=3 =1 f =2 -1 ¢=0 Which is not possible because r?> >0

Therefore the coordinates of centre of the circle
C(-9,-1)=C(-(1),-(-1))
C(-g,~f)=C(-11)

And the radius I = \/m Putting values
=@ +(-)~(0)

r=VIT1=0-42

Hence centre C (—1,1) and the radius r = /2

The given equation not represents a circle.

. 2+2y"-8x+12y+8=0
Solution: We have 2X° + 2y2 -8x+12y+8=0

Here the coefficients of X* & y? are equal therefore
the given equation represents a circle,To make
coefficients of X° & y2 are equal 1 Dividing it by 2

2 8 12 8 O

- —X+—Yy+—=—

2 2 2 2 2

x> +y> —4x+6y+4=0

Now to find centre and radius

By comparing with the general equation of circle

X2+ Y2 +20%X+2f y+C=0 we get

29=—4 2f =6

g :;2“:—2 f :%:3

Therefore the coordinates of centre of the circle
C(-g.-1)=C(-(-2).-(3))
C(—g,—f):C(Z,—3)

And the radius r = «/gz + f? —c Putting values
r=\(-2)" +(3) ~(4)
r=4+9-4=9=3

Hence centre C (2, —3) and the radius r =3

x2+§y2—

c=4

). X4y +16=0
2 2

Solution: We have X" +Y +16=0
Here the coefficients of x* & y? are equal
so X' +y*=-16
Now to find centre & radius, By comparing with general
equation of circle with centre at origin (0, 0)

2 2 2
X"+Y" =I" weget r*=-16

Which is not possible because r? >0
The given equation not represents a circle.

g. X +2y°-2x-2y=0
Solution: We have X° +2y° —2x-2y =0

2
Here the coefficients of X & Y~ are not equal
therefore the given equation not represents a circle.

h.  3X+2y°+3x+2y=0
Solution: We have 3X° + 2y2 +3x+2y=0

2
Here the coefficients of X? & Y~ are not equal
therefore the given equation not represents a circle.

). X*+y°+25=0
Solution: We have x* +y*+25=0
Here the coefficients of x* & y? are equal

So x* +y*=-25
Now to find centre and radius, By comparing with

general equation of circle with centre at origin (0, 0)

Q5. In each case, find an equation of a circle which
passes through the three points

a).  (-30),(54),(6,-3)

Sol: The points of circle (—3,0),(5,4),(6,-3)

The given points are satisfies the equation of circle
X4y 420 X+2F y+C=0uvrrvrrererernnnn, (1)
At (—3,0) equation (1) becomes

(-3)° +(0) +2g(-3)+2f (0)+c=0
9+0-6g+0+c=0

9-6g+c=0
c=6g-9
At (5, 4) equation (1) becomes

(5)° +(4) +2g(5)+2f (4)+c=0
25+16+10g+8f +c=0

414109 +8f +C=0.ecvvverrrerennen. (3)
At (6,—3) equation (1) becomes

(6) +(-3)" +2g(6)+2f (-3)+c=0
36+9+12g-6f +c=0

454129 —6f +C=0.ccveverrernnee, (4)
Putting the value of c in equation (3)

41+10g+8f +6g-9=0
16g+8f +32=0 +by 8
20+ f+4=0.cecvvverernn, (5)

Putting the value of c in equation (4)
45+12g-6f +6g—-9=0

18g-6f +36=0 +by 6

30— T +6=0.ccccevrererrnns (6)
Adding equation (5) and (6) we get
2g+f+4=0

3g-f+6=0

5g +10=0

59 =-10

g===-2

Putting the value of {J in equation (5) we get
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2(-2)+f+4=0 -g+2(3)-4=0
—4+f+4=0 -g+6-4=0
f=0 -g+2=0
Putting value of f and § in equation (2) we have g=2
Cc= 6(—2)—9 Putting value of f and § in equation (2) we have
c=-12-9 c=2(3)-14(2)-50
¢=—21 c=6-28-50
Putting value of f,{ and cin equation (1) we have N

X*+y?+2(-2)x+2(0)y+(-21)=0
x> +y?—4x-21=0

2 2
Hence X +Y —4X—-21=0is the required equation
of circle which is passing through given points.

b.  (7,-1),(53),(-4,6)

Sol: The points of circle (7, —1),(5,3) ) (—4, 6)

The given points are satisfies the equation of circle
X+ Y 420 X+2f y+C=0urrrrererennen, (1)
At (7,—1) equation (1) becomes

(7)2 +(—1)2 +29(7)+2f(-1)+c=0
49+1+14g-2f +c=0

50+14g-2f +c=0
c=2f-14g-50

At (5,3) equation (1) becomes

(5)° +(3)" +2g(5)+2f (3)+c=0
25+9+10g+6f +c=0
34+10g+6f +C=0.oevvverrerirnnnen, (3)
At (—4, 6) equation (1) becomes

(—4)" +(6)" +2g(-4)+2f (6)+c=0
16+36—-8g+12f +c=0

5289 +12f +C=0.cceevrverrnnee. (4)

Putting the value of c in equation (3)
34+10g+6f+2f-149g-50=0

10g-14g+6f +2f -50+34=0
-49+8f -16=0 by 4

Putting the value of c in equation (4)
52-8g+12f +2f -149g-50=0

-8g9-14g+12f +2f -50+52=0
-229+14f +2=0 +hy -2
11g-7f =1=0.cceverreenns (6)

Multiply eq (5) with 11 and adding in eq (6) we get
-11g+22f —44=0
1l1g—- 7f-1=0

15f —45=0
15f =45
f=25-3

15—
Putting the value of f in equation (5) we get

Putting value of f,{ and c in equation (1) we have
X2 +y?+2(2)x+2(3)y+(-72)=0
X*+y>+4x+6y—72=0

2 2
Hence X" +Y +4X+6y—72:0is the required
equation of circle which is passing through given points.

o. (12),(3-4).(5-6)

Sol: The points of circle (1, 2),(3, —4) , (5, —6)

The given points are satisfies the equation of circle
XAy +20X+2fF Yy4+C=0urvrrrcrrrre, (1)
At (1, 2) equation (1) becomes

(1)’ +(2)" +2g(2)+2f (2)+¢c=0
1+4+2g+4f+c=0
5+2g+4f+c=0
c=-29-4f -5

At (3,—4) equation (1) becomes

(3)° +(—4)" +2g(3)+2f (-4)+c=0
9+16+6g—-8f +c=0

25+609-8f +C=0.ccccerirrirnnnn, (3)
At (5,—6) equation (1) becomes

(5)2 +(—6)2 +2g(5)+2f(-6)+c=0
25+36+10g—-12f +c=0

61+10g —12f +C=0..ccvcvrrinenne (4)

Putting the value of c in equation (3)

25+6g-8f -2g-4f -5=0
6g-29-8f -4f -5+25=0
49-12f +20=0 +hby 4

Putting the value of c in equation (4)
61+10g-12f —2g-4f -5=0

10g-2g-12f —-4f -5+61=0
8g-16f +56=0 +by8

Subtracting equation (6) from (5) we get
g-3f+5=0

+gF2f+£7=0
-f-2=0
f=-2
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Putting the value of fin equation (5) we get Putting the value of fin equation (5) we get
g-3(-2)+5=0 -29+8(3)+21=0
g+6+5=0 -29+4(-5)+21=0
g=-11 -29-20+21=0
Putting value of f and § in equation (2) we have -2g=-1 =g=41
c= _2(_11)_4(_2)_5 Putting value of f and § in equation (2) we have
—4(1)—
c=22+8-5 c=4(3)-4
c=2-4
c=30-5 c—_2
c=25 Putting value of f,( and c in equation (1) we have

Putting value of f,{ and c in equation (1) we have
X2 +y?+2(-11)x+2(-2)y+(25)=0
x?+y>—22x—4f +25=0

Hence X+ y2 —22X—4Y +25=0is the required

equation of circle which is passing through given points.

d). (-3,4),(-2.0),(15)

Sol: The points of circle (—3, 4) : (—2, O) : (1, 5)

The given points are satisfies the equation of circle
XAy +20X+2f Yy+C=0urvrrrcrrrrre, (1)
At (—2, 0) equation (1) becomes

(-2)° +(0)" +2g(-2)+2f (0)+c =0
4+0-49+0+c=0

4-49+c=0

At (—3,4) equation (1) becomes

(-3)° +(4)" +2g(-3)+2f (4)+c=0
9+16-6g+8f +c=0

25-6g+8f +C=0.coervirrirerenne, (3)
At (1,5) equation (1) becomes

(1)* +(5)" +2g(1)+2f (5)+c=0
1+25+2g+10f +c=0
26+2g+10f +C=0..ceovvrrnneee., (4)
Putting the value of c in equation (3)
25-69+8f +49-4=0
-60+49+8f -4+25=0

—20+8f +21=0...ccceverenee. (5)

Putting the value of c in equation (4)
26+29g+10f +49—-4=0

20+49g+10f —-4+26=0
6g+10f +22=0...ccceervrrnene. (6)

Multiply eq (5) by 3 and add in eq (6) we get
6g+10f +22=0
—6g+24f +63=0

+34f +85=0
34f =-85

X2 +y?+2(3)x+2(2)y+(-2)=0
X*+y +x-5y-2=0
Hence X* + y2 +X—5y—2= Ois required equation

of circle which is passing through the given points.

Q6. In each case, find an equation of circle which
a). contains the point (2,6),(6,4) and has its
centre on the line 3x+2y—-1=0

Sol: The points of circle A= (2, 6), B= (6, 4) And
equation of line 3x+2y —1 =0 Passes through
centre (h,k) ie.,

BN+ 2Kk —1= 0u.oovvceenrcr (1)

Distance from the centre to point of circle is radius
CA| £ |CB| putting the coordinates

J(h=2) +(k=6)" = (h-6) +(k—4)

Squaring both sides we get

(V=27 (k=6 ) =(y(n—6y +(k—ay)

(h—2)°+(k—6)"=(h-6)"+(k—4)°

(h)"=2(h)(2)+(2) + (k)" -2(k)(6)+(6)" =(h)’
~2(h)(6)+(6)" +(k) ~2(k)(4)+(4)

i.e.,

h?—4h+4+k?-12k +36 =h?-12h+36+k* -8k +16
—4h+12h—-12k +8k +36+4—-36-16 =h®> —h? + k® —k?

8h—4k-12=0 +by 2
AN —2K—6=0..ooorvrrrerrrirnrene (2)

adding equation (1) and equation (2) we get
4h—-2k-6=0

3h+2k-1=0

7h -7=0

Th=7

h=1

Putting the value of h in equation (1), we get
3(1) +2k-1=0

3+2k-1=0

2k+2=0
2k =-2

k=-1
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Therefore the centre C (h, k) =C (1, —1)

Now to find radius I' = |CA|
r=(1-2)" +(-1-6)’
r=y(-1)° +(-7)" =\1+49

r =+/50

Hence equation of circle
(x-1)" +(y~(-1))" =(<B0)
(x—l)2 +(y+1)2 =50

(x) =2() (0 +1) +(y)" +2(y) () +(1)" =50

x> —2Xx+1+y*+2y+1-50=0

X2 +y? —2X+2y+1+1-50=0

X2 +y?—2x+2y—-48=0

b). contains the point (4,1),(6,5) and has its
centre on the line 4x+y—-16=0

Solution: The points of circle A= (4,1), B= (6, 5)
And equation of line 4x+y—16=0 Passes

through centre (h,k) i.e.,
] L IO (1)

Distance from the centre to point of circle is radius
CA| = |CB| putting the coordinates

i.e.,

J(h=4)° +(k-1)" = /(h—6)" +(k-5)

Squaring both sides we get

(Vin=ay (k=07 ) =({n=e) + (=57 |

(h—4)" +(k-1)" =(h-6)" +(k -5)

(h)"=2(h)(4)+(4)" + (k)" ~2(k)(1) +(1)" =(h)’
~2(n)(8)+(6)" + (k)" ~2(k)(5)+(5)’

h?—8h+16+k? -2k +1=h?*-12h+36+k? —10k + 25
—8h+12h—2k +10k +16 +1-36—-25=h?-h?+k? -k

A0 +8K =44 =0..ooooocvereerrscreen (2)

Subtracting equation (1) from equation (2) we get
4h+8k —44 =0

+4h+k ¥16=0
7k —-28=0
7k =28
-2,
7

Putting the value of K in equation (1), we get
4h+4-16=0

4h-12=0
4h =12

==
Therefore the centre C (h, k) =C (3, 4)

h 3

Now to find radius I' = |CA|
r=y(3-4) +(4-1)
r=y(-1)° +(3)° =\1+9

r=+/10

Hence the equation of circle

(x=3)" +(y-4)" =(i0)

(¥)"=2(x)(3)+(3)" +(y)" —2(y)(4)+(4)" =10
X?—6x+9+y*-8y+16-10=0
X?+y?—6x—-8y+9+16-10=0
X*+y?—6x—-8y+15=0

c). contains the point A= (1, —2), B= (4, 3) and
has its centre on the line 3x+4y—-7=0

Sol: points of circle A= (1, —2), B= (4, 3) And eq
of line 3x+4y—7 =0 Passes through centre
(k) ie., 3N+4K=7= 0o (1)
Distance from centre to the point of circle is radius
CA| = |CB| putting the coordinates

i.e.,

V=2 + (k= (-2))" = l(h-4)" +(k—3)

Squaring both sides we get

((h-1+ (k2" ) =({(h=a) +(k-3)")

(h=1)"+(k+2)"=(h—4)" +(k-3)’

()" =2(h)(2)+(1)" + (k)" +2(k)(2)+(2) = (h)’
—2(h)(4)+(4)" + (k)" =2(k)(3)+(3)’

h?—2h+1+k?*+4k+4=h*>-8h+16+k? -6k +9

—2h+8h+4k +6k +1+4-16—-9=h*—h*+k* —k?

6h+10k —20=0 shy 2

BN +5K —10=0ooorovvoooeeroeees (2)

subtracting equation (1) from equation (2) we get
3h+5k-10=0

2

+3h+4kx7=0
k—3=0 =k=3
Putting the value of k in equation (1), we get
3h+4(3)—7:0
3h+12-7=0
3h+5=0
3h=-5 =>h==3

Therefore the centre C (h, k) =C ('?5 , 3)

Now to find radius I = |CA|
r=y(£-1" +(3-(-2))
=5 +(3+2)

r=\(2)+(5) = &+25

2
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Chapter 7
. 64 25 9 \/94+ 225 Hence the equation of circle
= [—4+ ——x— = |————
9 1 9 9

,289
r = —_—
9
Hence the equation of circle
2 2
-5 2 289
X—| — 1| +(y=3) =| ,|—
( [SD (v=3) ( 9}
289

(x+gjz +(y—3)2 ==

(0 203+ 2] + 00 -2 @) (5 =22

0y 22, y2—6y+9—@=0
3 9 9

x2+y2+ﬂx—6y+§+9—@=0
3 9 9

Multiply each term by 9 we get
10 25
9(x*+vy? +9(—jx—9x6 +9(—j
(¢ +y7)+9| 3 y+9| 5
+9x9—9(@]=9x0
9
9(x*+y®)+3(10)x—54y +25+81-289 =0

9(x*+y®)+30x—54y+25+81-289 =0
9(x*+y®)+30x-54y-183=0

(x-1)" +(y-0)° =(+10)
(x-1)"+(y)" =10

(x)" =2(x)(1)+(2)" +y* =10
X —2x+1+y*-10=0

X2 +y>—2x+1-10=0

X2 +y?—-2x-9=0

Book answer is wrong | have checked with geogebra

d). contains point (0, 3) y (4,1) and has its centre on x-axis
Sol: The points of circle (O, 3) ) (4,1) And equation
of x-axis y =0 Passes through centre (h, k) i.e.,

(h,k) i.e., k =0 therefore the centre C(h,0)

Distance from centre to the point of circle is radius
CA| = |CB| putting the coordinates

J(h—0)* +(0-3)" =[(h—4)’ +(0-1)’
Squaring both sides we get
(J(n=0y"+(0-3)") =({(n-4)"+(0-1)']
(h) +(=3)" =(h—4)" +(-2)
h?+9=(h)"-2(h)(4)+(4)" +1
h?+9=h?-8h+16+1
8h—16—1+9=h?—h?

8h—17+9=0

8h—8=0

8h=8

i.e.,

2

Therefore the centre C (h, k) =C (1, 0)

Now to find radius I = |CA|
r=(1-0) +(0-3)’
r= 1/(1)2 +(—3)2 =4/1+9

= r =410

Sol: The points of circle A= (0, 0), B= (0, 3)

The slope of tangent line 4x—5y=0is m = Fa

-4
putting the values of a&b weget m= —5 = E

The perpendicular line to the tangent line which
passes through the point of contact (O, 0)
y—y, = %1()(_ %) putting the values
-5
—-0=—(x-0
y 7 (x=0)

y=x
4

4y =-5x

5x+4y =0

Thus 5x+4y =0 is perpendicular to tangent will
passes through centre i.e.,

S+ 4K = 0..covvrvvren (1)

Distance from centre to the point of circle is radius
CA| = |CB| putting the coordinates

i.e.,

J(h=0) +(k=0)" = /(h-0)" +(k-3)

Squaring both sides we get

(V07 ) = (Vi +(c=3)°)

h? +k? =h? +(k -3)°

h? +k? =h?+ (k)" =2(k)(3)+(3)’
h?+k?=h?+k? -6k +9

6k =h>—h*+k?—-k?+9

6k =9 =S K=3 (2)
Putting the value of k in equation (1), we get
5h+4(§):0

2
5h+2(3):0
5h+6=0
5h=-6 =h==

-6 3
Therefore the centre C (h, k) =C [g , Ej

Now to find radius I = |CA|
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-0

N w

RGORGD
R ORI &

\/4 36 9 25 \/144+225
r=,[-x—+—-x—= [———
4725 4 25 100

- [P
100
Hence the equation of circle
A2 (30 (V)
X—| — || +| y—| = =| .|—
5 2 100

( 6)2 ( 3)2 369
X+=| +|y-=| =—
5 2) 100

2 6) (6) , . 3) . (3) 369
0 v 200 3+ 8] (-2 3 )+( 3] - 322
x2+—x+%+y2—3y 939 _,

25 4 100
x2+y2+gx—3y+§+g—@=0
5 25 4 100

multiply by 100 we have
9 2 12 36
100(X* +y*)+100x == x~100x3y +100x =
5 25

+100x9—100x@ =100x0
4 100

100(x* +y*)+20(12) x—300y +4(36) + 25(9) ~369 =0
100(X* +y* ) +240x —300y +144 + 225369 =0

100(* +y* )+ 240x~300y =0

divided by 20

5(x*+y*)+12x—-15y =0

2" method

Find an eq of a circle which passes through points
a).(0,0),(O,3) & line 4x—5y =0 is tangent to it at (0,0)

Sol: The points of circle A= (0, 0), B= (0, 3)
The given points are satisfies the equation of circle

XAy +20X+2f Yy+C=0urvrrrvrrrre, (1)

At (0,0) equation (1) becomes

(0)"+(0)" +2g(0)+2f (0)+c=0
0+0+0+0+c=0

c=0

At (0,3) using C =0 in equation (1) we get
(0)* +(3)* +2g(0)+2f (3)+0=0
0+9+0+6f+0=0

9+6f =0

6f=-9

—-9_ -3
f‘?‘?

The slope of tangent line 4x—-5y=01is  _ —a
b

putting the values of 5 &0 we get m, = %

Slope of the line segment AC using formula

m, = 3)22;)3(’11 putting the coordinates of A and C
, —

m —
° 0-(-9) ¢
Since line CA is perpendicular to tangent line,

So M.M, ==1 putting the values
4 f

——=-1

59

4f =-bg

putting the value of f

-6 = _59 5

Putting values of g, f andcin equation (1) we get
X2 +y?+2(&)x+2(F)y+0=0

x2+y2+%x—3y:0

5(x*+y?)+12x—15y =0

b). (0,-1),(3,0) and the line 3x+y =9 is
tangent to it at (3, O)
Sol: The points of circle A= (0, —1), B= (3, O)

The given points are satisfies the equation of circle

X4y 420X+ 2F y4C =0, (1)
At A= (0,—1) equation (1) becomes

(0)* +(-1)* +2g(0)+2f (-1)+c=0
0+1+0—-2f+c=0

At B= (3,0) in equation (1) we get

(3)° +(0)* +2g(3)+2f (0)+c=0
9+0+6g+0+c=0

9+6g+c=0

Putting the value of c

9+6g+2f—-1=0

6g+2f+8=0 by 2

T T Y R o (3)

The slope of tangent line 3x+y =9 is p — %a

putting the values of 3 & we get m, =-3
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Slope of the line segment AC using formula

m, = Yo=Y putting the coordinates of Aand C
X, =%
O—(—f

m2 = ( ) = f
3-(-g) 3+g

Since line CA is perpendicular to tangent line,

So m.m, =—1 putting the values

L
3+49
3f =3+g¢
g-3f+3=0 xby 3
30—9fF +9=0..cccccevrrrrnrnn. (4)

Subtracting equation (4) from Equation (3) we get
3g+f+4=0

+3gF9f £9=0
10f -5=0

10f =5

f=%=3

30+1+4=0

putting the value of f in equation (2) we get
c=2(3)-1

c=1-1

c=0

Putting values of g, f andcin equation (1) we get

-3 1
X2 +y*+2| — |[x+2| = |y+0=0
g (2) [ij

X*+y?—-3x+y=0

c). (0,1),(3, ~1) andtheline 2x+2y—2=0is
tangent to it at (0,1)
Sol: The points of circle A= (O,l), B= (3, —1)

The given points are satisfies the equation of circle

X4y 420 X+2f y+C=0uvrrrrrrerennee, (1)
At A= (0,1) equation (1) becomes

(0)* +(2)* +29(0)+2f (1)+c=0
0+1+0+2f +c=0

At B = (3, —1) in equation (1) we get
(3)" +(~1)* +2g(3)+2f (-1)+c=0
9+1+6g—-2f+c=0

10+6g—-2f+c=0

Putting the value of c
10+6g—-2f-2f-1=0

slope of tangent line 2x+2y—-2=01is m = —2
b

putting the values of a&bwe get m, — —?2 -1

Slope of the line segment AC using formula

_ YooY putting the coordinates of Aand C
X, =%

m,

m, =
° 0-(-9) g
Since line CA is perpendicular to tangent line,

So M.M, ==1 putting the values

T R
g
1+ f =g
g-f-1=0 xby 4
49 —4F —4=0.oceevrrriircen, (4)

Subtracting equation (3) from Equation (4) we get
6g-4f+9=0

+4gF4fF4=0
29 +13=0
29 =-13

_ 13
g==

putting the value of { in equation (3) we get
6(_—13j—4f +9=0
2

3(—-13)+9=4f
4f =—-39+9
_ 30 _-15

f="_"

4 2
putting the value of f in equation (2) we get

o 72[—15j71
2
c=15-1

c=14
Putting values of g, f andcin equation (1) we get

x2+y2+2[_—13jx+2[_—15]y+l4=0

2 2
x*+y?—-13x—15y+14=0

d)(0,4),(2,6) & line X + y—4 = Qs tangent to it at (0,4)
Sol: The points of circle A= (0, 4), B= (2, 6)

The given points are satisfies the equation of circle

XAy +20X+2fF y+C=0urvrrrcrrrrrne, (1)
At A=(0,4) equation (1) becomes

(0)° +(4)" +29(0)+2f (4)+c=0
0+16+0+8f +c=0
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AtB =(2,6) in equation (1) we get
(2)° +(6)" +2g(2)+2f (6)+c=0
4+36+4g+12f +c=0
40+49+12f +¢c=0

Putting the value of c

40+4g+12f -8f -16=0
49+41f+24=0 +by4

slope of tangent line x+y—4=0is m, :_Ta

putting the values of 5 &0 we get m=-1

B

Slope of the line segment AC using formula

m, = Y= W putting the coordinates of A and C
X, =X

m, _A-(=f)_a+f
0-(-9) g

Since line CA is perpendicular to tangent line,

So m,.m, =—1 putting the values

4+ 1

g
4+ f =g

—1. -1

adding equation (3) and Equation (4) we get
g+f+6=0

g-f—-4=0

29 -2=0

2g=-2 —=g=-1

putting the value of { in equation (3) we get
(-1)+f+6=0

f+5=0 =f=-5

putting the value of f in equation (2) we get
c= —8(—5)—16

c=40-16

c=24

Putting values of g, f andcin equation (1) we get
X*+y?+2(-1)x+2(-5)y+24=0
X* +y?—2x-10y+24=0

Q8.

Solution: We have X*+y* —3x—4y—-10=0
Comparing with the general equation of circle
X+ Y2 +20X+2f y+c=0 we get

29 =-3 2f =-4
g=3 f=-2

Since concentric circles have the same centre, so

Cpg_¢)zc{{}§)—ﬂfi

C(—g,—f):C[S 2)

E!
To find the radius of the required circle use

C= [E’ZJ and the point A= (—3, 0)
2

r=[CA|= \/(—3—%)2 +(2-0)°
r= \/(#jz +(2)° = \/(_79}2 +4
R R

To find required equation of circle using formula
(x— h)2 +(y— k)2 =r? putting the values

(5] o2 (]

Q9. Find an equation of a circle that concentric to circle

a). 2X° + 2y2 +16X—7y =0 & s tangent to y-axis.
Solution: We have 2X° + 2y2 +16x-7y=0

Divided by 2 x* +y? +8x—% y=0
Comparing with the general equation of circle
X+ Y2 +20X+2f y+Cc=0 we get

29 =8 2f =
g=2=4 f=

2 4
Since concentric circles have the same centre, so

— -7
C(-9,-)=C(~(4)~(?)
C(-g.-f)=C(-43)

To find the radius of the required circle use
C= [_4, %j and tangent to y-axis i.e., X=0
Use shortest distance from the point to the line

ax, +by, +c

Ja? +b?

putting the values

OC)+O7 )40 | 4 .0
= J12 + 02 “ NA
r= _T4 =4
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To find required equation of circle using formula

(X—h)2 +(y—k)2 =r? putting the values

(x=(-4)) +(y—3)" =(4)

(x+4)" +(y-1) =16

Exercise 7.1
(X—h)ZJr(y—k)2 =r? putting the values

(x=(=3))" +(y-5)" =(5)°

(x+3)" +(y—5) =25

X2 + y2 -8X+4=0 andis tangent to the line

X+2y+6=0

Solution: We have X + y2 -8x+4=0

Comparing with the general equation of circle

X+ Y2 +20X+2f y+Cc=0 we get

Zg =-8 2 f =0

Since concentric circles have the same centre, so

C(-g,-1)=C(~(-4)-0)

C(-g,-f)=C(4,0)

To find the radius of the required circle use

C(4,0) andtangentline x+2y+6=0

Use shortest distance from the point to the line

ax, +by, +c
Ja® +b?

(1)(4)+(2)(0)+6|_|4+0+86|

Ny | | Vi+a |
10| 10

NG

To find required equation of circle using formula

(X—h)2 +(y—k)2 =r? putting the values
2

(x-4) +(y-0)"=(%)

(x—4)2 +y? =10

(x—4)" +y*=20

putting the values

.

m} In each case, find an equation of a circle which
passes through origin whose intercepts on the
coordinate axes are

a). 3and 4

Solution: We have the points origin (0,0)
x-intercept (3,0) and y-intercept (0,4)

since the general equation of circle

X+ Y +20X+2F Yy4+C=0.vrvrrrrerern, (1)
put origin (0, 0) in equation (1), we get

(0)" +(0)" +2g(0)+2f (0)+c=0
0+0+0+0+c=0 =c=0

Put x-intercept (3, 0) using C =0in eq (1), we get
(3)* +(0)* +2g(3)+2f(0)+0=0
9+0+6g+0+0=0

6g=-9

Put y-intercept (0, 4) using C = 0 ineq (1), we get
(0)"+(4)" +29(0)+2f (4)+0=0
0+16+0+8f+0=0

8f =-16

f=db=_

Putting values of g, f andcin equation (1) we get
X2 +y2+2(F)x+2(-2)y+0=0

X +y°-3x-4y=0

x* +y? +6x—10y +33=0 and is touching x-axis

Solution: We have x*+Yy® +6x—10y+33=0

Comparing with the general equation of circle

X*+y’ +2gx+2f y+c=0 We get

20=6 2f =-10

g=5=3 f=%=-5

Since concentric circles have the same centre, so

C(-9,-f)=C(~(3),-(-5))

C(~g,-f)=C(-35)

To find the radius of the required circle use

C (—3,5) and tangent to x axisi.e., y =0

Use shortest distance from the point to the line

ax, +by, +c
Ja? +b?

(0)(=3)+(1)(5) +0| :‘0+5+o‘ :‘§‘

Jo? 112 Vi

putting the values

r =

1
r=5
To find required equation of circle using formula
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2and 4

Solution: We have the points origin (0,0)
x-intercept (2,0) and y-intercept (0,4)

since the general equation of circle

X+ Y +20X+2F Yy4+C =00, (1)
put origin (0, 0) in equation (1), we get

(0)" +(0)" +2g(0)+2f (0)+c=0
0+0+0+0+c=0 =c=0

Put x—intercept(z, 0) using C=0 ineq (1), we get
(2)° +(0)" +2g(2)+2f (0)+0=0
4+0+49+0+0=0
4g=-4

Put y-intercept(o, 4) using C =0 ineq (1), we get

=g=-1

Page 165



Chapter 7

Exercise 7.1

(0)"+(4)° +29(0)+2f (4)+0=0
0+16+0+8f+0=0

8f =-16

f=-"2=-22

Putting values of g, f andcin equation (1) we get
X2 +y?+2(-1)x+2(-2)y+0=0

x> +y>—2x—4y=0

\Derivation of tangent equation to the circlezl

2 2 _ a2
Since equation of circle X +Y =a
Differentiating with respect to x
2x+2y ¥ =0
2y L =-2x

Since derivative at the point P(Xl, yl) gives slope

m:[ﬂ) X
dx (x.v1) Y1

We know that equation of line having slope & passing

through point P(Xi, yl) gives equation of tangent

Y=Y :m(x—x1) putting the slope
Y=Y =5 (X=%)

V(Y =¥) =% (x=x)

VY = Vi = XXX

XX+ Y,y =X +Y;

XX+ Yy =a’ nat=x2+y?

Equation of normal using slope M = %

Y=Y :_ﬁl(X—Xi) putting the slope
Y=Y :Z_i(x_ Xl)
YV X%

Y1 X

Yy % _ x X

PR
Y _1=x_
Y1 1 X 1

Y _x
Y1 X

Origini.e., (0,0)

When centre

Equation of circle X2 + y2 =a’

XX, + Yy, = a°

Equation of tangent

— X
Equation of normal Xy, —YX =0 Org:yl
1

When centre

(hK)=(-91)

Equation of circle

Putting the value of } in equation (2) we get
x2+(mx+c)2 =a’

x? +(mx)* +2(mx)(c)+(c)’ —a*> =0

x> +m?x* +2mcx+c”—a* =0
(1+m?)x* +2mex+c® —a* =0

, 2
X:_bi b~ —4ac putting the values

2a

y —2mc+ \/(ch)z —4(1+m?)(c* —a?)
2(14r m2)

When Discriminant >0 then the line and the circle
intersect at two different points
4m?c? —4(1+ mz)(c2 - a2) >0
When Discriminant = 0 then the line and the circle
intersect at only one points/touches only
4m*c® —4(1+m*)(c’ —a*)=0
When Discriminant < 0 then the line and the circle
will not intersect
4m*c’ —4(1+m*)(c’ —a*) <0

IPoint of intersection b/w circle with centre is (-g,-f) & Iinel

X+ Y +20X+2F Y+C=0urrrrrrerrnn, (2)

Putting the value of } in equation (2) we get

X2 +(mx+c) 29 x+2f (mx+c)+c=0

X +(mx)2 +2(mx)(c)+(c)2 +2gx+2fmx+2fc+c=0

X? +m?x® +2mc x+2g x+ 2 fmx+c* +2fc+c=0

(1+m*)x* +2(mc+g+ fm)x+c* +2fc+c=0

_ —b++b*-4ac
2a

~2(me+g+ fm)J_r\/4(mc+g+ fm)’ —4(1+m?)(c? +2fc+c)

2(1+m?)
When Discriminant >0 then the line and the circle
intersect at two different points

4(mc+g+ fm) —4(1+m?)(c*+2fc+c)>0
When Discriminant = 0 then the line and the circle
intersect at only one points/touches only
2 2 2

4(mc+g+ fm)’ —4(1+m?)(c® +2fc+c)=0
When Discriminant < 0 then the line and the circle
will not intersect

4(mc+g+ fm)" —4(1+m?)(c*+2fc+c) <0

SoX putting the values

X=

X +y*+2gx+2fy+c=0

Equation of tangent | X4 +Yy,+0(x+x )+ f(y+y,)+c=0

X=X — Y-V
x+g9 Yy +f

Equation of normal

Point of intersection b/w circle with centre origin & line ‘

’Condition for line to touch a circle’

Equation of line
y=mx-+cC

Equation of circle Q
X4y =a’ -
Coordinates of P

P(%, )
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Coordinates of Q

Q% Y,)

Perpendicular distance from Centre of circle

0(0,0) toline mx—y+c=0 atMis

m(0)—(0)+¢] _ ¢

Jm?+(-17  m 1

radius |OP| =a= |OQ| using Pythagoras theorem

|OP* =[OM [ +|MP[’

M is midpoint of PQ
M (Xﬁxz Y1+Y2)

2 12

om| =

Or |MF’|2 = |OP|2 —|OM |2 putting the values
2 a*(m*+1)-¢®
|MF’|2 =a’- (2: = ( > ) Taking
m°+1 m°+1
a’(m®+1)—c?
square root we get |MP| = T

The secant line PQ is 2 times of MP therefore
a’ (m2 +1)—c2
POl =2[MP|= 2/
m°+1

When distance between PQ becomes zero the
secant line convert to tangent line i.e.

2\/az(m2+1)—c2 _d

m? +1

= \/az (m*+1)—c* =0

— a2 (m2 +1)—c2 — 0 After simplifying

C= a\/mz +1 then equation of tangent becomes
2 2 _ A2

y =mx+aym’ +1 tothecircle X" +Y" =a

Equation of line y=mx+cC
Equation of circle

X? +y?+2gx+2fy+c=0

Coordinates of P (Xl, yl) & Coordinates of Q (Xz, yz)

M is midpoint of PQ M (%3, 3% )

Exercise 7.2

[Point of contact of tangent line and circle|

Let Y =mx+aym’+1 is tangent to the circle

2 2 _ 2
X"+Y =a isidenticalto x x+y,y =a”
The coefficients of line terms of
y =mx+ayvm®+1 compared with

V.Y =—X X+ a®> we get
2

X _ Y "
—— === =———= by transitive property
-m 1 aym’+1
. X a’ y a’
Either 2 - — __ or Z-_ =
-m  aJm?+1 1 aym’+1
—am a
Xl = —2 yl = f
m? +1 m*+1

Thus, point of contact is

(xi,yl){ = = J

Jm2+1 m? +1
Similarly we can find condition and point of contact for
6

P

FS

o

In each case, find an equation tangent & normal
2 2
a). ata point (1,2) to the circle X" +Yy° =5

2 2
Solution: The equation of circle X" +Y° =5

To find the equation of tangent at point (1, 2)

Using formula X, X+Y,y = r? putting the point
(1)x+(2)y=5

X+2y=5

To find the equation of normal at point (1, 2)

Using formula X_y putting the point
X %

X_Y
1 2
2X =Y

Hence Equation of tangent x+2y =5
Equation of normal 2x =y

. at a point (-1,3) to the circle
X*+y*+6x—y—-1=0
Solution: The equation of circle
X>+y*+6x—y—1=0
By comparing with the general equation of circle
X2 +y° 420 x+2f y+C=0 we get
20 =6 2f=-1

6 1

—2_3 f =
g 2 2

To find equation of tangent at point (—1, 3)

c=-1

Using formula X4+ Y, +0(X+X )+ f (y+y;)+c=0
putting (—1)X+(3) y+3(x—-1)-3(y+3)-1=0
-X+3y+3x-3-1y-32-1=0

-X+3x+3y-3y-2-3-1=0

2

2x+3y—1y—-3-4=0 xby 2

4x+6y-y-3-8=0

4x+5y-11=0

To find the equation of normal at point (1, 2)
X_ —_

Using formula 4 = Y~ N putting the point
x+9 Yy +f
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X—(-1 - X
( ) = y=3 ’.3—l Using formula —=l putting the point

-1+3 3-3% 2 |

x+1 y-3 23 1 6-1 5 %:¥
T s 51 97 4 T o 2z

2 > 21 2 2 2 1 Na
By cross multiplication SX=735Y = by 2
5(x+1)=2(y-3) x=+/3y

5(x+1)=4(y-3)

9X+5=4y-12

5x-4y+5+12=0

5x—4y+17=0

Hence Equation of tangent 4x+5y—11=0
Equation of normal 5x—4y+17=0

Hence Equation of tangent \/§X+ y= 2
Equation of normal X = \/é y

In each case, find an equation tangent and normal
a). at a point (pcosas, 2sinas*) t0 circle X* + y2 =4
Sol: The equation of circle X* + y2 =4 The point
(200545°,25in 45°):[2[§}2[ng
(2c0s45°, 25in 45°) = (2,42

To find the equation of tangent at point (\/E \/5)

Using formula X, X+Y,y = r? putting the point

J§x+J§y=4 +byJ§

4
X+y:$
_ a2
X+y—\/§.\/E
x+y=2\/§

To find the equation of normal at point (\/E \/E)
Using formula X _ Y putting the point
X Y
y
=2 x b \/5
J2 ’
y

Hence Equation of tangent X+ Y = 2\/5
Equation of normal X=1Y

ol

b
Il

. Find the condition that
. the line x+y+n =0 touches to the circle

x> +y?=9
Solution: the circle x? + y?> =9And the line
X+y+n=0 m=-1,
=
y=-X-n c=-n

condition for the circle and the line to touch
Discriminant = 4m?c? —4(1+ mz)(cz - a2) =0
4(-1)" (-n)" = 4(1+ (-1 )((-n)"-9) =0
4(1)(n*)-4(1+1)(n*-9)=0
4n®-8n’+72=0

—4n® +72=0

~4(n*-18)=0

n?-18=0

2 2
. at a point (cos30°,sin30°) tocircle X" +Y =1

2, .2
Sol: The equation of circle X” +Y° =1 point
(c0530°,sin30°)=(§,%)

To find the equation of tangent at point (@ , %)

Using formula XX+ Y,y = r? putting the point

V3.1
—x+=-y=1 x by 2
5 X5 y y
$&+y=2
To find the equation of normal at point (73 , %)

2" method

. Find the condition that

.the line X+ y+n =0 touches to the circle

X’ +y?=9

Sol: the circle X+ Y =9....cccciiiiin. (1) And the line
ethemetics. ... (2)
y=—X—n

Putting the value of } in equation (1) we get
x? +(—x—n)2 =9

x? +(—x)2 + 2(—x)(—n)+(—n)2 =9
X2+ X2 +2nXx+n*-9=0

2x? +2nx+n?—-9=0
When Discriminant = 0 then the line and the circle
intersect at only one points/touches only

B?—4AC =0 putting the values
(2n)*-4(2)(n*-9)=0

4n* -8(n*-9)=0
4n®>—-8n*+72=0

—4n2 +72=0

—4(n2—18):0

n’-18=0

b). the line 2x+2y+n=0 touches to the circle
X* +y? =81
Sol: the circle X* + y2 =8l (1) And the line
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2X+2Y +N = Oerrrvrrersnerressnnn (2) Putting the value of J in equation (1) we get
2
2y =-2X-n X2+[—x—gj =81
y=-X-3

Putting the value of } in equation (1) we get

2
x? +[—x—gj =81

2
2 2 —n -n
- 2(—x)| =2 |+ =2 | =81
x? +(—x)"+2( x)(2j+[2)
n2
x2+x2+nx+7—81=0

2

2x2+nx+n7—81:0 < by 4

8x%+4nx+n?—-324=0

When Discriminant = 0 then the line and the circle
intersect at only one points/touches only
B?—4AC =0 putting the values

(4n)° —4(8)(n*—324)=0
16n° —32(n*-324)=0
16n° —32n” +10368 =0
~16n? +10368 =0

~16(n* - 648) =0

n*—-648=0

a4l

Sol: the circle X* + y2 =0 (1) And the line
X+Y4+N=01rvrereriieeeeeeeens (2)
y=-X-n

Putting the value of } in equation (1) we get
x? +(—x—n)2 =9

x2 +(—x)2 + 2(—x)(—n)+(—n)2 =9

X +X*+2nx+n*-9=0
2X*+2nx+n°-9=0

When Discriminant = 0 then the line and the circle
intersect at only one points/touches only
B?—4AC =0 putting the values
(2n)*—4(2)(n*-9)=0
4n*-8(n*—-9)=0

4n? —-8n?+72=0

—4n?+72=0

~4(n*-18)=0

n>-18=0

n®=18

Jn? =418 =/9x 2

n=+3J2

2
2 2 —nNn —nNn
x)Pr2(—x) D+ 2] =81
X+ (—x)" + 2 x)(2j+[2j
n2
X2+X2+nx+7—8120

2

2x2+nx+%—81=0 x by 4

8x?+4nx+n?—-324=0
When Discriminant = 0 then the line and the circle
intersect at only one points/touches only

B?2—4AC =0 putting the values
(4n)*-4(8)(n>-324)=0
16n° —32(n” -324)=0
16n? —32n% +10368 =0
—16n? +10368=0

~16(n* —648)=0
n?—648=0

n? =648

Jn? = /648 = /36x9x 2
n= i6><3\/§

n=+182

. line 2x+2y+n=0 touches to circle x* +y*> =81

Sol: the circle X2 + y2 =81, (1) And the line
2X4+2Y4+N=01rererrereeeeereeeeen, (2)

2y =-2X—-n

y=-Xx-3

. For what value of ¢

2 2 2
. the line Yy =MX+C touches circle X" +Y" =a
solution: the line and the circle
Y=MX+Corrrerrreerrreenrnnns (1)

Putting the value of } in equation (2) we get

x? +(mx+c)2 =a’

x? +(mx)2 + 2(mx)(c)+(c)2 —-a’=0

X +m?x*> +2mcx+c*—a’ =0

(1+m?)x* +2mex+c® —a® =0

When Discriminant = 0 then the line and the circle
intersect at only one points/touches only
B2—-4AC =0 putting the values

(2mc)’ —4(1+m?)(c? —a*)=0

4m?c? :4(1+m2)(c2—a2) + by 4
m’c® =(1+m?*)(c* —a?)

m?c? =c? —a® + m?c? —m?a?

m?c? —m?c? + m?a® +a® =c?

c*=a’+a’m?

c?=a? (1+ m2)

\/c_2=4/a2(1+m2)

c==+a1+m?

b). the line Y =—X+C touches circle X° + y2 =9
Sol: the circle X2 + y2 =0, (1) And the line
Y ==X+ Covrrrrrererrerrerene s (2)
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Q7. For what value of n

Putting the value of Y in equation (1) we get

x? +(—x+c)2 =9

X2 +(—x)2 + 2(—x)(c)+(c)2 =9

X2+ x?—2cx+c?—9=0

2x%> —2cx+¢*-9=0

When Discriminant = 0 then the line and the circle
intersect at only one points/touches only
B?—4AC =0 putting the values
(—2¢)"-4(2)(c*-9)=0

4c® -8(c*-9)=0

4c* -8c*+72=0

—4¢?+72=0
~4(c*-18)=0
c2-18=0

c?=18

Je2 =18 =\ox2
c=i3\/§

. Find condition at which line Ix+my+n=0
touches the circle X* +y? +2gx+2fy+c=0

Sol: the circle X*+Yy?+2gx+2fy+c=0.........(1)

And the line IX+mMy+N=0.....cccceoerrrrirrnne. (2)
my =—Ix—n
—Ix—n
T m
Putting the value of } in equation (1) we get

2
X2+(_—Ix—nj +2gx+2f [_Ix_nj+c:0
m m

“Ix—n)? Cx —
x2+%+29x+2f[%)+0=0 x by m?

m?x? +(—Ix—n)2 +2m?gx+ 2 fm(—Ix—n)+cm? =0
m?x% +12x% + 2nlx +n* + 2m°gx — 2Ifmx — 2 fmn+-cm’ =0
m?x? +12x? + 2nlIx + 2m?gx — 2Ifmx +n®> —2 fmn+cm? =0
(m*+12)x* +2(nl +m*g —Ifm) x+(n* — 2 fmn +cm?) = 0
When Discriminant = 0 then the line and the circle

intersect at only one points/touches only
B?—4AC =0 putting the values
4(n|+ng—Ifm)2—4(m2+I2)(n2—2fmn+cm2)=0
4(n| +m?g —Ifm)2 = 4(m2 +I2)(n2 —2fmn+cm2)
(nl+m?g —Ifm)2 =(m?+17)(n* -2 fmn+cm?)
n’l? +m*g? +12 f 2m? + 2m?ngl — 2m®lfg — 21° fmn
=m?n® -2 fm®n+cm* +n?1% — 21 fmn + cl’m?
n?1% —n?1? — 21% fmn + 21* fmn
+m*g? + 1% f?m? + 2m?ngl — 2mIfg
=m?n? — 2 fm®*n+cm* +cl’m? =+ by m?
m?g? +12 2+ 2ngl — 2mlfy
=n? -2 fmn+cm? +cl?
cl? =122 + 2mlfg + cm* —m*g® — 2 fmn—2ngl +n* =0
1?(c— £2)+2mlfg +m?(c—g*)—2n(fm—gl)+n*=0

a). the line 3x+4y+n=0 touching the circle
X°+y° —4x-6y-12=0

Solution: the circle

X2+ y —4X =6y -12=0.cooeeesr... (1) And the line

3X+4Y+N=0.ccovvrrrrnen. (2)
4y =-3X—n
—-3X—n
4
Putting the value of } in equation (1) we get

2
x2+(_32_”j —4x—6(_32_nJ—12=0

, 92 +6nx+n? —18x—6n

4= - =
16

16x* +9x* +6nx +n’ —64x —4(-18x—6n)-192=0
25X% +6NX — 64X+ 72X +24n+n>-192=0
25X% +6NnX+8x+n*+24n-192=0
25x* +2(3n+4)x+n”+24n-192=0
When Discriminant = 0 then the line and the circle
intersect at only one points/touches only
B2—-4AC =0 putting the values
4(3n+4)"—4(25)(n* +24n-192) =0
(9n® +24n+16) = 25(n” + 24n —192)
9n? + 24n +16 = 25n% + 600N — 4800
25n% —9n + 600N —24n—4800-16 =0
16n* +576n-4816=0
n’>+36n-301=0
n>+43n-7n-301=0
n(n+43)—7(n+43)=0
(n-7)(n+43)=0

y:

—4x -12=0 xby16

Either or
n-7=0 n+43=0
n=7 n=-43

b). the line x—2y+n=0 touching the circle
X*+y°+3x+6y-5=0
Sol: the circle X* +Y”+3X+6y-5=0.....(1) And

X=2y-n
Putting the value of Y in equation (1) we get
(2y—n)’ +y*+3(2y—n)+6y—-5=0
(2y)2—2(2y)(n)+(n)2+y2+6y—3n+6y—5=0
Ay —Any +n*+y>+6y—-3n+6y—-5=0
4y* +y* —4ny +6y+6y+n°—-3n-5=0
5y® —4ny+12y+n°-3n-5=0
5y*—4(n-3)y+n’-3n-5=0
When Discriminant = 0 then the line and the circle

intersect at only one points/touches only
B?—4AC =0 putting the values
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16(n—3)" —4(5)(n*—3n-5)=0
16(n”-6n+3”)=4(5)(n*-3n-5)
4(n*-6n+9)=5(n*-3n-5)
4n? —24n+36 =5n2 —15n— 25
5n* —4n*-15n+24n-25-36 =0
n*+9n-61=0

2
—b+ m putting the values

2a
_—9)(9) - 4(1)(-61)

_-9+/B1+244
2
_ —9+4/325 _ —9++/25%13
2 2
_—9+5/13
2
, —9+513 —9-5\13
Either N == 5,  orh=——7b—
n=4.513878 n=-13.513878
Q8.
. 2 2
Sol: We have thecircle X +Y = 9
X+ Y =9=0uerrerererern, (1) and the line
3X+4Y+3=0.erveereeereeeeeenns (2)

Let P(X, Y) be any point

Length of tangent = perpendicular distance

3x+4y+3
\[X2+ 29 = |/ —=—
y ’32 42

m_ 3X+4y+3

J9+16
3x+4y+3
X* +y%—
vy o %

5x?+y?—9 =3x+4y+3

Squaring on both sides

(54 +y? —9)2 —(3x+4y+3)°
25(\/x2 +y? —9)2 —(3x+4y+3)°

25(x* +y* —9)=(3x+4y+3)’

Q9. The length of the tangent from ( f, g) to the

2 2
circle X" +Y = 6 is twice the length of tangent

2,2
to the circle X" +Y° +3X+3Y=0 prove that
f24+9°+4f +4g+2=0

2 .\
Sol: We have the circle X" +Y" =06

XA Y =6=0orrrrrerercereeres (1)
another circle
X+ Y 4+3X+3Y =00, (2)

Khalid Mehmood Lect: GDC Shah Essa Bilot
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Let P(f,g) be any point
Length of tangent = 2 x length of tangent

Jf2+gz—6:2Jf2+gz+3f+39
Squaring on both sides
(m)Z:(Z\/f2+gz+3f +39)2
f?+9>-6=4(f+g°+3f +3g)
f?+g°-6=412+4g°+12f +12g

4f% - f24+49°—g°+12f +129g+6=0

3f?+3g%+12f +12g+6=0 +by3

f?+g°+4f +49+2=0

Q10. Find the equations of tangents to the circle

X2 + y2 =25 which are parallel to the straight
line 3x+4y+3=0
Solution: parallel to the line 3x+4y+3=0is

3X+4Y+K=0.oerreeerecras (1)

and equation of circle with centre is origin (0, 0) is

centre =(0,0) and radius =5

perpendicular distance from the line to centre = radius

3(0)+4(0)+ k|
V3 +4°
i uly
J9+16 B
‘L‘ _
75"
k
3
k =+25
Therefore equation (1) becomes
3X+4y+25=0
Hence equation of tangent to the circle
Either or
3X+4y+25=0 3X+4y—-25=0

Q1la). Provethattheline X=8 and y=7 touch
2 2
thecircle X" +Y —6x—4y—12:O Find also point

of contact

Solution: To check the line X =8 touches the
circle

X2+ Y2 —6X—=4Y=12=0.oceecvrrrrrrrrne. (1)
Put X =8 in equation (1) we get

(8)° +y?—6(8)—4y—12=0
64+y>—48—-4y—-12=0

y? —4y+64—-48-12=0

When Discriminant = 0 then the line touches the circle
—4AC =0 putting the values

B —4AC =(-4)" —4(1)(4)
B?—4AC =16-16
B?2—4AC =0
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Hence the line X =8 touches the given circle.
For the point of contact solving equation (2)

y>—4y+4=0

(y)' -2(y)(2)+(2) =0

(vy-2)' =

=>y-2=
y=2

0
0

Therefore the point of contact is (8, 2)

To check the line y =7 touches the circle
X2+ Y? —6X—=4Y—12=0...cocvvvrrrrrrnn. (1)
Put y =7 in equation (1) we get

x2+(7) —6x-4(7)-12=0

x> +49-6x-28-12=0

x> —6x+49-28-12=0

X2 —6X+9=0.cerrrrierernes (3)

When Discriminant = 0 then line touches the circle
B?—4AC =0 putting the values

B? —4AC =(-6)* —4(1)(9)

B2 —4AC =36—36

B?—4AC=0

Hence the line y =7 touches the given circle.

For the point of contact solving equation (3)

X2 —6x+9=0
(x)" =2(x)(3)+(3) =0
(x-3)°=0
=x-3=0
X=3

Therefore the point of contact is (3, 7)

b).
Solution: To check the line x+y—1=0 or
y =1— X touches the circle

X4y —4X—2Y+3=0.cecvreererrrerernns (1)
Put y =1—X in equation (1) we get

x? +(1—x)2 —4x-2(1-x)+3=0

X2 +1-2X+X*—4x-2+2x+3=0

X2+ X*—2X—4X+2Xx—-2+1+3=0

2x* —4x+2=0

When Discriminant = 0 then line touches the circle
B2 —4AC =0 putting the values

B? —4AC =(-4)" - 4(2)(2)

B’ -4AC =16-16

B*-4AC =0

Hence the line x+ y—1=0touches the circle
Now to find the point of intersection

‘= —b ++/b? —4ac

putting the values
2a

(=4 ~4(2)(2)

" 2(2)
X_4i\/16—16 _4xJo 4

- 4 4 4
x=1

Put the value of x in the line x+y—-1=0
1+y-1=0

y=0

Hence the point of contact (l, 0)

To check the line x—y+1=0 or

y =1+ X touches the circle

X4y —4X—2Y+3=0.cocvrerrerrrernrnns (1)
Put y =1+ X in equation (1) we get

X +(1+ x)2—4x—2(1+x)+3=0

X2 +1+2X+X> —4Xx—2-2x+3=0

X2+ X2 +2X—4X—2X-2+1+3=0

2x* —4x+2=0

When Discriminant = 0 then line touches the circle
B2—4AC =0 putting the values

B? —4AC =(—4)" —4(2)(2)

B?—4AC =16-16

B?-4AC=0

Hence the line x—y+1=0touches the circle
Now to find the point of intersection

X — —bE+b” —4ac Vb® —4ac putting the values

2a
(A=) -4(2)(2)
2(2)
_4+\16-16 4+ 0 4
= 4 T4 4
x=1

Put the value of x in the line x—y+1=0
1-y+1=0

1+1=y

y=2

Hence the point of contact (1, 2)

Q12. Find equation of tangents to the circle X° + y2 =2

, which make an angle of 45° with the x-axis.

Solution: equation of circle X + y2 =2
slope m=tan45° =1 and radius
a’=2 —a=+2

Since the equation of tangent

y = mx+a+1+m? putting the values

y =1x+~/24/1+12

y:xi\/i\/l+1
y=x=£v22
y=x+2

Q13. Find the equation of tangents drawn from the
2 2
point P(4, 3) to the circle X" +Y° =9
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2 2 ; ; ; X YitYp
Solution: the equation of circle X~ +Y° =9 Mis midpoint of PQ M (%’%)& centre
Here a®> =9 =a=3 C(—g,—h) Therefore the slope of CM
The number of tangents
et} (3 —at) 0 M L BRTAL]
Xl Xiyl yl - 2 Xl';XZ + g X1 + X2 + 29
Putting P(4,3) and a =3 we get To check CM is perpendicular to PQ so
m? (4% —3%)—2m(4)(3)+(3*-3*)=0 mm —_atX+29 Yy +y,+2f
( ) (4)(3) ( ) e y1+y2+2fxx1+x2+29

m?(16—-9)—24m+0=0
7m? —24m =0
m(7m—24)=0

m.m, =-1
i.e. CM is perpendicular bisector to PQ
Congruent chords of a circle are equidistant from centre ‘

m-24=0 Let circle eq X” + y* + 20X+ 2fy + ¢ =0.....(1) witn
Either m=0 or m=24 .
o 2 centre C(—g,—f) A
. . . T . Coordinates of A, B,
The equation of line having slope and point Cand D are 1B
Y=MX+Corivrrrriiinniinn (l) putting the values A(Xl, yl) , D
If mM=0 putinequation (1) we get B(X,,Y,) :
y=0x+c C (% s) E
Y=C oo (2) to find ¢ put (4,3) D (X4sYa) ! f t P
3=c =¢=3 so Given that |AB|=|DE| ~ =|AB[’ =|DE[
y = 3 is eq of tangent which passing through (4, 3) We have to show that
The equation of line having slope and point |C|\/| |2 = |CN |2 = |C|\/| | = |CN
Y=MX+C...0oocevninnnnn, (1) putting the values M is midpoint of AB M (%. ylzyz)
_ 24 . .
If M= put in equation (1) we get Nis midpoint of DE N (2% Yo
_ 24 Y
Y= X0 (2)to find ¢ put (41 3) Measure of central angle of a minor arc is double
3= ﬂ(4) +cC 75 of angle subtend by the corresponding major arc
! =C==3 so o 2 2 _ A2
c=3-L=2L% Let equation circle X" +Yy" =a"..... (1)
y= % X—§ is eq of tangent, passing through (4, 3) with centre C(O’O) 2
Perpendicular from the centre of a circle on a chord Coordinates of A, B, 2
bisect the chord and Care A(O, a)
Equation of circle
X*+y?+2gx+2fy+c=0...(1) B(_Xl'_yl)
Equation of line P P C (Xl’_yl)
y=mx+cC We have to show that
Coordinates of ‘1 a /BOC =2/BAC
P(x,Y,) & Let ZBOC =6 and ZBAC =20
Coordinates of / aty, a+y
Slope of BA M, = ——= =—
Q(XZ’ y2) 0 2 4 6 0+ Xl Xl
l/:}/hich :assingl Slope of AC m_ — —Yi—a_ —(a+y,)
rougn a circie X:I._O Xl
2, \2
X+ Y +ZgX1+2fy1+C:0 -------- (2) Then, angle tan ~BAC _m-my, putting values
1+mm
X5 +Y; +209%, +2fy, +¢=0........(3) - a+y1+ n
Subtracting equation (3) from equation (2) tan /BAC = — 4~ %
a+y; \ [ a+y;
(¢ —x)+(¥2 —¥7)+2g%, —2gx +2fy, =2y, =0 1) ()
(¢ —x7)+29 (%, —x)+(y; =y )+2f(y,—y,)=0 2(aty,) o (a+y, 2
(%= %) (% + % +29)+ (Y, =¥, ) (V. + ¥, +2)=0 X X,
YooY X2+X1+29 2
orMm = — 2t _2(a+y1). xf—(a+y1)
X, =% Yot Y+ tand = + >
X X
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ang 2 2@n) X Or mZAPB = 90°
X x? —(a+ yl)2 Perpendicular at the outer end of radial segment is
tangent to the circle
tan @ = —; 2x;(a4;yl) . .
x2 —a?—y2 —2ay, Let circle equation
2 .2 _ .
tano - — zle(?+y;) Xy —a? x> +y? +2gx+2fy+¢=0.....(1) with centre
Xl_Xl_yl_yl_zayl C( f)
g 2 (%) 2x(axy,) J
= ; = .
—2y; —2ay, -2y, ( y, + a) Coordinates of P 4
tang =L P(Xl’ yl)
Y1 Slope of CP is ,
0+
Slope of BO mgz—yl:L mlzm
0+Xx X X+
0+ - :
Slope of CO M, = Yi_—% Equation of tangent = > T 1
0-x, X to the circle
e /BOC <=M, XX+ Yy +9(x+x)+f(y+y,)+c=0
Then, angle =——— putting values
& 1+mm, "¢ XX+ Y,y +gx+gx + fy+ fy, +¢c=0
W% 2y XX+ 0X+y,y+ fy+ogx, + fy,+c=0
— X X _ X
tan ZBOC _1+(ﬁ)(1’1) S (% +9)x+(y,+ f)y+gx +fy,+c=0
AR x2
(an 20 = 2% « B _2wm % ' Slope of tangent equation M, = —% putting values
@t a -yt X +9
2%y m, = Y 2 Y now
tan 260 = le L Yit
—Y [yt f X, +9
Now using trigonometric identity MM, = X +9 B y,+
tan 260 = % putting the values m.m, =-1
_;(ltan , Thus, the perpendicular at the outer end of a circle
tan20 = 4 — 2% Y =% is tangent to the circle
- X2 ’ 2 .
=% % % Exercise 7.3
2
tan 20 = % Ql. If A(Z,Z) and 5(3,1) are the end points of
X the chord AB of the circle
An angle in a semi-circle is a right angle 2 2
" X“+Y° —4X—2Y+4=0 then show that
a). line from the center of the circle is
perpendicular to AB, also bisects the chord AB
Sol: end points of the chord A(2,2) and B(3,1)
A
74 2 n Let D is the midpoint of AB — (MM]
2 2
2 22 _ A2
Let the circle equation be X" +Y =d D= (ﬂ ﬂ)
And the coordinates of A,B and P are 202
D~ (5.3)
A(a,O) B(—a,O) and P(Xl,yl)
Slope of the line AB m, = Y2~ %1
_ Y, -0 _ Y, X, — X,
Slope of AP M, = =—
x-a x-a oool-2_ -1
=S - "=
_0 3-2 1
Slope of PB mz=Yl—=L m, =—1
x+a Xx+a A
2
Now m,.m, :LL
X,—a X +a M ]
2 2
Y Y . !
ml'mzzxf—lazzxf—x}—yf X tyi=a’ c
2
m,.m, = y;z =-1 0 1 2 3
B 2 2
Thus the line AP and PB are perpendicular Equation of circle X +Y —4x—2y+4 =0
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Comparing with the general equation of circle
x> +y?+2gx+2f y+c=0 We get
29 =-4 2f =-2
—4 -2
2 2

Thus center

C(-9.-1)=C(-(-2),~(1))=C(2

Slope of the line CD M, _Yam Y
2 =X
2 5_92 2 "2
2
m2 :%—%:1
Now
ml'mzz—l

Thus line CD is perpendicular bisector of AB

b). line from the center of the circle to the mid-
point of chord AB is perpendicular to the chord AB

Sol: end points of the chord A(2,2) and B(3,l)
X+ X, m+n]
2 | E
D=(32.%)
D=(3.4)
Equation of circle X* + y2 —4x-2y+4=0
Comparing with the general equation of circle
X+ Y2 +20X+2f y+c=0 we get
29=-4 2f =-2
g=75=-2 =7=-1
Thus center
C(-9.-1)=C(~(-2),~(-1))=C(21)

Slope of the line CD m, = Yo— W

Let D is the midpoint of AB= (

X, =X
3_
I’n—2 1—ﬁ_ﬂ
2_5 2_2 2
5=
1.1 —
m,=3+3 =m, =1

The line from centre to the midpoint of chord

Y=Y =m,(X=%)

y-2-1(x~3)
y-3=x-3
X—y+2-5=0
X—y+32=0
X—-y-1=0
Slope of the line AB m, Yo=Y
Xy =%
1-2
m=—-
3-2
-1
mlzT :>ml:—1

The line AB with slope M, ==1 and point A(Z, 2)

y_yl:ml(x_xl)
y—2=-1(x-2)
y—2=—X+2
X+y—-2-2=0
X+y—-4=0

Thus the lineCD x—y—-1=0

And the line AB x+y—4=0

Are perpendicular to each other

Hence line from the center of the circle to the mid-
point of the chord AB is perpendicular to chord AB
c). the perpendicular bisector CD of the chord AB
passes through the center of the given circle.

Sol: end points of the chord A(Z, 2) and B(3,1)

Slope of the line AB m, = Yo=Y

X, =%
1-2
t3-2

m :__]-
o
m =-1

Let M, is the slope perpendicular to AB then

m.m, =-1
(-1)m,=-1
-1
m =—=1
21
Let D is the midpoint ofAB:[Xi-;X2 , yl‘;)bj
D= (3.)
D=(3.3)

y_ylsz(X_Xl)

Equation of circle X +Y° —4X—2y+4=0
Comparing with the general equation of circle
X+ Y2 +20X+2f y+Cc=0 we get
29=—4 2f =2
g=7=-2 f=2=-1
Thus center
C(-9.-1)=C(-(-2), (1)) =C(2
To show that line X — y —1=0 is perpendicular bisector
of chord AB is passes through centre C (2,1)

X—-y-1=0

2-1-1=0

0=0
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Hence perpendicular bisector CD of the chord AB
passes through the center of the given circle

Q2. If A(O, 0) and B (O, 5) are the end points of chord AB

of the circle X2 + y2 + 4X_5y =0 then show that

a). the line from the center of the circle is
perpendicular to AB, also bisects the chord AB

Sol: end points of the chord A(0,0) and B(0,5)

2 2
D=(1£.%)

2 2
o-(0:)
Yo ¥
_X1

Let D is the midpoint of AB:[Xl +X i+ yzj

Slope of the line AB M, =

[o2]
L x|<

H
Il
i

Il
ol~

ol o

m
m

=

Equation of circle X° + Y +4X—5y =0
Comparing with the general equation of circle

X+ Y2 +20X+2f y+Cc=0 we get

20 =4 2f =_5
g=2=2 f=2
Thus center
C(-9.-f)=C(-(2),-(%))=C(-2%)
Slope of the line CD M, = Yo~ %y
X, =X
3-8
m, =
2 2-0
m, = %
Take m, = -2
-1
1 0
o mm(2)3)
m.m, =-1

Thus line CD is perpendicular bisector of AB

Slope of the line CD m, _ Y27 N

X, =X
33
M =270
m :ﬂ
22
m,=0

line from the centre to the midpoint point of AB
y-y,=m, (X — X, ) Putting the values

y— 3=O(X—0)
y-3=0
y=3
Slope of the line AB m, = Y2~ %1
X =%

m =32

m=3=35
The line AB with slope m, :% and point A(0,0)

Yy — Y, =M, (X=X, ) Putting the values

1
—0==(x-0
¥ 0=5x30)
(0)y=x
x=0
Thus the line CD y=%

And the line AB X=0

Are perpendicular to each other

Hence line from the center of the circle to the mid-
point of the chord AB is perpendicular to chord AB

b). The line from the center of the circle to the mid-
point of the chord AB is perpendicular to chord AB

Sol: end points of the chord A(O, 0) and B(0,5)

+X, Y+
Let D is the midpoint of AB= (h uj

2 2
D=(%.%)
D=(0.3)

Equation of circle x>+ y2 +4x-5y=0
Comparing with the general equation of circle
2 2

X“+Y +20X+2f y+Cc=0 we get
29 =4 2f =-5
g=2=2 f=3
Thus center

C(-(2).-(3)=C(-2.%)

C(-g9,-f)=

c). the perpendicular bisector CD of the chord AB
passes through the center of the given circle.

Sol: end points of the chord A(0,0) and B(0,5)

Slope of the line AB m, = Yo=Y

X, =X
_5-0
m, =¢%
m :%
Let M, is the slope perpendicular to AB then
m.m, =-1
o=
5m, =0
m, =0
Let D is the midpoint of AB _ ( X+X Nty J
2 ' 2
_ (010 045
D=(%,%)
—_(0n 5
D=(0,3)
Thus line perpendicular bisector{midpoint} to chord AB
y_yl = mz(x—xi)
>=0(x-0)
=0

y—-
y-
y

Njo N|01 N|
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Equation of circle X°+ y2 +4x-5y=0
Comparing with the general equation of circle
X+ Y2 +20X+2f y+Cc=0 we get

29 =4 2f =-5
g=2=2 f=2
Thus center

C(-9.-f)=C(-(2).=(3))=C(-2.%)

To show that line Y Z% is perpendicular bisector

of the chord AB is passes through centre C (—2,%)

3
2

Hence perpendicular bisector CD of the chord AB
passes through the center of the given circle

y =2 Putting centre 3 =

Q3. Show that the chords AB and DE are
equidistant from the center C (0,0) of the circle

a). X2 + y2 =4 the coordinates of end points of
the two chords AB and DE are A(—Z, 0), B (O, 2)
D(0,2) and E(2,0)

Solution: Equation of the circle X° + Y’ =4
Hence center of the circle is origin (0, 0)

End points of the chord are A(—Z,O), B(O, 2)

Y-Y.= Y2~ yl( X1) putting the values
X, =%
2-0
O0=——(x 2
y_2(x+2)
y=X+2
X—-y+2=0
Shortest distance d1 from centre of circle to chord AB is
d, = ax, +by; +¢| putting the values
Ja? +b?
| @)+ (-1)(0)+3|_|o+0+2]
' Jr7 (-2 | Vi+1
d. — i‘ _2
YNzl V2
End points of the chord are D (0, 2) , E(Z,O)
y—y, = Y2 N 22L(x—Xx,) putting the values
X, =X
y—-0=92(x-2)
y=%4(x-2)
y=-1(x-2)
y=-X+2
X+y—-2=0
Shortest distance d> from centre of circle to chord CD is
d, = ax1+—by1+c putting the values
a?+b?
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1 _|m©+®©)-2_o+o—2
2 \/12+(1)2 ‘ | J1+1 |
4 =12 -2
2 \/E ,\/E

Hence the distance from the centre of circle to the
both chords AB and CD is same.

2, .2
b). X' +Y =16 the coordinates of the end points
of the two chords AB and DE are

A(-4,0),B(0,4) D(0,4) and E(4,0)
Solution: Equation of the circle X*+ y2 =16

Hence center of the circle is origin (0, 0)

End points of the chord are A(—4,0), 5(0,4)

Y-y, = Yo~ yl( X1) putting the values
X, =X
4-0
—0=——(x—(-4
y O_(_4)( ( ))
4
=—(x+4
y=,(x+4)
y=X+4
X—y+4=0
Shortest distance di from centre of circle to chord AB is
d, = ax1+—byl+c putting the values
Ja?+b?

@@+ (10)+4| |0r0+q

d =
' NI R A
dzng:L
SN
End points of the chord are D (0, 4) , E(4, 0)
Y-y, = Yo~ yl( X1) putting the values
X, =%
y-0=4%5(x-4)
y=2(x-4)
y=-1(x-4)
y=-x+4
X+y-4=0
Shortest distance d2 from centre of circle to chord CD is
d, = w putting the values
Jat+b®

L 0@ +@©)-4|_|o+o-4
2 \/12+(1)2 ‘ 1|
o |44
NN

Hence the distance from the centre of circle to the
both chords AB and CD is same.

c).

2,2
Solution: Equation of the circle X"+ Y~ =9
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Hence center of the circle is origin (0, 0)

End points of the chord are A(—3,0), B(0,3)

Y-Y.= i _3(/11( Xl) putting the values
3-0
0=———(x—(-3
y=3(x+3)
y=X+3
X—y+3=0
Shortest distance d1 from centre of circle to chord AB is
ax, +by, +c .
d =|——2L_"| putting the values
b Jatep?
L (1)(0)+(-1)(0)+3| [0+0+3]
' J2+ (1) Vi1 |

End points of the chord are D(O, 3), E (3,0)

Y=\ j
Y-Y.= ( X1) putting the values
' X; =%
y-0=4§3(x-3)
y=%(x-3)
y=-1(x-3)
y=-X+3
X+y-3=0
Shortest distance d> from centre of circle to chord CD is
ax, +by, +c¢ .
d, =|—=—ZL_"| putting the values
? Ja? +b?
1 _00+00)-3_jp+o-3
2 JE+ () Vi+1 |

-3 3

2| 2

Hence the distance from the centre of circle to the
both chords AB and CD is same.

Q4. Show that angle subtended by minor arc AB of circle

2 2
a). X +Y =9 is two times the angle subtended
in the major arc. The coordinates of the minor arc

AB are A(2,J§),B(2,—J§)

Solution: circle X* + y2 =9with centre 0(0,0)
For x-intercepts put y =0 in equation (1), we get
x> +0?=9

x*=9 taking square root

X=13

So x-intercepts are C (—3, 0), D (3, O)

Take a point on major arc C(-3,0)

Exercise 7.3

slope of OA
_5-0
T 2-0
o5
2
slope of OB
~—/5-0
2 2-0
m V5
)
slope of CA
o_N5-0 5
7 2-(-3) 2+3
m-Y¥5_1
5 75
Let M, is a slope of BC
0 _5-0 -5
*2-(-3) 2+3
m —__\/g—__l
4 5 \/g
tan ~BOA = M2~ M pytting the values
+m,m,
-5 _ 5
tan A BOA=—2 2
(D)
,2\/§ _
tan /\BOA=—2— = 5
T2 7 o 53
tanéBOAz_j{g
a
tan /BOA = 4+/5
tan ~BCA = Ma=Ms  putting the values
1+m,m,
1
tan /BCA=—5 6
EE
5\ 5
;2 -2
tan /BCA= 5 -6
1-1 51
5 5
% 25
tan /BCA=L = "2 >
i 5 4
-5
wnABCA_—E—

According to condition
mM~ZBOA =2m<ZBCA

tan (£BOA) =tan (2£BCA)

2tan (£BCA)
1—tan?(£BCA)
By using formula

tan (£BOA) =

tan(£BOA) = 2(;)z=IJ§
1—(%) 4
45 =45

This satisfied the given condition
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2 2
b) X" +Yy = 4 s two times the angle subtended
in the major arc. The coordinates of the minor arc

AB are A(1,J§), B(l,—\/g)

Solution: circle X2 + y2 =4 with centre 0(0,0)
For x-intercepts put y =0 in equation (1), we get
x*+0%=4

x*=4 taking square root

X=212

So x-intercepts are C (—2, 0), D (2, 0)

Take a point on major arc C(-2,0)

Let M, is a slope of OA

\/_ 0 \/_ _
" 1-0
Let M, is a slope of OB

1.0 1
Let M, is a slope of CA
V3-0 _ 3
T 1—(—2) 1+2
_WB_1
3 3 \/§
Let M, is a slope of BC
NN
m, = ==
1-(-2) 1+2
=3 _ -1
T T
tan /BOA =12~ M putting the values
1+m,m,
tan 4BOAZM
L (B)()
tan ABOAzi\E:i\/§
1-3 -2

tan /\BOA =+/3

tan /BCA= e —Ms.
1+m,m

putting the values

LN

S 5

3_

)

&l

3

tan Z/BCA =

[N
+
—

Sl

—_—
S
N —

=2

tan /BCA =
1-1
3

[l

(e8]
LN

o

=2 —_
tan Z/BCA §=—2x3
3

32
tan /BCA=—/3
According to condition
mZBOA =2m«ZBCA

tan (£BOA) = tan(2£BCA)

2tan(£BCA)
1—-tan*(£BCA)
By using formula

tan(£BOA) =

tan (LBOA) = 2(_\/5)2 _ 23
Ay 1
BB
B

This satisfied the given condition

2,2
c). X +VY =16 is two times the angle subtended
in the major arc. The coordinates of the minor arc

AB are A(3,\/7), 5(3, _ﬁ)

Solution: circle X* + y2 =16 with centre 0(0,0)
For x-intercepts put y =0 in equation (1), we get
x*+0%? =16

x> =16 taking square root

X=14

So x-intercepts are C(—4,0),D(4,0)

Take a point on major arc C(-4,0)

Let M, is a slope of OA

_N7-0_A7
' 3-0 3
Let M, is a slope of OB

~7-0 7
m2: =
3-0 3
Let M, is a slope of CA
_N7-0 _ 7
°3-(-4) 3+4
m Y7 _ 1
77
Let M, is a slope of BC
- _7-0 7
‘ 3-(—4) 3+4
m4:£:—_1
77
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Chapter 7 Exercise 7.3
tan ~BOA = M2 =M putting the values X=1+2 x=1-2
1+m,m X =13 X=—1
tan ZBOA— i g So x-intercepts are A(3,0), B(—l,O)
(i) g) For y-intercepts put X =0 in equation (1), we get
2T 2l (0-1)+y*=2°
tan ABOA_]_—%:? (0_1)2+y2:22
1+y?’ =4
20 27 9
tanéBOA—T— \/_X— y2:4—1
9 3 2 y’=3 taking square root
tan ZBOA=-3/7 y=+J3
tan Z/BCA= ﬁ putting the values Take only one condition Y = \/§
o ) i So y-intercepts are C (0, J§)
tan /BCA= 7 __
1+ Ti)(%) Let M, is a slope of AC
- TZ f 0 f -1
_ N 17 _
tan ZBCA= 1_1_3 0-3 3 /3
S ! 27 ; Let M, is a slope of BC
tan /BCA= = —Zx = B-o 3
? J7 6 M= =5_ (-1) +1 =3
For the right angle between AC and BC
tan LBCA_—\/7 M
> m.m, =(4)(+3)

According to condition
m/BOA =2m«/BCA

tan (£BOA) = tan(2£BCA)
2tan(£BCA)
1—-tan®(£BCA)

By using formula

tan (£BOA)

2(=f) | 2a

tan (£BOA) = 7=
1- ?) =5

27 9

_3\/__ - x>

%r 3 2

This satisfied the given condition

Q5. Show that angle in the semicircle of the circle

a).(X—h)2 + y2 =a’ h =1,a=2 isaright angle.

Sol: We have (X—h)2 + y2 =a’, h=1,a=2
Then equation of the circle becomes
(x —1)2 R (1)

For x-intercepts put y =0 in equation (1), we get

x—1)° + 0% = 22
(x-1)

(x-1)" =22 taking square root
X—-1=+2

x=1+2

Either or

Khalid Mehmood Lect: GDC Shah Essa Bilot

m.m, =-1

Hence angle in the semi circle is right

b).(X—h)2 + y2 =a’, h=3,a=4 isarightangle.

Sol: We have (X—h)2 +y*=a%* h=3a=4
Then equation of the circle becomes

(x—=3)" +y? =42

ol qo
For x-intercepts put y =0 in equation (1), we get

(x—3)"+0% =47

(x-3)" =42 taking square root
_3-+4

x=314

Either or

Xx=3+4 X=3-4

So x-intercepts are A(7, 0), B (—1, O)

For y-intercepts put X =0 in equation (1), we get
(0-3)" +y? =4

(-3) +y? =42

9+y® =16

y?=16-9

y:=7 taking square root

y =27
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Exercise 7.3

Take only one condition Y = \/7
So y-intercepts are C (0, ﬁ)

Let M, is a slope of AC

70 7T 1

m = = _—_ =
Y0-7 1 7

Let M, is a slope of BC
_N7-0 7T 5

27 0-(-1) +1
For the right angle between AC and BC

mer

m.m, =-1
Hence angle in the semi circle is right

c). (x—h)2+y2 =a’, h=2,a=23 isarightangle

Solution: We have (X— h)z +y®=a?
h=2a=3
Then equation of the circle becomes

For x-intercepts put y =0 in equation (1), we get

(x-2)" +0° =3

(x-2)" =3 taking square root
X—2=%3

Xx=2%3

Either or

X=2+3 x=2-3

X=5 x=-1

So x-intercepts are A(5, 0), B (—1, 0)

For y-intercepts put X =0 in equation (1), we get
(0-2) +y* =3

(0-2) +y? =3

4+y*=9

y?=9-4

y>=5 taking square root
y=+5

Take only one condition Y = \/g

So y-intercepts are C (O, \/g)

Let M, is a slope of AC

ml:\/g—ozﬁ_—l

0-5 -5 .5

Let M, is a slope of BC

_5-0 B g
0—(-1) +1
For the right angle between AC and BC

()

m.m, =-1

m,

Hence angle in the semi-circle is right
Q6. Show that perpendicular at the outer endpoint

a). P(1,5) of the radial segment is tangent to the
circle X* +Yy° +X=5y—-2=0

Solution: the Circle X* + y2 +Xx-5y-2=0
Comparing with the general equation of circle
X+ Y2 +20X+2f y+¢=0 we get

2g =1 2f =-5
1 -5

= — f:_
973 2

Thus center
C(-9.-1)=C(-()~(3))=C(7:3)
Equation of tangent at P (1, 5) of given circle
Using formula X&+ Yy, +(X+X )+ f (y+y,)+c=0
putting

(1)x+(5)y+%(x+1)—g(y+5)—2:0

X+5y+%(x+1)—g(y+5)—2:0 xby 2

2x+10y +(x+1)—-5(y+5)-4=0
2X+10y+x+1-5y—-25-4=0
2X+X+10y-5y+1-25-4=0
3x+5y—-28=0

Slope of line m, = _Ta putting the values m =23

Slope of the radial segment CP M, = u
X; =%
5-5 5-10 -1-2
m2 = 1 = -
2-1 2 2

_ 52
m2_2x—3

= M, :%
Slope of radial segment x slope of tangent

m,.m, =(2)(3)

m,.m, =-1

Hence Perpendicular at the outer endpoint of
radial segment is tangent to the circle

b). P(5, —6) of the radial segment is tangent to
the circle X° + y2 —-22x-4y+25=0

Solution: the Circle X + y2 —22x-4y+25=0
Comparing with the general equation of circle
X+ Y2 +20X+2f y+Cc=0 we get
29=-22 2f =—4

g=2=-11 fogt=2
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Thus center
C(-g,-f)=C(-(-11),-(-2))=C(11,2)
Equation of tangent at P(5,10) of given circle
Using formula Xxl+yy1+g(x+x1)+f(y+y1)+c:0
putting
(5)x+(—6)y—11(x+5)—-2(y—6)+25=0
5X—6y—11x—55—2y +12+25=0
5x—11x— 6y -2y —55+12+25=0
—6x—-8y—-18=0

Slope of line m, = —?a putting values

m :%2—%
Slope of the radial segment CP M, = u
X; =%
-6-2 -8
m=——=—
5-11 -6

=4
m, =3

Slope of radial segment x slope of tangent

3\ 4
ml.mz = —Z 5
m.m, =-1

Hence Perpendicular at the outer endpoint of
radial segment is tangent to the circle

Exercise 7.3

m=_2
b
Slope of the radial segment CP M, = Yo~ %
X; =%
50
m, =< 5
a_
b
m, =%
2
m - b
* a

Slope of radial segment x slope of tangent

-a\(b
(5 a)
m.m, =-1

Hence Perpendicular at the outer endpoint of
radial segment is tangent to the circle

c). P (0, 0) of the radial segment is tangent to the
circle X* + y2 —ax-hy=0

Solution: the Circle X + y2 —ax—hy=0
Comparing with the general equation of circle
X+ Y2 +20X+2f y+Cc=0 we get

29=-a 2f =-b

- fo_
! 2 2

Thus center

e (P2

Equation of tangent at P(O, O) of given circle

Using formula XX+ Yy, +Q(X+X)+ f (y+y,)+c=0
putting

(0)x+(0)y—g(x+0) b(y+0):0

2

ax+by=0

Slope of the line m, = Fa putting the values
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