Chapter 4

Exercise 4.1

Chapter 4

For domain
We can take all values for the domain not including

i). non zero denominator i.e.,
x#0

ii). positive radicand i.e., X >0

iii). log(natural or common) In X with x>0

Exercise 4.1

Denominator radicand
—t>
t20 10-t>0
10>t

Domain of the given vector function F (t) +G (t),
is set of real number except t #0 & t <10

Q1. Find domain for the following vector functions:
a.  F(t)=2ti-3tj+t7k

Solution: We have F(t)=2ti—3t j+t™k
Denominator t =0

Domain of the given vector function F (t) is set of

real number expect t =0

b.  F(t)=(1-t)i+tj—(t-2)"k
Solution: We have F (t) = (1—t)i +4t j —tizk

Denominator t—2 0 and the radicand t>0
Domain of the given vector function F (t) is set of

real number except t #2 &t >0

f). F(t)—G(t), where

F(t)=Inti+3t j-t’k, G(t)=i+5t j—t*k
Solution: F(t)=Inti+3t j—t*k,G(t)=i+5t j-t’k
F(t)-G(t)=(Inti+3t j—t*k)—(i+5t j—t*k)
F(t)-G(t)=Inti+3t j—t’k—i—5t j+t*k
F(t)-G(t)=Inti—-i+3tj-5t j—t’k +t*k
F(t)-G(t)=(Int-1)i-2tj

For Natural log t>0

Domain of the given vector function F (t) -G (t)

t
t

is set of real number t >0

c). F(t)=sinti+cost j+tantk
) L . sint
Solution: We have F (t)=sinti+cost j+——Kk
cost

Denominator cost=0
t+cos™(0)

t=2
2

t# %(Zn +1) ForneR
Domain of the given vector function F (t) is set of

real number except t # %(ZH +1), neR

d.  F(t)=costi—cott j+cosectk
Solution: We have F (t) =costi —&St J +_ik
sint sint
Denominator Sint =0
t=sin™(0)
t#x
t#nrx ForneR

Domain of the given vector function F (t) is set of

real number except t # Nz, NeR

e, F()xG(1), where
F(t)=t?i-tj+2tk, G(t)=(t+2) " i+(t+4)j-~~tk
i ' K

Sol: Given F(t)xG(t)=| t? —Jt 2t
(t+2)" t+4 =t

F(1)xG(t) =i{td=t-2t(t+4))- (-t -2t(t+2)”)

+k(t2(t+4)+t(t+2)_1)
2t

F(t)xG(t)zi(t\/—_t—Zt(t+4))—j(—tz —t——J

t+2
+k(t2(t+4)+%)

t+
Denominator Radicand
t+2+0 —t>0
t=-—2 t<0

Domain of the given vector function F (t) xG (t)

is set of real number except t #—2 & t <0

e). F(t)+G(t), where
F(t)=3ti+t™"k,  G(t)=5ti++10-t ]
Solution: F(t)=3ti+t"k,G(t)=5ti+~/10—t j

Q2. Sketch the following vector function:
a). F(t)=2ti+t?]
Solution: We have F (t)=2ti+t?]

Att=-2 F(-2)=2(-2)i+(-2)" ]
F(-2)=—4i+4]

Att=-1 F(-1)=2(-1)i+(-1) j
F(-1)=-2i+]
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Chapter 4 Exercise 4.1
Att=0 F(0)=2(0)i+(0)" ] b F().G(1)
F(0)=0i+0j Sol:F (t) G (t)=[ 2ti—5 j+1° k][ )i+0j+- k}
Att=1 E 8:;(?;+(1)2 j F ()G (t)= 2t(1—t)—5(0)+t2(%)
at=2  F(2)=2(2)i+(2) ] F()G(1)=2t-2t+t
F( : F(t).G(t)=3t-2t?
o). G(t).H(t)

b  G(t)=sinti—cost |
Solution: We have G (t) =sinti—cost j
)

At t= 0radian G(0)=sin(0)i—cos(0) j
G(0)=0.i-1]

Att=2% G(%)=sin(5)i-cos(%) ]
G(£)=1i-0j

Att=r G(7z)=sin(z)i—-cos(r) j
G(7)=0i—(-1)]j
G(r)=0i+1j

Att=3% G(%)=sin(%)i—cos(3£) j
G(%)=-1i-0.]

Q3. Perform the operation of the following
expressions with F (t) =2ti-5j+t°k,

G(t)=(l—t)i+%k, H (t):sinti+e‘ j

a). 2F (1)-3G(t)
SOI:ZF(I)—3G(I):2[2ti—5j+t2k]—3[(1—t)i+%k}
2F(t)—3G(t)=4ti—1Oj+2t2k—(3—3t)i—§k
2F(t)—SG(t)=4ti—(3—3t)i—10j+2t2k—§k

2F(t)—36(t)=(4t—3+3t)i—10j+[2t2—§jk

2F ()= 3G (t) = (7Tt —3)i —10 j +(2t2 —%)k

Sol:G(t).H (t) =[(1—t)i +%k}.[sinti +e' j+0k]

1—t)sint—0.e" +t0

=(1-1)
G(t).H(t)=(1-t)sint

sint e 0
F(t)xH(t)=i(0-t%")- j(0-t’sint)
+k (2te' +5sint)
F(t)xH(t)=—t%"i+t*sint j+(2te' +5sint)k

e).  2e'F(t)+tG(t)+10H (t)
Solution: We have 2e'F (t)+tG (t)+10H (t)
2e'F (t)+1G (1) +10H (t) = 2e'[ 2ti -5 j+ 17k |
o1 .
+t[(l—t)|+¥k}+10[smt|+e j:'
2e'F (t)+tG(t)+10H (t) =4te'i—10e' j+2e't*k
+(t—t?)i+k+10sinti+10e"
2¢'F (t)+1G (t)+10H (t) = 4te'i +(t—t*)i +10sinti
—10e' j+10e" j+2e't’k +k
2¢'F (t)+1G(t)+10H (t) = (4te' +t—t* +10sint )i +(2e't” +1)k
Q4. Evaluate limits of the following expressions:
- - 2t - -
a). Itl_r)1;1[3t|+e j+SIn7rtk]
Solution: We have |im[3ti+e2t j+sin 7[“(]

_3I|mt|+I|me J+I|msm7ztk

t—1
:3(1)|+e J+S|n(17z)k

=3i+e’ j+sinzk

:3i+e2j s.sinz=0
b) |im[5i”“——tk}
t—0 t2+t—l
Solution: We have [jm| SNt —tK
t—0 t2+t—l

Iim sinti— Iimtk

I|m t2 +limt— I|m 1

t—0 t—0 t—0
_sm(O)l (0)k_ 0-0 0
(0)2+(0)—1 0+0-1 -1
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u
-1 £-3t+2 . ot At g e
o). lim [t RS j+(t?+1)e k} BT

t°-1 B_t2—3t+2

, B=— and
t-1 t“+t-2

Solution: Let A=

C= (t2 +l) e'™ then the given function will be
2
lim| —= 3 L e j+(t2+1) ek |=lim[Ai+B j+CK]
1) t-1 t? +t-2
Now apply the limit individually
3_
imA=tim—* 9 rorm
t—o1 t>1 t—1 0
3 3
lim A= lim -2
t—>1 t>1 t—1
_ _(t-1)(+t1+1%)
limA=Ilim
t—1 t—1 t-1

ItiLr;A:ItiLrll(t2+t+l)

limA=limt? +limt+liml

t—>l t—>1 t—l t—>1
limA=(1)"+1+1=3
t—>1
Now I|mB—I|mﬂ 9 Form
t—1 t—1 t +t—-2 0
—2t—-t+2

IimB=Ilim 2—
t—1 t>1t° 4+ 2t -t =2

lim lim L(1=2)=4(t=2)

to1 Ot (t+2)-1(t+2)

(t-1)(t-2)

limB=Ilim
t—1 t—1 (t_l)(t+2)
. R
limB=Ilim——
t—1 t—1 t+2
I|mt—I|m2
Ii _ t>l
t-1 I|mt+I|m2
t—1 t—1
|im|3:g:__1

o 142 3
Now I|mC_I|m( +1)Iime"l
t—>1

t—1
. (a2 ~
limC _(1 +1)e
: _ 0
It|£r11C =(1+1)e
|tl_r>T11C =(2)(1)=2

Substituting the values
Iting[AiJr Bj +Ck]= Itirrll Ai+|im Bj +|tin3Ck

|tILTl1[AI+BJ+Ck] 3|+( 3jj+2k

lim[Ai+B j+Ck]=3i—T j+2k
t—1 3

tet etfl
. lim| ——i+——
t-0|1—e cost

tet et—l
Solution: we have Iim{ I+ J}

>0 1—e'  cost

then the given function will be

t t-1
Iim{ ® ;. j}—hm[AH—BJ]

t—0 :|__et cost t—0
Now apply the limit individually

te' 0
limA=1Ilim — Form
t—0 t—0 ] — e

Apply L Hopital’s Rule

()
limA= Ilm—
t—0 t—>0 d (1 e )

tde' +e' dt

limA=Ilim
t—0 t—0 d 1_He
te' +¢'
limA=lim det=g'dt=¢
t—0 t=>0 0 — e
t
. . t+1
I|mA:I|mQ
t—0 t—0 —e

limA= Ilm (t+1)

t—0

lim A=—(Iimt + Iiml)

t—0
limA=-(0+1)=-1
t-1
Now limB=Iim
t—0 t=0 cost

_ lime'™

limB :ﬁo—

-0 limcost
t—0

limB= ==
0 cos(0) 1

Substituting the values

e®t et 1
e

B t t-1
lim| - i+ & jl=tim[Ai+B j]
t—0 _]__e cost t—0

B tet et—l N

lim -
0| 1—-e"  cost

jl=limAi+limB j
t—0 t—0

B tet et—l ]

lim i+

>0 1—e cost

. I T
Jl=—li+=j=i+—]
e e

e). |im[‘°"”ti+1_COSt j+e“k}
t—0 t t

Sol: Iim[smti+1_(t;08t j+el‘tk}

t—0 t

LtA—STt, le_:OSt, C _ et

Then the given function is

.| sint. 1-cost . . . )
Ilm[ i+ j+e“k}=llm[A|+BJ+Ck]
t—0 t t—0
Now apply the limit individually
sint

limA=lim—— — Form
t—0 t-0 t
Apply L Hopital’s Rule
. . dsint
limA=Ilim&——
t—0 t—>0 dt

dt

cost
I|mA—I|m——cos(O)=1
t—0 1
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Exercise 4.1

Chapter 4
Now Iimleiml_COSt — Form
t—0 t—0 t 0

Apply L Hopital’s Rule
&(1—cost)

limB =Ilim
t—0 t—0 dt
dt
41— 4dcost

limB = lim&—a
t—0 t—0
. . 0—(-sint)d4t
||mB:||mM
t—0 t—0
limB =Ilim(sint)=sin(0)=0
t—0 t—>0( ) ( )
Now limC =Ilime** =¢"?°

t—0 t—0

limC=e

t—0
Substituting the values
fim| S04 22908t 5 L ey | pim[Ai B j+CK]
t»O_ t t—0
lim Lmi+1_c—03tj+e“k —lim Ai+1limB j +limCk
t—»O_ t t ] t—>0 t—>0 t—0
. [sint. 1-cost . i ] .
IthJ_THTHe k__(1)|+(O)J+ek
lim S'T”tnl Cost ;| etk |isek

f). lim S_mSti+|n(Smt) j+t'k
0] sin2t  In(tant)

i i . In(sint) .
Sol: lim s_|n3t|+ ( )J+t‘k
>0 sin2t  In(tant)

sin 3t B In(sint)

sin2t’ In(tant)’

Then the given function is
_|sin3t. In(sint) .
lim| — i+

0 sin2t  In(tant)

Now apply the limit individually

Let A= C=t'

ool o
t k}_ltﬁg[A|+BJ+Ck]

sin 3t
limA=Ilim — Form
t—>0 t—0 Sln 2t
Apply L Hopital’s Rule

o
lim A = lim s3I 3t
t—0 t—0 %S”'] 2t

cos3t 4 (3t
lim A — lim s(3t) . 3cos3t
t->0 0 Cos 2t & 4(2t) 0 2cos2t

3limcos3t  3cos(0
limA=—-2=2 (0) _ 3
>0 2limcos 2t 2cos(0) 2
t—0
. . In(sint
Now I|mB=I|mM — Form
t—0 t—0 |n(tant)

Apply L Hopital’s Rule
) . 4n(sint L dgint
||m B= ||m dt ( ) — sint dt
©0 o0 din(tant) o L Stant
) L cost cost
limB = lim =t =lim
-0 t->0 Sost sec t HO cost.sec?t
limB = lim———=limcost
t—0 t=0 sec“t t—0

limB = {cos(0)}” = {1}* =1

Since C=t' Taking In (natural log ) on both ssides
InC =Int'

InC =tint
InC—In—t
tt

Apply the limit on both sides

. Int
Ilm{InC}—Ilm{ 1} % Form
t—0 t—0 | t 00
Apply L Hopital’s Rule
dnt
Ilm{InC}_Ilmdt -
t—0 t—0 lt_
dt
1
imt—imi.t
iminCy=lim —g =tmt+5
2
Ilm{InC}—Ilmlxi lim(-t)=-0
t—0 0t 1_t—>0
Itgrow{lnc} 0
limC=e=1
t—0

Substituting the values

. 1'sin3t . In(smt)
lim| = i+
501 sin2t  In(tant)

k:|—|lm[AI+Bj+Ck]

_sin3ti+ In(sint)j

lim| = +t'k [=limAi+1limB j+limCk

0| sin 2t In(tant) | o 50 10
[si In(sint

| M3 IN(SING ¢ ey =(§Ji+(1)j+(1)k

0| sin 2t In(tant) 12
[si In(sint ]

| 33 INGING ¢35

0| sin 2t In(tant) 2

: .
g). Itl_r)rl1[2t|—31+e k}
Solution: We have Iim[Zt i—3j+é k]

t—1
lim[ 2ti—3 j+e'k |=lim2ti-lim3 j+lime'k
-1 t—>1 t—>1 -1
- - - t _ -_ - l
Itlm[Ztl—BHe k]—Z(l)l 3j+e'k
. L i
It@[2t|—3j+e k]_2| 3j+ek

h).  lim[(2i—tj+e'k)x(t’i+4sint j)]

t—2

Sol: ||m[(2|—tj+e k)x (t2i+4sintj)}

t—>2
i j k
=1lim|2 -t €
t—>2

t> 4sint 0
=lim{i(0—4e'sint)— j(0—e't*)+

t—2

k(85int+t3)}
:1@{—4etsinti+ett2 j+(85int+t3)k}

= —4e?sin(2)i+e?(2)° j+(85in( )+(2)" )k
=—4e’sin(2)i+4e® j+(8sin(2)+8)k
=—4e’sin(2)i+4e® j+8(sin(2)+1)k
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Chapter 4

Exercise 4.2

Q5. Test the continuity of the following expressions

for all value of t

a).  F()=ti+3j-(1-t)k

Solution: We have F (t)=ti+3j—(1-t)k
Domain of the given vector function F (t) is set of

real number, therefore the given function is
continuous in the whole set of real numbers

given function is continuous in the whole set of
real numbers exceptt=0& t=-1

b.  G(t)=ti-t7k

Solution: We have G(t)=ti—1k

Denominator t # 0 then Domain of the given
vector function F (t) is set of real number except

t =0, therefore the given function is continuous in
the whole set of real numbers exceptt =0

9. G(t)=2]

t? +t

Solution: We have G(t) = I:_Z J

e+t
Denominator t?+t#0

t(t+1)=0
Either or
t£0 t+1+0
t=-1

Domain of the given vector function F (t) is set of

real number exceptt =0 & t =—1, therefore the
given function is continuous in the whole set of
real numbers exceptt=0& t =-1

Example 4.4.2 If F(t):i+etj+t2k, and
G(t)=3t’i+e"j—2tk then findout &(F.G)
Solution: we have F(t):i+e‘j+t2k, and
G(t)=3t"i+e"j—2tk
First we find F.G
F(t)G(t)=(i+e'j+t°k)(3t%i +e ™ j - 2tk)
F(t)G(t)=3t"+e'"" +t*(-2t)
F(t)G(t)=3t+1-2t°
Now differentiating with respect to t
S[F(1)G(t)]|=4(3t +1-2t°)
L[F()G(t)]=34t* +41-241°
2[F(t)G(t)]=3(2t)+0-2(3t*)
S[F(1)6(1)] =6t -6t

Exercise 4.2

d.  F(t)=e'sinti+e costk
Solution: We have F (t) =e'sinti+e' costk

Domain of the given vector function F (t) is set of

real number, therefore the given function is
continuous in the whole set of real numbers

e.  F(t)=e'(ti+t*j+3k)

Solution: We have F (t)=e' (t i+1] +3k)
Denominator t #0 then Domain of the given
vector function F (t) is set of real number except

t =0, therefore the given function is continuous in
the whole set of real numbers exceptt =0

Q1. Find the vector derivative F'(t) of the

following vector functions:
a).  F(t)=ti+t® j+(t+t°)k
Solution: We have F(t)=ti+t* j +(t+t3)k
Differentiating both sides with respect to t
4F ()= {ti+t® j+(t+t°)k}
F'(t)=
F/()=(1)i+2tLt j+(4t+4t°)k
)
)=

Lti+Lt? j+L(t+t0)k

F/(t)=i+2t j+(1+3t 4t)k
F'(t +2tj+(1+3t )k

f). G(t)_t|+\/_1

Ny

Solution: We have G(t) t'+‘/_J
et

Denominator is radicand Vt> +1t Take

t? +t=0

t(t+1)=0

Either or

20 t+1+0

t=-1

Domain of the given vector function F (t) is set of

real number exceptt =0 & t =—1, therefore the

b). F(s)=(si+s” j+s*k)+(2s%i—s j+3k)
Solution: Since

F(s)=(si+s” j+s’k)+(2s%i-s j+3k)
F(s)=si+s® j+s’k+2s’i—s j+3k
F(s)=si+2s®i+s® j—sj+s’k+3k
F(s)=(s+2s%)i+(s"—s)j+(s*+3)k
Differentiating both sides with respectto s
%F(s):%{(s+232)i+(sz—s)j+(52+3)k}
F’(s):di(s+232)i+di(sz—s)j+i(sz+3)k
F'(s)=(Ls+22s)i+(Ls’—&s) j+(Ls’ +£3)k
F'(s)=(1+2(2s)&s)i+(2s&s-1) j+(25Ls+0)k
F'(s)=(1+4s)i+(2s-1) j+2sk

c). F(8)=cosf[i+tan 8 j+3k]
Solution: We have F (6)=cos&[i+tan8 j+3k]
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Chapter 4

Exercise 4.2

F(G):cose[n sing j+3k}
cos @

F(0)=cos@i+sin@ j+3cosOk

Differentiating both sides with respect to 6
£ F(0)=%{cos@i+sing j+3cos Ok}

F'(0)=gcosfi+gsing j+3Lcosok
F'(0)=-sin0L0i+cosdL: 0 j+3(—sinb) Lok
F'(6)=-sin@i+cosd j—3sinok

Q2. Find F'(t) and F"(t) of following vectors functions:

a). F(t)=t?i+t™ j+e*k
Solution: We have F (t) =t?i+tt j+e”k
Differentiating both sides with respect to t
SF()=4{ti+t" j+e”k|
Fl(t)=at?i+3tt j+Se®k
Fr(t)=2t&ti+(—t7") &t j+e* £(2t)k
F'(t)=2ti—t? j+2e* &(t)k
F'(t)=2ti—t? j+2e*k
Again differentiating both sides with respect to x
LF(t)=%{2ti—t? j+2e" k|
Fr(t)=24ti—4t? j+24e*k
Fr(t)=2i—(-2t7") &t j+2e* £(2t)k
Fr(t)=2i+2t° j+4e* L (t)k
Fr(t)=2i+2t° j+4e* k

F(s)=2{sinsi+coss j+s’k}
"(s)=Lsinsi+Lcoss j+Ls’k
"(s)=coss&si+(—sins)&s j+2s sk
F'(s)=cossi—sins j+2sk

Again differentiating both sides with respect to s
LF'(s)=2%{cossi—sins j+2sk}
F"(s)zicossi—lsinsj+213k

F"(s)

F"(s)=—5|n5|—00551+2k

—sins&si—coss<sj+2k

b). F(s)=(1-2s")i+s(coss) j—sk
Solution: Since F (s)=(1-2s”)i+s(coss) j-sk
LF(s)=%{(1-25")i+s(coss) j-sk|
F'(s)=%(1-25%)i+<{s(coss)} j—Lsk

F'(s)=(£1-2%5%)i+{s%(coss)+coss s} j—(1)k
F'(s)=(0-2(2s)<s)i+{s(-sins)Ls+coss} j—k

F'(s)=—4si+{-ssins+coss} j—k

Again differentiating both sides with respect to s
LF'(s)=%[-4si+{-ssins+coss} j—k |
F"(s)=—4&si+L{-ssins+coss} j—k
F"(s)=—4i+{-L(ssins)+&coss} j—0
F"(s)=—4i+{-(s&sins+sinsLs)—sins} j
F"(s)=—4i+{—(scoss+sins)—sins} j
F"(s)=—4i—(scoss+sins+sins) j

F"(s)=—4i—(scoss+2sins) j

d). F(6)=sin*#i+cos26 j+6"k

Sol: We have F (9) =sin®@i+c0s20 j+6°k
Differentiating both sides with respect to 6
LF(0)=%{sin* 0i+cos20 j+0°k}

F'(0)=gsin® @i+ cos20 j+L 67k
F'(0)=2sin0gsin0i+(—sin20)L(20) j+20 50k
F'(0)=2sinfcosd L 0i—2sin20L 6 j+20k
F'(0)=sin20i-2sin20 j+260k

..2sin@cosé =sin 20
Again differentiating both sides with respect to x

L F'(0)=4g{sin20i—-2sin20 j+26k}
F"(6)=4sin20i—-2%sin260 j+2%6k
(0) =cos20%(20)i—2cos20-%(20) j+2k
F"(0)=2c0s200i—4c0s20L:0 j+2k
(8)=2cos20i—4cos20 j+2k

.  F(s)=sinsi+cossj+s’k
Solution: We have F (s)=sinsi+coss j+s*k

Differentiating both sides with respect to s

Q3. Differentiate the following scalar functions:
a). 1‘(x):[xi+(x+1)j].[2xi—3x2 j]
Sol: Since f (x):[xi+(x+l) j].[ZXi—3x2 j]
%f(x):%{[xi+(x+l)j].[2xi—3x2j]}
f’(x)=[xi+(x+1)j]%[2xi—3x2 j]
+[2xi—3x2 j]%[xi+(x+1) i
f’(x)=|:xi+(x+l)j:|[21xi— ixzj]
+[2xi—3x2 j:H:dX Xi+g(x+1)j]
f/(x)=[ xi+(x+1) j][Zi—B(Zx)—x i]
+[2xi=3x* j [ i+(&x+&1) ]|
=[xi+(x+1) j][2i-6x ]
+[2xi=3x [ i+(1+0) ]
f/(x) =] xi+(x+1) j |[2i —6x j]+[ 2xi —3x* j [ i+ j]
f7(x)={2x—6x(x+1)}+ {2x—3x2}
f'(X) = 2x—6x* —6x+2x — 3%
f'(X)=2x—6x+2x—6x>—3x’
f'(x)=-2x—-9x°

b). f(x )=[COSXI+Xj—Xk].[SeCXi—X2j+2Xk]
Sol: since f () =[cos xi+x j—xk].[ secxi—x*j+2xk |

Differentiating both sides with respect to x
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Lf(x)= {[COSXI+XJ—Xk] [secm—x J+2xk]}
f'(x)=[cosxi+x j—xk] a[secm—x J+2xk]
+[ secxi—x*j+2xk | &[cosxi+x j—xk]
£/(x)=[cosxi+x j—xk][ Lsecxi—&x*j+2Lxk]
+[secxi—xj+2xk J[Lcosxi+ & x j— g xk]
f'(x)=[cosxi+x j—xk][secxtanx & xi—2xLx j+2k |
[secm—x j+2xk}[—smx&m+1—k]
f’(x)=[cos xi+x j—xk][sec xtan xi —2x j+2k]

+[secxi—x2j+2xk][—sinxi+j—k]

f'(x) = cos xsec xtan X — 2x* — 2x—sin xsec X — x* — 2x

f'(x)=cos x.itan X —sin XL—ZXZ — x> —2X—2x
oS X COS X

f'(x)=tan x—tan x —3x* — 4x

f'(x)=-3x*—4x

c). g(x)=|sinxi—2x j+cosxKk|

Solution: We have g (X)=|sin xi—2x j+cosxk|

g(x)= \/(sin X )2 +(—2x )2 +(cos x)2

g(x):\/sin2 X+ 4% +cos’® X

g(x):\/sin2 X +C0S” X + 4X°

o(X)~TaT

Differentiating both sides with respect to x

dxg [1+4x ]
9'(x =l[1+4x] %[1+4x2]

):%[1+4x ]

()

Q4. Find the particle’s velocity, acceleration, speed
and direction of motion for the indicated value of t,
when the position vector of a particle’s in space at

time tis R(t)
a). R(t)=ti+t*j+2tk att=1

Solution: Since the rate of change of displacement
with respect to time is called velocity i.e.,

V(1) =&R(t)

Therefore differentiate R (t) with respect to time t
V(t)=4R(t)=4ti+4t?j+24tk
V(t)=i+2tdt j+2k

V(t)=i+2tj+2k

The velocity attime t =1

V(1)=i+2(1) j+2k

V(1)=i+2j+2k

And the speed

V(1) =1 +22 422
V(1) =Vi+4+4
V(1) =8 =3
Speed attime t =1

V(@)=

The direction of motion attimet=1
V(1) i+2j+2k 1. 2. 2
) = J ==i+—j+=k
V(1)) 3 3 33
Since the rate of change of velocity with respect to
time is called acceleration i.e., A(t) = %V (t)

Therefore differentiate V (t) with respect to time t
A(t) =gV (t)=Zi+25t j+52k
A(t)=&V (t)=0+2j+0

A() =&V (1)=2]

Acceleration at time t =1

AL)=2]

b). R(t)=(1-2t)i-t* j+e'k att=0
Solution: Since the rate of change of displacement
with respect to time is called velocity i.e.,

V(t)=%R(t)

Therefore differentiate R(t) with respect to time t

V()=1R() L(1-2t)i—-&t® j+Le'k
V(t)=4R(t)=(41-24t)i-2t Lt j+e' Ltk
V(t)=4R(t)=(0-2)i-2t j+e'k
V(t)=3R(t)=-2i-2t j+e'k

The velouty attime t=0

V (0)=—-2i-2(0) j+e’k

V(0)=-2i-0]+1k

V(0)=-2i+k

And the speed

V(1) = (27 + (-2t +(e)

V (8) = V4 +4t7 +e*

Speed attime t =0

= J4+4(0) +&*

v (0) =4+4(0) "
V(0)=+4+0+1=5

The direction of motion at time t=0

V(0) -—2i+k 2., 1
VO T B BB
Since the rate of change of velocity with respect to

=&R(t)

Therefore differentiate V (t) with respect to time t

time is called acceleration i.e., V (t)
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At)=2V(t)=-22i-2%tj+3e'k
A(t)=4V (1) =—(0)i—2 ] +e' Ltk
A(t)=3aV(t)=-2j+e'k
Acceleration at time t =0
A(0)=-2j+e’k

A(O):—2j+1k

A(0)=-2j+k

o). R(t)=costi+sint j+3tk att=Z
Sol: Since the rate of change of displacement with
respect to time is called velocity i.e.V (t) =4 R(t)

Therefore differentiate R(t) with respect to time t
V(t)=4R(t)=Zcosti+&sint j+3Ltk
V(t)=2R(t )=—smt%t|+cost%t1+3k
V(t)=%R(t)=-sinti+cost j+3k
The velocity at time t =%
V(£)=-sin(£)i+cos(%) j+3k
V(zj:—£|+£1+3k

4 2
And the speed
|V (t)|=\/sin2t+coszt+9
V (t)|=v1+9 =+10
Speed attime t =%
V(5)=~10

The direction of motion at time t =%

V() —£I+£j+3k
V() Jl_o

V(§) _ J’ 2 .
V(EH| 2V 2o J_
V(%) 1. 1 . 3

V() 26 2k e

Since the rate of change of velocity with respect to

time is called acceleration i.e., V (t) = % R (t)
Therefore differentiate V (t) with respect to time t
A(t)=2V (t)=—4sinti+Zcost j+33k
A(t)=2V (t)=—cost&ti—sint 4t j+0
A(t)=2V (t)=—costi—sint j

Acceleration at time t =%
A(Z)=—cos(%)i—sin(%) ]
A(Ej _Qi _Q j

4)" 272

z

a). E(v+tw)

Solution: We have to find 4 (v +tw)
V+itw=(2i- j+5k)+t(i+2j-3k)
V+tw=2i—j+5k+ti+2t j—3tk
V+tw=2i+ti— j+2t j+5k -3tk
V+tw=(2+t)i—(1-2t) j+(5-3t)k
Differentiating both sides with respect to t
S(v+tw)=5(2+t)i—-&(1-2t) j+&(5-3t)k

(v+tw)=(d 2+5t)i—(41-251)j+(&5-35t)k
E(v+tw)=(0+1)i—(0-2) j+(0-3)k
(v+tw) =i+2j-3k

ng_ Q_

Q5. 1f v=2i—]+5k and w=1+2]—-3K are
the two vector functions, then evaluate the
following derivatives problems;

b). —z(v. t“w)

dt?
Solution: We have to find 4 (V t W)

vit‘w=(2i-j+5k)t* (|+2]—3k)
vit'w=(2i- j+5Kk).(t"i+2t" j-3t"k)
Differentiating both sides with respect to t
${vttw) = g{(2i- j+5k).(t"i+2t" j-3t k)|
2{vt'w} =(2i - j+5k).&(t"i+2t" j-3t°K)
+(t"i+2t* j-3t"Kk) 4 (2i - j+5k)
S{vt'wh=(2i- j+5k).(4ti+24t" j-34t°k)
+(thi+2tt j-3t k)(£2i-4 j+45k)
S{vttw) = (2i - j+5k).(4° $ti+8 g1 ] -3(4t°) S k)
+(t*i+2t* j-3t"k)(0i-0j+0k)
S{vtw} = (2i- j+5k).(4%i +86 j-12t°k)
+(t*i+2t* j-3t"k)(0)
Svt'w)=(2i- j+5k).(4t%i+8t° j-12t°k)+0
S{vtw}=(2i- j+5k).(4t%i +8 j-12t°k)
Differentiating again with respect to t
44 {vt W} 4 {(2I—j+5k) (4t3|+8t31 —12¢3 k)}

& {vt W} (2I—j+5k)a(4t3l+8t3 j—12t° k)
+(4t°i+8t° j-12t°k ) £(2i - j+5k)
L {vt'w) =(2i- j+5k)(44%1+84t° j-125t°k)
+(4t’i+8t° j—12t°k)(0

i-
)

< vt'wh = (2i- +5k)(4(3tz)i+8(3t2)j—12(3t2)k)

& {vit'w} = (2i- j+5k)(12t%i + 24t j-36t°k)
Now we will multiply the RHS
& {vt'w} = (2i— j+5k)(12t%i + 241> j-36t° k)
& {vt'w} = (2)(12t* )+ (1) (24t ) + (5)(-36t°)
& {vi'w} = 24t* - 24t* —180t°

& {vt'w} = -180t*
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c). o (t|v|+t |w|)
Solution: We have to find 4 ( V] +t° |W|)

tv]+t? |W|—t|2|—j+5k|+t li+2j-3k|

]+ 2 w]=t(2)] + (=1 +(5) +12(1) +(2) +(-3)
tV]+ | w] = tv4+1+25 +t*1+4 +9

tV+ W] = t/30 + V14

t|v]+t2|w| = /30t + v14t?

Differentiating both sides with respect to t
%{t|v|+t2|w|} V30 &t 414 8t2

S {tv]+t* ||} = /30 ++/14 (2t) 4t

2 {tv]+t* |w|} =+/30 + 2414 t

Again differentiating with respect to t

g dt{t|v|+t |W|} 9./30+214 &

& {t|v|+t |W|} 0-+2\14

& {t|v|+t |w|} 214

d). 4 (tvxt®w)

Solution: We have to find %(thtZW)

tvxt?w=t(2i— j+5k)xt?(i+2 j-3k)

tvxt’w=(2ti—t j+5tk)x(t*i+2t* j-3t*k)

Differentiating both sides with respect to x

4 (tvxt?w) = 4 {(2ti -t j+5tk)x(i+2t% j -3tk )}

$(tvxt’w)=(2ti—t j+5tk)x&(t?i+2t* j -3t k)
+&(2ti—t j+5tk)x(t?i+2t* j—3t°k)

2 (tvxt’w)=(2ti -t j+5tk)x($t’i+ 241" j-34t°K)
+(25ti -4t j+55tk)x(t?i+ 2t j-3t7k)

2 (tvxt?w)=(2ti—t j+5tk)x(2ti+2(2t) j-3(2t)k)
+(2i— j+5K)x(ti+2t” j-3t*k)

S(tvxt®w) =(2ti—t j+5tk)x(2ti+4t j—6tk)
+(2i— j+5K)x(t?i+2t* j—3t°k)

i j k i i k
$(tvxt’w)=|2t —t 5t|+|2 -1 5
2t 4t —6t] [t7 2t? —3t?

2 (tvxt?w)=i(6t* —20t* ) j(-12t* ~10t° ) +k (8t* + 2t*) 3
+i(3t* -10t*) - j(-6t* ~5t* )+ k (4t* +1*)

2 (tvxt?w)=—14t7i+22t* j+10t°k
~Tt%i+11t% j+5t°k

2 (tvxt’w)=-21t"i+33t* j+15t" k

Q6. Verify following indicated equations for vector
functions, when F(t):(3+t2)i—(0053t)j+t’1k

and G(t) :sin(2—t)i —e?k

a).  (3F-2G) (t)=3F'(t)-2G'(t)

Sol: We verify (3F —2G) (t)=3F'(t)—2G'(t)

For LHS

3F (1)—-2G (1) =3{(3+1)i—(cos3t) j+t k|
—2{sin(2-t)i—e” k}

3F (t)-2G(t)=3(3+1t%)i—3(cos3t) j+3t 'k
—2sin(2—t)i+2e* k

3F (t)—2G(t)=(9+3t* —2sin(2-t))i—3(cos3t)
+(3t +2e” )k

Differentiating with respect to t

${3F (t)—2G (1)} = &(9+3t* —2sin(2-1))i
~32(cos3t) j+ 4 (3t +2e* )k

${3F —2G}(t) =(£9+34t° —24sin(2-1))i
-3(Lcos3t) j+ (34t +24e”

$(8F-2G)(t)=(0+6t—2cos(2-t)&(2-t))i

~3(-sin3t43t) j+ (-3t 4t+2e* 4(2t))k
4(3F -2G)(t)=(6t+2cos(2-t))i
+95in3t j+ (-3t +46” )Kevvrvvrrror (1)
For RHS
34F(t)-24G(t)= 3%{(3“) ~(cos3t) j+t k]
d

)k

Lt*)i+sin3t£(3t) j-t dttk}
2-t )di(z t)i-e* £(2t)k}
=3{(0+2t)|+33|n3tj—t*2k}

+2c0s(2—t)i+4e* k
3LF(t)-24G(t)=6ti+2cos(2—t)i+9sin3t
-3tk +4e”k
4F(t)-22G(t)={6t+2cos(2—t)}i
+9Sin3t j+ {3t +4e” [ Krvvvvvvorrnnne, (2)
Form equations (1) and (2) we get

(3F —2G) (t)=3F'(t)-2G'(t)

b.  (FG) (t)=(F'G)(t)+(FG)(t)

Solution: For LHS

F(t)G(t) =[(3+t2)i ~(cos3t) j+t k}.[sin(Z—t)i —e"k]
F(t).G(t)=(3+t*)sin(2—t)—0.(cos3t)—et ™
F(t).G(t)=(3+t*)sin(2—t)—e*t™
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Now differentiating with respect to t

L{F(1)G (1)} =&{(3+t")sin(2—-t)—e™t "}

L{F(1)G(t)}=(3+1t*)4sin(2-1)
+sin(2-t)4(3+t%)-{e” Lt +t " 4™}

L{F ()G (t)} =(3+t*)cos(2-t) &sin(2-t)
+5in(2-t)(43+4t7)—e™ St —te™ £(2t)

L{F(1)G(t)} =—(3+1t*)cos(2-t)
+sin(2-t)(0+2t4t)—(~t ™" )e* St—2t e

L{F(1)G(t)} =—(3+1t*)cos(2-t)
+2tsin(2—t)+t%e* Lt—2tle® ..., 1)

For RHS
SF(t)G(t)+F(t).4G(t)=¢FG+F.4G

F'G+FG =|4(3+17)i-2(cos3t) j+ 4t k} [sin(2-t)i-e”k]
[( t)i (cos3t) j+t kM sin(2-t)i-<e? k}
F'G+FG'=[(0+2t)i—(-sin3t)%(3t) j—t k] [sin(2-t)i-e" k]

[(3+1%)i~(cosat) j+ K | [cos(2-t) §(2-1)i~¢" §(20)K]
F'G+F.G'=[2ti+3sin3t j—t7k |.[sin(2-t)i-e”k
[(3+1%)i—(cos3t) j+tk ][ —cos(2-t)i-2e” k]
F'G+F.G'=2tsin(2-t)+0.3sin3t+e*t™
—~(3+1t*)cos(2—t)—0.(cos3t) - 2e"t™*
F'G+F.G =2tsin(2-t)+e*t™
—(3+t%)cos(2-t)—2e"t".........(2)
Form equations (1) and (2) we get
(F.G)'(t)=(F’.G)(t)+(F.G')(t)
Q7. If F(t) and G(t) are differentiable vector

functions of t, then prove that

a.  (FG) (t)=(F'G)(t)+(FG')(t)
Solution: Let F(t)= fi+ f,j+ fk

and G(t):gli+gzj+gsk

Where fi ,0; are the functions of t, For LHS
F(t)G(t)=(fi+f,j+ f,k)(9,i+0,j+0.k)
F.G=f0,+f,0,+ f,0,

Differentiating with respect to t

4(F.G)=4{f0,+ f,0,+ f,0,}

(FG) =4(f,0,)+%(,0,)+$(105)
(F'G) - f1 dt 91+913f + fz at gz

+gz$ f + faﬁgz"'ga dat
(F'G) =fo/+9,f'+ f,0;

+0,f, + f.05+ s fon. (1)
For the RHS
(F'G)(t)+(FG')(t)=F' G+FG’

Substituting the values

F'G+F.G =2 (fi+f,j+ fk)(0i+0,]j+05k)
+(fi+fj+ fk)E(gi+0,j+0:k)
F'G+FG =(f/i+f, j+f/k)(0i+0,j+0K)
+(fi+ fj+ fk)(0/i+g; j+03k)
F'G+F.G' =10, + f,9,+ 0,
+1,0/+ 1,0, + ;05
Rearranging

F'G+FG = f,g/+ g, + f/g,
+1,00 + £,0, + £,05 e, (2)

From equations (1) and (2) we get

(F.G)' (t)=(F'G)(t)+(FG')(t)

b.  (FxG) (t)=(F'xG)(t)+(FxG')(t)
sol: let F(t)=fi+f,j+fke
G(t):gli"'gzj"'gsk

Where 1:i ,0; are the functions of t, For LHS
F(t)xG(t)=(fi+f,j+ f.k)x(0,+9,j+09k)

i j Kk
F(t)xG()=|f, f, f,
o & .

F(t)XG(t):i(fzga_ f3gz)_ j(flg3_ f3gl)
+k( flgz - fzgl)
Differentiating with respect to t
${F()xG(1)} =i &(f,0,~ f:9,)— i % (.9, — f:9,)
+k&(f0,-f,0,)
%{FXG}:i{%( f,0:) =& ( fng)}
_j{%( f193)_%( f391)}+k{%(flgz)_%(f291)}
S{FxG=i{(f,20,+0, %) (f,59,+9, %)}
“H{(h g+ g f)-(fhda+o.df))
+k{(f1%gz+92%fl)_(f2%91+91%fz)}
S{FxG}=i{(f,05+0,f)—(f,0;+9,f)}
—i {( .05 +0,1)—(f,0/+g fs’)}
+k {(f,9; +9,)—(f,0,+9,f))}
S{FxG}=i{f,0;+0,f,— f,0,—9,f}
—i{fes+ 9,1/ f,0/ -9, 13}
+k{f0;,+9,f'—f,0,—0,f,} .. (1)
For the RHS
F'xG+FxG' =4 FxG+F<x&G

Substituting the vaIues
F'xG+FxG =& (fji+f,j+fk)x(gi+g,j+0k)

+(fi+ fj+ f;k)x4(gi+9,j+9:k)
F'xG+FxG' =(§ fi+& f,j+4 f.k)x(gi+0,]+9.k)

+(Fi+ fj+ fk)x(Lai+3g,j+39:k)
F'xG+FxG'=(fi+f,j+ fk)x(gi+0,]j+0:k)

+( i+ f,j+ f.k)x(gji+9;j+9:k)
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i § k| i j k
F'xG+F<G'=|f/ f/ f]|+[f f, f,
g, 9, O |97 9; 09

F'xG+FxG’ :i( f,0,— f3’gz)— j( fo,— f3'gl)
+k(f9,— f,9,) +i(f,0;— f,0;)
—i( 105 - f,90) +k(f,0; - 1,97)
F'xG+FxG'=i ( f,0;,— fs'gz)+i( f,0;— f3g;)
—§( 10— f,9,) - i(f.9: - £,9!)
+k (9, - 1,9,) +k(f,9; - f,9/)
F'xG+FxG'=i(f,9,— f.9,+ f,0; - f,0;)
~i(f9, - fjo,+ fig; - f.0;)
+k( f9,— f,9,+ f,0; - fzgl’)
F'xG+FxG'=i(f,9,+ f,0;— .0, - f,0;)
— (10, + £,9; - 139, - f,9))
+k (.9, + .0, — £,0,— £,07).ccereeee. (2)
From equations (1) and (2) we get

(FxG) (t)=(F'xG)(t)+(FxG')(t)

Q8. If F (t) is a differentiable vector functions of

t, such that F(t);tO then show that
d F@) _F(@t) [FOF®]F@®)
dt |[F(t) |F (1) IF ()]

Solution: Let F(t)= i+ f,j+ fk

Where f,, f,, f, are the functions of t
[F(t)| =] fii+ f, ]+ K|

|F@FJ$+$+@

Differentiating with respect to t

%‘F(t)‘:%«/ff +f2 4 f2

F(O&F()

%|F(t)|: |F |
E|F()|—F(|::)F|(t) ........ (1)

We have to show that

d F(t) _F'(t) [FOF®]F®)

dt[F(0)] [F(0) F(o)f
Take LHS
dt|F8| G FOIFO]
- PO RO O F o)
S - IFO) FO-FolF ) gFo
dFEN P F@) d
*FO O Fopa
GFEN PO FO) FOFE)
d|F<t>| TFO o FO)

) F() FO[FOFO)]
X0 Fop e
Hence proved
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