Chapter 3

Exercise 3.1

Chapter No 3

\Higher Order Derivatives| successive derivatives of
some functions are gathered to obtain the general
form of nth derivatives

First derivative of y = f (x) is denoted by y' = f'(x

)
Second derivative of f (x) is denoted by y" = f"(x)
Third derivative of f (X) is denoted by y” = f"(X)

derivative N > 4 holds notation f (X), n=4,5, 6,

Again differentiating with respect to x

L' (x)=—2Lx?+6Lx>

fﬂ(x) :_2(_2)(—2—1)%X+6(_3X—3—1)%X
£7(x)=dx° -18x* = & 18

x3 x4

Exercise 3.1

Q1.Find the indicated higher derivatives of the
following functions:

a). f (x)=3x*+4x+5, f"(x)
Sol: Given f (x)=3x*+4x+5

Differentiating with respect to x
Lf(x)=3Lx°+4Lx+45
£/(x)=3(3x") £ x+4(1)+0
f'(x)=9x*+4

Again differentiating with respect to x
Lf(x)=9Lx*+L4
f"(x)=9(2x) L x+0

f"(x)=18x

b). f(x)=x+1 f"(x)
Sol: Given f (X)=Xx+1=x+x"
Differentiating with respect to x

&) =g x+5x7

fr(x)=1+(-x"")

f'(x)=1-x?=1-%

Again differentiating with respect to x
Lf(x)=21-4x7?
fr(x)=0—(-2x* 1) g4
fr(x)=2x"=2%

Again differentiating with respect to x
& 1(x) =287
f"(x)= 2(—3x’3’1)%x
f"(x)=-6x"==2

X

d.  s(t)=+5t+7 s"(t)
Sol: Given S(t) =/5t+7

Differentiating with respect to x

2(5t+ 7)% - 2/5t+7

Again differentiating with respect to x
s’ (t) =34 (5t+7)2
s”(t)=%%(5t+7)2 T (5t+7)
s”(t):%(5t+7)7(5%t+%7)

s"(t)==(5t+7)2 (5(1)+0)

o). f(x):1+——x—32 £(x)

Sol: Given f (X) =1+g—i2 =1+2x—x?
X X
Differentiating with respect to x
Lf(x)=L1+2&x"-34x?
fr(x)=0+2(—x"") L x-3(-2x ") & x
f'(x)=—2x72+6x"°= 2,5

NG

S"(t)_i
4(5t+7)2
) y=X1 y'
' x—1'
Sol: Giveny = +i,

Differentiating with respect to x

d d(x+1

&y_&(x_—lj

, (X)) & (x+1)—(x+1) & (x-1)

. (x-1)°

- (D (s 1)~ (o) (g - 21
(x-1)°

(x—1)(1+0)—(x+1)(1-0)

(x-1)°
,  X=1-x-1
(1)

y' __ 2 :—2(x—1)72

(x-1y

Again differentiating with respect to x
%y'=—21(><—1)’2

2(=2)(x-1) " (%( -1)
”—4(>< D7 ($x-%1)
y'=4(x-1)"(1-0)

y

!
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y =4(x-1)" = 413 y”’:[Gtan2x+6—4]sec2x
(x-1) . y”’=[6(tan2x+1)—4]sec2x

f). y:(x+3)(x2+7x+2) y"

Sol: Given y=(x+3)(x2 +7x+2)2

Differentiating with respect to x
%y:%{(x+3)(x2+7x+2)2}

y'=(x+3)L(x* +7x+2)2 +(x? +7x+2)2 4 (x+3)
y’:2(x+3)(x2+7x+2)1§(x2+7x+2)+(x2+7x+2)2(1+0)
y'=2(x+3)(x + 7x+2)(2x+7) + (x* + Tx+ 2)]
y’:2(x+3)(x2+7x+2)(2x+7)+(x2+7x+2)2
y’:2(x+3)(2x+7)(x2+7x+2)+(x2+7x+2)2
y'=2(2x% + Tx+6x+21) (X2 + 7x+2) + (x + Tx+2)°
y'=2(2x% +13x+21) (% + 7x+ 2) 4 (x2 + 7x+ 2)

"= (% +7x+2){2(2X +13x+ 21) + (X + 7x+ 2)}
"= (X +7x+2){4% + 26X+ 42+ X* + Tx+2|
y'=(%*+7x+2){5x* +33x + 44}

Again differentiating with respect to x

y' = (X" +7x+2) % (5 +33x-+44) + (5% +33x+44) £ (X + 7x+ 2)
y" = (X" +7x+2)(10x+33)+(5x +33x + 44)(2x +7)

Q2.Find the indicated higher derivatives of the
following trigonometric functions:

a). y =tan x y"
Sol: Given y =tan X

Differentiating with respect to x

Ly =2Ltanx

y
y

r_ 2 d
y' =sec” XL x

y' =sec’ x
y' =1+tan®x
y =1+y? y =tanx

Again differentiating with respect to x
dy/ — d d 2
xY Twlt Y

y'=0+2yg5y

y'=2yy'

y'=2y(1+y?) Sy =1+ y?
y' =2y +2y°

Again differentiating with respect to x

Sy =28y+2&y’
ym:2%y+2(3y2)%y

2-+6tan” x |sec” x y' =sec? X

I
I
"=[
’”=[2+6tan2 x+6—6}sec2 X
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y" =[ 6sec’ x—4 |sec® x

y

"

=6sec* x—4sec? x

b). y =Insin x
Sol: Given Yy =Insin x
Differentiating with respect to x
Ly=2=Insinx
y' :Lisin X
sin x *
, _COSX
sinx

Again differentiating with respect to x
Ly =3 cotx

X

=cotx

" __ 2y d
Yy =—CO0SEC X X

y" = —Ccosec’x
Again differentiating with respect to x
4y"=—42 cosec’x

m__

y" =—2cosecx - cosecx
y" = —2cosecx(—cosecxcot x) & x

y” = +2c0sec’x cot X

m

c). y = +/sec 2x
Sol: Given Y =/sec2X = {sec 2X}%

Differentiating with respect to x

Ly =2{sec2x}

y = %{sec 2x}%fl & {sec2x]

y'= %{sec 2x)7 sec2x tan 2x & (2x)
2{sec 2X}%

y' = {sec2x}'"* tan 2x

Y =/SeC2X tan 2X ......ccoounn.en. (1)

Again differentiating with respect to x

xY'= %{\/sec 2x.tan 2x}
y" = +/sec2x & tan 2x + tan 2x & /sec 2x

m

1
- {sec2x}2 = /sec 2x

y" =+/sec2x sec’ 2x-<(2x)+tan 2x{\/sec 2x.tan 2x}

y" =/sec2x {2sec’ 2x + tan” 2x}
y" =/sec2x {2sec’ 2x + sec” 2x 1}
y" =+/sec2x {3sec2 2x —1}

Again differentiating with respect to x

& y" =+fsec2x & {3sec” 2x—1} +{3sec’ 2x — 1} & v/sec 2x

y" = /sec2x {6sec 2x & sec 2x} +{3sec’ 2x — 1} /sec 2 tan 2x
y" =fsec2x {6>< 2sec? 2xtan 2x} + {3sec2 2x—1} Jsec2x tan 2x
y” = Jsec 2x tan 2x{125ec2 2X + 3sec? 2x —1}

y” = Jsecﬁ{lSsec2 2x —1} tan 2x
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y” = [15 {sec 2X}% —{sec 2x}% ] tan 2x

1 )
d) y [ yIV
X
Sol: Given y = X" Differentiating w r t x
-1
xY =X
yr — _X—Z
Again differentiating with respect to x
' -2
wY =—&X
yrr — _(_2) X—3
yrr — 2X—3
Again differentiating with respect to x
” -3
HY =25X
ym — 2(_3) X—4
ym — _6X74
Again differentiating with respect to x

y" =—6(-4)x°

—y' =— —1
dxy dxy +dx
y'=-2y° gy
yﬂ — _2 y—3.y!

y" =24x7°
v 24
X
e). y =sin(sin x) y”

Sol: Given y =sin(sin x)

Differentiating with respect to x

e

L y=2%sin(sinx)

y' =cos(sinx)&sin x

y" = cos(sin x)cos X
Again differentiating with respect to x

Ly =& {cos(sin x)cos x|

y” = c0s(sin X)& €OS X +C0S X & €os (sin x)
y" =—cos(sin x)sin x —cos xsin (sin x) &sin x
y" =—cos(sin x)sin x —cos xsin(sin x)cos x

y" =—cos(sin x)sin x —cos” xsin (sin x)

"

b). X2 +y?=r? y
Sol: Given X + y2 = r? Differentiating w r t x
d w24 dy2_d 2
wX Y =&’

2x 4 x+2yLy=0

2X+2y y'=0
2y y' =-2x
V=-f=-

Again differentiating with respect to x
&y =-&()

" %X_X%
y __Yd R y
y

" 1 !
y'=—=[y-xy
val ]

yx(-5)] ay=s

Q3. Use implicit rule to find out the second
derivative of the following functions:

a). y=Xx+tan'y y
Sol: Given y=X+tan™y Differentiating w r t x

4

d —d d -1
ay—axjtatan Yy

, 1
y=1+1+y2%y
1
¢+ I:1
y 1+y2y
1+y*-1]
{ 1+y? }yzl
;o 1+y? 1
y y
y'=y?+1

Again differentiating with respect to x

c). y?—2xy=0 y
Sol: Given y* —2xy =0

Differentiating with respect to x

Y —28(xy)=%0

2y &y-2(xLy+y£x)=0

2y y'-2(x y'+y)=0

2y y'=2x y' -2y =0

2y y'-2x y'=2y

2y'(y-x)=2y

oy
ey

Again differentiating with respect to x

sl

yrr:(y_x)%y_y%(y_x)
(y=x)
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" 1 b? (ydx—xdy
y'= Y=X)&Y-Y(& Y& X ro_— | Lec? Rocd
Ly )] -0 1
" 1 " b2 ’
y —(y_x)z[(y—x)%y—Y(%y—l)] y' = azyz.(y—x y)
. 1 b? b? x b? x
y' = Yy = X&y =YY +y "= X+ =y
TE A 2y | { o’ y]] Y
y" — 1 _ dl ” b2 n bZX2
2 X = .
(Yy=x) Yy U Ty
yn — 1 |:_ Xy + y:| y! — y y,, _ b2 a2y2 +b2X2
(y-x)'L y—x y—X a’y*’|  a’y
y' 1 2{—xy+ y(y—x)} y":_bz(aZyZ_,_bez)
R 2y
y 1 B 2 e). secxcosy=C y"
y'= (y—x)3[ Yy xy] Sol: Given SeCXCOS Yy =C
1 cosy . e
y" = [yz _ 2xy] osx =C Differentiating with respect to x
(y=x)°
d cosy _ iC
y" = 1 -[0] L y2=2xy =0 dx cosx  dx
(y—x) COS X §COSy —COS Y §COSX _
y" =0 cos? x -
> method —sinycosx< y+sinxcos y 4 x = 0.cos” x
We have y*—2xy =0 —sinycos x4y =—sinxcosy
or y* =2xy 4y . —Sinxcosy
or y=2x *7 _cosxsiny
Differentiating with respect to x ' tan x
y'=2 tan y
Differentiating with respect to x Again differentiating with respect to x
y'=0 . 4 [tanx
x> y? &Y T tany
d). —+ y—2—1 0 y"
a b " d
. i~ {tan y & tan x—tan x < tan y}
Sol: Given — X +y——1 0 y
a® b’ ,
Differentiating with respect to x y' = {tan ysec X o X —tan xsec’ Y y}

d x° d y> d d
— —-—1=—0
dxa dxb dx  dx
1d 2, 1d

——X -0=0
7o T a)
z_i(ix+2_2/iy=0
a® dx b* dx

2x 2
Faa el

Again differentiating with respect to x

iy’—_i i 1
dx a? dx|y

tan®y

"

1 tan x
y"=—=—1tan ysec® x —tan xsec’ ey
tan”y tany

.1 [tan® ysec® x—sec’ ytan’ x
tan®y tany

y' = tan® ysec” x —sec” y tan® x
tan® y
tan® y (1+tan® x) - (1+tan® y)tan* x

V= tan®y

,_tan®y+tan® ytan? x—tan® x—tan® xtan® y
V= tan®y
., tan®y—tan’x
T tan’y

f). e*+x=¢e’+y y
Sol: Givene* +x=¢’ +y
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Differentiating with respect to x dy 18t> 9
HEHEX=5e Ry dx 8t 4
e*+l=e'Ly+ly Differentiating % with respect to x
ex+1:(ey+1)%y iﬂzgit
) dx dx 4dx
e+l dx?  4dt dx
Again differentiating with respect to x 42 q
d,_dfe y_sa
dx dxl e’ +1 dx* 4 dx "
Substituting the value of —-
(e +1) & (e* +1)—(e* +1) & (e’ +1) &
y" = - d? dy 91
(e”+1) dx® 48t
o (@) (ger+ L) (e +1)(ger + 41 d’y 9
y" = —=—
(ey +1)2 dx 32t . .
b). X =3at" +2, y=6t"+9
e’ +1)(e*+0)—(e*+1)(e’Ly+0
y":( )( ) ( ~ )( ax Y ) Sol: Given X =3at? + 2, y=6t"+9
(ey +1) Differentiating with respect to t
ym e (o) (e 1) ] x=3a4t'+42, §y-63t'+29
(ey+1 £x=3a(2t°")Lt+0, &y =6(4t* l)—t 0
dt ™t T »dt y= dt +
" 1 x x e*+1
y :m[e (ey+1)—(e +l)ey ey+l:| %X:6at, d_ldtyzzi't?’
4 X .o dt _
yo 1 2 e (ey+1)2_ey (ex +1)2 Reciprocal of - is 4 i.e., &—a
(ey +1) (ey +1) Substituting the value of % and z—)t' in the following
[e e®’ +1+2e”)—e’ (e +1+ 2ex)} dy dy dt 24t°
y — = =
(e”+1) dx dt dx 6at
" _ 1 3[e2y+x+ex+2ex+y_ez>(+y_ey_zex+y:| dy 4 )
(ey +1) d_ =7
X a
"_ %[ex — XY @Y 4 @¥tx 4 DpXty _2€X+y] Differentiating g—y with respect to x
(¢” +1) i[dy) 4d,
dx \_dx adx
1 d? y _ 4d 2 dt
" _ X 1— X+y\__ QY 1— X+Yy
Y (ey+1)3[e (1-e)-e(i-e )J o adte dx
d’y 4 dt
_ Xty X _ Ay _ 7 —_ 2
y”:(l € )(e3 e’) dx>  a )dx
(ey +1) Substituting the value of & dx
S d? d’y 8t 1
Q4. Use parametric differentiation to find out - for
dx dx>  a 6at
the following parametric functions X(t) and y(t) dzy B 4
a). X = 4t? +1, y=6t>+1 dx* 3a’
Sol: Given X = 4t° +1, y=6t>+1 ) x=a(t-sint), y =a(l-cost)
Differentiating with respect tot Sol: Given X = a(t —Sint), y= a(l—COSt)
dx=44t* 141 dy=64t°+41 Differentiating with respect to t
dy_nd i dy—_nd
4 x=4(2t)Lt+0, ay:6(3t3’1)5t+0 ax—aa(t—s'n_t)’ &y=ag(1-cost)
ay-gt, 4y 182 Sx=a($t-&sint), $y=a(F1-Scost)
. g Ot 1 4x=a(l-cost), Ly=asint
eciprocal of  is o i.e., = d
dx 8t Reci o oa ., Ob 1
procal of &S o i.e., =
Substituting the value of% and ‘;—’t' in the following dx a(l—COSt)
ﬂ_ﬂ E Substituting the value of % and ‘;—’t' in the following
dx dt dx
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dy _dy at
dx dt dx

dy asint 1

dx 1 a(l-cost)

dy sint

dx  1-cost

Differentiating & with respect to x

ol o) ol st
dx \_dx dx\ 1—cost

dzy_i( sint )ﬂ

dx*>  dt\1-cost ) dx

d*y _(1-cost)gsint—sintg(1-cost) dt
dx* (1—cost)* dx
d?y (1—cost)cost—sint(0+sint) dt
dx? (1—cost)’ dx
d?y cost—cos’t—sin®t dt

dx® (1—cost)2 dx

d?y —(cos®t+sin’t)+cost gt

X’ (1—cost)’ dx

dzy: —1+cost dt
dx? (l—cost)2 dx
d?y _ —(1—cost)dt
dx*  (1-cost)’ dx

d?y -1 dt

dx’ :(1—cost)&

Substituting the value of %

d’y -1 1

dx? :(1—cost)'a(l—cost)

d’y -1

dx® a(l—cost)2

d). X=acos2t, y=Dbsin2t
Sol: Given X = acos 2t, y =bsin2t
Differentiating with respect to t
4x=adcos2t, Sy=bgsin2t

4x=-asin2t$(2t), $y=bcos2t$(2t)
4 x=-2asin2t, 4y =2bcos2t

Reciprocal of g is gf( i.e., Ezé

dx —2asin2t
Substituting the value of % and 3—¥ in the following
dy dy dt
dx  dt dx
dy _ 2bcos2t _-b

= - =—cot2t
dx -2asin2t a

D|fferent|at|ng with respect to x

d’y -bd
W 2;&(C0t 2’[)

2
d—gz_—bi(cotZt) at
dx dt dx
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d’y b 2y O dt
— =—(—cosec"2t 2t
dx* a ( )dt( )dx
d’y  2b dt
dx? asin?2t dx
Substituting the value of %
d’y  2b -1
dx? asin?2t 2asin 2t
d’y b
dx? a?sin®2t
3at 3at?
e). _2at _
e Y= 1 e
2
Sol: Given X = 3at3 , = 3at3
1+t 1+t
Differentiating x with respect to t
d d 3at
dt dt 1+t
dx (1+1°)4(3at)-3at &(1+1°)
dt (1+t3)2
dx (1+t°)(3a)—3at(0+3t)
dt (1+t3)2
dx _ 3a+3at®—9at’
dt (1+t3)2
dx _3a-—6at’
dt (1+t°)
2
eciprocal o is |.e., —_—=
@ FE T gy 3a—6at?

Differentiating y with respect to t

iy—i 3at’
dt dt | 1+¢°

dy (1) g(3ar)-3art g (1+¢)

dt (1)

dy (1+t°)(6at)—3at®(0+3t?)
dt (L)

dy _6at+6at’ —9at”

dt (1+t‘°’)2

dy _6at—3at _ 3at(2—t3)
dt (l+t3)2 (1+t3)2

dt dy - .
f 5 and 5 inthe following

Substituting the value o
dy _dy dt
dx dt dx
dy _3at(2-t°) (1+8)
dx (142 )2 ‘3a(1-2t%)
dy ( ) 2t —t*

dx (1 2t°)  (1-2t%)

Differentiating d—i with respect to x
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d(dy)_d (2=t

dxdx ) dx|1-2t
t

o) d(zcya
dx \_dx dt\ 1—2t% ) dx

d?y _ (1-2t%) g (2t—t*)—(2t —t“)%(l—zﬁ)ﬂ

dx® (1-2t%)’

d2y (1-2t%)(2-4t°)—(2t—t*)(0—6t*) gt
dx® (1-2t°)’ dx
d’y 2-4t°—4t° +8t° +126° - 6t° dt

dx® (2- 2t3)2 dx

d’y 2+4t°+2t° dt
dx? (1—2t3)2 dx

Substituting the value of %

d?y _ 2(1+ 2t3+t6) (l+t3)2
dx? (1_2ts)2 ‘3a(1-2t°)
d?y _ 2(1+ 2.1¢t° +(t3)2).(1+t3)2
dx® 3a(1-2t°) 1
d’y _ 2(1+t3)4

d*  3a(1-2t°)

1-t2 2t
f . X:a—, :b
) 1+t° y 1+t°
1-t? 2t
Sol: GivenX=a——, =b
1+t2 y 1+t2

Differentiating x with respect to t
dx _df1-t?
—_ a_ >
dt dt{ 1+t

o a(1+t2)%(1_t2)_(1_t2)%(1+t2)

dt (1+t2)2
1+t?)(0-2t)—(1-t?*)(0+2

%=a(+t )(0-2t) (2t)( +2t)

dt (1+1%)

%:a—Zt(lﬂz)—Zz(l—tz)

dt (1+t2)

dx _ —2t—2t®—2t+2t°

_:a 3

dt (1+t2)

dx —4t —4dat

-~ a 2 = 2

dt (1+t7)  (1+17)

Reciprocal of % is % ie., ﬂz_(]'*tz)z

dx 4at

Differentiating y with respect to t

dy d( 2t j
=2 _p—
dt  dt\1+t?

ﬂ_b(lﬁz)%(Zt)—Zt%(le)

dt (1+t2)2
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ﬂ_b(l+t2)(2)—2t(0+ 2t)

dt (1+t2)2
ﬂ_buzt2 —4t?
dt (1+t2)2
dy _ 22t
dt (1+t2)2
Substituting the value of % and z—¥ in the following
dy _dy dt
dx dt dx

2(1-t2 1+12)°
&y _,20-0) [ ()
dx (1+t2) 4at
dy  b(1-t*)
dx 2at

Differentiating % with respect to x

1[d_y)_—_b1 1-t
dx \_dx 2a dx t

d’y -b i(l—tzj dt

dx> 2adtl t Jdx
d’y -b tg(1-t7)—(1-t*) gt dt
dx? 2a t? dx

2a dx

d’y b t(0-2t)—(1-t*) ) gt
dx> 2a t?

d’y —b(-2t’ —1+t2] dt

x>  2a 2 dx
d?y —b(-1-t*)dt
dx* 2al t* Jdx
d’y b (14 )dt
dx?2 2al t? Jdx

Substituting the value of %

2
d’y b (1+82) (1+t°)
dx* 2al t? 4at

d2y b(1+t2)3

dx? 8a’t?

passing through point P (Xl’ yl) having slope I

y—Y,=m(x-x) where ,,_9Y

= y'|
X

X=X

Equation of Normal| passing through point P (Xl’ yl) having slope IM

X=X

—V. =—(x— where 1, 9Y
Y—¥ (X X:L) m = ix

— ’
=Y,

X=X B
Angles between two curves

Let M, & M, are slopes of two curves, angle b/w curves
m, —m,

1+mm,

aylor series

tané@ =

f(x):f(x0)+(x—xo)f’(x0)+(x_x") f”(x0)+(x_x") £ (%)

2! 3!

‘Maclaurin series‘

Available at http://www.MathCity.org Page 56



Chapter 3

2 X3

f(x)=f(0)+x f’(0)+% £(0)+3; 1(0)+

Example 3.2.2 Use Taylor series to approximate
ata point X, =2

= f(2)=¢?

value of a function f (x) =e*

Sol: Given f (x)=¢e"
First derivative

o f(x)=5¢
f'(x)=¢e"

Second derivative

& f(x)=5¢
f"(x)=¢"

Third derivative

& f7(x)=5¢
£7(x)=e" = £"(2)=¢?
First four term of Taylor’s series at X, =1

x-1)

(x)= f (4)+(x—1) £/(1)+ .

f"(1)+(X;'1)

3
f(1)+--

Substituting values in the above relation

2 3
f (x)=e2+(x—2)e2+(x_2) e2+(x_2) e’ +---
21 31

3

f (X)_QZ{X—].-O-(X_Z)Z +(X_2)3 +}

2! 3

: (x=2)° (x-2)
f(x)=e {1+x—2+ i + ] +}

‘Application of Derivatives|

Derivatives are use to determine

i). Tangent and Normal lines

ii). Angles between two curves

iii). Maximum and Minimum values of functions with in
intervals where the function is increasing or decreasing

Exercise 3.2

Equation of tangent passing through point P ( Xy yl) = (3, 2)

Exercise 3.2

y=Yr=m(x=x)
y—2=%(x-3)
4(y-2)=(x-9)
4y -8=x-3
X—4y-3+8=0
X—4y+5=0
b). y =sin(2x+x) x=0

Sol: Given y =sin(2x+ 1)
At X, =0 the corresponding value of the given function
y, =sin(2(0)+z)=sin(0+z)=sin(z)=0

Now differentiating given function with respect to x

d d .
&y—&SIn(ZXJrﬂ')

dy d

Y _ cos(2 22

~ cos( x+7r)dx( X+ 1)

% =cos(2x+7)(2+0)

ﬂ=2C05(2X+7r)
dx

Slope at the point X, =0 we have

mz%xro =2cos(2(0)+7z)= 2cos(r)
m=-2

Equation of tangent passing through point P ( X yl) = (O, O)

Y—% =m(x—xl)

Q1. In each case, find an equation of tangent line
to the curve at the indicated value of x.

a). y=+/Xx+1 X=3
Sol: Giveny =+/X+1
At X1 =3 the corresponding value of the given function

y,=3+1=-/4=2
Now differentiating given function with respect to x

iy:%(x+1)%

dx

dy Lo pid

&_2(x+1)2 dX(x+1)
-1

d—yzl(x+1)2(ix+il)

dx 2 dx dx

y__ 1 (140

dx 2(x+1)2

dy 1

dx 2x+1

Slope at the point X, =3 we have

Sdyl 1 11
dxl,s 23+1 24 2(2)
m=+

4
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y—-0=-2(x-0)

y =-2X

2x+y=0

o). y=xe" x=1

Sol: Given y = X’

At X =1 the corresponding value of the given function

2 4 1
Y. = (1) e ==
(S
Now differentiating given function with respect to x
d d
v alee)
dx dx
a_ x° ie’X +e* ix2
dx dx dx
d
Yy oxe
dx
Slope at the point X, =1 we have
m=9 —(1)’et+2(1)et=—et+2et=e"
dX X =1
1
m —_ —
e

Equation of tangent passing through p (le yl) — (1, 1]
e

y_ylzm(x_xl)
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Chapter 3
1 1 dy x*+1-2x> 1-x°
y——=—(x—1) d_)/: > 2 (.2 2
€ ¢ X (x*+1) (X +1)
Multiply by e
ey—1=x-1 Slope at the point X, =1 we have
x—ey—1+1=0 _dyp 1-(1) _ 11 _0
X—ey= 0 dx %=1 ((]_)2 +1)2 (1+1)2 22
d) = 2XX++21 X=2 Equation of tangent passing through point P(Xl, y1)=(1,%)
ol G 2x+1 y—yi=m(x-x)
ol: Giveny =
Y =12 —3=0(x-1)

At X, =2 the corresponding value of the given function
_2(2)+1 441 5
"T2)12 252 4
Now differentiating given function with respect to x
d d(2x+1
dx y= &( X+ 2 j

dy _ (x+2)&(2x+1)—(2x+1) & (x+2)

dx (x+2)2

dy (x+2)(2+0)—(2x+1)(1+0)
dx (x+2)2

dy 2x+4-2x-1 3

A (x+2)  (x+2)

Slope at the point X, =2 we have
m= __3 LA

_dxxlzz_(2+2)2:F 16

Equation of tangent passing through point P ( X yl) = (2, %)
y—-y,=m ( X— Xl)
5_3

_2_3 (x-2
Y=2" 1672

Multiply be 16

16y—5(4) :3(X—2)

16y—20=3x-6
3x-16y—-6+20=0
3x-16y+14=0

e). y=—

Sol: Given 'y =

X2 +1

At X =1 the corresponding value of the given function
1 1 1

(1P +1 1+1 2

Now differentiating given function with respect to x

IV,
dxy dx \ x?+1

dy (X +1)&x—xg(x*+1)

Y. =

dx (x2+1)2
dy (x2 +1)—x(2x+0)
d<(x+1)
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f). y =3sin X —Cos X X
Sol: Given y = 3sin X —C0S X

Il
3

At X, = 7T the corresponding value of the given function
y, =3sinz—cosz =3(0)—(-1)=1

Now differentiating given function with respect to x

L :i(ssin X —COS X)
dx

dx
ﬂ :BESin x—icosx
dx dx dx

Q:3cosx+sin X
dx

Slope at the point X, =7 we have

m:% =3cos+sinz =3(-1)+(0)

m=-3
Equation of tangent passing through point P ( X1 yl) = (72', 1)

y_ylzm(x_xl)

y—-1=-3(x—7)

y—-1=-3x+3r

3X+y-1-37r=0

g). y=2Inx X=e

Sol: Given y = 2In X
At X, = € the corresponding value of the given function
y,=2Ine=2(1)=2

Now differentiating given function with respect to x

iyzzilnx
dx dx
oy _2
dx x
Slope at the point X, =€ we have
m=y _2
dXl,_ €

Equation of tangent passing through point P(Xl, yl) = (e, 2)
Y=-%= m(x - Xl)

y-2=%(x-e)

Multiply by e
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Exercise 3.2

ey—2e=2(x—e)

ey —2e =2x—2e
2Xx—ey—2e+2e=0
2x—ey=0

h). y=3e"+e™" x=0
Sol: Giveny =3e* +e "

At X, =0 the corresponding value of the given function
y,=3e"+e°=3(1)+(1)=3+1=4

Now differentiating given function with respect to x

d d , d
—y=3—e"+—e
dx dx dx

a_ e —e™"

dx
Slope at the point X, =0 we have

m=D  _3e0 e°-3(1)-(1)=3-1

~dxly
m=2
Equation of tangent passing through point P(Xl, yl) = (O, 4)
y=yi=m(x=x)
y—4=2(x-0)
y—4=2x
2X—y+4=0

ﬁ =6c0S3X
dx

Slope at the point X, = we have

m _dy =6c0s37 =6(-1)

Q2. In each case, find an equation of normal line to
the curve at the indicated value of x.

a). y = xe* x=1
Sol: Given y = Xe*
At X =1 the corresponding value of the given function
1

y,=(1)e' =e

Now differentiating given function with respect to x
dy_d x

wxY= &(xe )

dy _ d AX X d

o =X e X

d

F=xe*+e*

Slope at the point X, =1 we have

mzﬂ =(1)et+e' =e+e
dx 1
m = 2e
Equation of Normal passing through P(Xl, yl) = (1, e)
Y-V =_F1(X_X1)
y—e:;—g(x—l) Multiply by 2e

2ey —2e* =—(x-1)
2ey —2e” = —x+1
X+2ey—2e°-1=0

~dx -
m=—6
Equation of Normal passing through point P (X, Y, ) =(7,0)
y_ylzﬁl(x_&)
y-0==(x-7)
6y =(x—r)
by=Xx—-x
X—6y—-7=0
c). y=2Inx x=1

Sol: Given y = 2In X
At X =1 the corresponding value of the given function
y; =2In(1)=2(0)=0

Now differentiating given function with respect to x
d d

—y=2—1|

dxy dxnX

dy _2

dx X

Slope at the point X, =1 we have

m:ﬂ :E =>m=2
dx|,, 1

Equation of Normal passing through P (X11 yl) = (1, 0)
-1
Y=Y = F(X - Xl)

-1
—0=—"(x-1
y 5 (x-1)

b). y = 2sin3x X=1
Sol: Given Y = 2sin 3X

At X, =7 the corresponding value of the given function
y, =2sin37=2(0)=0

Now differentiating given function with respect to x
&y =2%sin3x =2c0s3x % (3x) = 2x3c0s3x

2y =—x+1
X+2y-1=0
d). y:(2x+1)6 x=0

6
Sol: Given Y = (2X +1)
At X, = O the corresponding value of the given function

6 6
Y, =(2(0)+1) =(0+1) =1
Now differentiating given function with respect to x

d d 6 61 d
&y—&(2x+1) =6(2x+1) &(2x+1)

dy
&=6(2x+1)5(2(1)+0):12(2x+1)5
Slope at the point X, =0 we have

dy 5 5
m=— =12(2(0)+1) =12(0+1)

m=12
Equation of Normal passing through P (X11 yl) = (0,1)

% =0

-1
y_ylzﬁ(x_)%)

-1
—1=—=(x-0
y 12(X )
12(y—1)=—x

X+12y—-12=0
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Exercise 3.2

Chapter 3

X L U3
o) y:e +1 w1 Sol: Given y = X~ In x

X At X =1 the corresponding value of the given function
Sol: Giveny = &1 Y, =(1)' In(1) =(1)(0) =0

At X =1 the corresponding value of the given function

1
_e +1:e+1
1

Yi

Now differentiating given function with respect to x

d _d (eul)z X (e +1) - (e +1) (%)

ax ) T ax| T x X2

dy _ x(eX +0)—(eX +1) xe* —e* —1

dx X2 X2
Slope at the point X, =1 we have
1)e' —e' -1
=ﬂ =—() 5 =e—e-1
dx %=1 (1)
m=-1

Equation of Normal passing through point P ( X0 yl) = (l, e -I-l)
Y=Y = _Hl ( X— X1)

y—(e+1)=:—i(x—1)

y—e-1=x-1
X—y+e+1-1=0
Xx—y+e=0
f). y =cos(x—r) x:%

Sol: Given y = cos(X— 1)

At X, = ¢ the corresponding value of the given function
2

y, = cos(%—nj = cos(—%j = cos[%j =0

Now differentiating given function with respect to x

d d . d
&y_&cos(x—n)_—sm(x—zz)&(x—zz)

%:—sin(x—zz)(l—o):—sin(x—n)

V4
Slope at the point X, = E we have
oY

R T R T
= =—sin| =—z |=-sin| - =
dx|, = [2 j [ Zj
2

m=—(-1)=1

Equation of Normal passing through point p (xl’ yl) = (% , 0)

T
X+y——=0
Y 2

g). y=x’Inx x=1

Now differentiating given function with respect to x

d d, .,
—vy=—/(Xx"Inx
dxy dx( )
ﬁ:xsilnxﬂnxixs
dx dx dx

3
g=x—ix+3lenxix
dx x dx dx
OI—y:x2+3lenx
dx

Slope at the point X, =1 we have

Equation of Normal passing through P(Xl, yl) = (1, O)
Y=V, = %(X— Xl) putting

y—-0=-1(x-1)

y=-x+1

X+y-1=0

h). y=+x*+1 X=2
Sol: Given y =/x* +1

At X, = 2 the corresponding value of the given function

y1:1/(2)2+1:\/M:\/§

Now differentiating given function with respect to x

1 1
%yzﬁ(x%l)i=%(x2+1)71%(x2+1)
dy 1/, ..\ X
&_E(x +1)2 (2x+0) = =
Slope at the point X, = we have
oy 2 2

dx|,,_, \/(2)2+1 Ja+1
o2 145
5 m 2

Equation of Normal passing through point
P(%.Y:)=(25)
Y=Y =2 (x=%)
y—5==£(x-2)

2y —24/5 = —\Bx+ 25
J5x+2y—2J5-25=0
\/§x+2y—4\/§: 0

Q3a). Find an equation of tangent line to the
curve X +y2 =13 at (—2,3)

Sol: Given X* +y* =13

Differentiating given function with respect to x
Lx?+dy?=4d13

2xLx+2yLy=0

2x+2yLy=0
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Exercise 3.2

Chapter 3
2y 5y =—2X 2x &y -3y’ &y =-2x-2y
— _ 2 -
2y 22X —X (2x-3y*)&y=-2x-2y
y v g —2X—-2Yy
Slope at the point X, =—2, Y, =3 we have wY = 2x-3y°
m = dy _ -(-2) Slope at the point X, =1,y, =—1 we have
x| o5 3 _dy|  _-2(1)-2(-1) _-—2+2
m=2 axly .y 2(1)-3(-1)  2-3

Equation of tangent passing through P ( X yl) = (—2, 3)

Y-y, = m(x—xl)

y-3=35(c-(2)
Multiply by 3
3(y—3)=2(x+2)
3y—-9=2x+4
2x-3y+4+9=0
2x—-3y+13=0

m=20
Equation of Normal passing through P (le yl) = (1, —1)

y~(-)=3(x-1
O(y+1)=—x+1
x=1

b). Find an equation of tangent line to the
curve sin(x—y)=xy at (0,7)

Sol: Givensin(x—y) = xy

Differentiating given function with respect to x
%Sin(x y) &(xy)
cos(x—y)&(x—y)=xLy+yZx

cos(x— y)(%x—— )=X&y+y
COS(X V(A-5Y)=xgy+y
cos(x—y)- cos(x—y)%y:x%ery
cos(X—y)—y=xLy+cos(x—y)Ly

cos(x—y)—y={x+cos(x—y)} Ly
d_y:cos(x—y)—y

dx cos(x—y)+x

Slope at the point X, =0, Y, =7 we have

_dy| cos(0-z)-z cos(-z)-z -1-x
~dx|p, cos(0-z)+0  cos(-z) -1
m=1+rx

Equation of tangent passing through P (Xl, yl) = (O, 72')
y—-y, = m(x— Xl) Putting the values
y—7z=(1+7)(x=0)
y—z=(1+7)x

(I1+7z)x—y+z=0

c). Find an equation of normal line to the
curve X*+2xy =y®  at (L-1)

Sol: Given X* +2xy = y°
Now differentiating given function with respect to x

X 25 () =5y
2XEXx+2(xEy+yEx)=3y* Ly
2x+2(xLy+y)=3y’ &y
2x+2xLy+2y=3y* Ly

Q4a). Show that the first four terms in the Taylor
series expansion of f (x)=tanx about X, =%

Sol f (x)=tanx

First derivative

& f(x)=<tanx
f'(x)=sec® x

Second derivative

L f'(x)=Lsec’ x
f"(x)=2secx&secx
f”(x)=2secx(secxtanx)<L x

f”(x)=2sec? xtan x

= of "(Z] = 2sec? (Zj tan (zj =4
4 4 4

Third derivative
L £7(x)=2%(sec’ xtan x)

f”(x)=2sec® x-&tan x+ 2tan x < sec’ x
f”(x)=2sec? x(sec2 X)+2tan x(2secx) & secx
f”(x)=2sec* x+2tan x(2sec x)sec x tan x
f”(x)=2sec* x+4tan® xsec” x

= f"(2)=2sec’ (%)+4tan*(%)sec’ (%)
= f"(%£)=2(4)+4(1)(2)=8+8=16

First four term of Taylor’s series at X, =%

0= 1 (5 6+ o e L gy

21 3!
Substituting values in the above relation

2 3
f(x)=1+2 x—Z +i x—Z +§ x—Z | 4.
4 2! 4 3! 4
2 3
tanx:l+2(x—£j+i[x—£j + 16 [X_ﬁ) "
4 2x1 4 3x2x1 4

2 3
tanx=1+2| x- = |+2[ x-Z +§ LI
4 4 3 4
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Exercise 3.2

Chapter 3
b). Show that the first four terms in the Taylor a). f(x)=
series expansion of f (X) = \/; about X=4 are 1+ )1(
1 Sol: Given ¢ (x)= —(1+ x)

24> (x 4)—=(x—4)" +=——= (x—4)3 .

64 512 f(x)=(1+ x) = f(0)=(1+0) =
ol f () =x = )1:\/2: 2 First derivative & f (X) =% (1+ X)f1
First derivative 4f(x)=4x2 f/(x)=—(1+x) " &(1+x)
=i ()= = 1(0)=~(1+0)* =1

L -2

£1(x) = x 71_ = - f,(4):i\/_:212:% Second derivative & f'(X)=—&(1+x)

2 a2 £7(x)=2(1+x)° = £"(0)=2(1+0)" =2
Second derivative L (x)=3&x?

f7(x)=4(F)x* " & x
f7(x)=2x7 = f"(4)==2(4)" 71(22)
- 1
f7(4)="=(22)= —
= "(4) 4( 4x8 32

Substituting values in the above relation
1(x-4)° 3 (x-4)

F(X)=2+ S (x—4)+ =
4 32 2x1 256 3x2x1

() =2 (0 8) = (x=4) 4 (x=4) 4

c). Show that first four terms in the Taylor series
expansion of f (X) =X+e€* about X=1 are

(1+e)x+e|:(x_1) +(X_1) +(X_1) +}
21 3! 21

Sol: f (x)=x+¢" = f(1)=(1)+e' =1+e

First derivative 4 f (x):éi_xx+%ex

f'(x)=1+¢€"
Second derivative

f7(x)=0+e’

= f'(1)=1+e' =1+e
%f’(x):%ﬂ%ex
= f"(1)=e'=e
Third derivative 4 f"(X):(;’—XeX
fm(X):ex = fm(l):elze

First four term of Taylor’s series at X, =1

3

, x—1)° Y x—1 ”
f(x)=f(4)+(x-1)f (1)+%f (1)+%f (2)+--
Substituting values in the above relation

x—1)2 - (x—l)3

f(x)=1(1+e)+(x_1)(1+e)+( > 31

x—l)2 eJr.(x—l)3

f(x)=(1+x—1)(1+e)+( 5 3

f(X):x(1+e)+e (X;l) _'_(X;l) 4

e+---

Q5. Find Maclaurin series expansion for following functions.

Third derivative & f' ( ) 24 (1 )3
f"(x)=—6(1+ x) 4(1+x)
= f"(0)=—-6(1+0) " =~

First four term of Maclaurin’s series

()= £(0)+x 1/(0)+ 2 1(0) % 17(0) -

Substituting values in the above relation

2 3
F(x) =14 x(1)+ 2 (2) + 5 (-6) + -

f(X)=1-Xx+x*=x"+---

e+---

b). f (x)=sin®x

Sol: f (x) =sin? x = f(0)={sin(0)}" =
Frist derivative < f (X)=<sin®x
f'(x)=2sinx&sinx
f’(x)=2sinxcos x
f’'(x)=sin2x = f'(0)=sin(2.0)=0

d d qj
< SIN 2X

Second derivative & f'(X)=
f”(x)=cos2x&2x
f”(x)=2cos2x = f”(0)=2cos(2.0)=2
Third derivative & f”(x)= 2% cos2x
f"(x)=-2sin2x % (2x)

f"(x)=—4sin2x = f"(0)=-4sin(2.0)=0
fourth derivative & f"(x)=—4Lsin2x
f"(x)=-4cos2x <L (2x)

f'(x)=-8cos2x = f"(0)=-8cos(2.0)=-8
Fifth derivative 4 £V (x)=-8<cos2x
f'(x)=8sin2x<(2x)

f*(x)=16sin2x = f"(0)=16sin(2.0)=0
Sixth derivative & f"(x)=16-%sin2x
f*(x)=16c0s2xL(2x)

f(x)=32cos2x = f"(0)=32co0s(2.0)=32
First six term of Maclaurin’s series

()= 1(0)+x 1/(0)+ 5 17(0)+ % 17(0)+ 2 £7(0)+5 1*(0) -

Substituting values in the above relation

() =04x(0)+ 2 (2)+ X (0) 4 2 (-8) + 25 (0)+ 25 (32) -

f(x)=x"— L+2L+...
3 45
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c). f (x)=cosh x

Sol: f (x)=coshx = f(0)=cosh(0)=

Frist derivative <4 f X) = d-cosh x
f'(x)=sinhx = f’(0)=sinh(0)=0
Second derivative f '(X) =Zsinh x

d
dx
f”(x)=cosh x = f"(0)=cosh(0)=1
& £"(x) =& coshx
= f"(0)=sinh(0)=0
& £"(x)=2sinhx
= f"(0)=cosh(0)=
4 £¥(x)=<coshx
= f(0)=sinh(0)=0
Sixth derivative £ fY (X) =Zsinh x
f*(x) =coshx = f*"(0)=cosh(0)=

First six term of Maclaurin’s series

Third derivative
f"(x)=sinhx

fourth derivative
f"(x)=coshx
Fifth derivative
f*(x)=sinhx

XZ X3 XA 5
f(x)="f(0)+x f (0)+Ef (0)+af (0)+E 3
Substituting values in the above relation

() =14x(0)+ 5 () +2-(0)+ 2 (1) 2(0) 4 250) -

f(x)=1+x—2+x—+x—+~~
2 24 720
d). f (x)=In(1-4x)

Sol: Given

f(x)=In(1-4x) = f(0)=In(1-0)=In(1)=0
f

Frist derivative £ (X) =Z1In (1 4X)
4 4
f( = f, = —= —4
(X) 1-4x = (0) 1-0
Second derivative 4 f '(X) = —4&(1—4X) 4
” 4( 4) ”
£7(x) = f7(0)=—
(x)= oy = £7(0)=-16
Third derivative & f"( ) —16%(1—4X)72
32(—4)
£7(x) =~ £7(0)=—-128
fourth derivative < f"(X) = —128%(1—4X)73
_ 4(—4 _
() =24 ()= 1536
(1-4x)

First four terms of Maclaurin’s series
x> X x*

f(x)=f(0)+x f (0)+Ef (0)+§f (0)+E

Substituting values in the above relation

£V (0)+-

f(x)=0+x(-4)+ 2( 16)+E( 128)+2—( 1536) +-

Q6a). Use Maclaurin series for €* to show that the

o . 1 1 .
sum of infinite series 1+ —+—+—+--- is e
1 21 31
Solution: f (X):eX = f (O):e° =1

First derivative

1 (0)=ge

f'(x)=¢ = f'(0)=e’=1
Second derivative S (x)=2e"
f"(x)=e" = f"(0)=¢"=1
Third derivative Lf(x)=ge"
f"(x)=¢ = f"(0)=e’=1

First four term of Maclaurin’s series at X, =1
X X r Xz " X3 "

e =1f(x)= f(0)+if (0)+Ef (O)+af (0)+---

Substituting values in the above relation

2 3
e =f (x):1+x+x—+x—+~--

21 3!
At X=1 we get
f(]_):e1:]_+£+i+£+.“
1 21 3!

£ (0)+ 2 £*(0)+---

b). Use part (a) to find out the value of e that must
be accurate to 4 decimal places.

Sol: f(x)=¢" = f(0)=e"=1
First derivative Lf(x)=2e"
f'(x)=e" = f'(0)=e"=1
Second derivative L (x)=2e"
f"(x)=e" = f"(0)=e"=1
Third derivative Lf(x)=Le
f"(x)=¢" = f"(0)=e"=1

First four term of Maclaurin’s series at X, =1
e = 1 (x)=  (0)+ X £/(0)+ X £7(0)+ X £7(0) -
1 2! 3!

Substituting values in the above relation
x2 %
e = f(X)=l+X+—+—+
21 3!
At X=1 we get
f(l)=el=1+1+£+1+i+i+£+i+---
1 21 31 41 51 6! 7!
11 1 1 1 1
e=1+l+—+-+—+—+—
26 24 120 720 5040
e=2+0.5+0.1666+0.0416 + 0.0083+0.0013+0.0001+---

e=2.7179

Q7. Find the angle of intersection between the

following curves:
a). xX*—y*=a’, X2 +y? =a?\2

Solution: Adding the system
X2 _ y2 - a
X2 +y?=
—2y?=a’-a’\2
2y2 — 2 2 _a2

y—af1

Putting the value of y in equation (1) we have

_azﬁT—lzaz
,N2-1

2

x*=a’+a
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2 2 raly2-a’

2
2 2
a“v2+a 2+1

X2 — — a2 \/_

2
So we have
X2:a2ﬁ+1 yzzazﬁ—l

2 2
Taking square root on both sides we get
X =+a J_ZTH y==+a \/52_1

Therefore the points of intersections of the given curves are

(xy)= [J_ra\/\/i”, ia\/\/iz_lJ — (+1.21a,+0.46a)

Differentiating the given system of equations
2 2 2
HX Y =gl

2xdx—-2ydy=0, 2xdx+2yLy=0

2x—-2yLy=0, 2x+2ydy=0
-2y Ly =-2x, 2y Ly =-2x
Y= Y =%

Y= wY=5

Slope at the point (1.21a,0.46a)

dy _ —1l2la gy — —121a
H|(121a,046a) 0462 &|(121a,046a) 0462
m, =2.63 m, =-2.63

An angle between the two curve is
tan @ = M "Mz Substituting the values

1+mm,
2.63—(—2.63) 2.63+2.63 5.26
tan @ = = =
1—(2.63)(—2.63) 1-6.92 —-5.92

O =tan* [%j =0.72643radian = 43°35' ~ 45°

b). y*=ax x> +y® =3axy
Sol: Given
SV S (1) =Y =./aX e, (3)

Putting the value of x in equation (2) we have
3
x® + (\/ax) = 3ax~/ax
x® +aix? =3a'ix'?
3 3 3 3 3
X° =3azx? —azx?

x® =2a’x?
Taking cube root on both sides
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d w2, d y2 _d a2
EX +&y —d—xa \/E

Exercise 3.2

either or
x* =0 x:—2'at =0
x=0 x: =2% at
x=2%a
The corresponding values of x we get from equation (3)
2

y=4/a(0) y= a(23a)

1
y=0 y=2%a

2 1
Therefore points of intersection are (0, 0) & (23 a,2¢ a)

Now differentiating the given system of equations
Ky =agx £xP+gy’=3ag(xy)

2ygy=a
=2 3x*+3y’ L =3a(xLy+y)

2y ax

20y
dx

3x* +3y* ¥ =3ax < +3ay

3y’ ¥ —3ax ¥ =3ay - 3x°
3(y* —ax)% =3(ay-x’)

dy _ 3(ay—x2) (ay—xz)

R

Slope at the point (2

1 2 )2
a[23 a]—(23 aj
dy Y - dy ,

Sz 1=
[23 a,2’8 aj 2.2% a o

dx

S
N
wiro| oo
)
™
{
N
Q| ol
)
)
N
Gl
)
N
|
N

m =2

An angle between the two curve is

m —m
tan @ = —2——2 Substituting the values

1+mm,
3_1 027 3
tan0= 2 71(1) = 0;1:2—;1=1
@) 2

6 =tan™"(1)=45°
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’Increasing function‘
xe[a,b] ora<x<b= f(a)< f(b)
’Decreasing function‘

xe[a,b] ora<x<b= f(a)> f(b)

’Extreme points of the function:‘
An extreme points is a vertex of the function

Or Extreme points of function where f ’(X) =0

\Critical value and critical points\
f (x) is defined at a number ¢

Either or

f’(c):O f'(C) does not exists
Then cis called critical value
And the points on a graph (C, f (C)) is critical points

Page 64
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ExerCISe 3 _3 Thro.ugh the.second derlvat!ve terst.we find the
relative maximum and relative minimum as well

Qla). What is the first derivative test?
Answer: First derivative test is use for relative
extrema

Steps for relative extrema

i). Find all critical values of f (X)

i.e., find all numbers which are defined f'(c)=0
or which are undefined f'(c)

ii). The P(C, f (C)) is relative maximum if
f'(x)>0(rising) for all xin (a,c) and f'(x)<0
(falling) for all x in an open interval (C, b)

iii). The P(C, f (C)) is relative minimum if
f'(x)<0(falling) for all xin (a,c) and f'(x)>0
(rising) for all x in an open interval (C,b)

iv). The P(C, f (C)) is not an extremum if f’(X)
has the same signin (a,¢) and (c,b)

b). what is the relationship between the graph of a
function and the graph of its derivative?

Answer:*. if f(x) is differentiable on (a,b) i.e.,
i) f (X) is strictly increasing on (a,b) if f’(X) >0
i) f (X) is strictly decreasing on (a, b) if f ’(X) <0
* f (X)in increasing on(a,b)if tangent lines to its
graph at(Xl, f (Xl)) makes positive slope f(x )>0
* f (X) in decreasing on(a,b) if tangent lines to its
graph at(xl, f (xl)) makes negative slope f(x)<0
* f (X) is neither increasing nor decreasing on

(a, b) if the tangent lines to its graph at point

(., f (x,)) makes zero slope f(x)=0

c). What is the second derivative test?
Answer: Let f (X) be a function such that

f’(c) =0 and f "(X) exists with Cc (a, b)

i. If £"(c)>0,then there is a relative minimum
at x=c and the graph of f (X) is concave up in
the neighborhood of point (C, f (C))

i. If f "(C) < 0, then there is a relative

maximum at X =C and graph of f (X) is concave
down in the neighborhood of point (C, f (C))

iii. If f "(C) =0, then second derivative test fails

and gives no information.

d). what is the relationship between concavity,
points of inflection and second derivative test?
Answer: The graph of the function is concave

upward on (a,b) where f"(X) >0 anditis
concave downward where f "(X) <0

And the point of inflection is in between the
concave upward and concave downward
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Q2. Find the critical value of the given functions and
show where the function is increasing and where it is
decreasing. Plot each critical point and label it as a
relative maximum, a relative minimum, or neither

a). f(x)=x>+3x"+1
Sol: Given f (X)=X*+3x* +1.......(1)

Differentiate with respect to x
Lf(x)=Lx°+3Lx*+41
£/(x)=(3%*) L x+3(2x) L x+0

f/(X) =3X 46X corrrerrecrrrnens (2)

For the critical values take f ’(X) =0 we get

3x?+6x=0

3x(x+2)=0
Either or
3x=0
0 X+2=0
X:§ 2
X=—
x=0
The critical values are X=0 & X=-2

To find critical point at X =0 we get
f(0)=(0)"+3(0)" +1
f(0)=0+0+1=1

To find critical point at X =—2 we get
f(-2)=(-2)" +3(-2)" +1
f(-2)=-8+3(4)+1
f(-2)=—8+12+1=5

Thus the critical points are (0,1) &(-2,5)

Critical points on the number line X=0 & X=-2

\/ Y

3 2 1 U= 1 2 3
There are three interval (—o0,-2]U[-2,0] U[0,)
we have to check given function is increasing or decreasing

First we check interval (—oo, —2] take any points in
interval, let X, =-3 & X, =—2 i.e., X, <X,

So f(-3)=(-3)’+3(-3)" +1=1

And f(-2)=(-2)"+3(-2)" +1=5

We have X, <X, = f(x)<f(x,)

The given function is increasing on (—OO, —2]

Or simply we use first derivative test —3 & (—o0,—2]
f'(-3)=3(-3)" +6(-3)=27-18=9>0

So function is increasing on (—OO, —2]

Now we check interval [—2, O] take any points in interval,
let X =—2&X,=0ie, X, <X,

So f(-2)=(-2)’+3(-2)"+1=5

And f(0)=(0)"+3(0)" +1=1
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We have X, <X, = f(x)> f(x,)

The given function is decreasing at [—2,0]

Or simply we use first derivative test —1 € [—2, O]
f'(-1)=3(-1)" +6(-1)=3-6=-3<0

So function is decreasing on [—2, 0]

Now we check on the interval [0, oo) take any points in
between in interval, let X, =0 & X, =2 i.e., X, <X,
so f(0)= (0)3 +3(0)2 +1=1

And f(2)=(2)’+3(2)" +1=21

We have X, <X, = (%)< f(x,)

The given function is increasing at [0, 00)

Or simply we use first derivative test 3 € [0, oo)
f(3)=3(3)" +6(3)=27-18=9>0

So function is increasing on [0, OO) And the graph

b). f (x)=x>+35x* —125x —9.375

Sol: We have f (X) = x> +35x* —-125x—9.375
Differentiate with respect to x
Lf(x)=&x*+354x* —1254 x—£9.375
f/(x)=(3x" )L x+35(2x) L x~125-0
f'(x)=3x*+70x-125

For the critical values take f'(x)=0 we get
3x*+70x-125=0

3x* +75x—-5x-125=0
3x(x+25)-5(x+25)=0
(3x—5)(x+25)=0

Either or

3x-5=0 X+25=0
x=3 x=-25

The critical values are X=2 & x=-25

3
To find critical point at X :% we get
f(5)=(%) +35(2)" -125(2)-9.375
f(£) = 5 +35(%) % ~0.375
f (%) =-115.856
To find critical point at X = —25 we get
f (—25)=(-25) +35(-25)" ~125(-25)-9.375
f (—25) =-15625+ 35(625) +3125-9.375
f (—25)=9 365.625

Thus critical points are
(%,—115.856)&(—25,9365.625)

critical points on the number lineX=2 & x=-25

25 20 15 10 5

i 5 5
There are three intervals (o, —25],[-25,5] & [ £, )
where we have to check the given function is increasing or decreasing
By using First derivative test we take any point

Let —30 € (—OO,—25]
f'(~30)=3(-30)" +70(~30)-125
f'(-30)=2700-2100-125=475>0

So function is increasing at (—OO, —25]

By using First derivative test we take any point
Let 20 [ 25,5

f'(~20)=3(-20) +70(-20)-125

f '(—20) =1200-1400-125=-325<0
So function is decreasing at [—25, %]

By using First derivative test we take any point
Let 2¢ [$,)

f'(2)=3(2)" +70(2)-125

f'(2) =12+140-125=27>0
So function is increasing at [%,00) And the graph

2000

40, 30 20 10 0 10
-2000

Q3. Find critical values of the following functions
a). f(x)=2x>-3x*-72x+15

Sol: Given f (x) = 2x% —3x* —72x+15
Differentiate with respect to x
Lf(x)=2Lx°-3Lx*-72Lx+415
£/(x)=2(3x*) & x-3(2x) &£ x-72-0
f'(x)=6x*—6x—72

For the critical values take f'(X) =0 we get
6x° —6Xx—72=0

6(x*—x-12)=0

x*—x-12=0

X* —4x+3x-12=0
x(x—4)+3(x-4)=0

(x+3)(x—-4)=0

Either or
X+3=0 x—4=0
X=-3 X=4

The critical values are -3 and 4
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b). f(x)= 1 x® —x?—-15x+6 Elthzer o

3 47 =0 x-1=0
SoI:Givenf(x):%x3—x2—15x+6 x=0 x=1

Differentiate with respect to x
Lf(x)=1Lx—Lx*-154x+16

f'(x)=1(3x* )&x—(Zx)ax—15+O

f'(x)=x*-2x-15

For the critical values take f ’(X) =0 we get

x? —2x—-15=0

x? —5x+3x—-15=0
x(x—5)+3(x—5)=0
(x+3)(x—5)=0
Either

X+3=0

X=-3

The critical values are -3 and 5

2
o). f(X)=6x3—4x
2
Sol: Given f (X) = 6x3 —4x

Differentiate with respect to x

4f(x)=64x' —44x

(x)=6(§x3 )&x—4

f’(x):4x?1—4

For the critical values take f ’(X) =0 we get

47 —4=0
=4

|
ll

IS

X

NTA

>
[EN

=1 =x#=0

X =

Wl

|

=X

Taking cube on both sides
1 3

() =@

Xx=1

The critical values are 0 & 1

4 1
d). f(x)=3x3-12x°

4

Sol: Given f (X) =3x3 -12x3

Differentiate with respect to x

4f(x)=34x° —124 %

£/(x)=3(4)x ™ L x-12(4)x"

f'(x)=4x§—4x?

For the critical values take f '(X) =0 we get

wl=

4x3 —

(%%)
i (x-1) =0

The critical values are 0 and 1

Q4. Determine whether given function has a
relative maximum, a relative minimum or neither
at the given critical values for following problems

a). f(x):(x3—3x+1)7:0 at x=1 x=-1

Sol: Given f (X) =(X3 —3x+1)7 =0
Differentiate with respect to x
4 f (x)=i( 3—3x+1)7
f'(x)= (
f(x)=7(x° x+1) (£x°—3Lx+&1)
fr(x)=7(x° x+1) (3x* £x-3(1)+0)
fr(x)=7(x° —3x+1) (3x* —3)
f(x)=21(x* —3x+1)’ (x2 -1)
Again differentiating with respect to x
100 =214 ~aw1) (1)
f”(x):21{(x3—3x+1)6%(x2—1)+(x2—1)§—X(x3—3x+1)6}
f”(x)=21(x3—3x+1)6(ix2—ll)
+21x6(x* ~1)(xX° 3x+1) L(x°-3x+1)
f”(x)=21(x3—3x+1) (2x&x-0)
+126(x ~1)(x* ~3x-+1) (&3 3L x+L1)
fr(x)=
f*(x)
f7(x)
(x)=
f

X) = 21x 2x(x3—3x+1) +126(x* -1)(x° —3x+1)5 (3x* -3)

42x (x —3x+1) +126x3(x2—1)2(x3—3x+1)5

a2x(x* ~3x+1)" +378(x* 1) (x* ~3x+1)
f"(x)=42 3—3x+1)5{x(x3—3x+1)+9(x2—1)2}

[/

(
’(X) at the critical point/given point X =1
f(1)= 42((1)3 ~3(1) +1)5 {(1)((1)3 —~3(1) +1)+9((1)2 —1)2}
(1) =42(2-3+1) {(1-3+1)+9(1-1)"|
£7(1)=42(-2)"{(-1) +9(0)’|
f"(1)=42(-1){-1+0}
f" (l) =42>0
Through the second derivative test " (1) >0 then

there is a relative minimum at X =1
The f"(X) at the critical point/given point X =—1

£ (-0)=42((-2) -3(-2)+1] {(-0)(-2) -3(-2)+1) o (-1 1) |
£7(-1)=42(-1-3+1) {~(-1-3+1)+9(1-1)°}
f7(~1)=42(-3)° {—(—3)+9(0) }

f(~1) = 42(—243){3+0}

f"(1)=-30618<0
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Through the second derivative test f "(—1) <0

then there is a relative maximum at X=-1

b). f(x)=(x"—4x+2) at x=1
Sol: Given f (x):(x4 —4x+2)5

< f (X )=%(x“—4x+2)5

f'(x)=5(x" 4x+2)41(x4—4x+2)
f'(x)=5(x"- 4x+2) (Lx'—4Lx+42)
£/(x)=5(x" —4x+2)' (4% &x—4+0)

f' (x):5( 4—4x+2) (4x3 )
Again differentiating with respect to x
%f’(x)=5%{(x4—4x+2)4(4x3—4)}
f”(x)=5{(x4—4x+2)4%(4x3—4)+(4x3—4)%(x4—4x+2)4}
f"(x):5(x4—4x+2)4(4$ 3—%4)
+5x4(4x° —4)(x* —4x+2)°
f”(x):S(x“—4x+2)4(4(3x2)%x—0)
+20(4x0 —4)(x* —ax+2) (&x* ~4 & x+42)
f"(x):5><12x2(

%(x“ —4x+2)

x* —ax+2) +20(x* —4x+2)’ (4x° ~4)
£7(x)=20(x* —4x+2)’ {3x2(x4 ~ax+2)+(ax-4) |

The f"(X) at the critical point/given point X =1

Lf(x)=% [{Zx(x —1)° }{(x2—4)3(7x2—16)}}
f"(x):{Zx(xz—l) b {(x* —4)’ (7x* —16)]
+{(x* —a) (7x* —16)} & {2x(x* ~1)’}

()= {2x(x -1)'}{(x¢ ~4)" (72 ~16)+ (7" ~16) & (x* ~4)'|

#{(x¢ -4)' (7 -16){2x (3¢ -1+ (¢ -1) 4 (20)]
f"(x)= {2x(x2 —1)2}{(x2 —4)3 (14x)+3(2x)(7x2 —16)(x2 —4)2}
+{(x2 —4)3 (7x2 —16)}{4x(2x)(x2 —l)+ 2(x2 —1)2}

The f"( ) at the critical point/given point X =1
)

()= {20t - )}{( ~a)' (14)+3(2)(7(0) -16) 12 -] |

+{(12 a) (7(1) )}{ (2)(2-1)+2(2* - )2}
(1) ={2()(0)"}{(-3)’ (14>+3( )(-9)(-3)'}

3 (-9)f{4(2)(0)+2(0)')
£7(1)={0}{(-27)(14) +6( 9)(9)} +{(-27)(-9)}{0+0}
f"(1)=0+0
f"(1)=0

So second derivative test f”(1)=0 failsat x=1
Now to check f”(x) at the critical point X =2
7(2)={2(2) (2 1) [{(2*-4)' (14x2) +3(2x2)(7(2)" ~16)(2* 4] |
+{(22—4)3(7(2)2 —16)}{4x2(2x2)(22 ~1)+2(2° —1)2}
1(2)={4(3)°}{(0)’(28)+12(12) ()’ |+{(0)’ (12)} {8(4) (3) +2(3)"}

(1) =20((0)" -4 +2) [3(0F ()" 4@ +2)+ (407 -4} 12)_ 381 0+0) + {0 186418

£(1)=20(1-4+2)"{3(1-4+2)+(4-4)}

£7(1)=20(-1)'{3(-2)+(0)’}
f"(1)=20(-1){-3+0}

£7(1)=60>0

Through the second derivative test f”(1)>0 then

there is a relative minimum at X =1

o f(x)=(x*-4)"(x*~1) atx=1L x=2
Sol: Given f (x) =(x’ —4)4(x2 —1)3

d (x):%{(xz ANPS _1)3}

f'(x) :(x2 —4)4£;’—X(x2 —1)3 +(x2 —1)3(?7(x2 —4)4

f'(x)=3x2x(x2—4)4(x2—1)2+4x2x(x2—1)3(x2—4)3
'(x)=6x(x* —4)" (x* 1) +8x(x* ~1)’(x* ~4)’
f'(x)=2x(x2 —1)2( 4)3{3(x —4)+4(x2 _1)}
'(x)=2x(x2 ~1)" (x2 —4) {3x* 12+ 4x* —4)
f/(x)=2x(x2 ~1)"(x* -4)’(7x* ~16)

Again differentiating with respect to x

X2
X
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£7(2)=0+0=0
So second derivative test f”(2)=0 failsat x =2

d). f(x)=3x*-48 at X=4

Sol: Given f( ) 3x® —48 Differentiate w.r.t. x

Again differentiating with respect to x

o f’(x)=i{x2(x3—48)_32}

f7(x)=x"Z(x° 48) (x3—48)Tz & x?
f"(x):*32x2(x3—48)%11(x3—48) 2x(x*-48)°
£7(x)=2x*(x*-48)" ( X ——48)+2x(x3—48fz
f”(x):%x2(3x2)(x3—48) "+ 2x(x —48)32
£7(x)=-2x*(x*~48)" +2x(x3—48)

The " (X) at the critical point/given point X =4
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£7(4)=—2(4)" (4°-48)" +2(4)(4° - 48)°
f7(4)=-2(2%) (16)7 +2'2(16)*
£7(4) =—2(28)(24)?5 +2°(2¢)°
£7(4) = 2" 4 2>
fr(4)=-—2"%+2%%
£7(4)= 25
fr(4)=-2"+2' =—3.78<0
Through the second derivative test f "(4) <0

+2%

then there is a relative maximum at X=4

Q5. Find all relative extrema of following functions

a). f(x)=x"-3x*+1

Sol: Given f (x)=x*—-3x*+1

Differentiate with respect to x
Lf(x)=4x*-3Lx*+L1
fr(x)=3x>Lx—-3(2x)Lx+0
f’(x)=3x*>—-6x

For the critical values take f ’(X) =0 we get

3x> —6x=0

3x(x—2)=0

Either or
3x=0 Xx—2=0
x=0 X=2

The critical values are 0 and 2
Differentiating f’( ) with respect to x

Lf(x)=3Lx*-6Lx
f"(x)=3(2x) L x—-6

f"(x)=6x—6

The f"(x) at the critical point/given point X =2
f"(2)=6(2)-6

f"(2)=12-6=6>0

Through the second derivative test f "(2) >

then there is a relative minimum at X =2

Now to find minimum value at X = 2 in the given function
f(2)=(2) -3(2)" +1
f (2)=8—3(4)+1=8—12+1=—3
Minimum value is -3 at the critical value at X =2
The f"(X) at the critical point/given point X=0
£7(0)=6(0)-6
f"(0)=0-6=-6<0
Through the second derivative test f ”(0) <0

then there is a relative maximum at X =0

Now to find maximum value at X = Qin the given function
f (0)=(0)’-3(0)" +1
f(0)=0-0+1=1

Maximum value is 1 at the critical value at X =0

Sol: Given f (x) = x*+6X* +9x +2
Differentiate with respect to x

L (X)=Lx’+6Lx*+9Lx+42
f/(x)=3x"Lx+6(2x)Lx+9+0
f'(x)=3x*+12x+9

For the critical values take f ’(X) =0 we get
3x*+12x+9=0

3(x*+4x+3)=0

x> +4x+3=0

X2 +3x+x+3=0

X(x+3)+1(x+3)=0

(x+1)(x+3)=0

) X+1=0 Xx+3=0
Either or

x=-1 X=-3

The critical values are -1 and -3

Differentiating f'(x) with respect to x

L' (x)=3Lx*+12 & x+ L9
f"(x)=3(2x) L x+12+0

f"(x)=6x+12

The f"(x) at the critical point/given point X =—1
£"(~1)=6(-1)+12

£"(~1)=—6+12=6>0
Through the second derivative test f”(-1)>0

then there is a relative minimum at X =-1

Now to find minimum value at X = —1 in the given function
f(-1)=(-1)° +6(-1)" +9(-1)+2
f(-1)=(-1)+6(1)-9+2
f (—l) =-1+6-7
f(-1)=-2
.". minimum value of function is -2 at critical X =—1

The f"(X) at the critical point/given point X =—3

£7(-3)=6(-3)+12
f "(—3) =-18+12=-6<0
Through the second derivative test f "(—3) <0

then there is a relative maximum at X =-3

Now to find maximum value at X = —3 in the given function
f(-3)=(-3)"+6(-3)"+9(-3)+2
f (—3) = (—27)+ 6(9) -27+2
f(-1)=—-27+57-25
f (—1)=27—25=2

Therefore the maximum value of the function is 2
at the critical value X=-3

b). f(x)=x>+6x>+9x+2

Q6a). Suppose a f (X) is differential function with

(x—l)z(x—z)(x—él)(x+5)4

derivative f '(X)
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X Through the second derivative test f "(4) >0 then

Find all critical values of f ( ) and determine

whether each corresponds to a relative maximum,
a relative minimum or neither

Solution: f’(x)=(x—1)2(x—2)(x—4)(x+5)4
For the critical values take f’(x)=0 we get
(x—l)z(x—2)(x—4)(x+5)4=0

(x-1)°=0

, x—2=0
Either y_1_-0 or
X=2
x=1
4
X—4=0 (x+5) =0
Or or x+5=0
Xx=4
X=—

The critical values are 1,2,4 and -5
Differentiating f'(x) with respect to x

4 f(x)= [{(x 1)° (x—2)}{(x—4)(x+5)’ }]
() ={(x=1)" (x=2)} & {(x—4)(x+5)"}
+{(x=4)(x+5)" | &{(x-1)" (x—2)}

£ (x) ={(x=2)" (x=2)} {(x=4) & (x+5)" +(x+5)" & (x~4)}
Hx=4)(x+5) H(x-1)" & (x-2) +(x-2) & (x-1)'}

£7() = {(x=2)" (x=2)}{4(x—=4) (x+5)" +(x+5)"|
+{(x_4)(x+5)“}{(x_1)2+z(x_z)(x_1)}

The f(x) at the critical point/given point X =1

(1) ={(1-1)"(1-2)}{4(1-4)(1+5)" +(1+5)"}
+{(1_4)(1+5)“} {(1_1)2 +2(1- 2)(1_1)}

£7(1)={(0)" (1)} {4(-3)(6)" +(6)*}
+{(-3)(86)"}{(0)" +2(-1)(0)

£7(1) = {0}{4(-3)(6)" +(6)'} +{(-3)(6)' | {0+ 0}

£7(1)=0

So, second derivative test f”(1)=0 failsat X=1

The f”(x) at the critical point/given point X = 2

t(2)={(2-1)°(2-2)}{4(2-4)(2+5)" +(2+5)"|
+{(2-4)(2+5)"}{(2-1)" +2(2-2)(2-1)

f”(2)={(1)2(0)}{4(—2)(7)3+(7)4}
+{(—2)(7)4} {(1)2 + 2(0)(—1)}

£7(2)={0}{4(-2)(7)" +(7)"} +{(-2)(2401)} {L+0}

f”(2)=0-4802=-4802<0

Through the second derivative test f”(2) <0 then

there is a relative maximum at X = 2
The f "(X) at the critical point/given point X =4

f7(4)= {(4—1)2 (4—2)}{4(4—4)(4+5)3 +(4+5)“}
+{(4_4)(4+5)“}{(4_1)2 +2(4_2)(4_1)}
t7(4)={(3)"(2)}{4(0)(9)" +(9)'}
+{(0)(9)' {(3)" +2(2)(3)}

f7(4)={36}{0+6561} +{0} {9+12} = 236196

there is a relative minimumat X =4
The f”(x) at the critical point/given point X = -5

f7(-5)= {(—5—1)2 (-5- 2)} {4(—5—4)(—5+5)3 +(—5+5)“}
+{(_5_4)(_5+5)“}{(_5_1)2 +2(_5_2)(_5_1)}
t7(-5)={(-6)" (-7)} {4(-9)(0)" +(0)*}
+{(-9)(0)" }{(-6)" +2(-7)(-6)}
f7(-5)={(36)(~7)}{0+0} +{0}{36+84} =0

So second derivative test f” (—5) =Qfailsat X=-5

b). Suppose f( ) is differential function with
derivative ¢, (x) = (2x-1)(x+3)

(x—1)°
Find all critical values of f ( ) and determine whether

each corresponds to a relative maximum, a relative
minimum or neither

Sol: Given £ ( ) (ZX 1)(X+3)

(x—1)°
For the critical values take f' ( ):0 we get
(2x—1)(x+3):

(x—1)°
(2x—-1)(x+3)=0
Either or
2x-1=0 x+3=0
2x =1 X =-3
x=1

For critical values for f ’(X) is undefined, we get
(x —1)2 =0

x—=1=0 =x=1

The critical values are -3 and % and the critical value
that undefined at X =1

Differentiating f'(Xx) with respect to x

(2x—1)(x+3)
()‘dx[ (-1 }

o (k=1 2 (2x-1) (x+3)) - {(2x 1) (x+3)} & (x-1)°
F(x)= (1)
A 1 [( ' {(26-0)& (x+3)+(x+3) (2x 1)}}
“Dix-1)(x+3)} & (x-1)
o) o L] D {(2x-D a0 (s )( ﬂ
(x—1)4_ 2(x-1){(2x-1)(x+3)}(1-
(o)=L (x-1) {(2x~ l)+2(x+3)}]
(x=1)" | -2(x-1){(2x-1)(x+3)}

The f "(X) at the critical point at X =—3

fr(3)= 1 | (-3-1)°{(-6-1)+2(-3+3)}
(-3-1)" | -2(-3-1){(-6-1)(-3+3)}
(9= : L D202 [N}
1

(=3)= [ (~4)*{(-7)+0}-2(~4) {0}

—4)’

Khalid Mehmood Lect: GDC Shah Essa Bilot

Available at http://www.MathCity.org

Page 70



Chapter 3

Exercise 3.3

"(—3)= L Me(—7)-0]=—="
£ ( 3)_256[16( 7)-0] 5 <0
Through the second derivative test f "(—3) <0

then there is a relative maximum at X =-3
The f”(x) at the critical pointat X =5

fﬂ[l)z 1 1-1)°{(1-1)+2(1+3)}
2)7 Gy 20 -la-nG )

(3)- Gyl or2@i-2(2) o))
f [%) - 2[(3){7}-0]-28>0

Through the second derivative test f ”(

)>0

1
2
1

then there is a relative minimum at X = 5

Therefore the maximum value of the function is 512
thousand dollars at critical value X = 6 thousand dollars

Q7. A company has found through experience that
increasing its advertising also increases its sales up to a
point. The company believes that the mathematical

model connecting profit in hundreds of dollars P (X)
and expenditures on advertising in thousands of dollars
xis: P(x)=80+108x—x*>  0<x<10

a). Find the expenditure on advertising that leads
to maximum profit.

Sol: Given P (x) =80+108x — x°
Differentiate with respect to x
4P(x)=480+108Lx—&Lx°
P’'(x)=0+108-3x" & x
P’(x)=108-3x"

For the critical values take P'(X) we get

108-3x* =0

108 = 3x°
3x* =108
x? =12 =36

Taking square root on both sides

IxF =36

X=16

The critical values are 6 and -6
Differentiating P’(X) with respect to x

4P'(x)=4108-3Lx°

P"(x)=0-3(2x)<x

P"(x)=-6x

The P”(X) at the critical point/given point X =6
P"(~1)=-6(6)

P"(—l) =-36<0

Through second derivative test P"(G) <0 then thereis a

relative maximum expenditure at X =6 thousand
dollars

Q8. Total profit P (X) (in thousands of dollars) from

the sale of x hundred thousand of automobile tyres is
approximated by P(X) =—x3+9x? +120x — 400

3 < X <15Find numbers of hundred thousand of tyres that
must be sold to maximize profit. Find maximum profit

Sol: Given P(X) =—x>+9x*+120x —400
Differentiate with respect to x
LP(x)=—-2x*+9Lx* +120 & x—L400
P’'(x)=-3x" £ x+9(2x) & x+120-0
P’(x)=-3x*+18x+120

For the critical values take P'(Xx)=0 we get
—3x?+18x+120=0

~3(x* —6x-40)=0

x*—6x—-40=0

x> —10x+4x—-40=0
x(x—10)+4(x-10)=0

(x—10)(x+4)

Either or
x—10=0 X+4=0

The critical values are 10 and -4

Differentiating P’(X) with respect to x
LP'(x)=-3Lx*+18Lx+4120
P"(x)=-3(2x) L x+18+0

P"(x)=-6x+18

The P"(X) at the critical point/given point X =10
P”(10) =-6(10)+18

P"(10)=—60+18 =-42 <0

Through the second derivative test P” (10) <0 then

there is a relative maximum at X =10 thousand dollars

To find maximum profit at expenditure X =10
thousand dollars in the given function

P(10) = —(10) +9(10)* +120(10) — 400
P (10) = —1000 +9(100) +1200 — 400
P (10) = —1000 + 900 + 800

P (10) =-100+800= 700

Therefore maximum value of the function is 700
hundred thousand dollars at the critical value X =10
hundred thousand dollars

b). Find the maximum profit.
Sol: Givento find maximum profit at expenditure
X = 6 thousand dollars in the given function

P(6)=80+108(6)—(6)’
P(6)=80+648-216=512

Q9. Find the percent of concentration of drug in
the bloodstream x hours after the drug is

administered is given by K (x) = _ax
3x* +27
Sol: Given K (x) = ——X__
3x% +27

Differentiate with respect to x

4x
EK0) =855
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</ (x) = (3x2 + 27)%(4x)—4x cj‘—x(3x2 + 27)
(3x2 +27)2
< (x) = 4(3x* +27) - 4x(6x+0)
(3x2 +27)
K’ (X)=12x2 +108—224x2 _ 108—12x22
(3x* +27) (3x* +27)

For the critical values take K'(x)=0 we get
108-12x%

(3x? +27)

108-12x>=0

108 =12x°

12x* =108

X*=18_9

12
Taking square root on both sides

Jxt =9

X=43
The critical values are 3 and -3
For critical values for K'(x) is undefined, we get

3x*+27=0

Taking square root on both sides

I =+-9

X =13i

Critical values which are undefined are imaginary so leave them.

Differentiating P’(X) with respect to x

108 —-12x?
HK'(x) =% (BXZT?X)Z

(3x2+27) 4(108-12x?) —(108-12x*) &(3x* +27)°

Through the second derivative test K"(B) <0

then there is a relative maximum at X =3
The K”(x) at the critical point X =—3

—24(-3)(3(-3)" +27)-12(-3)(108-12(-3)°)

e (3(-3)° +27)
k(-3 72(27 +27)+36(108—-108)
(27+27)’
K (-3) 72(54)+36(0) _ 3888
(54)° 157 464

Through the second derivative test K”(—3) >0

then there is a relative minimum at X =—3
We have the critical values -3 and 3 this means that
domain we can split into three intervals

i.e., R= (—oo, —3] U [—3, 3] U [3, oo)

a). On what time intervals is the concentration of
the drug increasing?

Sol: using first derivative test take any point 2 € [—3, 3]
_108-12(2)° _ 108-48 _ 68 0
3(2)° +27}2 [12+27] 39°

So function is increasing on [-3,3]

K'(2

b). On what intervals is it decreasing?
Sol: Given intervals (—OO,—3]&[3,00)

using first derivative test take —5 & (—OO, —3]
_ 108-12(-5)" 108-300 _-192 _
[3(-s) +27] [m5+27] 102

So function is decreasing on the interval [3, OO)

K'(-

using first derivative test take 5 [3, OO)
~108-12(5)°  108-300 192 3
[3(s) +27]  [T5+27] 102

So function is decreasing on the interval [3, OO)

K'(5

therefore the given function is decreasing on the

intervals (—o0,—3]&[3,0)

K"(x)= s 27)4

P i +21) (0-24x)-2(108-12¢)(3¢° +27) (3¢ +27)
(3x2 +27)

K" (x) = —24x(3x? +27) ~12x(108 ~12x? ) (3%* +27)
(3x2 + 27)4

K7 (x) = (3x* + 27){—24x(3x2 + 27)—12x(108—12x2)}
(3x2 + 27)4

K" (x) = —24x(3x* +27)-12x(108-12x" )

(3x2 + 27)3

The K”(X) at the critical point X=3
~24(3)(3(3)" +27)-12(3)(108-12(3)")

K"(3)=

(3(3) +27)
K"(3) = —72(27+27) —36(3108—108)
(27+27)
K" (3)— —72(54) —336(0) _ —3888 _
(54) 157 464

¢). Find the maximum concentration.
Sol: Since maximum concentration at time X =3

K(3)- 4(3) _ 12
3(3)" +27 27+27

K(3)= % =0.22%

d). Find the minimum concentration.
Sol: Since minimum concentration at time X =3

4(-3 ~12
K(_S): (2 ) =
3(-3) +27 27+27
K(—S):_5—142:—O.22%
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Q10. A diesel generator burns fuel at the rate of

G (X) = %(% + ZXJ gallons per hour when

producing x thousand kilowatt hours of electricity.
Suppose that fuel costs $2.25 a gallon and find the value
of x that leads to minimum total cost if the generator is
operated for 32 hours. Find the minimum cost.

Solution: we have G (X) = %LQXO + 2X] is rate

of fuel burns of the generator and cost of fuel
$2.25 per gallon for 32 hours
Therefore the cost of electricity produced is

C(x)=(32)(2.25)G (x) = 2

6(x)
C(x)= 72{%(3—20+2xﬂ
C(x)zg(s—i)()+2xj

Differentiating with respect to x

LC(x)=3£(300x* +2x)

C'(x)= g(300§xx1+2%x)
C'(x)= g( ~300x " +2)
C'(x)= g( ~300x* +2)

, 3( —300

For the critical value put G'(x) =0

3(20,5)0
20 X

-300

x?
-300

XZ
~300 = -2x
x* =150

Taking square root on both sides

Jx% = +:/150

X =%+150
Differentiating C'(X) with respect to x

+2=0

=2

+C'(x)= g(—SOO% X7 +§2)
C"(x)= g(—soo(—z) X1 +0)

. 3(600
C (X) = E (? + Oj
900

)=

The C"(X) at the critical point X =+/150

,, 900 _ 900
C (Jls_o)_(JB_o)r N

) 900

C"(V150 )= ———
<\/_ {3 375000

Through the second derivative test C”(\/150) >0

=0.4899>0

then there is a relative minimum at X =+/150

And the minimum cost is at X =+/150

() o

C(Jls_o) —$73.48
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