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Exercise 5.1

Q1. Evaluate the following indefinite integral and
check the result through differentiation:

a). I(x4+3x3—7)dx
Sol: Given I(X4 +3x° —7)dX
j(x“ +3x° —7)dx =Ix4dx+3'|.x3dx—7'[dx
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Chapter 5

du

—=3(1)+0

=3+
du _

dx

du = 3xdx
au = dx
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Substituting values of u and du in given integral
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I 3x+4 :—j ud
8+1
I(3x+4)8dx=—g+l

I (3x+4)8 dx:%.%ungC

I (3x+4)8 dx:iu9 +C
27
Putting the values of u

I (3x+4) dx—27(3x+4) +C

du =(3x*+7)dx

Substituting values of uand dU in given integral

j (3x2 +7)(x3 +7x) dx = I X +7x) (3x +7)d
) ox

8

j(3x2+7)(x3+7x dx Iugdu

8

f (3x2 +7)(x3 +7x) dx

)
j (3x2 +7)(x3+7x)8 dx:—u +C

Putting the values of

I(3x2+7)(x3+7x) dx——(x +7x) +C

b). _[ 3x2(x3
Sol: Given J‘ 3x? (X3 —4)dx

Let U=X’—4 Differentiating w. r. t “x”
du d , d

—=—X"—-—4

dx dx dx

u_ 3x*t 9y 0

dx dx

du _3y?

dx

du =3x’dx

Substituting values of u and du in given integral
I 3x x — dx I 3x dx

j 3x2 (x —4 dx:fudu
j3x2(x3—4)dx:u—22+c

1
I 3x dx = Euz +C
Putting the values of u

I 3x dx—z(x —4)2+C

c). I (3x2+7)(x3+7x)8 dx

Sol: Given I (3X2 +7)(X3 +7X)8 dx

Let U=X>+7X Differentiating w. r. t “x”
Ly=9x+74x

Lu=3x"Lx+7

du — =3x*+7
dx

2 —
o | F Ty
(x3—7x)
2 p—
Sol: Given I 3)(—74dx
(x*-7x)
Let U= X>—7X Differentiating w. r. t “x”
dx u= dx X -7 dx
Ly=3x>Lx-7
OI—u=3x2 -7
dx
du :(3x2 —7)dx

Substituting values of u and dU in given integral

f 3x2—74dX:I (3X2—7)cix
(x3—7x) (x3—7x)
2 d
f ﬁdx: u—lj:_[u“‘du
[T gt
(x —7x) 4+1
3x? -7 u? 1
jagjgyux=t§+0=:§ﬁ+c
Putting the values of u
| 3:‘2‘74dx: —=_cC
(x —7x) 3(x —7x)
e). J- x+3x

Sol: Given J’ ﬂdx
7

X

Let u=+/X = X =ui=x
Differentiating w. r. t “x”
dyy_ d
wlU =g X
d 1314
wU=3X X
dyy_1y7
wU=2X’
du_ 1
dx 2x?

1
2du = ——=dx

JIx

Substituting values of u and dU in given integral
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X + 3x? dx Let U=06t Differentiating w. r.t “x”
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f). X+l
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d —
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I
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Q3. Evaluate the following indefinite integrals by
method of substitution:

a). j 6e’dt

Sol: Given J. 6e’'dt

b). I xe'™ Yax

5x2 +1)

SoI:GivenI xe( dx

Let U =5X? +1 Differentiating w. r. t “x”
d d d

au —SEX +&1

dyf— d
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d_u =10x
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d_u = xdx
10
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J- Xe(5x2+1)dx :J- e(5x2+1)xdx
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d d d
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Substituting values of u and dU in given integral
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J' ( 2)8 x3 6><+4 I e(x3—6x+4) (X2 —Z)dX
J‘ ( 2)e x3 6x+4 d _J’e dU
j(x —2)eX oy =—Ie du

J' (x2 — 2)e<x3_6x+4)dx = %e“ +C
Putting the values of u
J‘ (XZ _2) (x 6x+4)d _5 (x —6x+4) -l—C

d). J‘ g3 (—6x)dx
Sol: Given J. g3 (—6X)dX

Let u =7 —3x? Differentiating w. r. t “x”

_57—3% 2
Lu=0-3(2x)Lx
d—u:—6x
dx
du = (—6x)dx

Substituting values of u and du in given integral

I g7 (—6x)dx =I 8'du

u
[ 87 (-6x)dx= 8 c
In8
Putting the values of u
) 87—3x2
| 87 (-6x)dx = +C
In8

Q4. Find the equation of the particular curve that
has a slope 4X° +6X” at a point (1,0)

d
Sol: Given the slope m = d_y = 4x° +6X°
X

dy
dx
dy =(4x° +6x* ) dx

Now integrating both sides
Idy = _|'(4x3 +6x2)dx

y = 4_[ x3dx + GI xZdx

= 4% + 6X°

3+1 2+1
y=42_4162X _4cC
3+1 2+1
y=£x4+§x3+c
4 3
Y=X"4+2X34+Currrriiiiiiiiiin, (1)

Equation of the particular curve that passes
through the point (1,0) i.e, X=1Yy=0 we get
0=(1)"+2(1)’+C

=(1)+2(1)+C
0=1+2+C
0=3+C

Cc=-3
Putting value of C in equation (1) we get required

y=x'+2x*-3

2
Q5. A certain curve has a slope X(2X2 —1) that

passes through the point (3,3) what is the

equation of the specific curve?
d 2
Sol: Given the slope M= o_ X(2X2 —1)
dx
dy = (2x2 —1)2 xax

Now integrating both sides

Idy = I(sz —1)2 xdx

Let u=2x"—-1
leferentlatmgw r.t“x”
=25 x —41
%u =2(2x)£x-0

du

— =4X
dx

du

— = xdx

Substituting the values of uand du in the integral
2
Idy :I 2x2 —1) xdx

J'dy juzdu
Idy:—juzdu
y_42 1

1
y—ﬁu +C

Putting the values of u

1 3
= 2x*-1) +C

y=55(2¢-1)

Equation of the particular curve that passes

through the point (3, 3) e, X=3,Yy=3 we get
1 2 3

3_5(2(3) -1} +C

3x12=(2(9)-1)’ +12C

36 = (18—1)’ +12C

36=17°+12C

12C =36-4913
12C =-4877 = C =7 =-406. 416

Putting value of C in equation (1) we get required eq

y = 2(2x —1) —406.416

Q6. A certain curve has a slope XN2x% -1 that
passes through the point (3,3) what is the

equation of the specific curve?

dy _ Xy/2x? =1

Sol: Given the slope M =—
dx

Khalid Mehmood Lect: GDC Shah Essa Bilot

Available at http://www.MathCity.org Page 89



Chapter 5

dy = (2x2 —1)% xdx

Now integrating both sides
jdy = J(sz —1)% xdx
Let u=2x" -1
Differentiating w. r. t “x”
Ly=24x>_47

Lu=2(2x)Lx-0

OI—u:4x
dx
OI—u:xdx
4

Substituting the values of uand dUin the integral
J.dy = I(sz ~1)" xdx

oo &
j‘dyzﬂu%du
:lu%-ﬂ
41+1
y=%%+c
y=1ui+C

Putting the values of u
1 3
==(2x*—-1)*+C

y=g(2-1) +

Equation of the particular curve that passes

through the point (3,3) ie, X=3,y =3 we get
3

3=14(2(3)" 1) +C

3x6=(2(9)-1)’ +6C
18=(18-1)° +6C
18=177 +6C

6C =18-70.09

C =529 — _8,6816

Putting value of C in equation (1) we get required

y=1(2x’-1)’ ~8.6816

Q7. For an average person, the rate of change of
weight W (in pounds) with respect to height h (in

inches) is approximately by dd_vf\ll =0.0015h?

Sol: Given the slope m =4 =0,0015h’

dW =0.0015h*dh Now integrating both sides
[dw = [0.0015h*dh

h2+l
W =0.0015 +C
2+1
W — 0.0015 he 4 C
3
W =0.0005h* +C.............. (1)

Exercise 5.1

a). Find W (h) if the weight is w=108 pounds in

response of height h=60 inches
Sol: Since W =108 pounds and h =60 inches

108 =0.0005(60)° +C

108 =0.0005(60)’ +C
C =108-0.0005(216000)
C =108-108

C=0
Putting the value of C in equation (1) we get the
required equation

W =0.0005h®+0
W =0.0005h°................. (2)

b). Find the weight W of a person who is 5 feet 10
inches tall.
Sol: Given h=5 feet 10 inches

h=5x%x12+10 inches
h =60+10 inches

h =70 inches
Putting the value of h in equation (2) we get

W =0.0005(70)’
W =0.0005(343000)
W =171.5 pounds

Q8. The rate of growth of the population N(t) of a
newly incorporated city t years after incorporation

is estimated to be 4 =400+ 600t, 0<t<9if

the population was 5,000 at time of incorporation,
find the population 9 years later.

Sol: Given the slope 4 = 400+ 600\/5,
dN = (400+ 60041 ) dit

Now integrating both sides

de =j(400+600ﬁ)dt
N =4oojdt+6oojt%dt

1
5+l

N =400t +600 +C

1
s+1

N = 400t + 6005 +C

2

N = 400t+3(600 t*)+C

N =400t +400 t? +C........... (1)

When population was 5,000 at the time of
incorporationi.e.,, N =5000, t=0

5000 = 400(0)+400(0)* +C
5000 = 0+400(0)+C

5000=0+0+C
C =5000

Putting value of Cin eq (1) we get required eq
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Exercise 5.2

N =400t + 400 t? +5000
Now to find the population 9 years later

N = 400(9)+400(9) +5000
N =3600+400(3)’° +5000
N =3600+400(27)+5000
N =19400

. 1
j sin* x cos xdx :gu5 +C
Putting the values of u

I sin’ x cos xdx :ésinf’ X+C

Few formulae
> Isin Xxdx=-cosx+C

Icosxdx:sin x+C
jtan xdx =—In|cos x|+ C
Icot xdx = In|sin x|+ C
[sec? xdx =tan x+C

jcoseczxdx =—cotx+C

Icos ecx cot xdx = —cosecx +C
Isecxdx = In|sec x + tan x|

jcos ecx dx = In|cosecx —cot X|

1 _gin?
mdx_sm 2+C

=ltan'x+C

>
>
>
>
>
> Isecxtan xdx=secx+C
>
>
>
>
>
>

I‘X‘ﬂdx Lsec|¥+C

> .[\/x +a’dx=1vx’+a ia—;ln‘x+ x* +a’

> :In‘x+ x2+a?|+C

[t
VX2 +a?

> J\/a"- —x’dx=1a’—x* £&sin" X4 C
, 2 2

_‘-%dx:\/az—x2 —aln

J~ cos xIn(sin x) d

b). - X
Sin X
. cos xIn(sin x)
Sol: Given J. —— 2 dXx
sin x

Let u=1In (Sin X) Differentiating w. r. t “x”

dx dx
du 1 d .
— =———3inx
dx sinx dx
du 1 d
— =——C0SX—X
dx sinx dx
du:c?sxdx

sin X

Substituting values of uand dU in given integral

cosxln smx
j dx In sin X —d
sin x smx
cosxIn smx
I_—(dx=fudu
sin x
cos xIn(sin x u?
[ g
sin X 2
cos xIn(sin x 1
sin X 2

Putting the values of u
I cosxIn(sinx)

1 ) 2
" dx_E{In(sm x)} +C

a++a®—x?
X

Exercise 5.2

Q1. Evaluate the following indefinite integrals by
method of substitution:

a). I sin x cos xdx

Sol: Given j sin® x cos xdx

Let U =Sin X, Differentiating w. r. t “x”

_d
Lu=2Lsinx
du=cosx<x
dx dx
du = cos x dx
Substituting values of uand dUin given integral
f sin® x cos xdx = Iu“du

4+1

I sin* x cos xdx = — 1+C

4+
5

I sin? xcosxdx=u€+c

o). jexsinexdx

Sol: Given J‘ e* sin e*dx

Let U =g" Differentiating w. r. t “x”
Lu=2de

d _nXd
KU—e &X

du
—=e
dx

du =e*dx

Substituting values of u and dU in given integral
I e sin e*dx =_f sin (ex) e*dx

j e*sine*dx = _fsin u du

J. e*sine*dx =—-cosu+C

Putting the values of u

_[ e* sin e*dx :—cos(ex)+C

d. [ (t+3)cos(t+3)"dt
Sol: Given j- (t+3)COS('[+3)2 dt

Let U= (t +3) Differentiating w. r. t “x”
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fu=4(te3)
Lu=2(t+3)%(t+3)
Su=2(t+3)(Lt+%3)
Tu=2(t+3)(1+0)
du

—=2(t+3

o = 2(t+3)

du

— =(t+3)dt

U (149

Substituting values of u and dU in given integral
I (t+3)cos(t+3)2 dt :I cos(t+3)2 (t+3)dt

I(t+3)cos(t+3)2dtzfcosud7u
j (t+3) cos(t+3) =—Icosu du

I (t+3)cos(t+3)2 dt :%sinu+c
Putting the values of u

I(t+3)cos(t+3)2dt=%sin(t+3)z+c

Exercise 5.2

Substituting values of u and dU in given integral

I 4sec? 4xdx:4j sec? 4x dx
du

j 4sec? 4xdx:4'|'T

j 4sec? 4xdx:%jdu

j 4sec’Axdx=u+c
Putting the values of u
I 4sec® 4xdx =tan(4x)+C

Q2. Evaluate the following indefinite integrals by
method of substitution:

a). I tan 2xsec 2x dx

Sol: Given I tan 2xsec 2x dx

Let U=SeC2X Differentiating w. r. t “x”
Lu=Lsec2x

4y =sec2xtan2x L (2x)

du =2sec2xtan2x

au_ sec2xtan 2x

Substituting values of uand dUin given integral

d
I tan 2xsec2xdx = J'7u
J' tan 2xsec2xdx = %J'du

j tan 2xsec2xdx=%u +C
Putting the values of u

j tan 2xsec2xdx = %sec 2x+C

b). J 4sec’® 4x dx

Sol: Given J 4sec? 4x dx

Let U=tan4X Differentiating w. r. t “x”
Ly =2Ltan4x

%u:sec( )dx(4x)
Su=4sec’(4x)
L u=4sec’(4x)
@ = sec? (4x)dx

d
dxx

o). f tan xsec? x dx

Sol: Given j tan xsec? x dx

Let U =tan X Differentiating w. r. t “x”
dyy—d

Ly=Ltanx

d ] —cpp2 y 0

Ly =sec” xLx

u 2
—=Sec” X
X

du =sec’® x dx

Substituting values of u and dU in given integral

tan xsec? xdx = | udu
J ]

2
'[ tan x sec? xdx=u?+C

1
f tan xsec® xdx = Euz +C
Putting the values of u

I tan xsec? xdx = %(tan x)2 +C

1
I tan x sec? xdx=§tan2 Xx+C

d. | (tan3x+sec3x)dx
Sol: Given I (tan 3x +sec3x)dx

j (tan 3x+sec3x)dx ='|'tan 3x dx+jsec3x dx

j (tan3x+sec3x)dx =1, +1,

Where | =jtan 3x dx and I, =_|'sec3x dx

Take I, :J'tan3x dx
sin 3x

| =
! J.cos3x

Let U=C0S3X Differentiating w. r. t “x”
4 u=2cos3x

Lu=-sin3x<(3x)

4y =—sm3x(3% )

dx

d_u =-3sin 3x
dx
d_u =sin3x dx
-3
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Substituting values of uand dUin the integral l,

sin 3x .
I, = dx = sm 3xdx
! IcosSx J.
I1:J-S|n3xd _ 1 du
Cc0s 3x u 3
fSIn3X — d—uz_—lln|u|+C1
Cc0s 3x u 3
|1=I3m3x dx _—In|u*1|+C _—In 1 +C,
€c0s 3X 3 |u
Putting the values of u
I1:ISIn3X dx:lln 1 +C,
Cc0s 3Xx 3 |cos3x
1= [ 222X gx = Zinjsecax|+C,
Cc0s 3X 3
Now to solve integral |,
sec 3x + tan 3x
) =Ise03x dx=_[sec3x( il )
sec 3x + tan 3x
sec? 3x +sec3x tan 3x

= |sec3x dx =
2 I J sec3x + tan 3x

Let U =5eCc3X+ tan 3X Differentiating w. r. t “x”
—d d
L u=2sec3x+Itan 3x
2
$u =sec3xtan 3x&(3x)+sec’ 3x & (3x)

9 u =3sec3xtan 3x + 3sec’ 3x

du _ 3(sec 3x tan 3x + sec? 3x)
dx

- (sec 3x tan 3x + sec? 3x) dx

Substituting values of u and dU in given integral

2
, =ISec3x dX:J-sec 3x +sec3x tan 3x dx
sec3x + tan 3x

1du

J'sec3x dx = .[

:_[sec3x dx:— d_u
3 u

= _[sec3x dx = % Inju|+C,
Putting the values of u
1
= Isec3x dx = 3 In|sec3x + tan 3x|+C,

Therefore the given integral will be
I (tan 3x+se03x)dx:Jtan 3x dx+Jse03x dx

'[ (tan3x+sec3x)dx = £ |sec3x|+C, L lsec3x +tan3x|+C,
3 3

I (tan3x+sec3x)dx :%In |sec3x| +%In |sec3x+tan3x|+C, +C,

tan 3x +sec3x dx:lln sec 3X +1In sec3x +tan3x|+C
3 3

where C=C, +C,

2
e)' J' COS™ X dx
coseex
2
. COS™ X .
Sol: Given I dx =.[ cos? xsin xdx
coseex
Let u=cos x Differentiating w. r. t “x”
&U =KCOSX

d | — i d
Lyu=-sinxLx

— =-sinX
dx
—du =sin x dx
Substituting values of u and dU in given integral
2
Cos® X )
I dx::j cos? xsin xdx
COos eex
2
cos® X
j dx::j u?(—du)
cos eex
2
cos® X
j dx==—ju2du
cos eex
2 2+1
CoS“ X u
I dx =-— +C
coseex 2+1
2 3
CoS“ X u
I dx=——+C
coseex 3
2
CoS” X 1
I dx=-=u’+C
coseex 3
Putting the values of u
2
CoSs” X 1
j dx=-=cos®x+C
COS eex
¢ cot/x
). j d
Jx
Sol: Given [ COLY/X
Jx

Let u=+/X= X%
Differentiating w. r. t

ll ”

d —d
wld=xX
dy_1y31ld
wU=2X X
din_1v?
wU=3X’
du_ 1
dx 2xt
2du:%
Ix

Substituting values of u and dU in given integral

J' COt\/_dX J‘ COt\/_ dx

Ix
I COt\/—dx J' cotu (2du)
cotyﬁz cosu du
dx =2 L4
I Jx X J sinu
I COt\/_dx=2In|sinu|+C %=In|x|
X

Putting the values of u

.[ cot+/x
7

dx=2m%mJﬂ+C

SIN X —CO0S X
g ] STACSK
SIN X+ COS X
. SIN X —COS X
Sol: Given j ————dx
SIN X+ COS X

Let U=COSX+SINX Differentiating w. r. t “x”
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d _d d o1
Ly=Lcosx+Lsinx

d _ H d d
Ly=-sinx<Lx+cosxLx
L u=-sinX+CosX

du .

— =—(sinx—cosx)

dx

—du = (sin x—cos x) dx

Substituting values of u and du in given integral

Sin X — oS X —du
I_—dX: —

Sin X 4+ €0os X u

sin X —Cos X du
J-_—dX:— —

Sin X+ Cos X u

sin X —Ccos X
j_—dx:—ln|u|+C

Sin X+ €os x

Putting the values of u

sin X —cos X }
I ——————dx=-Insinx+cosx|+C

_I 4sec’ 0d O
x? +16 (4tan9)” +16

_J~ 4sec’ 0dO
x? +16 16tan29+16

=
J 2
[ sec? 0d¢
&
e

NG +16 16 tan? 0 +1

sec” «29d9 stan*@+1=sec’ @
x+16 4 sec” @

do S A4tan @ =X
x+16 4
[2 Lgic =tanf=>
X“+16 4 4

Putting the values of &

I dx :ltan (X)+C zeztanl(iJ
x2+16 4 4 4

Sin X +Cos X
sin x
SRR Lo
3+2c0s X
sin X
Sol: Given I — dx
3+2c0s X

Let U=3+2C0S X Differentiating w. r. t “x”
dyy_ d d
wU=53+25C0SX

Lu=0+2(-sinx)Lx

d_u =-2sin X
dx
d_u =sin x dx

Substituting values of u and du in given integral

I sin x _ -1 1 sin x dx
3+2c0s X 2 Y 3+2cosxX 1
sin X -1 ¢du
j—dx= =
3+2c0os X 27U
J- sin x q :—_1 d_u
3+2c0s X 27U
j ﬂdx:_—lln|u|+c
3+2c0s X 2
Putting the values of u
sin x -1
j ————dx=—In[3+2cosx|+C
3+2c0s X 2

sin x
cos” x+1
sin X
Sol: Given I z—dX
cos” x+1

Let COS X =tan @ Differentiatingwrt 6
Scosx=2tand
Lcosx & =sec’ 0L 0

—sin xg—z =sec’ @

sinx dx =—sec’ #d@

Putting values of cos xand Sin XdX in the integral

H _ 2
j SInX dx:jw.'.tanzeﬂzsecze

cos® x+1 tan® @ +1
H 2
j %dx=—jw c.tan @ =cos x
cos” x+1 sec” @
sin X
——— dx=-|dé@ 6 =tan*(cos x
I cos® x+1 I ( )
[ S —dx=-6+C
cos” x+1
Putting the values of €
sin X
I ———dx=—tan™(cosx)+C
cos® X +1

Q3. Use substitution and table to evaluate the
following indefinite integrals

dx
a) I x* +16
Sol: Given I d
' x* +16

Let X =4tan @ Differentiatingwrt &
Lx=4Ltan6

ox — =4sec’ 0L 0
do

dx = 4sec® 0d6
Substituting values of xand 0Xin given integral

J' dx
° \5-2x2
Sol: Given I L
\5-2x?
Let X = \/gsin @ Differentiatingw rt @

d 5d .
—X=,|——5In@
deo 2do

%:\/Ecosé’i@
dée 2 do
dx:\/gcosedé?

Substituting values of x and 0Xin given integral
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I dx ; 2 cosado
V5-2x¢ \/5—2(\/§sin6')2
\/7.[ cosede
\/5 2x? J5-2(3)sin? 0
cosfde .
m fjm s.sin?0+cos?0=1
cos@do .
\/57 \[I \/_m:coszezl—smza

cosgdo 0do

\/5 2x° \/cosze
\/7 cos6de
1/5 2%2 cos@
do
= H

I\/5 % J_

Putting the values of 6

dx 1 ., (2
J oo =™ [@}C

d) J‘ dx

Sol: Given
f —

Let e* = ZSeCH, Differentiatingwrt &

d aX dx — 9 d
€ 5 =24;5eco

e* L x&=2secHtand L 6

e* & =2sectan & c.e¥=2secd
23ec¢9d—=ZSec0tam9
de
= zseClgtané’dé'
2secd
dx =tan@d @
Substituting values of xand dXin given integral
f dx :I tan 0do sec’d=tan’0-1
\/e2X 4 \/4sec26?—4
I _[ tan 0do sec’d—-1=tan’@
\/sec 0—
J‘ __Itan 6dao
\/e2x Jtan? @
J- X _lj-tanede - 2secH = e
Je—a 27 tané B
j L=1J‘d¢9 secO ="
[e2x_4 2 2

J'L:19+C o=sec?| &
x_4q4 2 2

Putting the values of @

[ Ji——sec (exjm

o) I 2X+5
' X +4x+5
Sol: Given J- 22)(—+5 dx
X +4x+5
I 2x+4+1 _I( 2X+ 4 1 ]dx
x> +4x+5 x> +4x+5 X?+4x+5
2x+4+1 2X+4 1
f L ‘J +.[2—
X°+4x+5 X2 +4x+5 X +4x+5
2X+4+1
I ————dx=1,+1, Where
X°+4x+5
_I 2x+4 dx & IZZJ‘Q;dX
X* +4X+5 X" +4X+5
First to solve the integral |,
| :J‘22X—+4dx
X°+4x+5

Let U = X? +4x+5 Differentiating w. r. t “x”
df— d d

au_ax +45X+55
Lyu=2xLx+4+0

du_2x+4
dx

du = (2x+4)dx
Substituting values of uand du in the integral I,
2X+4 du

Ilzjz—dx: =Inju|+C,
X +4X+5 u
Putting the values of x
2X+4
Ilzj'z—dx:ln‘x2+4x+5‘+cl
X +4X+5
Now to solve the integral |,
1 1

Y P N PR
2 Ix2+4x+5 X% +4x+4+1
1

:J' . 1 . dX:J'—Z
x*+2(x)(2)+(2)" +1 (x+2)"+1
Let X+ 2 =tan @ Differentiatingw rt &
Lx+&2=Ltano
Lx+0=sec’9L 0

ax =sec’ 0

dx

dx =sec’0do

Substituting values of x and 0Xin given integral

Izz_[ 5 L dx=_[ 12 dx
X“+4x+5 (x+2) +1
2
I2=J' 5 L dx:jseczede ~tan*@+1=sec’ 0
X“+4X+5 tan“@+1
1 sec’ 0 d@
I, = dx =
2 -[x2+4x+5 -[ sec? @
1
I, = dx=|dé& stanfd=x+2
2 J.x2+4x+5 -[
1
I, = dx=6+C f=tan(x+2
? J’x2+4x+5 ? (x+2)

Putting the values of &
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1
l,=|———dx=tan™(x+2)+C
? Ix2+4x+5 (x+2)+C,
Putting the solutions of the integrals |, & I,

dexz| 4

X2 +4x+5 v

jwdxﬂﬂxz+4x+5|+Cl+tan’1(x+2)+C2
X +4X+5

jwdxﬂnhz+4x+5|+tan‘1(x+2)+Cl+Cz
X“+4x+5

jwdx=ln|x2+4x+5|+tan’l(x+2)+C
X°+4X+5

where C=C +C,

\/4 2x — x?

Sol: Given f 2+X

V4 —2x— x
1+1+x 1+x
dx = dx + d
'[\/4—2x—x '[\/4 2X —x? '[\/4 2X — X2
J‘de =l, + 1, where
V4—2x—x?
1+X

1
Ilzfmdx & 1, =[——

First to solve the integral |,
=[x | ]
NJA—2x—x? Ja+1-1-2x—x?
1 1
L = | ————dx = dx
' J.\/4—2X—X2 I\/S—(l+2x+x2)

NA=2x—x?

dx

1 1
|, = | ——dX = | ———=—=dXx
S el by sy
Let 1+ X —\/gsinﬁ Differentiatingw rt @
L1+ L x= \/_ sind

0+@:\/§cos¢9§—g¢9

dx =/5cos0do
Putting the values of 1+ Xand dXin the integral l,

1 1
' I«/4—ZX—X2 I1/5—(1+x 2
B cosodo

I_IV"' 2x—x* . J\/S \/_sme

I_J- d_J-\/—cosede
J4—2x—x? \/5 5sin?
I:J' J- 500349d6?
' \/4—2x—x \/_\/1 sin?
| ZI;dXZIM
' NA—2x—x? \J1-sin? @
| :.[ 1 q :J-costH
b a- 2x X Jcos? 6

cos@dé

J\/4 2% — X2 =] cos 6

.'.\/gsin9:1+x

x

1 . 1+x
L =[——=— dx={do sing==—"2
' I\/4—2x—x2 j 5

1 . 1+x
l,=| ——=dx=6+C 9:s|n‘l(—j
' I\/4—2x—x2 ' 5

Putting the values of 6

I —J.;dx—sin‘l(“—x]+c
e 5 '
Now to solve the integral 1,

:j 1+Xx

JA—=2x—x?

Let U=4—-2X—X° Differentiating w. r. t
dy=44-24x_dy?
Luy=0-2-2x<Lx

5 ox

dx

du

—=-2(1+x

a4 = 2(+x)

du

ll ”

=(1+x)dx

Substituting values of u and dU in given integral
IZZI 1+ X dx _J' 1 du
V4 —-2x—x*
1+ X e ]
l,=|—————dx=—|u?du
J‘\/4—2x—x2 2 I
S+
| :J- 1+x —1u +C,
J4—2x—x? 2 F+1
I _J- 1+X —1£
V4 —2x—x? 2 3
1+x
L= [——2EX 4= —Ju+C
? '|‘\/4—2x—x2 ?
Putting the values of u

1+x
I, = dx =—/4-2x—x*+C
’ J\/4 2X — X? ’

Putting the solutions of the integrals |, & I,

+C,

dexﬂ 1

\V4—2x—x? Y

_[&dx:sin‘ (i}LC —J4-2x-x* +C,
NA=2x—x? J5

j%dx =sin™ (%j—xM—Zx—xz +C,+C,
I%dx:sin‘ (%J—\M—Zx—xz +C
V4—-2x—x

where C=C +C,

XN7x* -5
Sol: Given J- L
' X\ 7x* =5

Let X = \ECOS ecd Differentiatingwrt 0

d 5d
—X=,|——cosecd
do 7do
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dx _ \/7 cosecd cot Hi o
d& 7 do

dx = —ﬁ cosecdcotod o

Substituting values of xand 0Xin given integral

J_ dx J. —J% cosced cot 0d9
xJ7x? -5 NG coscee\/7 NG cosce@
J’ - J' cot 9d9 .cosce’d =cot?0+1
xJ7x \/7 5cosce’d)-5
cotédo 2 2
—_ cosce‘d—-1=cot“ @
I XJ7X J\/5cosce29—5
J. J- cotodo
x\/7x 5 V57 Jeosce?0-1
cotgdo 5
2 cosced = X
J x\/7x I V57 Jeot? 6 4
cotédo \/?
J‘ J‘ cosced =, |—X
x\/7x cotd 5
J‘ dx :‘_J‘dg 0= cosec{\/zX]
2_ 5
——0+C
J.x\/7x \/_

Putting the values of 6

o )

Exercise 5.3

Exercise 5.3

Rules for Partial Fractions

‘Par‘ﬁal Fraction:‘

If we spilt a single rational fraction into two or more
rational fraction with simpler denominator, this
procedure of splitting is called partial fraction.
IDecomposition of rational fraction into Partial fraction:]

The decomposition of rational fraction %

Na>

into partial fraction as follows

1). If possible then Factorize the Q(x).
When Q(x) has non repeated linear factors
X A B
= +
(x+a)(x+b) x+a x+b
When Q(x) has repeated linear factors.
Bx — Ai + AZ oot L

(x+a)" (x+a) (x+a)’ (x+a)"

When Q(x) has non repeated

irreducible quadratic factors.
Bx+C Ax+B

(ax2+bx+c)(dx +ex+f) (ax +bx+c)

N Cx+D
(dx2 +ex+ f)

When Q(x) has repeated irreducible quadratic factors.

Ax+B B AX+ B, N A X+ B,

Q1. Decomposing the following rational functions
into partial fractions:
1

x(x—3)
1
x(x—3)
Given fraction is proper and has two linear factors, so

1 A B
m=;+x—_3 .................. (1)

Multiply each term by X(X—3) we have

a).

Sol: Given

x(x—3) —x(x—3)§+x(x—3)%

(X 3)
1= A(x—3)+ Bx
1= Ax—3A+ Bx

1= Ax+Bx-3A
1=(A+B)x-3A
Comparing the coefficients of x and constant
-3A=1 A+B=0
A:% %+B:O
B=1
Putting the values of A and B in equation(1) we get
13,3
— N W Nl |
x(x-1) x x-1
1 -1 1

x(x—1)  3x  3(x-1)
Now integrating

(ax2 +bx+c)n -
A X+ B,

+-..+—
(ax2+bx+c)n

(ax2 + bx+c)l (ax2 +bx+c)2

1 —l 1
— = _dx= Zdx+=| —dx
j (x 1) I 3 x—1
1 -1 1
———dx=—1In =In(x-1)+c
Ix(x—l) X 3 x+3 (x-1)+
J‘;d :1|nx_1+c
x(x—1) 3 X
b) 32 +2x-1
' X(x+1)
o 3x%+2x-1
Sol:GwenW
X
3x?+2x—1 3x®*+3x—x-1
x(x+1) - x(x+1)
3x?+2x—-1  3x(x+1)-1(x+1)
x(x+1) x(x+1)
3x*+2x-1  (3x—-1)(x+1)
x(x+1)  x(x+1)
3x?+2x—-1 3x-1
x(x+1) X
3x?+2x-1 3x 1
X(x+1) X X
3x2+2x—1_3_£
x(x+1) - X

Now integrating
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J- 3X2+2X—1dX:J‘ (3_%jdx

x(x+1)
2
j de:Bx—lnx+c
Xx(x+1)
. 43 +4x% +x—1
' xz(x+1)2
A +AX +x-1
Sol: Given >
x* (x+1)
fraction is proper & has two linear repeating factors,
4 +4x*°+x-1 A B C D
— =—+—+——+ e (1)
x* (x+1) X X7 x+1 (x+1)
. 2 2
Multiply each term by X (X-l—l) we have
3 2
xz(x+1)2w+):_1=xz(x+l)2Aerz(x+1)ZE2
x* (x+1) X X
C 2
X2 (x+1) ==+ x?(x+1
A% +4x% +x—1= AX(x+1)" +B(x+1)
+CX* (X +1)+ DX’ (2)

4% +4x° +x-1= Ax(x2 +2x+1)+ B(x2 +2x+1)
+C(x3+x2)+Dx2

4 +4x° +x—1= A(x3+2x2 +x)+ B(x2 +2x+1)
+C(x3+x2)+ Dx?

4% +4x% + x—1= AX® + 2AX* + Ax+ Bx* + 2Bx + B

+Cx* +Cx? + Dx?
Rearranging

A% +4x% +x-1= Ax* +Cx°
+2AX* + Bx® + Cx* + Dx* + Ax+ 2Bx + B
4%° +4x* +x-1=(A+C)x°
+(2A+B+C+D)x*+(A+2B)x+B

Comparing the coefficients
coefficients of x

A+2B=1
Constant A+2(-1)=1
B=-1 A-2=1
A=1+2
A=3

coefficients of x?

coefficients of x*®  2A+B+C+D=4

A+C=4 2(3)+(—1)+1+D=4
3+C =4 6-1+1+D=4
C=4-3 6+D=4
c=1 D=4-6

D=-2

Putting values of A,B,C and D in equation (1) we get

AC+4x°+x-1_3 -1 1 L2
x(x+1)"  x X' x+1 (x+1)’
A +4x%+x-1 3 1 1 2

2 2 VN 2
x* (x+1) X x° x+1 (x+1)

453 +4x% +x-1 dx ¢ . dx 2
I—xz(x+1)2 dx:SJ‘Y—J‘xzdx+jX—Jr1—2J‘(x+l) dx

3 2
'[—4)( XX 1dx:3|nx+l+ln(x+1)+il+c

xz(x+1)2 X X+
1
d). _
x’ =1
Sol: Given 1 :#
x*-1 x*-1°
1 1

-1 (x=1)(x* +x+1)
Given fraction is proper and has two factors, one is

linear other is quadratic factor, so

1 A Bx+C
X3 _1: -+ S rereeeeeeeaeas (1)

Multiply each term by x® —1 we have

1 A Bx+C
e i L b S e vy
1= A(X* +X+1)+(BX+C)(X=1)crrrrrrrrrre (2)

Put X=1 in equation (2) we get

1= A(1 +1+1)+(B.1+C)(1-1)
1=A(1+1+1)+(B+C)(0)

1=3A =A=1

Taking equation (2)

1= Ax® + AXx+ A+ Bx* —Bx+Cx—-C
1= Ax* + Bx*+ Ax—Bx+Cx+ A-C
1=(A+B)x*+(A-B+C)x+A-C
Comparing the coefficients

constant coefficients of x>
A-C=1 A+B=0
1-1=C _-1
C==% 3
Putting values of A,B and C in equation (1) we get
1 i Lx+2
__3 3 3
X*-1 x-1 x*+x+1
1 1 N —-X-2
X*~1 3(x-1) 3(x*+x+1)
1 1 —(x+2)
34 t e
x*-1 3(x-1) 3(x +x+1)
1 1 X+2

x3—1:3(x—1)_3(x2+x+1)
Now integrating
.[ dx 1pdx 1 ,[Z(X+2)dx

-1 39%x-1 3x2) xX2+x+1
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J~ dx _In(x—l)_lj-(2x+1+3)dx
-1 3 6 x2+x+1
J- dx _ In(x-1) 1J-(2x+1)dx

-1 3 67 xP+x+1

3dx
_'[x +2(x)(2)+(3) +1-(3)
dx _In(x—l)
-[xs—l_ 3

—gln(x2 +x+1)

dx 1, (x-1) 1
Ixs——féln x2+x+1_6(£)2

2
J'_SX s (Zx—l) 1 X
-1 6 x+x+1 6(3)%

2

[ =1|nﬂ_ﬁtan—l(x+%j

-1 6 x*+x+1 3 5
x'—x*+2
) x*(x-1)
Sol: Given X' -x'+2 § i
x*(x-1) x> —x?
Given fraction is an improper, so we have to divide it
X+1
— x2> X —x? 42
+x* Fx3
x3—x> 42
+x3F x?

2

Therefore the given improper fraction can be written as
the sum of polynomials and proper fraction

X" —x*+2 2

——— =X+l 1
x* (x-1) X +x2(x—l) ©

Take ﬁ which is proper, so we

decompose into partial fractions according to
factors of denominator

2 A B C
S (2)
x*(x-1) x x* x-1

Multiply each term by X’ (X—l) we have
2
-1)—————

+x% (x— 1)—+x2(x 1) "

= x"‘(x—l)A

1
2=Ax(x—-1)+ B(x—1)+Cx

2=A(X*—x)+B(x-1)+Cx?
2= Ax* — Ax+Bx—-B+Cx’
2=Ax*+Cx*+Bx—Ax—B
2=(A+C)x*+(B—-A)x-B

Khalid Mehmood Lect: GDC Shah Essa Bilot
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Comparing the coefficients
coefficients of x coefficients of X2

Constant e A+C =0
B-A=0
—B=2 C=-A
B__2 B=A
B A=-2 C=-(-2)
CcC=2

Putting values of A,B and C in equation (2) we get
2 _=2. =2 2
x*(x-1) x x* x-1
2 2 2 2
x? (x—1) X x* x-1
Therefore equation (1) becomes
Xt —x2+2 2 2 2
— = X+tl-————+—
x* (x—1) x x* x-1
Now Integrating

4 2
P o= [ xo1-2- 2+Ljdx
(x-1) x X x-1

—dex+Idx 2f——2jx‘2d X+2| —

2
J.XXZ_(TX_Z)ZdX:X?+x—2In(x)+§+2ln(x—l)+c

Available at http://www.MathCity.org

Q2. Evaluate the following indefinite integrals
through partial fractions de-composition:

Sol: Given j For decomposition of the

x? -1

fraction into partial fractions Take fraction only
which is in the given integral
11
x2—1 x2—1°
il 1
x2—1 (x+1)(x—1)
Fraction is proper and has two linear factors, so

1 A B
1 s (1)

Multiply each term by x* —1 we have

1 A B
(X2 _1)—)(2 1 = (X2 —1)m+(xz —1)XT
1= A(x=1)+B(x+1).......(2)
Put X =1 in equation (2) we get
1= A(1—1)+ B(1+1)
1= A(O)+ B(Z)
1=2B =B=3
Put X =—1 in equation (2) we get
1= A(—1—1)+ B(—1+1)
1= A(—2)+ B(O)
1=-2A = A=
Putting the values of A and B in equation(1) we get
1 _ 3.1
xX*-1 x+1 x-1
1 -1 N 1
x*=1 2(x+1) 2(x-1)
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Substituting partial fraction into the given integral
I—Zl dx=_—1'|.—1 dx+1 L dx du

x“ =1 2 7 x+1 27 x-1
I%dx:jln|x+u+lln|x—l|+c

x° -1 2 2

1 1
J‘ﬁdx=5{—ln|x+ﬂ+ln|x—ﬂ}+c

ekl
4ol

y;—d:—mX1+c

X -1 2 [x+1
3X+5

b). ———dx

) J‘ x> +2x—3

Sol: Given I —23X+5 dx
X“+2x-3

For decomposition of the fraction into partial fractions
Take fraction only which is in the given integral

3Xx+5 3X+5

x> +2x-3 x> +3x—1x-3
3Xx+5 3X+5

X2 +2X-3 X(x+3)-1(x+3)
3x+5  3x+5

X2 +2x-3 (x=1)(x+3)

Fraction is proper and has two linear factors, so
3X+5 _ A N B
X*+2x-3 x-1 x+3
Multiply each term by x* +2x—3 we have

(x2+2x—3)23X—+5=(x2+2x—3)—
X“+2x-3 x-1
+(x2+2x—3)i
X+3
3x+5=A(X+3)+B(X—1)iirrrrrrueines (2)

Put X =1 in equation (2) we get
3(1)+5= A(1+3)+B(1-1)
3+5=A(4)+B(0)

8=4A

A=8=2

4
Put X =—3 in equation (2) we get
3(-3)+5=A(-3+3)+B(-3-1)
—-9+5=A(0)+B(-4)
-4=-4B =B=1
Putting the values of A and B in equation(1) we get
3x+5 2 1
2 = +
X“+2x-3 x-1 x+3
Substituting partial fraction into the given integral
I23X—+5 X= 2] dx+j dx
X +2x-3 x—-1 X+3
3X+5

I > dx 2In|x-1+In|x+3[+C
X" +2X—
3X+5
jx2+2x 3 In‘(x—1)2‘+ln|x+3|+C
3Xx+5 2
J g = In|(x+3)(x-1)’|+C

C). J' L_?’dx
2x%2 —x-1
Sol: Given j —X 3 dx
2x%2 —x-1

For decomposition of the fraction into partial fractions
Take fraction only which is in the given integral

-X-3 -X-3
2x2—x—-1 2x*—-2x+x-1

-X-3 -X-3
2% —x—1 2x(x-1)+1(x-1)
-X-3 -X-3

2x> —x-1 (2x+1)(x-1)
Fraction is proper and has two linear factors, so
—X-3 A B
- = s (1)
2x°—x-1 2x+1 x-1
Multiply each term by 2x* —x—1 we have

—X-3 A
(2 x ) e = (x5

B

x—1
—X—3=A(X=1)+B(2X+1).ccccerrrrrrrrnn. (2)
Put X=1 in equation (2) we get
-1-3=A(1-1)+B(2(1)+1)
—4=A(0)+B(2+1)

-4=0+3B =>B==

Put X ==t in equation (2) we get

-(3)-3- A(F-D)+B(2(2)+1)

+(2x2 —x—l)

2==2A = A=2
Putting the values of A and B in equation(1) we get
—-X—-3 5 =4
-—_3 .3
2
2x°—x-1 2x+1 x-1
-X-3 5 N —4
2x?—x-1 3(2x+1) 3(x-1)
—x-3 5 4
2x* —x—1 3(2x+1) 3(x-1)
Substituting partial fraction into the given integral

I_ZX—_:ng:§I 1 dx_ﬂ idx
2X°—x-1 2X+1 37 x-1

—X—-3 5 2 | 4 1 |
-[sz—x—l X:3><2-[2x+1 X_§jx—1 X

J.ZX_ZX—_?’ldx=§In|2x+]J—iln|x—1|+C

—X

Iz—dx_ln —1In
2X
J- —-X—3 (2X+1) +C
2x% —x-1 (x— 1)
x? -1
d). — = = dx
) j x? —2x-15
2_
Sol: Given J. Zx—ldx
X°—2x-15
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For decomposition of fraction into partial fractions Take
x* -1
x* —2x-15
Fraction is an improper, so we have to divide it
1

x2—2x—15i NG -1
+x?> F2xx15
2x+14

Therefore the given improper fraction can be written as
the sum of polynomials and proper fraction

x*—1 2x +14

=l 1

X’ —2x—-15 x* —2x-15 ®

Take _ 2X+14

x? —2x—15

decompose into partial fractions according to
factors of denominator

fraction only which is in given integral

which is proper, so we

2x+14 2x+14

x> —2x—-15 x?—5x+3x—15
2x+14 2x+14

x? —2x—-15 x(x—5)+3(x-5)
2x+14  2x+14

x? —2x-15 (x+3)(x-5)
Fraction is proper and has two linear factors, so

2x+14 A B

T Hye 88 n (2)
X°—2x-15 x+3 x-5
Multiply each term by x> —2x—15 we have
(x—2x-15) 22X _ (42 oy 15) A

X —2x-15 X+3
B
2_2x-15
+(x X )x—5

2X+14=A(X—=5)+B(X+3) i (3)
Put X =5 in equation (3) we get
2(5)+14=A(5-5)+B(5+3)
10+14 = A(0)+B(8)
24=0+8B
8B =24 =B=%2=3
Put X =—3 in equation (3) we get
2(-3)+14=A(-3-5)+B(—3+3)
—6+14=A(-8)+B(0)
8=-8A+0
—-8A=8 =>A=L£=-1
Putting the values of A and B in equation (2) we get

2x+14 -1 N 3

x?—2x-15 Xx+3 x-5
Putting into equation (1)
x> -1 -1 3
> =1+ +
X®—2x-15 Xx+3 x-5
x> -1 1 3
> =1- +
X®—2x-15 X+3 X-5
Substituting partial fraction into the given integral

2
j—x i(2x T = [ax- j—dx+3 de

x*—1
I—dx x—In|x+3+3In|x-5/+C
X°—2x-15

x> -1 3
J.mdx=x—ln|x+3|+ln‘(x—5) ‘+C
(x-5)’

X+3

2

IX—_ldx=x+In

> +C
X°—2x-15

2

X
e). dx
'[ (x+1)3

2

dx

SoI:GivenI (x+1)3

For decomposition of fraction into partial fractions Take
2

fraction only which is in given integral

3
(x+1)
Fraction is proper and has linear repeating factors, so
X2 A B C
3 + 3
(x+1)" x+1 (x+1) X+1)

3
Multiply each term by (X+1) we have

A
1)° = 1)°
(x+1) (x+1) 1

B 3
(x+1) (x+1) (x+1)°

x? = A(x+1)" +B(x+1)+C

X* = A(x2+2x+1)+ B(x+1)+C
X = AX* +2Ax+ A+Bx+B+C
X = AX* +2Ax+Bx+ A+B+C
x> = Ax* +(2A+B)x+A+B+C

Comparing the coefficients

(x+1)3

+(x+1)3

constant
A+B+C=0
(1)+(-2)+C=0

coefficients of x*
A=1
coefficients of x
2A+B=0 1-2+C=0
2(1)+B=0 -1+C=0
B=-2 c=1
Putting the values of A and B in equation (1) we get
x? 1 -2 1
3 + 7+ 3
(x+1) X+1 (x+1)" (x+1)
x? 1 2 1
3 - z T 3
(x+1) Xx+1 (x+1)" (x+1)
Substituting partial fraction into the given integral

LS S e |1 ax
(x+1) X+1 x+1 (x+1)
—dx 2 x+172dx+ x+1)" dx
Im -l ) des [(x+1)
2 —2+1 -3+1
f dx=In|x+1 - 2(X+1) +(X+1) +C
(x+1) -2+1 -3+1
2 -2
I dx=In|x+1 - 2(X+1) +(X+1) +C
(x+1) -1 -2
X2 2 1
dx=In|x+1+ - +C
I(x+1)3 x4 (x+1) 2(x+1)°
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X

'[ (x+1)(x* +1)

f). dx

X
X
(x +1)(x +1)

For decomposition of fraction into partial fractions Take
X
(x+1)(x2 +1)
Fraction is proper and has one linear factor and

other quadratic factor, so

Sol: Given I

fraction only which is in given integral

X _ A +Bx+C (1)
(x+1)(x2+1) X+1  xZ4q
Multiply each term by (X+1)(X +1) we have

X A
(X+1)(X2+1)(x+1 (x2+1) (x+1)(x +1)x+1
5 Bx+C

+(x+1)(x +1) ]

x:A(x2+1)+(Bx+C)(x+1) ........................ (2)

X=Ax?+A+Bx?*+Bx+Cx+C

X = Ax*+ Bx® + BXx+Cx+ A+C

=(A+B)X*+(B+C)X+A+Cuocvcrriiiriiinnens (3)

Put X=—1 in equation (2) we get

1= A((—1)2 +1)+(B(—1)+c)(—1+1)
—-1=A(1+1)+(-B+C)(0)
~1=A(2)+0 — A==
Comparing the coefficients of equation (3)

constant coefficients of x
A+C=0 B+C=1
C=-A B=1-C
C=~(#)=t  B-l-}-
Putting the values of A,B and C in equation(1) we get
X3 ix+d
(x+1)(x*+1) x+1 x*+1
X -1 X+1

(x+1)(x* +1) B 2(x+l)Jr 2(x*+1)

Substituting partial fraction into the given integral

J‘ e Y _I X+1
(x+1) (x2+1) 2 x+1 X2 +1
[ X gL
(x+1) (x2+1) 2 9 x+1
1 X 1
+E-‘(x2+l+x2+ljdx
X -1
Imdx:?ln|x+ﬂ
1 2X 1 1
+2><2J‘x2+1dx+§jx2+1 X
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X

j(x+1)(x2+1)

dx:%lln|x+]1

Sol: Given I 5
(x2 +1)
For decomposition of fraction into partial fractions Take

x> +2

2
(x*+1)
Fraction is proper and has quadratic repeating factors

X*+2 :Ax+B+Cx+D
(x2+1)2 X*+1 (x2+1)2

2
Multiply each term by (X2 +1) we have

fraction only, which is in given integral

(x2+12 x2+22:(x2 1)2 A>:+B+( 2+1)2 Cx+D2
(x*+1) +1 (x*+1)

X’ +2=(Ax+B)(x*+1)+Cx+D

x> +2=Ax+ Ax+Bx*+B+Cx+D

x> +2=Ax+Bx* + Ax+Cx+B+D

X +2=AC+BX* +(A+C)X+B+ D, (2)

Comparing the coefficients
coefficients of x° coefficients of x?

=} constant
coefficients of x 84D o2
—+ =
A+C=0
1+D=2
0+C=0
C=0 D=2-1
- D=1
Putting values of A,B,C and D in equation(1) we get
xX*+2  0x+1 Ox+1
P 1F AL (1)
(x*+1) (x*+1)
X2 +2 1 1
2 ¥ KAl (w2 1)
(x +1) (x +1)

Substituting partial fraction into the given integral

X2 +2 1 1
'[(x2 +1)2 dx:sz +1dX+I(Xz +1)2 dx
X*+2 . 1
I(Xz +1)2 dx = tan 1(X)+j(x2 +1)2 dX........(1)
1
Take | :J(X2+1>2 dx
Let X=tand :>9=tan‘1(x)
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g—é:secze 2=Ax3—Ax+BXZ—B+C(x3—x2+x—1)
dX=SeC20d0 +D(X3+X2+X+l)

Putting the values

B sec’ do
'[(X +1) - tan249+1]2

| _J-sec 0do
sec’ 9
do
| =
J.secze
I:vfcos2 6do
I:j1+c0329
2

| =%jd9+1|jcos29de

déo

Izlﬁ 1sm2¢9
2 2 2

Putting the value of @
1. 1. _
I :Etan 1(x)+zsm[2tan 1(x)]+C

+C

Putting the value of | in equation (1) we get
'[ X2 +2

Iﬁdx :gtan1(x)+%sin[2tanl(x)]+c

. ¥ ‘n .
dx =tan 1(x)+§tan 1(x)+ZS|n[2tan '(x)]+C

x*+1
-[ x* -1
x*+1
x' -1
Given fraction is an improper, so we have to divide it

1

x* —15 x* +1
+x* X' Fl

2

Therefore the given improper fraction can be written as
the sum of polynomials and proper fraction

x* +1 2
X4_l:1+ T R (1)

Take

h). dx

Sol: Given I dx

which is proper, so we decompose into

partial fractions according to factors of denominator
2 Ax+B C D
=+ +

x*-1 x*+1 x+1 x-1

Multiply each term by x* —1 we have

2 Ax+B
(X4 _1) -1 (X4 _1) x)éil

C D

2=(Ax+B)(x* -1)+C(x* +1)(x~1)
+D(x* +1)(x+1).......(3)

2=Ax*— Ax+Bx*—-B+Cx®-Cx*+Cx—-C
+Dx® + Dx* +Dx+D

2 = AX® + Cx® + Dx® + Bx® + Dx* — Cx?
+Cx—Ax+Dx+D-B-C

2=(A+C+D)x*+(B+D-C)x?
+(C-A+D)x+D-B-C.......... (3)

Put X =1 in equation (2) we get

2=(A@)+B)((1)°-1)+C (@) +1)(1)-1)
+D((1)2 +1)((1)+1)

2=(A+B)(1-1)+C(1+1)(1-1)+ D(1+1)(1+1)

2=(A+B)(0)+C(2)(0)+D(2)(2)

2=0+0+4D
4D =2
p=2_1

4 2

Put X=—1 in equation (2) we get
= (A(-1)+ |3)((—1)2 —1)+c ((—1)2 +
D((-1)" +1)((-2)+1)

2=(-A+B)(1-1)+C(1+1)(-1-1)
+D(1+1)(-1+1)
2=(-A+B)(0)+C(2)(-2)+D(2)(0)
2=0-4C+0
4C=2
2 —1

4 2
Comparing the coefficients of equations (3)

coefficients of x* coefficients of x°

1)((-1)-1)

A+C+D=0 B+D-C=0
1.1 B+1—(_—1]=o
A—E+E:O 2 2
A=0 Bri+loo
2 2

B=-1
Putting values of A,B,C and D in equatlon (2) we get
2 _(0)X+( 1.,
x* -1 x? +1 x+1 X — 1
2 -1 1 1

= - +
x'—1 x*+1 2(x+1) 2(x-1)
Therefore equation (1) becomes

x*+1 2

=l ——— 1
x*—1 x*—1 ( )
x*+1 1 1 1

=1- — +
x* -1 x> +1 2(x+1) 2(x-1)
Substituting partial fraction into the given integral

I); 2 ox _I( x21+1_2(x1+1)+2(xl_1)JdX
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x* +1 1 101 101 1-x2)?™
IX dXZJ.dX_J.XerldX_EJ.X+1dx+§J.X_1dX sin™ x dx:xsin1x+%%+c
Z
IX +1dx x—tan™*(x )—lln|x+ﬂ+%ln|x—q+c

x—-1

dx =x—tan” () —In +C
X+1

J‘X +1

Q3. Use integration by parts to evaluate following
integrals:

a). j xe*dx

Sol: Given I xe*dx

Ixexdx = x.[exdx—J‘%x(J.exdx)dx
jxexdx = Xxe” —Il.exdx

J'xexdx = Xxe* —jexdx

J'xexdx =xe"—-e*+C

Ixexdx =e*(x-1)+C

b). j xsin x dx

Sol: Given J' xsin x dx

Ixsinx dx=xfsin xdx—f%x(]sin xdx)dx
Ixsin X dx=—xcosx—j1.(—cos x) dx
jxsinx dx=—xcosx+fcosxdx

jxsinx dx =—-xcosx+sinx+C

c). I tan™ x dx

Sol: Given I tan™ x dx

jtan’1 X dx :J‘l.tan’l X dx

Itan X dx =tan™ ledx Idtan x(jl.dx)dx

xdx

Itan‘l X dx =xtan™* x—J'1+ 2

jtan‘l x dx =xtan* x—l_[ 2xd>2<
271+ X

J.tan’l X dx =xtan™ x—lln‘1+ x2‘+C
2

d). I sin™* x dx
Sol: Given J. sin~! x dx

Isin’lx dx:jl.sinflx dx

[sin™x dx=sin" x[1. dx— [ (&sin™ x)(J'dx)dx

J.sin’1 x dx = xsin™ x—f

X dx
\/1 X2
—2X

2 e

J.sin*1 x dx = xsin* X+EJ. 1— xz)71 (—2xdx)

.[sin‘1 X dx = xsin™? x+= j

Y
_fsin‘l x dx = xsin™ x+1(1—X)+C
2 3

J'sin’l X dx = xsintx++1—x? +C

e). I xz(x—3)11dx

Sol: Given I XZ(X—B)HdX

I = xz_[(x—S)ll dx—j(%xz)u(x%)“dx)dx
A o
I :éx2 (x-3)" —J‘(ZX){%jdX

1., 2 1 1
I_EX (x-3) —gjx(x—3) dx
1

I :Exz(x—3)lz—%_xj(x—3)12 dx—J%xU(x—3)12 dx)dx}
|=iX2(X—3)12 1 X( _3)12+1 '[(X—3)1MdX]

6 12+1 12+1

Izéxz(x—B)H—l x(x_S) —i'[(x—?,)lgdx]

6 13 13
N 13 13+1
|=1X2(X—3)1z_l X(X—3) _l(X—B) ]+C
12 6 13 13 13+1
M 13 14
Izixz(x—3)12—E X(x—3) _1(x-3) }rC
12 6 13 13 14
1 n 1 131
l=—=x*(x-3) ——=x(x-3) +——(x-3) +C
12X (X ) 78X(X ) 1092(X )
f). j e* cos x dx

Solution: Let | =J. e* cos x dx
I =exjcosxdx—_f(diex)(_[cosxdx)dx
I =e*sin x—J'eXsinxdx

| =e*sinx— [ jsmxdx _[

(_[sm xdx)dx}

| =e*sin x—[—e cosx—J'—e cosxdx]
| =e*sinx+e”" cosx—jexcosxdx+c
| =e*(sinx+cosx)—1+C

| +1 =e*(sinx+cosx)+C

21 =e*(sinx+cosx)+C
X

I :%(sin X+c0sx)+C

g). I (x+sin x)2 dx
Sol: Given j (x+sin x)2 dx

j(x+sin x)” dx = I(xz +sin? X+ 2xsin x)dx
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j(x+sinx)2dx:jx2dx+'[sin2xdx+2J'xsinxdx | zl{_x0052x+ijcoszxdx}
2 2

x* 1-c0s2X . .
= + dx+2[x sinxdx—| <L x{|sinxadx dx} i

2.1 j 9 j Idx (j ) I—%{ xc0252x %s:n;x}JrC

x° 1 cos2x o eX
I=—+I(—— jdx+2[—xcosx—j—cosxdx] .

2 I=%{ x00252x+%5|n22x}+c

| = Idx——jcostdx+2[ xcosx+Icosxdx] 1 1

3 2 | =— Z cost+85|n2x+C
I=X— 1x lSanx+2[ Xcos x+sin x]+C

3 2 2 g2 ). Ilenxdx
I_x3 1, 1sin2x , Din XA C
—3t5% 75 —eXCOSXH2SInX+ SOI:GivenJ- x?In x dx

X3

| = +§x—%sin2x—2xcosx+23in x+C

3

h). I e \1—e* dx

Sol: Given I e\1—e* dx

[erVier dx=[e(1-€") e"dx

=o' f(e %ede—J%e*(J(l—exfe*dx)dx

1

I——ej ) ( X)dx—'[ex(—J'(l—ex)%(—ex)dx)dx

) (l_ex)%ﬂ _I_ex (1—ex )%+1

| =—e

i). I XSin x cos x dx

Sol: Given I Xsin x cos x dx

I xsinxcosxdx:%jx(Zsin xcos x) dx
j xsinxcosxdx=%'|'xsin2xdx

| :%{xjsin 2xdx—_|'%x(_|'sin 2xdx)dx}

|:1 X—cost_ 1—0052xdx
2 42X 42X

j x?Inx dx=1In xsz dx—j&ln X(J-XZ dx)dx

X2+l 1 X2+l

I =Inx - X
2+1 X2+1
I_xlnx 1 dx
3 3
| — x3In x 1x
3 32+1
3 3
| X Inx_lx_+C
3 33
3 3
| X InX—X—+C
3 9

Q4. Integrate the following integrals by parts
integrations through appropriate substitution:
| in(l
J- n xsin ( nx)dx
X
Sol: Given J‘ de

a).

X

Let u=In X, Differentiating w. r.t “x”
Lu=2Inx

fu=1

du=2

Substituting values of u and dU in given integral

RELIGET P PR
< X

I:J'usinudu

I =uIsinudu—_|'(;’—uu(Isinudu)du
I:u(—cosu)—jl(—cosu)du
I=—ucosu+J'cosudu

| =—ucosu+sinu+C
Putting the values of u

| =—Inxcos(Inx)+sin(Inx)+C

b). I [ sin2x In(cos x) |dx

Sol: Given
Let U=COS X, Differentiating w. r. t “x”
du=2Lcosx
u .
— =-sinXx
dx
du = —sin xdx
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Substituting values of u and du in given integral

j [sin 2x In(cosx)]dx:stin x cos x In (cos x ) dx

| = —2_[cos x.In(cos x)(—sin x)dx

| =—2Iu.|nudu

I :—Z{Inujudu jd Inu(judu)du}

| =-2 u—Inu—j—u—du
2 u?

| :—uzlnu+judu

2
u
| =—u?lnu+—+C

Putting the values of u

cos? X

+C

| =—cos® xIn|cos x|+

o). j % sine*dx
Sol: Given I e?*sine*dx

Let U = €%, Differentiating w. r. t “x”

d X

wU=4e

du

e = du =e*dx
dx

Substituting values of u and du in the given
integral

jezx sine*dx :J'eX sine* (e"dx)

jezx sine*dx :Iusin udu

jezx sine*dx :uj'sin udu —j'(;’—uu('[sin u du)du
jezx sine*dx =—ucosu —jl(—cosu)du
Iezxsin e*dx =—ucosu +_[cosu du

Iezxsinexdx:—ucosu +sinu+C
Putting the values of u
Iezx sine*dx =—e* cose* +sine* +C

Q5. rate at which the body eliminates a drug (in
miIIiIiters per hour) is given by
_ 60t Where t is the number of
E R(H= (t+1)% (t+2)
hours since the drug was administered. If
R (0) =0 isthe current drug elimination, how
much of the drug is eliminated during the first hour
after it was administered? The fourth hour, after it
was administered?
Sol: Given i R(t) = *
d (t+1)"(t+2)
Take L
(t +1)2 (t+2)
denominator has linear repeating and linear factor so

6t A B _C
(t+1)2(t+2) t+1 (t+1)2 t+2

using partial fraction Since

Multiply each term by (t +1)2 (t + 2) we get
60t = A(t+1)(t+2)+ B(t+2)+C(t+1)2 ........... (3)

Put t =—1 in equation (3) we obtained

60(-1)= A(-1+1)(-1+2)+B(-1+2)+C (—1+1)2
~60=A(0)(1)+B(1)+C(0)’

—-60=0+ B(1)+0

B=-60
Put t =—2 in equation (3) we obtained

60(-2) = A(-2+1)(-2+2)+B(-2+2)+C(-2+1)’
~120 = A(-1)(0)+B(0)+C(-1)’
~120=0+0+C

C=-120
Choose t=0 &using B=-60 & C=-120 in (3)

60(0) = A(0+1)(0+2)+(-60)(0+2)+(~120)(0+1)’
0=A(1)(2)-60(2)-120(1)

0=2A-120-120
0=2A-240
2A =240 = A= 230 =120
Putting the value of A,B and C in equation (2)
60t 120 —60 N -120
(t+17(t+2) t+l (t+1)2 t+2
60t 120 60 120

(t+1)°(t+2) t+1 (t+1)] t+2
Therefore equation (1) becomes
d 60t
SR -
dt (t+1)"(t+2)
d 120 60 120
= PY t+1 -
(t+1)" t+2

dR(t):{uo_ 60 _120}0It

t+1 (t+l)2 t+2

Now integrating both sides

IdR<t>=I{iii—(£‘iy—Si‘i}dt

R(t 120J.—dt 60 dt —120 —dt
(t+1)

( +1) —2+1
R(t)=120In]t+1-60—"——-120In[t+2|+C
R(t)=120In|t +1]-1201Int+2| 60(”? e

t+1 60
R(t)=1201 Cooeeeer, 4
() Hre +2 +1 ( )
When R(O)=0
0=R(0)=120In| 2+, OO
0+2 O+1

0=120In|= +@+C

2| 1

0=120(-0.6931)+60+C
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Chapter 5
0=-83.18+60+C N — SOI dt
0=-23.18+C 1+t )
C=23.18
Therefore equation (4) becomes N = SOI 1+t tht
_ t+1| 60 52+
R(t)=120In ot 2318 N=50(1+t ) c
Drug is eliminated during the first houri.e., t =1 -2+1
1+l 60 2
R(1)=120In|—= +23.18 1+t
@ 1+2 1+1 N:50¥+C
2| 60
R(1)=120In|=|+—+23.18 50
( ) 3 2 N =_1+t2 +C
R (1) = 120(—0-4055)+ 30+23.18 The population increasing during the next 3 years
R(l) —48.66+53.18 ie., N (3)— N (0)
R(1)=4.52 N(0)=——2 ic
Drug is eliminated during the first houri.e., t =4 only 1+0
Take R(4)-R(3) N(0)=-50+C
4+1 60 50
R 1201In +23.18 Now N(3)=- +C
(4)= 242" 241 (3) 1+3°
50
R(4)=120In 5+6—50+2318 N(3)=-175+C
50
R(4)=120(-0.1823)+12+23.18 N(3)=-15+C =N(3)=-5+C
R(4) -21.88+35.18 Therefore
R(4)=133 N(3)-N(0)=(-5+C)~(-50+C)
N(3)-N(0)=-5+C+50-C
Now R(3)=120In[>*1, 00 15318 (3)=N(0)
3+2 3+1 N (3)—N(0)=45 thousands
R(B) ~120 |n + @_'_ 2318 Q7. An oil tanker aground on a reef is losing oil and
4 producing an oil slick that is radiating outward at a
R(S) 120( —0. 4055) +15+23.18 rate approximated by % = \/]'ZOL >0 wheret
R(3)=-48.66+38.18 ' naj U+
is the radius (in feet) of the circular slick after t
R(3) -10.48 minutes. Find the radius of slick after 4 minutes if
Therefore the radiusis ' =0 when t=0
R(4)-R(3)=13.3-(~10.48)=13.3+10.48 Sol: Given dr __100 . _
R(4)-R(3) =238 o Yo
dr = dt

Q6. Rate of change of the voting population of a city
with respect to time t (in years) is estimated to be

dN 100t
dt (1+t2)2

N (O) is current voting population, then how

where N (t) is in thousands. If

much will this population increasing during next 3
years?

) dN 100t
Sol: Given — = 5
at (1+t°)
dN = 100t : dt
(1+t2)

Integrating both sides
J'dN :I 100t dt

t2)

Jt2+9

Integrating both sides

100
for= 1%
=Iloo><35ec2 6deo

J9tan 6° +9
B J~100 x 3sec’ dO

3Jtan 62 +1

Let t=3tand

dt = 3sec? 8dé

;=tand
100sec?® 8d @

) I Jsec? @

(L) +1=tan’6+1

3

r= 100j secfdo
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=secd

Jt2+9
3

Putting the value of tan& and secé

Jt2+9 t

3 3
When radiusis F =0 when t=0
J02+9 0
J’__
3 3
0=100In(1)+c
c=0

Therefore equation (1) becomes

r =100In|sec &+ tan 6| +c

r=100In

0=1001In

+C

2
r=100n M2 U
3 3
When t =4 minutes we have to find r
2
r=100In 4 +9+ﬂ
3 3
r=1001In §+ﬂ =1001In|3|
3 3

r =109.86122 110 ft

Q8. After a person takes a pill, the drug contained
in the pill is assimilated into the bloodstream. The
rate of assimilation t minutes after taking the pill is
dr
dt
that is assimilated into the bloodstream during the
first 10 minutes after the pill is taken.

te %% r (0) =0 Find total amount of drug

r
Sol: Given d— =te 0%,
dt

dr =te**dt
Integrating both sides

jdr = J'te’o'”dt
r=tfe*%dt- [£t([e"dt)dt

—0.2t —0.2t

e e
=t —|1. dt
&(-0.2t) 4(-0.2t)
—0.2t —0.2t
r=t& _[& _at
-0.2 -0.2
ro—t ooz, L j e %?dt
-0.2 0.2
-0.2t
r= Ete‘o'2t +Ee— +C
-2 2 2(-0.2t)
r— —Bte °% 15~ 5 e % +C
r =—5te % — 5% e % +C
r=—5te®* -5(5)e** +C
r =-5te** —25e%* +C............. (1)

When r (0) =0
0=r(0)=-5(0)e " 25" .C

0=0-25(1)+C
0=-25+C
C=25

Therefore equation (1) becomes

r =-5te %% —25¢%% .25
drug is assimilated into the bloodstream during the
first 10 minutes after the pill is taken i.e., t =10

r(10) = -5(10)e ***% —25¢ %% 4. 25
r(
(10)=(-50-25)e2 +25
r(10) = (~75)(0.1353) + 25
(

r(10)=-10.15+25

r(10)=14.85

Interval [a,b], number of subinterval N
The width of each sub interval AX = b;na

‘Definite integral:
If f (X) is continuous on [a,b] and [a,b] is
divided into each subintervals

[%0: % |, [ %0 %0 s [ %00 X | [ X X ]

whose right end points are X, X,, X;,..., X, then the

definite integral of f (X) from X=ato X=Db is

x=b

J FO0d=Tm =2 (x)+ 1 (1) £ (x) 4+ 1 (x,)}

When N is finite number so we take
x=b
b

J )= 21 (0) 4 06)+ 1 ()44 1 (x,)]

j f(x)dk=Ax{F (%) () + F (x) 4o+ F (x,)]

Exercise 5.4

Q1. In each case, determine approximate area of
the region bounded by f (X) =2x+l,x=a &
X =b for n subintervals:

a). n=2 ,a=0 b=2

Solution: f (X) = 2X+1, which is continuous

And a=0 b=2 with N=2 therefore
subintervals are [XO,Xi],[Xl,XZ]

Right end points of each subinterval X, X,
Width of each subinterval Ax — 2-0_2_ 1

2 2
Since X, = X, +1.AX

Ati=1 corresponding value of function

X = X, +1.AX f(x)=2(x)+1

x, =0+1(1) f(1)=2(1)+1

X =0+1 f(l)=2+1

x =1 f(1)=3

Ati=2 corresponding value of function
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- f =2 1 i
Xp =X, + 2.0 () =20x)+ [ (2x+1)dx=0.5{14} =7
x, =0+2(1) f(2)=2(2)+1 a0
X, =0+2 f(2)=4+1 . n=8 ,a=0b=2
X,=2=Db f (2) -5 Sol: Given f (x) = 2X +1, which is continuous
Since b is the end point of the given interval & a=0,b =2 with N =8 therefore subintervals are
Iiliw using the definition of definite integral [XO’Xl]’[X11X2]’[X21Xa]l[XSlXA]’[X4'XB]’[XS’XG]'[X61X7]’[X7’XB]
I f(x)dx= Ax{f (%)+ f (Xz)} Right end points of each subinterval X, X,, X;, X,,
= Xs, X5, X7, X5 Width of each subinterval
it:zbstltutmg the values . 2-0_2_1____Since X =X, +FiAX
8 8 4
j (2X+1) dx :1{3"'5} Ati=1 corresponding value of function
a=0 X, = X, +1.AX f(x)=2(x)+1
J' (2X+1) dx 21{8} _g %, =0+1(0.25) f (0.25)=2(0.25)+1
20 x =0+0.25 f (0.25)=0.5+1
b). n=4 .a=0 b=2 ><1_=0-25 f (0.25)=1.5
Solution: f (X) =2X+1, which is continuous At 1=2 corresponding value of function
da=0 b=2with N=4 theref X B flx)=20x) 1
nter r
sbintervals are O’Xl’xi’lz’ 2% ])[%ar e x,=0+0.5 f(0.5)=1+1
Right end points of each subinterval X, X, X;, X, x, = 0.5 f (0.5) _5
Width of each subinterval . . .
o_0 2 1 At1=3 corresponding value of function
AX=——=====0.5 Since X, =X, +i.AX Xg = X, +3.AX f(x)=2(x)+1
4 4 2 5=%
. =0+3(0.25 .75) = .
Ati1=1 corresponding value of function % 0+0(75 ) : (0.75)=2(0.75) +1
X, =0+0. 0.75)=1.5+1
X, = X, +1.AX f(x)=2(x)+1 3 (0.75) +
qdargibag Xy =0.75 f(0.75)=2.5
% :0+1(0'5) ( ' )_ ( ' )+ Ati=4 corresponding value of function
x, =0+05 f(0.5)=1+1 X, = X, +4.AX f(x,)=2(x,)+1
X, =05 f(0.5)=2 X, = 0+4(0.25) f(1)=2(1)+1
Ati=2 corresponding value of function X, =0+1 f (1) =2+1
X, = X, +2.AX f(%)=2(x)+1 X, =1 f(1)=3
X, =0+ 2(0.5) f (1) = 2(1)"'1 Ati1=5 corresponding value of function
X, =0+1 f(1)=2+1 Xs = X, +5.AX F(%)=2(x)+1
x, =1 f (l) _3 Xg = 0+5(0.25) f (1.25) = 2(1.25)+1
Ati=3 corresponding value of function ¥ =0+1.25 f (1'25) =2.50+1
X3 = X, +3.AX f(%)=2(x)+1 s =1.25 f(1.25)=35
X, = 0+3(0,5) f (1.5) _ 2(1.5)+1 Ati=6 corresponding value of function
X, =0+1.5 f(1.5)=3+1 Xs = X, + 6.AX f(x)=2(%5)+1
X =15 f(15)=4 X, =0+6(0.25) f(1.5)=2(1.5)+1
_ ' x,=0+1.5 f(1.5)=3+1
At1=4 corresponding value of function X6 15 (1.5) M
X, = X, +4.AX f(xz)zz(xz)+1 6 f(1-5)=4
_ Ati=7 corresponding value of function
X, =0+4(0.5) f(2)=2(2)+1
X, =0+2 fE2;—4(+l) 77X 1A FOx)=2(x)+1
X“ g - x; =0+7(0.25) f(1.75)=2(1.75)+1
T _ f (2):_5 _ x, =0+1.75 f(1.75)=3.5+1
Since b.IS the end |':>o.|r.1t of the given .|ntervaI x, =1.75 f (1.75)= 4.5
Now using the definition of definite integral . . .
x=b At 1=8 corresponding value of function
| F00dx=ax{f(x)+f(x)+f(x)+f(x)} Xg = X, +8.AX f(X)=2(%)+1
Substituting the values X, =0+8(0.25) f(2)=2(2)+1
b=2 ) o 05(243 Xg =0+2 f(2)=4+1
aJ:O( x+1)dx=0.5{2+3+4+5} X, =2=b f(2)=5
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Since b is the end point of the given interval
Now using the definition of definite integral

f P dx=AX[F (%) £()+ () £ (x)+ ()4 F (%) + T (x,)+ F (3))

Substituting the values

b=2

j (2x+1)dx=0.25{1.5+2+25+3+35+4+4.5+5}
a=0

I (2x+1)dx=0.25{26} =6.5

a=0

d). n=2 ,a=1 b=5
Sol: Given f (X) = 2X+1, which is continuous

& a=1,b=5 with N =2 therefore subintervals are
[Xo, X1] , [Xv Xz] Right end points of each subinterval

X, X, Width of each subinterval

Ax:s—_lzﬂzz Since X, = X, +1.AX
2 2
Ati=1 corresponding value of function
X =X, +1.A ) =2(x)+1
x, =1+1(2) f(3)=2(3)+1
X =1+2 f(3)=6+1
% =3 f(3)=7
Ati=2 corresponding value of function
X, = X, + 2.AX f(x)=2(x,)+1
x, =1+2(2) f(5)=2(5)+1
X, =1+4 f(5)=10+1
X, =5=b f(5)=11

Since b is the end point of the given interval

Now using the definition of definite integral
x=b

J' f(x)dx=Ax{f(x)+f(x,)}

x=a
b=5

Substituting the values I (ZX +1) dx = 2{7 +11}

a=1
b=5

[ (2x+1)dx=2{18} =36

a=1

Ati=2 corresponding value of function
X, = X, + 2.AX f(%)=(%)" +1

X, =0+2(1) f(2)=(2) +1

X, =0+2 f(2)=4+1

X =2=b f(2)=5

Since b is the end point of the given interval
Now using the definition of definite integral

x=b

j f(x)dx=ax{f(x)+f(x,)}

- b=2
Substituting the values '[ (X2 +1) dx = 1{2 + 5}
. a=0

[ (¢ +1)dx=1{7} =7

a=0

Q2. In each case, determine the approximate area
of the region bounded by f (X) =x’+1,x=a

and X =b for n subintervals:

Solution: Since f (X) = x? +1, which is continuous

And a=0 b=2 with N =2 therefore
subintervals are [XO, Xl] \ [Xi, X2] Right end points of

each subinterval X, X, Width of each subinterval

Ax—279_2_ since X, = X, +1.AX

2 2
Ati=1 corresponding value of function
X, =X, +1.AX f(x)=(x)+1
X =0+1(1) f(1)=(1)+1
X =0+1 f(1)=1+1
%=1 f(1)=2

b). n=4 ,a=0 b=2

Sol: Given f (X) = X® +1, which is continuous

And a=0 b =2 with N =4 therefore subintervals
are [Xg, %, |, [ X0 %, |1 [ %00 X ] [ X5, X, ]

Right end points of each subinterval X, X,, X;, X,

Width of each subinterval AX = ﬂ = 3 = 1 =05
4 4 2

Since X; = X, +1.AX

Ati=1 corresponding value of function

TR ()= () 4

% =0+1(05) f(0.5)=(0.5)* +1

% =0+05 f(0.5)=0.25+1

% =05 f(0.5)=1.25

Ati=2 corresponding value of function

X, = X, +2.AX f(%)=(%) +1

X, =0+2(0.5) f(1)=(1)" +1

X, =0+1 f(1)=1+1

X, =1 f(1)=2

Ati=3 corresponding value of function

X, = X, +3.AX f(x)=(x)+1

X, =0+3(0.5) f(15)=(15)"+1

X =0+1.5 f(15)=2.25+1

% =15 f(1.5)=3.25

Ati=4 corresponding value of function

X, = X, +4.AX f(xz):(xz)2+l

X, =0+4(05) £(2)=(2) +1

X, =0+2 f(2)=4+1

X =2=B f(2)=5

Since b is the end point of the given interval

Now using the definition of definite integral
x=b

I f(x)dx=ax{f(x)+f(%)+f(x)+f(x)]

X=a
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b=2
putting | (x*+1)dx=05{1.25+2+3.25+5}

a=0
b=2

[ (x*+1)dx=05{115} =5.75

a=0

o). n=8 ,a=0 b=2
Sol: Given f (X) = X2 +1, which is continuous

And A = O, b =2 with N =8 therefore subintervals are

[0 ] [0 % | [ % ] 6 %, DX X ] [ X6, [ %60 %0 ] [ %0 %

Right end points of each subinterval X, X,,X;, X,,

Xs, Xg, X7, Xg Width of each subinterval

2-0 2 1 : .
AX=T=§=Z=O.25 Since X, = X, +1.AX
Ati=1 corresponding value of function
X, = X, +1.AX f(xl):(xl)2+1
X =0+1(0.25) £ (0.25)=(0.25)" +1
% =0+0.25 f (0.25) =0.0625+1
% =025 f (0.25)=1.0625
Ati=2 corresponding value of function
X, = X, + 2.AX f(x2)=(x2)2+1
X,=0+2(025)  f(0.5)=(0.5)"+1
X, =0+0.5 f(0.5)=0.25+1
X =05 f (0.5)=1.25
Ati=3 corresponding value of function
X, = X, +3.AX f(x)=(%) +1
% =0+3(025) £ (0.75)=(0.75)" +1
X, =0+0.75 f (0.75) = 0.5625+1
X;=0.75 £ (0.75)=1.5625
Ati=4 corresponding value of function
X, = X, +4.AX f(x4)=(x4)2+1
X, :0+4(0.25) f(1)=(1)2 41
X, =0+1 f(1)=1+1
X =1 f(1)=2
Ati=5 corresponding value of function
X; = X, +5.AX f(x)=(%) +1
X; = 0+5(0.25) f (1.25)=(1.25)" +1
X =0+1.25 f (1.25)=1.5625+1
X, =125 f (1.25) = 2.5625
At i=6 corresponding value of function
Xg = X, +6.AX f(%)=(%) +1
X, =0+6(0.25) f(15)=(15)" +1
X =0+1.5 f(15)=225+1
X =1.5 f (15)=3.25
Ati=7 corresponding value of function
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X, = X, + 1.AX f( ) (7)

X, =0+7(0.25) f(1.75)=(L. 75) +1
X, =0+1.75 f(1.75)=3.0625+1
X, =1.75 f (1.75) = 4.0625

Ati=8 corresponding value of function

Xg = X, +8.AX f(%)=(%) +1
X, = 0+8(0.25) f(2)=(2)" +1
Xg =0+2 f(2)=4+1

X =2=b f(2)=5

Since b is the end point of the given interval
Now using the definition of definite integral

xIbf(x)dx:Ax{f(><1)+ %)+ 06)+ F (%) +F(%)+f(%)+(x)+f (%)}

Substituting the values
T 1.0625+1.25+1.5625+2
I (x*+1)dx=0.25
+2.5625+3.25+4.0625+5

a=0
bT(x2 +1)dx = 0.25{20.75} =5.1875

a=0

d). n=2 ,a=1 b=5
Sol: Given f (X) = X? +1, which is continuous

And a=1,b=5 with N =2 therefore subintervals

are [XO, Xl],[xl, Xz] Right end points of each
subinterval X, X, Width of each subinterval
AX=3=4=2 Since X, = X, +1.AX

Ati=1 corresponding value of function

XXX () =(%) 1

X =1+1(2) f(3)=(3)+1

% =1+2 f(3)=9+1

X =3 f(3)=10

Ati=2 corresponding value of function

X, = X, + 2.AX

f (xz):(xz)2 +1

X, =1+2(2) f(5)=(5) +1
X, =1+4 f (5)=25+1
X, =5=b f(5)=26

Since b is the end point of the given interval

N(Zw using the definition of definite integral
Xj f(x)dx=ax{f(x)+f(x,)}
sxaabstituting the values

bf(x2 +1)dx =2{10+ 26}

!

=5

[ (x*+1)dx=2{36} =72

a=1

Q3. In each case, determine actual value of integral using
x=b

.[ f(x )dx—llm—[f )+ F06)+ T 06)++ f(x,)]

n—w
X=a
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a). )T3X dx

Sol: Given f (x)=3x, which is continuous

And a=X, =0,b=x, =3, subintervals are

[XO, X1]:[X11 XZ],[XZ, X3],...,[XH, Xn] Right end points of
each subinterval X, X,, X;,..., X

n

. . -0
Width of each subinterval AX=——=
n

Slw

Since X, = X, +1.AX

Ati=1 corresponding value of function
X, = X, +1.AX f(%)=3(x)
3 3 3
=0+1| — fl—1(=3| =
woff)o(F-6)
X1:0+§:§ f(§j:g
n n n
Ati=2 corresponding value of function
X, = X, + 2.AX (x,)=3
-ol) 3 H J
n
X, = 0+§:E ( j
n n
Ati=3 corresponding value of function
X, = X, +3.AX f(%)=3(x)
X, :O+3(§j f(gjzg(g)
n n n
n n n n
And so on
At i1=n corresponding value of function

X, = X, + N.AX

X, :O+n(§)
n

f(Xn)=3(Xn)

(22

X, _O+3_n_3_n
TR T ()
x =3=b n n

Since b is the end point of the given interval

Now using the definition of definite integral
x=b

J' f(x)dx =limAX{f (x)+ F(%,)+ f () ++ F(x,)}

n—o
X=a

Substituting the values

b=3

I(3x)dx—nm3{9 18,27 ...+9_n}

a=0 n—mon n n n n

b=3

f(3x)dx=Iim3:29{1+2+3+.‘.+n}

a=0

b=3 )
I(Bx)dx_llmZ_Z{ (n 1)}:"m2_3{n +n}
a=0 n—=wn 2 n—w 2
b=3 2 ,

[ (3x)ax=2Liim 202 jjg )0 1
a=0 2 n—e0 n 2 n—o [ N h

II '—-.II

=—I|m{ 1} 2—7{1+£}
n—»o n 2 o0

T (30)d =_{1 0} = 2—27=13.5

x=3
b). _[ (2x—4)dx
x=0
Sol: Given f (X) =2X—4, which is continuous
And a=X, =0,b=Xx, =3, subintervals are
[X: % |1 [X0 %, . [%00 %] oo [ %00 X, | Right end points of

each subinterval X, X,, X;,..., X, Width of each

subinterval ax — 3=9 _ 3 since X =X, +1.AX

n n
Ati=1 corresponding value of function
X, = X, +1.AX =2(x)—4
w02 ( J= ( J-

n

n n

Ati=2 correspondlng value of function
X, = X, + 2.AX (x,)=2(x,)—4
x2=0+2(§] ( :2( )

n
X2=0+§:§ f(—j:——él-

n n n

Ati=3 corresponding value of function

f(%)=2(x)—

(-

Xy = X, +3.AX

X = 0+3(%j

Xq —0+g=g f(gj:§_4
n n n n
And so on
Ati=n corresponding value of function

X, = X, + N.AX F(x,)=2(x,)-4

X=O+n(§j 3 3
RREEEE
3n 3n n n
Xy =0+=r="r 3n) 6n

e

X,=3=Db n n

Since b is the end point of the given interval

Now using the definition of definite integral
x=b
[ £ (x)de=timax{ (%) f () F () F (x,)]

nN—w
X=a

Substituting the values

b=3

_[(2x—4)dx=|im3{§—4+E—4+§—4+ L

o n>en (N n n n

I=Iim3{§ L1218 B s —4}
n—>on (N n n n

I = Iim%{%{l+2+3+---+ n}—4{l+1+1+---+1}}
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I(Zx 4)dx—Lmn[n{ (n2+1)} n}
bj (2x - 4)dx—lmn[2{@} n}

a=0

I =lim= [3{n+1} 4n]—llm [3n+3-4n]

n—o0

!(2x—4 )dx = lim = [3 n]—llmsP_ﬂ}

n—)OO n—oo n n
b=3
I(2x—4)dx:IimBF—l}:S{i—l}
aso n—oo n o0
j (2x—4)dx=3[0-1]=-3
a=0

X=2
o). j x> dx

x=0
Sol: Given f (X) = X%, which is continuous

And a=X, =0,b=X, =2, subintervals are

[X: % |1 [X0 %o ] [%00 % oo [ %00 X, | Right end points of
each subinterval X, X,, X;,..., X, Width of each
subinterval Ax =22 =2 Since X, = X, +1.AX
Ati=1 corresponding value of function

F(x)=(%)

X, = X, +1.AX
2

wooll) B2

n n n
x1=0jngg f(gjziz

n n n n

Ati=2 corresponding value of function
X, = X, + 2.AX f(%)=(x)"

()R

4 4 (4) 16
f —_ =—2
n n n n

Ati=3 corresponding value of function
X; = X, +3.AX f(%)=(%)"

o{f) ()

Xy —0+§=E f[ﬁjzﬁ
n n n) n?

And so on
At 1=n corresponding value of function
xn=xo+n.2x f(xn):(xn)z
X, =0+n| = 2
ol e
X, O+@—E " "

oo §(2n _4n®
X,=2=Db n) n?

Since b is the end point of the given interval

Now using the definition of definite integral
x=b

J'f(x)dx:!i_r)1;Ax{f(><1)+f(x2)+f(x3)+---+f(xn)}

X=a

Substituting the values

b2 2(4 16 36 4n?
Xdx=lim=4 = +=+=+--+—
o n>en N n° n n
b=2 2x4
Ixzdx=llm {1+4+9+ +n}
I’\—)oonxn

j x2dx = lim -2 { 2+22+32+---+n2}

3

"o I’\—)oon

b=2

J'xzdx—llm 3{ (n+1)(2n+1)}
avo n—wo N 6

b=2 n(2n>+n+2n+1
J‘xzdx:limg{ ( T 3+ T )}
2o n—» 6 n

bJ:-ZZ 4. [2n?+3n+1 n? 3n 1
Xdx == lim{ ——— =_| _2+_+_2
a=0 3n_)‘73 n 3n—)w n n
b=2
J‘ de_—llm{2+3+i}
az0 3ﬂ~>w n n
o A, 3 1) 4 8
j xzdx:—{2+—+—2}:_{2+0+o}:_

3 3 3

az0 o 00

x=3

d). I (x2—4)dx

x=2
, 2 L )
Sol: Given f (X) = X“ — 4, which is continuous

And a=X, =2,b=X, =3, subintervals are
ERANLRA bR e nY
Right end points of each subinterval
X Xgy Xgpeeey X,
3-2_1
n

Width of each subinterval Ax = =
n

Since X, = X, +1.AX

Ati=1 corresponding value of function

X, = X, +1.AX f(x)=(x) -4
1 1Y)’
1 f(g]=4+£+i2—4
x1:2+_ n n n
n (2] 4 1
fle|=2+=
n n n
Ati=2 corresponding value of function
X, = X, +2.AX F%)=(x) ~4

2 2Y
x2=2+2(%) f[2+ﬁj:[2+ﬁj —4

X, =2+= n

n [4) 8 4

fl=|=2+=
n n n
Ati=3 corresponding value of function
2
f(x)=(x) -4

Xy = X, +3.AX

2
1 f[2+§j:(2+§j -4
x3:2+3[—j n n
n

f[2+ 3) 4+E+i—4
n n?

3 n
X; =2+4+—
n 3) 12 9
fl24+—=|=—+—
n n n
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And so on X e
At i=n corresponding value of function If f (X) ¢ (y) then j f (X) dx < I 9 (y) dy
X =X +N.AX 2 e -
"o FOa)=06) -4

1 2
Xn=2+”(ﬁj f(2+ﬂJ:(2+Ej —4
n n
4n n?

n
X, =2+— f[2+ j 4+—+——-4
n n n?

n

X =2+1=3=D 2

" f [2+ﬂj _4n n_2
n

Since b is the end point of the given interval

Now using the definition of definite integral
x=b

j f(x)dx=limax{ f (x)+f(%,)+ (%) ++f(x,)}

n—ow
X=a

Substituting the values

bI3(X2_4)dX—LLn;i{3+:-2+ﬁ+n4z+];’]2+ngz+...+?+Ez
a=0
4 8 12 4n
b=3 —+—+— -
(X —4)dXzI|m— n-nn n 2
a=2 n—)con 1 9 n
+F+ 2+n2+ +nz
b=3 ﬂ(1+2+3+---+n)
I(X2—4)dx=llm— i !
= n —2(1+4+9+ +n)
n
4n(n+1)
b=3 — 2
j(x —4)dx =lim= n
a=2 noen in(n+l)(2n+l)
n? 6
b=3
I(X2—4)dx=lim{f(n+1j+ n+12n+1}
a=2 n—oo 2 n n n

1

6
fi-mcmffto 4 D)
:jj(xz ~4)dx = m{z(u%}%(u%}(z%)}
:E(xz —4)dx :{2(1+£]+%[1+%j(2+%j}

X=a

If a=Db then I f( )dX=0

Opposite rid bsa
jf( )dx_—_[ f (x)dx

X=a x=b
[Even and Odd rule]
If xe[-a,a] and -a<0<a

Then

jl f(x)dx:ZIf(x)dx

\;\Elihen

f(—x)=f(x) for even
f(—x)=—1(x) for odd
‘foinite integral‘

J 18R (0] = F (0)-F (2

Exercise 5.5

b=3 ) ~ . 2

JiC —4)dx—{2(1+0) 6(1+o)(2+0)}_2+€

T(xz—4)dx=2+1 32 1 641 7

a=2 3 3 3 3 3

Linearity rule

x=b

j[rf(x +59 (X ]dx_rj dx+sj g(x
x=b x=b

If f(X)=g(y) then J. f(X)dX: I g(y)dy

|Subdivision rule|
If Ce[a,b] ora<c<b then
x=b X=C Xx=b
j f(x)dx= I f(x)dx+j f (x)dx

‘Dominance rule‘

Khalid Mehmood Lect: GDC Shah Essa Bilot

Q1. Evaluate the following definite integrals:

4
a). _[de
3
4 4
Sol: Given I5dX =5_[dX
3 3

4
[5dx =5|x; =5[4-3] =5[1] =5
3

b). fdx

Sol: Given IdX X|
12

J.dx=20—12=8

(2x*2 —3) dx

c).

 C— N

Sol: Given T(ZX_Z ~3)dx

1
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I(Zx —3 dx = 2Ix2dx 3.|.dx -

[N

2

—3[x|;

—2+l

(2x*2 —3)dx =2 1

1
2

~3[2-1]

-1

(2x2-3)dx=2 X

1
2

(2x‘2 —3) dx = —2|=

l

P N P — N R m— N P — N P —

(2x?-3)dx=—[-1]-3=1-3=-2

_3[1]—_2[%—%}—3

(2x2—3)o|x_—2[1—1 3} 3_—2[5}—3
2 12 2

4
d). j&/? dx
' 4
Sol: Given _[3\/; dx
1

j3«/§ dx:3j£x% dx
1 1

4 XZ
js&dx=3
J 1

[3x dx=2[8-1]=2[7] =14

1

e). ilz(x2 —4)5 x dx
2
3

Sol: Given IlZ(XZ —4)5 X dx
2
3

le(x - )xdx 6] x - 2xdx
2
3

[12(x* —4) x d —6(X2_4)5+1
! (x*—4)"x dx= 5+1

2
[12(x¢ —4) x d —e(xz_4)63
! (x - ) X dx = -

2

3

IlZ(xz —4)5 X dx = (x2 —4)6

Elz(x2 —4) x dx= :(32 —4) —(2* —4)6}

f12(x? —4) x dx= :(9—4)6 —(4—4)6]

J12(x*=4)"x dx=|(5)° ~(0)° | 15625

2
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0
f). J\/4 2X dx

-6

0

Sol: Given j\/4—2X dx
0 ° -1 0 1
J\/4—2x dx=?j(4—2x)5(—2dx)
i -6

0

TV4—2X dx:_—1 (4_2)()?1
2
6

1
s+1

-6

310
jl\/4—2x dx = 2 (4-2x)
2
s

3
2

_1 30
=—|(4—2x)*
—|(a-2)7|

—6

i\/m olx:%l:(4—2(o))g —(4—2(—6))3}
IM = [ (4)' - (4+12)' ]

jm ax=2[() ~(«) ]

iﬂdx:j[?—f]
jde_ [8 64]:%1[—56]=@

3
7
g). dx
J'l\/x 2
tox
Sol: Given j'
LNX+ 2

j~xd JZXJFZZ

JZde j{ X+2 }dx
’1\/m 1 \/m \/F

7 X 7

flﬁdx J.l{ X+2—m}dx

i xX+2dxzi(“z)de—ZI(Hz)?dx
‘ | 2al
[ X ax=| (2T pfxe2)
,1'\/X+2 341 B ) )
j (X+2)%_7 L (x+2)? '
Jx+2 :

i 1, )

| g 3loca ] e,
7 X 2 E E
J =gl 72 () a2 e
[y 2[(9) -0 -4 \6-]
NX+2 3L

7 X —2_2%__ __E o
JEmall) 1} 43--3[3-1)-8



Exercise 5.5

Chapter 5

7

[ dx=2[27-1]-8-2[26]-8-2-8 3
NX+2 3 3 3 3

7
[E—ax=22222_25 o3
Lx+2 3 3

h). (ezx - 2x)2 (ezx —1) dx

O ey

Sol: Given

(e2X - 2x)2 (e2X —1) dx

O e

Let U =e?* —2X Differentiating w. r. t “x”
Ay _ da2X_9d

SU=56"-25X

d gy a2X d

wu=e"5(2x)-2(1)

d = 2x d
Su=2e" X2

Lu=2e"-2
d X
d-i: 2(e* -1)
du .
7:(6‘ —1)dX

Substituting values of U and du in given integral

h X 2 X _1 d_u
J'(e2 —2x) (e2 —1)dx—£u2 >

(e2X —2x)2 (e2X —1) dx = %j;uz du

UV oct—m» ot——r o

(67— 2x (e ~t) o 2] ~Lpuep
23], 76 b

utting the value of u

t 2x 20 2x 1l ox 3|t

_([(e —2x) (e —1)dx=€(e —2x) i

:(e2<1> ~2(1)) (e - 2(0))1
(e —2)’ —(1—0)3}
(e2-2)" 1]

| =25.91809

Il
Ol Ol Ok

h ¢ —du

[xv2x* =3 dx = [Vu===[u*du

2 > 4 >

( 1|u[

jx\/2x2—3 dx ==

2 4 %+:I_2

h 1 u%3 1 1 33

jx 2x2 -3 dx==|—| = ol

2 4|3 2x31" 2
2

Putting the value of u

3 -

Ix\/2x2 -3 dx=% (2x2 _3)E

2 2

3 —

2 _1 2_ %_ 2_ %
oo =s (e et 3
h ir 3 3

2x* 3 dx == 29—32—24—32}
Jl2xt =3 dx= | (2(9)-3)'~(2(4)-9)
7 17 : :
IX 2X2—3 CIX:g (18_3)5_(8_3)5:|
2 (-
3 —
Ix\/2x2 -3 dx=% (15)% _(5)%J
2 L
3
[ x«/2x* —3 dx=7.819068
2

Q2. Evaluate the following definite integrals:
3

a). j x2x2 =3 dx

2

Sol: Given J.x\/2x2 —3 dx

2
Let U = 2x° —3 Differentiating w. r. t “x”
Ly=24x*-43
Tu=2(2x)L£x-0
L =4x

w

@ = xdx
Substituting values of U and du in given integral

3 3
Ix\/2x2 -3 dx:I\/2x2 —3xdx
2

2

1
b). fx\/3x2 +2 dx
0
1
Sol: Given IX\/3X2 +2 dx
0

Let U=3x"+2
Differentiating w. r. t “x”

d L& d 2 d
SU=3L X +4-2
d _

&U—3(2X

d—u:6x :d—u:xdx
dx 6

Substituting values of U and du in given integral
1

1
Ix\/3x2 +2 dx:_"\/3x2 +2 xdx
0 0

~—

d
S X+0

1
Ix\/3x2+2 dx:jfd—uzlju%du
0 0
1
1 341
_fx 3x*+2 dx:lllJ
5 6|5+1
: 1t 1 g
Ix 3xXP+2 dx==|—| = u:
0 6|3 3x3l o
0
Putting the value of u
1 3
XN3X2 +2 dx = 5 (3x2 + 2)
0

2 dx= %[(3(1)2 +2)

~(3(0y° +2)1

2 dx =%[(3+ 2)f —(0+2ﬂ

x
w
x
N
_|_

Otk Ot O
X
w
X
N
+
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xJ3X +2 dx = é[(s)i ~(2)']

c). j.x—_ldx

. X —2X+3
1
Sol: Given sz—ldx
X°—2X+3

0
Let U = X —2X+3 Differentiating w. r. t “x”
d d d

au—& —2&X+53
Lu=(2x)&£x-2+0

du=2x-2
du

—=2(x-1
o = 2(x-1)
du =(x-1)dx

Substituting values of U and du in given integral

tox-1 +1du
J'Z—dx= Y

o X°—2X+3 ou 2

1

[ ol

5 X —2x+3

1

=

o XT—2X+3

Putting the value of u

1
J'zx;ldx:l‘ln(x2—2x+3)‘1
) X*—2X+3 2 0

-3 [nfr -2()+3)-in(0'~2(0)+3)]

| =%[In(1—2+3)—|n(0—0+3)]

e‘*_—edxzj—du

2 2
71(e‘X +ex) s u
e —¢ i
j dx——_[uzdu
_1(e’x+e" -1
L o X _px u—2+1l u—ll
I dx = e
S(e+et) -2+1 -11,
1 —X X 1
e*—e 1
[ x|t
-1(67)( +e") uj,
Putting the value of u
T e g 1|
_[ X deX: —X X
—1(8 +6) e +e |,
e et 1 1
vl e <—1>}
_1(e +e) e +e e 4e
e et 1 1
5 de: 1 1 1
,1(e +e) e +e e +e

Jl'—ex_ex dx=0

71(e‘x +ex)2

1
'fzx;ldx:l[an—lnS]:llnF}
) X°—2X+3 2 2 13
1
sz—l dx = -0.2027
o X*—2X+3
d) j e’ —e dx

S(e+er)

1 —X X
Sol: Given [ ¢

l[(ex+ex)2

Let U=¢ *+¢*, Differentiating w. r. t “x”
du=Le +Lle

Su=e"L(—x)+e* Lx
d _
dy=—e*+e"

d —X X
b fere)

—du = (e’X —ex)dx

Substituting values of U and du in given integral

Q3. Evaluate the following definite integrals:

a). jcos@wrjdx
7

Sol: Given ICOS(Z _,_ﬂj dx

2

X
Let U =§+ , Differentiating w. r. t “x”
d 1d
—U==—X+—17
dx 2d dx
du _1
ax 2
2du = dx

Substituting values of U and du in given integral

V3 X v
J'cos(awrjdx = J:cos(u)Zdu

2

%cos[ +7rjdx_2_|.cos(u)du

3 3
_[co [ +7r)dx_2|sm u|

2
Putting the value of u

cos( +7z)dx Zsin(zwz)
2 2
cos(iwrjdx: 2 sin(gwrj—sin(zwr

2 i 2 2

T

IS5

NNy R[N —y

Khalid Mehmood Lect: GDC Shah Essa Bilot

Available at http://www.MathCity.org Page 117



Exercise 5.5

Chapter 5
jcos 5+7z)dx:2 sin(s—”)—sin(s—ﬁﬂ 4 , 7
z 2 L 2 4 jsec 0 d&z_[du
2 B 5 0
jcos 5+7z)dx=2 —1—(£]:| @ A
z 2 L 2 jsecze dé =|u;
’ - 0
J'COS —+7Z)dX=2 #}:_24_@ Putting the value of u
% } 2

25 sec @ d@ =
b). j xcos x> dx

0.75

Sol: Given I Xcos x> dx
0.75

II ”

Let U=X°
d | 2
wU=xX

Differentiating w. r. t

d _ d
U =2X45 X

d—u:2x :>d—u_xdx
dx 2

Substituting values of U and du in given integral

. 25

I X cos x* dx = _[ cos x? x dx
0.75 0.75

25

du
I Xxcos x? dx = j cosu —
0.75 0.75 2

I X COS X* dx—— f cosudu
0.75 075

Ixcosx dx == |5|nu|
0.75

Puttlng the value of u

0.75

jxcosx dx == |smx|
0.75
25

[ xcosx® dx :l[sin(Z.S)2 —sin(0.75)2]

0.75

0.75

Ixcosx dx——[sm (6.25)—sin(0.5625) |

0.75

j xcosx? dx = %[—0.0332 ~0.5333] = -0.28325

0.75

i
o). jsecze do
0

4
Sol: Given jsecz 0 do
0

Let U =tan @ Differentiatingw rt @
Fu=Stang

du

— =sec’d

do

du=sec’#déo

Substituting values of U and du in given integral

sec’d d@=[tanz—tan0]

sec’ 9 do=[1-0]=1

Ot i [y Ot n |y Ot |y

d). tan 2z x dx

Ot~y

7
Sol: Given _[tan 27X dx

Let U= 27Z'X Differentiating w. r. t “x”

c?xu_Zﬂ-dxX
d—u=271'
dx

OI—uzdx
27

Substituting values of U and du in given integral

4

4
tan2zx dx = Itan u ;I_u
T

|nu
cosu

14

tan 27X dx_—j

27 s,

-1 .

tan 2zx dx =—=|In cosu|g
27

tan 27zx dx = —
T

UV ot—n |y Ot—p [y O——n [y O——i [N

utting the value of u

tan 27X dx = _—1\In cos(27x) 4
27 0

2 ronfe()} -]

_al 2
tan 277 dx=—1 In cos{%}—ln cos{O}}

27[_

2_; _In cos{ } In (1)}

O t—— N

tan 2zx dx =

Ot B[y Oy
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Exercise 5.5

Chapter 5
e) 11 Q4. Evaluate the following definite integrals:
' IX +1 a) £5t2 —3t+18
; SR i S
1 y t(9-t%)
Sol: Gi
ol: Given [ 5= dx Sol: Given F5t> —3t+18
d oL —StHs g
t(9-t%)

Let X =tan @ Differentiatingw rt @
Lx=%tan0

d — 2 d
S X=sec”04;0

d—gzsecze = dx=sec’ 6 dg

Substituting values of X and dX in given integral
2

I 21 Isec 0do L tano = x

o X +1 - tan® @ +1

1 1 2

I 21 dx=Iw 0 =tan™(x)

o X°+1 5 Sec” o

1 1 1 "

j " oix:jo|i9=|e|0

0 0

Putting the value of @

2

] dx = itan )‘Z

x*+1

1 T T
2 X=—-0=—
X +1 4 4

s
j ! dx =tan™(1)—tan™"(0)
!

Sol: Given JZ'; dx
7 XIx* -1
Let X =Secé,Differentiating with respect to @
Sx=-2seco
L x=secOtan0 50

dx = dx=secdtandde
— =secfHtand
do
Substituting values of X and dX in given integral
JZ~ 1 dx—j' secftan do
B xIx* -1 (secex/secz -1
2
tan&dé
dx = c.secl =x
JLX‘\/X - '[\/tan
2
tan 6d o
6 =sec'(x
:/LX*’X — ‘[ tan o ( )
2

I;
BxIx* -1

Putting the value of @

dx = jd9=|9|2ﬁ
A

\J.EX Nra) dx |sec1(x)|\/_
j—x\/% dx =sec™(2)— sec’l(\/i)
2

j- 1 2_2_472'—3%_1
XX - 1 3 4 12 12

Take a fraction only 5t°—3t+18 _ 5t°—3t+18
t(9-t*)  t(3-t)(3+t)
fraction is proper and has three linear factors
5°-3t+18 _A B C_ o
(3031 =Ttaog R
Multiply each term by t(9—t2) we have
5t -3t +18= A(9—t7)+ Bt (3+1)+Ct(3-t).......(2)
Put t =0 in equation (2) we get
5(0)° —3(0)+18= A(9-07)+B(0)(3+0)+C(0)(3-0)
5(0)-0+18=A(9-0)+0+0
0-0+18=9A

9A =18 = A=2
Put t =3 inequation (2) we get

5(3)° ~3(3)+18= A(9-3%)+ B(3)(3+3)+C(3)(3-3)

5(9)-9+18=A(9-9)+3B(6)+3C(0)
45+9=A(0)+18B+0
54 =18B —B=5=3
Put t =—3 inequation (2) we get
5(-8)" ~3(~3)+18 = A(9—(-3)" )+ B(-3)(3+(-3))
+C(-3)(3-(-3))
5(9)+9+18=A(9-9)-3B(3-3)-3C(3+3)
45+ 27 = A(0)—-3B(0)—-3C(6)
72 =-18C =C=-4
Putting values of A,B and C in equation (1) we get
5t° -3t+18 2 3 4
e R o msn mm f=Cmmgwm
t(9-1?) t 3-t 3+t
Substituting the value in the given integral
2 2 _ 2
J~5t 3t—:18 dtZI(E-i- 3 _ 4 )dt
t(9-t*) t 3-t 3+t

1 1

wdt 2j dt + 3j

j t(9-t°)
imm:i(z_g—_&@)dt
i

t
t(9-t°) Lt 73—t 3+t
t

dt 4 —dt
1 3+t

2
wdt |2Int-3In(3-t)-4In(3+t)[

t(9-t*)

4 1
Il =In] — |—1In
625 8x 256

| =2.57316

3

b). J-4x5—3x4—6x3+4x2+6x—1
] (x—l)(x2 —1)
Sol: Given i4x5 —3x* —6x® +4x% +6x—1
] (x—l)(x2 —1)
Take fraction which are given in the integral
4%° —=3x* —6X° +4x° +6x -1 4x° —3x* —6x> +4x° +6x -1
(x-1)(x*-1) - X —x—x2+1

This is improper so we have to divide it

dx

dx
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Exercise 5.5

4x*+x-1
x® —x? —x+1> 4x° —3x* —6X> +4x* +6x—1
+4x° FAx* F4x3 +4x%°
x*—2x® +6x-1

+x'F xX*Fx?P+x

—x®+x*+5x-1
FX+x2+ xF1
4x

Therefore the given improper fraction can be written as
the sum of polynomials and proper fraction

4x° —3x* —6X° +4x* +6x—1

(x=1)(x*-1)

4x
=4x? I 1
X% + X +(x—1)(x2—1) (1)
Take L which is proper, so we
(xz—l)(x—l) PTOPEL,

decompose into partial fractions according to
factors of denominator

4x _ 4x
(X’ -1)(x-1) (¥*-1)(x-1)
4x _ 4x
(x+1)(x=2)(x=1) (x+1)(x-1)°
4x A B C

(x+1)(x-1)° x+1 x-1 (x-1)°
Multiply each term by (X+1)(X—1)2 we have
4x=A(x—1)2+B(x+1)(x—1)+C(x+1) ....... (3)
Put X =1 in equation (3) we get

4(1)= A(1-1)° +B(1+1)(1-1)+C(1+1)
4=A(0)"+B(2)(0)+C(2)

4=0+0+2C
2C=4
c-2-2

2

Put X=-1 in equation (3) we get
4(-1)= A(—l—l)2 +B(-1+1)(-1-1)+C(-1+1)
—4=A(-2)"+B(0)(-2)+C(0)

—4=4A
A=A
4

Choose X =0 & putting value of A and Cin eq (3)
4(0)=-1(0-1)° +B(0+1)(0-1)+2(0+1)
0=-1(1)" +B(1)(-1)+2(1)

0=-1-B+2

B=-1+2=1

Putting values of A,B and C in equation (2) we get
4x -1 1 2

(+)(x-1f x+1 x=1" (x-1y

Therefore equation (1) becomes

4x° —3x* —6x3 +4x* +6x—-1
(x—l)(x2 —1)

=4x* +x—1—

1 1 2
+ + 5
Xx+1 x-1 (X—l)
Integrating both sides according to their limits
.[3[4)(5 —3x* —6x>+4x® +6Xx —1]d
2

(x—l)(x2—1)
=J'3 ax?4x—1——+ L 2 > |dx
2 X+1 x-—-1 (x—l)
3
3 2 X_1—2+1
I:41+X——x—ln(x+1)+|n(x—1)+2Q
3 2 —-2+1 ,
45 x? 2 x—1\°
|l =—+=——x———+In| —=
3 2 -1 Xx+1)],
[4x3® 3? 2 3-1
I = +=—-3-———+In| —=
3 2 T 3.1 (341

4% 23 22 2 2-1
- +——-2———+In| =—=
3 2 2-1 2+1

ot {2

| =28.23879844

5 2
C) X _22 dX
L (x-2)
SoI:Givenj‘ x* -2 dx
3(x—2)2

Take fraction which are given in the integral

XX-2 = x*=2

(x_z)z X2 —4x+4

X2—2  XP—4Ax+4+4x—4-2

(x—2)° X* —4x+4

x*—=2 x*—4x+4  4x-6
2 a5 T3

(x—2) X°—4x+4 XxX°—4x+4

X2 4X—6

=l e, (1)

(x=2) ~ (x-2)

Take 4x—-6 which is proper, so we decompose into

2
(x=2)
partial fractions according to factors of denominator
4x—6 A B

= . (2)

(x—2)" x—-2 (x-2)°
Multiply each term by (X— 2)2 we have
4X—6=A(X=2)+B.ccsrrrirrs (3)
Put X =2 in equation (3) we get
4(2)-6=A(2-2)+B
8-6=A(0)+B
B=2
Choose X =0 & putting value of B in eq (3)
4(0)-6=A(0-2)+2
0-6=-2A+2
—2-6=-2A
—2A=-8
A:_—8:4
-2
Putting the values of A and B in equation (2) we get
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Chapter 5
4x— 6 4 2 2 4 , )
(x_2) x-2 (X_Z)z !t3+4t dt—[ln2—ln1]—§[ln(2 +4)=In(1’ +4)]
Therefore equation (1) becomes 2 4 1
N 4x—6 [ 5 dt=In2-0-"[In8—In5] = 0458145365
=1+ 1
(x-2)" "~ (x-2) 3
2_9 4 2 e). Iln(2x+1) dx
7 =4t + 2 1
(x—-2) X=2 (x-2) 3
Integrating both sides according to their limits Sol: Given I|n (2X+1) dx
-2 4 2 1
=1

—
X — 2)2 X—2 (x—2)2

(
[ 22 e Jaceaf 2

n(2x+1 J%dx—jdi 2x+1)[.3|:dx] dx
1

5
dx+2.|.(x—2)72 dx
3

(x-2)’ 3 3
] ( 2)%15 J'I (2x+1) dx = ‘xln 2x+1‘ —2.|. 1
x2 5 X—= 2X +
"[(x 5% :|x|z+4|ln(x—2)|3+2ﬁ 1 )
8 3 | _[BI 2X
. =[3In(2(3)+1)-1In(2(1)+1) |- [ == dx
5 2 _9\1 2x+1
X" =2 5 5 (x—=2) 1
I—(X—Z)Z dx=|x|3+4|ln(x—2)|3+2—_1 oy 1 1
’ : =[8In7-In3]- [Z—=—=
=[5—3]+4[In(5—2)—In(3—2)]—2[5T12—$} L 2x+1 3
2x+1 1
1 1 3In7—|n3 {J' dx}
| =2+4[In3—In1]- 2[§—ﬂ 1 x+1 2x+1
3
I:2+4[In3—0]—§+2 =[8In7=In3] -!-d 2 -[2x+1
| =2+4(1.0986)-2+2=7.7278 | =[3In7~ In3]—|x|1+§|ln(2x+1)|l
d). f 4 4 | =[3In7-In3]-[3-1]
t* + 4t
- +%[In{2(3)+1}—In{2(1)+1}]
Sol: Given J. o 1
1 A . I =[3In7—In3]—[2]+§[ln7—ln3]
Take afraction only -5——1= t(t+4) LRt | =[3(1.6094)~1.0986]— 2+ 0.5[1.6094 —1.0986]
proper fraction having two factors linear & quadratic | =3.162767089
4 A Bt+C f). Inx
A AU (1) ) J
t(tP+4) t t'+4
In x
Multiply each term by t(t+4) we have Sol: Given j—dX
4=A(t?+4)+(Bt+C)tuicrriirrnnne. (2) 4
(2 ) , Im—xdx Inxijdx '[(j‘xlnx '[x’3dx dx
4=At"+4A+Bt" +Ct 1 ] ]
4:At.2+Bt2+Ct'+'4A jln X_M 4_;1 Nt N
Comparing the coefficients N 2 1 N _3+11 x| D341
constant coefficients of t coefficients of t . .
4A=4 A+B=0 [ = ZHx2in k2 [ 2 x 7
A1 C=0 Be_4 1 X 2 124X
Putting values of A,B and C in equation (1) we get jm—xdx _ —_l In_x4 +1TX’3dX
4 _1, -t+0 . x° X2l 24
5 2
t(t2+4) t t'+4 4Inxd C1fnx|* 1] x3 !
Substituting the value in the given integral Jl. Y Pl 3 —3+1,
2 2 2
I 4 dt:J.% dt—lj- 2t dt tInx —1{In4 Inl| 1,
44t t o 29t +4 [=e =525 |3
1 1 1 T X 214 1 4 1
2 4
4 2 1 2 2 In x -1/ In4 O 11 1
= = dx = — A DY
!t3+4t o “n(t)‘l 2‘In<t +4)‘1 ! X 2 | 4° 12} 4[42 12}
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Exercise 5.5

Chapter 5
tInx In4 1[1 116 1
dx = — -0 |—-=| ——=.— — Xdy = - _
! 3 5 [16 } 4[16 1 16} !(x 3)e*dx = —3e+4 = —4.1548
j"”xdxz_‘:ln"’] 1[1_16} Q5. Use the definite integral to find out the area
3
1 X 16 ] 4L 16 between the curve f (X) and x-axis over the
tInx —In4 1[-157]_—In4 15 . .
I - dx = +— indicated interval [a,b]
T X 32 4 16 32 64 ,
[N X 4x —0.1910 ko flg=a=x (03]
d x3 - Sol: Given f (X) =4- X2, With interval [0,3]

x©

Ix(x—l)e dx

1

P — N
|
—
2=
X
7\
—
—_~
X
|
~—~—
o
X
N—
o
x

| =%[2(2—1)7 —1(1—1)7}—% (X:)J

=321 -2(0)' |-4[(2-27 -]

f 6 1 1 8 8
_!'x(x—l) dx=7[2—0]—§[(1) _(O)J
f 1 82 1
TX(X ) dx=20- 1 _15_4 2679
) " 56 56 56

1
h) j(x—S)exdx

i 1
Sol: Given I(X—3)eXdX

0

(x—3)exdx=|(x—3)eX

—j(l—o)exdx
(x—3)e*dx = [(l 3)e'—(0-3)e Ie dx

(x—3)e*dx =—2e' +3e° —|e*

(x—3)e*dx = —2¢" +3¢° —[el—eo}
(x—3)e*dx=—2e+3-[e—1]

(x—3)e'dx=—-2e+3-e+1

Ol 2 Ot Ot Ot Ot O 2 O

(x—3)exdx=(x—3):|;exdx—:%(x—\%)[l‘exdxjdx

First find out the x-intercepts of the curve by taking

f(x)=0
i.e., 4_X2:0 X2:4

Taking square root on both sides

N = X=12
Therefore subintervals are [0, 2] , [2,3]

To identify the function is positive or negative in
the sub-interval, take any point in the sub-intervals

Take 1€[0,2] then the function at x =1
f(1)=4-(1)"=4-1=3 is positive

And 3€(2,3] then the function at x=3
f(3)=4-(3)"=4-9=-5 is negative

Total area of the region in the [0, 3] is the sum of
the area of the sub-regions in subintervals [0, 2],[ 2, 3]

j-(4—x2)dx:E(4—x2)dx—I(4—x2)dx

3

o

X3

(4—x2)dx= 4x—? —lax—Z—

3 2

(4—x?)dx = {{4(2)—%}—{4(0)_gﬂ

[l o2
{s——} (0—0}— {12—2—37} {8—2}
|=2{% §_§} 129}
[ () 1

32-9 23
3 3

2
3
‘ X
0

Ol ) Ot

b). f(x)=x*-5x+6  [0,3]

sol: Given f (X) =X —5X+ 6, with interval [0, 3]
First find out x-intercepts of the curve by taking
f(x)=0 ie, X*—5x+6=0

x> —3x-2x+6=0
x(x-3)-2(x-3)=0

(x—2)(x=3)=0
. x-2=0 x—3=0
Either or

Therefore subintervals are [0, 2] , [2,3]

To identify the function is positive or negative in
the sub-interval, take any point in the sub-intervals

Khalid Mehmood Lect: GDC Shah Essa Bilot

Available at http://www.MathCity.org Page 122



Chapter 5

Take le [0, 2] then the function at X =1
f(1)=(1)"~5(1)+6=1-5+6=2 is positive
And 3€(2,3] then the functionat x=3

f(25)= (2.5)2 -5(2.5)+6=6.25-12.5+6=-0.25
is negative. Total area of the region in the [0,3] is

sum of area of sub-regions in subintervals[O, 2],[2,3]

j(x2 —5x+6)dx =j'(x2 —5x+6)dx—_3f(x2 —5x+6)dx
0 0 2

2* 5(2) 0* 5(0)
IH—3 =5 +6(2)}—{—3 = +6(0)H
3 5(3) 2* 5(2)

_H§_T+6(3)}_{§_T+6(2)H

I ={§—#+12}—{0—0+0}

3
x3  5x? x3 5x

3 2 | |3 ,

—{g—@+18}+{§—w+12}
3 2 3 2
I=2{§—10 12} {Q—E 18}

3 2
-+{53)-5 -5}

3 1 1 2

{8 23} {2 27 45}
| =2{-+= 2} — =

3 13 21 2
|=2{8+6}_{54—45}=2(Ej_g

3 2 2

_228_93_56-27_29
2’3 23 6 6
o). f(x)=x"-6x+8  [0,4]

Sol: Given f (X) = X2 — 6X + 8, with interval [0, 4]
First find out the x-intercepts of the curve by taking f (X) =0
e, X2?—6x+8=0

X2 —4x—2x+8=0
x(x—4)-2(x-4)=0
(x—2)(x—4)=0

. Xx—-2=0 X—4=0
Either or

X=2 Xx=4

Therefore subintervals are [O, 2] , [2, 4]

To identify the function is positive or negative in
the sub-interval, take any point in the sub-intervals

Take 1€ [0, 2] then the functionat X =1
f(1)=(1)"-6(1)+8=1-6+8=3 is+ve

And 3e [2,4] then the function at X =3
f(3)=(3)"~6(3)+8=9-18+8=—1 is-ve

Total area of region in the [0, 4] is the sum of \ area

of the sub-regions in the subintervals [O, 2] , [2, 4]

Exercise 5.5

(= {2-3(a)+16} - (0-0+0)
—{6—:—3(16) 32} {——3(4)+16}

2{3—12 16} {6—:—48 32}

(s

-2 %3} 523

=B A R HE)

40 16 40 — 16 24 _g

3 3 6 3

| |
N

||
N

8
3
8
3

d). f(x)=5x-x? [1,3]
Sol: Given f (X)=5X— X’ with interval [, 3]

First find out the x-intercepts of the curve by taking f (X) =0

ie., Bx—x*=0
x(5-x)=0
Either or
X:O 5—-x=0
x=5

Therefore subintervals are not possible in given interval
The total area of the region in the [1, 3]
3

5x2 X3
!(5X—X2)dX= > 3l

-5} (s
2 3 2 3
122 sy

"2 3 31 3 3 3

Q6. Set up definite integral in problems a to d that

represent the indicated shaded areas;
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a).
SZI: Given f (X)=2-0.5%* withinterval [0,3]

From the figure positive subinterval is [0, 2]

And the negative subinterval is [2,3]

The total area of the region in the [0,3] is the sum

of area of the sub-regions in the subintervals [0 2] [2 3]

T(Z—O.sz)dx !(2—_)dx !(2__},)(

0

I 2 o x3 ? x3 °

E[(Z_O'SX )dx_ ZX—ZXBO_‘ _2><32

3 2 3
2—0.5x%)dx 2x——3 _2X_X_3

J( )

0 0 6 5

b).
s;: Given f (X)=X%—2X withinterval [-1, 2]

From the figure positive subinterval is[—1,0]

And the negative subinterval is [0, 2]

The total area of the region in the [—1, 2] is the sum of

area of the sub-regions in the subintervals [—1 0] [0 2]

j-l(xz—ZX)dx—:[l(x —2x dx — _[ X —2x)dx

J'(xz—2x)dx=

-1

0 2

3

3
X
2 x?
3

X
2 x?
3

-1 0

Khalid Mehmood Lect: GDC Shah Essa Bilot
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3
| :l+1—§+4:1—§+1+4
3 3 3
|:_—7+5—_7+15 8
3 3 3

c).

Sol: Given f (X) =

_ ex
with interval [1, 3]

From the figure positive subinterval is [1,2]

And the negative subinterval is [2,3]

The total area of the region in the [1, 3] is the sum
of area of the sub-regions in the subintervals [1,2],[2,3]

te?—e
2

13 2 X
dx=EI(e —e )dx

®

N
|
®

x

Q

X

Il

o)
N
I
0]
x

P — ) C— 0 P — 0 e 1 P lm— ) P m— ) P C—
mr\) N
N
(0]
X x
X
II
N
—~
—~~
N
D
N
|
(]
N
N—"
=
(9]
N
(9]
N
N
N——
N
N
N
| I

I\)L N
X
I
NIk NP
1 I

D
N
N
D
x
[
—~— :
N
N
=
——
|
~—
W
D
N
|
0]
w
|
@
N
——
 I—

d).
Sc)>I: Given f (X) =e" —e with interval [0, 2]

From the figure negative subinterval is [0,1]

And the positive subinterval is [l, 2]

The total area of the region in the [0, 2] is the sum

of area of the sub-regions in subintervals [0,1] , [1, 2]
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(eX —e)dx:—Jl‘(eX —e)dx+Jj(eX —e)dx

0
(ex—e)dx=—

—_— O — N O ——

| =—[{e-¢} —{1—0}]+[{e2 — e} —{e—e}]
= [{0} - (1] +[{e" ~2¢} ~{0}]

| =—[-1]+[e’ —2e |=1+¢’ —2¢=2.9525

L(24)-L(0)=40| {3.2189}" ~{0}" |
L(24)—L(0) = 40[10.3612] = 414.4465

= —[{e1 ~le}—{e’- O.e}] + [{e2 —2e}-{e' —1e}]

Q7. An oil tanker is leaking oil at a rate given in

dL  80In(t+1)
barrels per hourby — =—————

d  (t+1)
the time in hours after the tanker hits a hidden
rock (when t=0)

dL 80In(t+1)

where tis

Sol: Gi —=

SN T ()

dl = 80In(t+1)
(t+1)

Integrating both sides

80In (t+1
fdL —ITJr)dt

Let u=1In (t +l) Differentiating w r t “t”
Su=2%In(t+1)
1

dy=—-49(t+1
Qu_ 1
dt t+1

t+1

Putting the value of U and du in given integral
80In(t+1
L —J‘#dt—SOIIn t1) 9

(t+ ) ( +1)
L =80[udu =80u?=40u2

Putting the value of u

L=40[In(t+1)]

b). Find the total number of barrels that the ship
will leak on the second day

Solution: start time a =t, =24 hours and end
time b=t, =48 hours
Therefore the given integral
“80In(t+1
j dL(t j ( )dt
(t+1)

L () =40[fin(t+1 }

2[4

L(48 24

)
(48)— L (24) =40 {l 48+1} {In(24+1)}}
(48)-L( {In(49))" ~{in(25)}’ |
(48)~L(24)= 40| {38918} - {3.2189}’ |
L (48)— L (24) = 40[15.1463—10.3612] = 191.404

—

4

(o]

—

)-
)-L
48)-

)=
24) =40
)=

c). what happening over the long run to the
amount of oil leaked per day?

Solution: Oil leaked at first day = 414.4465 barrels
Oil leaked at second day = 191.404 barrels

Oil leaking from the tank is decreasing to 0 (zero)

a). Find total number of barrels that ship will leak on first day
Sol: start time @ =t, =0hour and end time

b=t =24 hours

Therefore given integral
280In(t+1

J.dL I#dt

(t+1)
L) = 4offin(t+1)}° ‘O
L (24)-L(0)=40| {In(24+1)}" ~{In(0+1)}" |
L (24)-L(0)=40 {In(25)}" ~{In ()}’ |
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