Chapter 2

Exercise 2.1

Chapter 2

Average rate of changeﬂ = f(x+ax)—f(x)
AX AX

Exercise 2.1

Q1. Find the average rate of change of the
following functions over the indicated intervals:

a). y=x"+4
Sol: We have y = f(x):x2+4
y f(x+Ax)-f(x)

from x=2 to x=3

Ah _h(t+At)—h(t)
B At

With At=t_, —t,, then At=85-8=0.5

Substituting h(t) = \/5—7

Ah _h(8.5)—h(8)

.. average rate of change

At 0.5

AR (V2(85)-7)—(J2(8)-7)
At 0.5

A VA7 V16 54

At 0.5

A
". average rate of change — =
AX AX

With AX=X_. — X, then AX=3-2=1

min

Ay _F(3)-1(2)

AX AX
ﬂ=[32+4]_[22+4]

AX 1

Ay

=Y _(9+4)—(4+4)=13-8

Y _(9+4)-(a+2)

Y _sg

AX

b). y:x2+%x from x=-3 to x=3

Solution: We have y = f (x) =X +%X
With AX = X, — X, then Ax=3—(-3)=6

Ay f(3)-f(-3)
AX 6
MO R=CIR[COREE]

AX 6

Ay _[9+1]-(9-1)

AX 6

Ay 10-8 2

™8 6

Ay

1
AX 3

.. average rate of change

c). s=2t>*—5t+7 fromt=1to t=3

Solution: We have S(t) =2t*-5t+7

with At=t_ —t.. then AX=3-1=2
As s(3)-s(1)

.. average rate of change A_ =

Q2. Use definition to find out average rate of change
over specified interval for following functions:

a). s=2t-3 from t=2 to t=5
Solution: We have S(t) =2t-3

As _ s(t+At)—s(t)
At At

With At=t_ —t, then At=5-2=3

As _s(5)-s(2)

At 3

As _[2(5)-3]-[2(2)-3]

At 3

As 10-3-4+3

At 3

s _
At
s
At
b). y =X’ —6X+8 from x=3to x=3.1
Solution: We have y = f (X) =Xx*-6x+8

Ay  f(x+Ax)—f(x)

.. average rate of change —L
AX AX
With AX =X, — X, then Ax=3.1-3=0.1

min

Ay _F(31)-1(3)

.. average rate of change

N wlo

AX 0.1

Ay (317 -6(3.1)+8]-[(3)"-6(3)+8]
AX 0.1

Ay [9.61-18.6+8]—[9-18+8]

AX 0.1

Ay [-0.99]-[-1]

AX 0.1

Ay —099+1 001 1 _

Ax 01 01 10

c). A= 7r? fromr=2tor=2.1

, , 2 Solution: We have A(I‘) = 7r?
2(3) =5(3)+7|—-|2(1) -5(1)+7

§=[ &' -56) } [ B -5 ] AA  A(r+Ar)—A(r)
At 2 .. average rate of change — =
As [2(27)-15+7]-(2-5+7) Ar Ar
A 5 With Ar=r_ —r. then Ar=21-2=0.1
As _[54-8]-4 42 AA _A(21)-A(2)
AL 22 Ar 0.1
AS 2 2
2501 AA _ z[21] —7=[2]
At Ar 0.1
d. h=y2t-7 fromt=8tot=8.5 AA _ 4417 —4x
Solution: We have h(t) = ﬁ—? Ar 0.1
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Exercise 2.2

AA _ 041z With At=t . —t . then At=5-3=2
Ar 0.1

5)-p(3
AA Ap_p(5)-p(¥)

— =4.17=12.88
Ar

d). h=x/f—9 from t=9 to t=16
Solution: We have h(t) = \/E—Q

with At=t__ —t... then At=16-9=7
.. average rate of change Ah _ h(16)—h(9)

At 7
an_[A5-9]-[V8-9
At 7
Ah  4-9-3+9
At 7
Ah 4-3 1
At 7T

Q3. A ball is thrown straight up. Its height after t seconds
is given by the formula h(t) =—-16t> +80t Find the

average velocity % for the specified intervals
a). From t=2 to t=2.1

Solution: We have h(t)= —16t* +80t

with At=t_ —t.., then At=21-2=0.1
Ah h(2.1)-h(2)

.. average rate of change —

0.1
Ah |[16(2.1)°+80(2.1) |-[-16(2)" +80(2) ]
At 0.1
Ah  -16(4.41)+168+16(4)-160
At 0.1
Ah _ —70.56 +168+ 64 -160
At 0.1
Ah_144 144
At 0.1

b). From t=2 to t=2.01

Solution: We have h (t) = —16t* +80t

with At=t_ —t.., then At=2.01-2=0.01
Ah h(2.1)—h(2)

.. average rate of change —

0.1
Ah | ~16(2.01)°+80(2.01) |-[-16(2)* +80(2)]
At 0.01
Ah  —16(4.0401)+160.8+16(4)-160
At 0.01
Ah  —64.6416+160.8+64 —160
At 0.01
A _01584 15 g4
At 0.01

Q4. The rate of change of price is called inflation.
price P in rupees after t years is p(t) =3t*+t+1
Find the average rate of change of inflation from t=3 to
t=5 years. What the rate of change means? Explain
Solution: We have p(t) =3t +t+1

Ap _ p(t+At)—p(t)

.. average rate of change — =
At At

At 2
ap |3(8)+(8)+1]-|3(3)" +(3)+1]
At 2

Ap [3(25)+6]-[3(9)+4]

At 2

Ap _ 75+6-27-4

At 2

Ap_%0_o5

At 2

‘First principle for derivative‘
Y i i f (x+Ax)—f(x)
dx Ax>0 AX  Ax—>0 AX

Slope when two point Pl(X1, yl), P, (XZ, yz) are

given Slope=m = Yoo ¥
X, =X
Differentiation of y = X" by first principle Rule|

If f(x)=x"so f(X+Ax)=(x+Ax)"

Using first principle for derivative of f (X)

d f (x) = lim f (x+Ax)—f(x)
dx AX—>0 AX
f’(x): "mw

Ax—0 AX

Using binomial theorem
n(n-1)

(x+A%)" = X"+ X" Ax+ 20 %2 (Ax)” 4.

o) f'(x):lig%

_ = _ 2
X"+ X" EAX + 10D X2 (AX) 4

AX
nx"AX + @ x"? (Ax)2 +ee
AX
Ax[nx”’1 + 103 X2 (AX) +-- J

Ax—0 AX

(%)

£/(x) = lim [nx”’1+”(2—!‘1)x“*2(Ax)+...}
(%)
(%)

f'(x :[nx“’l+@x”’2(0)+0+0+~-}

Exercise 2.2

Q1. Use first Principle to determine the derivative
of the following functions.

a). f (x)=3x
Solution: We have f (X) =3X

First principle for derivative

Y jim &Y _ i LX) (%)
dx Mx—>0AX Ax—>0 AX

Substituting f (X) =3X
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Exercise 2.2

Chapter 2
2

%: lim %_ lim 3(“2")_3’( dy sy (120 0o -[12- 5]

X M&x=0 AX  Ax—=0 X dx Ax—>0AX Ax—0 AX
B _ fim &Y _ i 3X+3AX -3 ay Ay 12— (X +(AX)" +2xAx) 12+ X°
dx M-0AX  Ax-0 AX dx A0 AX  Ax0 AX
Y jim A g 3 dy . Ay . 12-x*—(AX)" —2xAX-12+x?
dx A0 AX  Ax0 AX —=lim —==1lim

dy Ay dx Ax—0 AX  Ax—0 AX
-2 = =i = 2

dx AI>I<TO AX AI>I<T03 3 dy —lim2Y Ay — lim —(AX) — 2XAX
b). f(x)=5x+6 dx M-0AX  A&x-0 AX
Solution: We have dy _ im2Y _ im AX(-Ax-2x)
First principle for derivative dx M0 AX M0 AX

f(x+Ax)—f(x )

d_ —tim 2~ lim ( )= f(x) dy _ = lim—= 4y _ = lim [-Ax— 2x]

dx Mx—>0AX  Ax—>0 AX dx M0 AX  Ax—>0
Substituting dy Ay

= lim —=-0-2x
5(Xx+AX)+6 5x+6 X—

4y _ im &Y _ ||m|: ( )+6]-[ ] dx a0 AX

dx Ax—>0 AX  Ax—>0 AX dy _lim Ay _ _og
%:“n})%:"mo5x+5Ax26—5x—6 dx M0 AX

X AX—> X AX—> X 2

: f(x)=16x"-7x

dy i Ay l 5AX e (x)
dx Alinoﬂ = o AX Solution: We have f (X)=16x*-7x
dy lim Ay lims First principle for derivative
dX_Ax—>OAX A0 dy = lim 2L Ay = lim f(X+AX)_ f(X)
d . A dx x>0 AX  Ax—0 AX
d_i = AI)I(r_)noA_i =3 Substituting

o). f(x)=x*+1
Solution: We have f (X) =x*+1

First principle for derivative
. F(x+Ax)—f(x
dX Ax—>0 AX T A0 AX

Substituting
[(x + Ax)2 +1} —[xz +1}

ﬂ =lim—= Ay _ = lim
dx Ax->0 AX x>0 AX

2 1 (AX) +2XAX+1- X2 -1
dy_“mAy_"m ( )
dx Ax>0 AX  Ax50 AX

2

AX 2XAX
9 i AY _ iy (AX) +2xAX
dX Ax—0 AX  Ax—0 AX

AX]| AX + 2X
9 i &Y _ i X[ A0+ 24]
dx M->0AX M0

4y _ lim [Ax+ 2x]
dX Ax—0 AX  Ax—0

ﬂ = lim 2y =2X
dx Ax>0 AX

d). f(x)=12—-x°

Solution: We have f (X) =12-x*

First principle for derivative

Y _ i &Y _ jj SO 2= ()
dx Mx—>0AX Ax—>0 AX
Substituting f (X) =12-x°

[16(X+AX)Z —7(x+Ax)]—[16x2 ~7x]

dy Ay

=lim—=Iim
dx Ax—0 AX Ax—0 AX
dy Ay 16(x2+(Ax)2+2xAx)—7x—7Ax—16x2+7x
=lim—==Iim
dx M0 AX A0 AX
Y _ i A im 16x2 +16(Ax)” +32xAx — X~ TAX~16X* +7x
dx M0 AX A0 AX
16(Ax)" +32xAx — 7A
L VLG 3 Gl §-32xax-7Ax
dx  M-0 AX A0 AX
Y _ i Y i AX[16Ax+32x 7]
dx M0 AX A0 AX

ﬂ: lim 4y _ lim [16Ax+32x—7]
dX Ax—>0 AX  Ax—0

dy .. Ay
—=lim—=|16(0)+32x-7
dx AanOAx [ (0)+32x- }
Y _ jim Y _32x—7
dx Ax>0 AX
0 f(x)=1

X

7
Solution: We have f (X) =—
X

First principle for derivative

f(x+Ax)—f(x
dy A F O Ax) - F(x)
dx Ax—>0AX  Ax—>0 AX

7
Substituting f(X)z—

X
dy_ = lim — 4y _ = lim i[ ! —Z}
dx ax0AX M0 AX| X+AX X
[T\ 7X—7(X+AXx)
dx Ao0AX  Ao0AX|  X(X+AX)
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Exercise 2.2

dy Ay . 1| Tx-Tx-TAX Y im A g 1| 5(2x—4)-5(2x+2Ax—4)
=lim—<=Ilim—| ——M—— =1im m—
dx a0 AX A0 AX|  X(X+AX) dx A0AX  A0AX|  (2X+2Ax—4)(2x—4)
dy Ay 1 _7Ax ﬂ_ lim &Y Ay _ _lim 10x—20—-10x —10Ax + 20
=lim—==Ilim —| ——— dX MO0 AX M0 AX (2x+2Ax—4)(2x—4)
dx A0 AX a0 AX | X(X +AX)
Y _jimY_gim L —10Ax
a _ = lim—= Ay = lim _ dx A0 AX a0 AX| (2X+2AX—4)(2x—4)
dx &0 AX  a-0) X(X+AX)
Y jim &Y — jim ~10
d_ Iimﬂ: L el dx A00AX 40| (2x+2AX—4)(2x—4)
dx »0Ax | x(x+0) x(x)
dy . Ay -10
dy . Ay -7 —=lim— { }
&‘ﬂﬂ&‘? dx »0AX | (2x+2(0)—4)(2x—4)
3 dy . Ay -10
=_- = lim —
g f (X) X+3 dx &0 AX (2x—4)(2x—-4)
S.olutio.n: We have o ﬂ_ - ﬂ_ 10
First principle for derivative dx M0 Ax —(2X _4)2
dy tim &Y _ im f (x+Ax)—f(x) :
dx _Ax—>0 AX ~ Ax>0 AX I) f (X) =3X"+4x-9
dy 1 3 3 Solution: We have f (X) =3x*+4x-9
Substituting — = lim - ' o A
dx Mx—0 AX (X +AX)+3 X+3 First principle for derivative
dy Ay . 1[ 3 3 Y im A~ im f(x+Ax)—f(X)
= lim —=lim — - dx ~ ax—>0 AX  Ax—0 AX
dx M>0AX M0 AX| X+AX+3  X+3

Substituting f (X)=3x*+4x—-9

dy _ [3(X+Ax)2+4(x+Ax)—9]—[3x2+4x—9}

dx ax—0 AX

dy . Ay . 1[3(x+3)-3(x+Ax+3)
—Z =lim—<=Ilim—
dx  Ao0AX 400 AX| (x+Ax+3)(x+3)

dy _ —lim &Y Ay _ _ lim 1| 3x+9-3x—-3Ax-9 dy . 3<x2+(Ax)2+2xAx)+4x+4Ax—9—3x2—4x+9
dx  MO0AX M0 AX| (X+AX+3)(x+3) o Am, ™
dy Ay 1] —3AX dy .. 3x2+3(AX)" +6XAX+4X +4AX—9—3x? —4x+9
& im 2 = im — O Am Ax
dx A0 AX A0 AX| (X +AX+3)(Xx+3) ,
i dy . 3(AX) +6XAX+4Ax
dy Ay . -3 —=1lim
ol AIlmoA— = AI|m0 3 3 dx a0 AX
X Mo0AX a0 (X4+AX+3)(X+
( Jx+3) dy _ i AX[3AX+6Xx+4]
dy _ Iimﬂz -3 dx a0 AX
dx &0 AX | (x+0+3)(x+3) dy
—2 = lim [3Ax+ 6X+4]
dy _lim &Y Ay _|: -3 :| dx ax-0
dx &50Ax | (x+3)(x+3) dy _ [3(0)+6x+4]
dy .. Ay -3 dx
—=lim—= 5 dy
dx x>0 AX (X+3) Y _6x+4
5 dx
h). f (X) = Q2. Estimate the slope of the tangent line on a curve at
2x-4 a point P(x,y) for each of the following graph
Solution: We have f (X)= 5 a). Solution: From graph points are(5,3) and(7,7)
2x-4 7-3 4
First principle for derivative slope =m= T5 5=
dy = lim=—= Ay =lim f (X+AX)_ f (X) b). Solution: From graph points are(2, 2) and(o,4)
dx Mx—>0AX  Ax—>0 AX 4—2 5
. 5 slope=m=——-=—=-1
Substituting f (x) = 0-2 -2
2x—4 c).Solution: From graph points are(-2,2) and(4,3)
dy—IlmAy—Iimi > __ slope:m:izl
dx A00AX  &0AX| 2(X+AX)—4 2x—4 4-(-2) 6
dy Ay . 1 5 5 Q3a). Draw a tangent line to the graph of function
dx AI>I(TO AX AI:TOE‘:ZX+ IAX—4 2X—4} f (X) =x?—~7X+6 at point (1,0) of function and
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Chapter 2

Exercise 2.2

estimate it slope at the same point graphically.
Sol: since tangent line passing through one point of curve

therefore draw a tangent line on the curve at point (1, 0)

Which line passing through the point (3, —10)

b). Draw a tangent line to the graph of the function

f (X)=x*—7x+6 at point (5,—4) of the
function and estimate it slope at same point graphically.
Sol: since tangent line passing through one point of curve

therefore draw a tangent line on the curve at point (1, O)
A

IS

n

Which line passing through the point (3, —10)

). Is your estimate about tangent line at the point
(1,0) and (5,—4) equal to actual derivatives of the

function at point (1,0) and (5,—4)

Solution: we have the function f (X) =x>—7x+6

Differentiating with respect to x
Lf(x)=Lx*-7TLx+416

f'(x)=2x-7

Slope of function at point (1,0) ie. x=1& y=0
£1(1)=2(1)-7

m =-5
So the equation of tangent Y—Y, =M, (X — X1)
y—0=-5(x-1)
Y =—OX+5 e (1)
Which passing through estimated point (3, —10)
i.e. —10=—5(3)+5

-10=-15+5

-10=-10

Slope of f (X) at point (5,—4) ie. Xx=58&Yy=-4
f'(5)=2(5)-7

m, =3

mz(x—xl)

So the equation of tangent Y —Y, =

y—(—4)=3(x-5)

y+4=3x-15
Y=3X=19 . (2)
Which passing through estimated point (3, —10)
i.e. -10= 3(3)—19
-10=9-19
-10=-10
Name of Rule Leibniz Notation
Constant éix (C) =0
Constant di(cf ) = Cdi f
multiple " "
Sum s(f+g)=5%f+&og
Difference %(f—g)=%f—§xg
Linearity S(af +hg)=al f+big
Product %(fg):f%g_,_g%f
Quotient a(fy_ 9xf-1fga
W(E) - 92
Constant Rule
Let f(Xx)=cthen  f(x+AXx)=c

First principle for derivative

f'(x)=%f(x)=ﬂr_n)o f (X+Azz—f(x)

Putting the value
c

f’ (X)__f(x)_AllToEZO
= f'(x)=0
\Constant muItipIe\
First principle for derivative

. cf (Xx+Ax)—cf (x
i{cf(x)}zllm (x+ax)—cf (x)
dx AXx—0 AX
Putting the value

di{Cf (x)}=clim

f (x+Ax)— f(x)

X Ax—0 AX
d d
&{Cf (X)} :C& f (X)

[sum Rule Jtet h(x)= f (x)+g(X) then
h(x+Ax)= f (X+Ax)+g(x+Ax)
First principle for derivative

()= ()= fim PR
Putting the value of h( ) ( ) ( )

%{f(x)+g(x)}:£m}{f(x+Ax)+g(x+gA;<)} {f(x)+a(x)}
%{f(X)ﬁ-g(x)}:liTOf(X+AX)_f(X)A‘;g(X‘l’AX)—g(X)
%{f(x)+g(x)}:£m)f(X+AZ)2—f(x)+g(x+AZ)2_g(X)
G 100800} =5 100+ Soa(0)

Difference Rule |Let h( ) ( ) ( ) then

f g
h(x+Ax)= f (x+Ax)—g(x+Ax)

First principle for derivative
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Exercise 2.3

Chapter 2
oy d e h(x+Ax)—h(x) N | g (X){ f (x+2a%) = f (x)} = f (x){g(x+A%)-g(x)}
h (X)_&h(x)_ﬂﬂl Ax h(X)_AllmwA)([ g(x+Ax)g(x)
Putting the value of h(X) =f (X)—g(X) . (X)_ im |:g( ) f(x+A§2—f(x)_ f (X) Q(X+A;<3—9(X):|
i{f(x)—g(x)}z i { £ (x+ax)—g(x+Mx)}—{f(x)-g(x)} Ax—0 g(x+Ax)g(x)
dx x>0 AX _
801 (X)— g (x+ M)+ ey | QOO i PG 1 () fim P
%{f(x)_g(x)}:ﬂﬂlf(x AX) f(X)AXg(x Ax)+9(x) h'(x) = { Tim 9 (x+ %) 9 ()
965 (=g ()} = tim L= T0)_90c8)=0() - g [F(x)]_[90)& f ()= ()&a(x)
dx A0 AX AX dx g(x) g(x)g(x)
L9} =S (- 9(x) d d
dx dx dx i{f(x)}:g(x)mf(x)—fgx)dxg(x)
Linearity Rule] Let h(x) =af (x)+bg(X) then dx19(x) [9(x)]
h(x+Ax)=af (x+Ax)+bg (x+Ax) Exercise 2.3
First princiole for derivati Q1. Use the product rule to find out the derivative
principle for derivative of following functions;
h (x)_—h(x)—AI)IHOh(X+AZ)2_h(X) a.  y=(x-2)(3x+1)
Putting the value of h( ): af (X)+bg (X) Sol: Differentiating ﬂ:i{(xz —2)(3X +1)}
d {af(x+Ax)+bg(x+Ax)}—{af(x)+bg(x)} dx dx
&{af( ) +bg (x); = f hold AX Using the product rule
< faf (x)+bg (x)) = im f(“A")‘af(X)gxbg(““)‘bg(x) %:(xz—2)%(3x+1)+(3x+1)i(x2—2)
%{af( )+bg( )}:aﬂﬂlf(X+A2_f(X)+bg(X+AZ)2_g(X) ﬂ:(xz—2)(3ix+ilj+(3x+l)(—x —EZJ
d d d dx dx dx dx
a2 (00000} =ag F(x)rbra () y'=(x* ~2)(3(1) +0)+ (3x+1)(2x-0)
Let h(x)=  (x).9(X) then = 3(x2) s 2x(axr1)
h(x+Ax) = f (x+Ax)g(x+Ax) Y = 3x2 — 6+ 6% + 2X
First principle for derivative Y =9%% +2X—6

h(x+ Ax)—h(x
h(X)=—h(X)_A'HO ( A)z () b). y =(6x°+2)(5x-3)

Putting the value of h(Xx)= f (x).g(X
d 1 ( ) ( ) g( ) Sol: Differentiating d—y =i{(6x3 +2)(5X—3)}
—h(x) = lim —{f (x+Ax) g (x+Ax) = f (x)g(x)} dx dx

dx A0 AX Using the product rule

1 [ f(x+Ax)g(x+Ax)—g(x+Ax) f(x) dy ot 3} (5x d o
(x)= AIHOAX{ +g(x+Ax)f(x)—f(x)g(x)} &_(6 2) (5 )+ 3)d (6 2)

1 {Q(X+Ax){f(x+Ax)—f(x)} } Sli (6x° +2)(5dix—d13j+(5x 3)(61X +dizj
+fxf;)_{f(gx)(xwx).—9((1<+)A}X)_ . ! '=(6x°+2)(5(1)-0) +(5x-3)(6(3x*) +0)
h'(x)=lim g(x+Ax)I|mT+f(x)I|mg - y' =5(6x° +2)+18x* (5x~3)

Ax=0 Ax—0
d d d '=30x%+10+90x® —54x*
— 1 (x)g(x)t=g(x)— f(x)+f(x)—g(x Y
dx{ (99 (x)}=0( )dx (x)+ 7 )dx ) y' =120x° —54x* +10

(Quotient Rulellet h(x) =1, g(x)#0  then 9. y=(7x +2x)(-4)

h(x+Ax)= ég:ﬁ:g Sol: Differentiating 3 _ di{(7X4 +2x)(x* —4)}
X

First principle for derivative dx

h'(x)= lim

Ax—0 &

Using the product rule
, d . h(x+Ax)—h(x) q q . d
h (X)=&h(x)=A|)l(Lno Ax y =(7x* +2x)dx(x —4)+(x —4)d (7x* +2x)
Putting the value of h(x) = ;EX gy (7x* +2x)(%x2—%4j+(x2—4)(7%x +2%Xj
f(x+Ax) f(x) y' =(7x* +2x)(2x=0)+(x* —4)(7(4x*)+2(1
00000} - im L] S0C2 200 (s 2 @x-0) e ~4)(r(a<)2()

y'=2x(7x" +2x)+(x* - 4)(28x° +2)

y' =14x° + 4x* + 28x° + 2x* —112x° -8
y =14x° +28x° —112X° + 4x* + 2x* -8
y' =42x° -112x* +6x* -8

ih(x) fim L {g(x)f(x+Ax)—f(x)g(x+Ax)}

Ax-0 AX g(x+Ax)g(x)

g(x) f (x+Ax)—g(x) f (x)—f(x)g(x+Ax)+g(x) f(x)
h’ (X) AI)I(TO AX|: g(x+Ax)g(x) :|
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Exercise 2.3

Chapter 2
d). y =(2x* +4x-3)(5x> + x +2)
Sol: Differentiating =Y. dy d

=5 {(Zx +4x-3)(5%" +x+ 2)}

Using the product rule
dy (2x +4X— 3) d (5x3+x+2)
dx dx

(5x +x+2)c;j (2x +4x— 3)

ﬂz(sz +4x—3)(51x3 +ix+12j
dx dx dx dx

+(5x3 + x+2)(2dix2 +4—x——3j
y'=(2x* +4x—3)(5(3x2)+1+ 0)

+(5x° +x+2)(2(2x) +4(1)-0)
y' = (2x2 +4x—3)(15x2 +1)+(5x3 + x+2)(4x+4)
y' =30x* +2x* +60x> + 4x — 45x* -3

+20x* +20x° +4x° + 4x+8x+8

y' =30x"* + 20x* +60x° + 20x3 + 2x* — 45x* + 4x*

+4X+4x+8x+8-3
y' =50x"* +80x* —39x° +16x +5

e). y:(2x—3)(\/§—1)

Sol: Differentiating dy _ d (2x—3) x% 1
dx dx
Using the product rule

|
&g
|

1 d
2_1|% (2x-3
X de( x—3)
1 1
ﬂz(Zx—S)[ixz—il +(x2
dx dx dx
1 1
%:(2x—3)(%x21—0J+(x2—1j(2(1)—0)
-1 1
%:%x2(2x—3)+2(x2—1j

-1 E 1
1

dy =5 2(2x) x +2x2 -2

-1 -1 1
ﬂ: x2 - §x7+2x2 -2

dx

1 1 -1
ﬂ=x2+2x2 ——X2 =2
dx 2

1 -1
Y g2 3y2 2

dx
f). y:(—3&+ 6)(4&—2)

. bi iating dy _ d
Sol: Differentiating d_i - &{(_3\/;+ 6)(4\/;— 2)}

Using the product rule

1
Y _(3xzi6]9 [axz_2
dx dx
1 d 1
+[4x2 —ZJ—[—SXZ +6j
dx
1 1
Y [ axzi6|[adxz_9>
dx dx dx

1 1
faxz—2|[-39 96
dx dx

-1 (Zix—i3
dx dx

1 1
dy_ (—3x2 + GJ(E x2 —oj
dx
[4x2 — J[—:ax 1+0}
2
1 1
2[4 X2 — j
—1 1

dy e
—=-6x2 2+12x2— ><4x2 S ><2x2
dx 2 2

N |-

-1 -1
W 60 +12x2 —6x0+3x2
dx
—1 l
dy =12x2 +3X2 —6—6
dx
-1
dy =15x2 —12
dx

Q2. Use the quotient rule to find out the derivative
of the following functions;

a) y= 3x-5
' X—4
Solution: Differentiating dy = i{ﬂ}
dx dx | x-4

Using Quotient rule

dy _ (x=4)&(3x=5)—(3x-5) & (x—4)

dx (x—4)2
dy _(x=4)(35x=45)~(x-5)(§x=44)
dx (x—4Y
dy _(x-4)(3(1)-0)-(3x-5)(1-0)
dx (x—4)2
dy 3(x-4)-1(3x-5)
dx (x-4y
dy 3x-12-3x+5
dx (x—a)
dy -7
dx  (x—4)
b). y= 2
3Xx—-5
Solution: Differentiating d—y = i{i}
dx dx [3x-5

Using Quotient rule

dy (3x-5)42-23(3x-5)

dx (3x—5)’

dy (3x-5).0-2(3%x-45)
dx (3x—5)’

dy _—2(3(1)-0)

dx  (3x-5)°

dy —6

dx  (3x-5Y)
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Chapter 2

Exercise 2.3

t% +t
t—1

c). f(t):

o _.d d |t?+t
Solution: Differentiating — f (t) =—
dt dt | t-1

Using Quotient rule

@__1 [(ﬁ)%(5x+6)—(5x+6)%\/§}
%:% &)(5%x+%6)—(5x+6)%x;}
1

(
(\/;)(5(1)+O)—%(5x+6)xi_1}

if(t) (t 1)dt( ) (t2+t)dt(t 1) ﬂ:
dt (t-1)° dx x|
dt)_(t2 di_d [ -1
£1(1) = (t-1)(&t’ +4t) (tz +) (- 41) ay_1 5\/§—1(5x+6)x2
(t-1) dx x| 2
t-1)(2t+1)—(t* +t)(1-0 dy 1] 5X+6
(t-1) L X
dy 1{10x—(5x+6)
t—1)(2t+1)-1(t* +t - =
BRI R T
2 ( ] ) 2 QZE_SX_(S
i) = 2=t x x| 24
) z(t_l) dy _5x-6
T s S dx  2xy/x
2 (t-1) 0 _ X 4Tx=2
f’(t)zﬁ' ' X—2
(t-1) | . dy d {x2+7x—2}
2 Solution: Differentiating —=—<———
d). _ X +6x dx dx| x-2
4x° +1 Using Quotient rule
Solution: Differentiating M Enex 3+ I dy _ (x—Z)%(xz +7X_2)_(X2 +7X_2)%(X_2)
dx dx| 4x*+1 dx (x—2)°
Using Quotient rule K ) (A X2 7L x— 92 (% Tx—2)(Lx—92
dy (4x°+1)&(—x+6x)—(—x" +6x) & (4x°+1) ﬂ:( )& ) (2 J(&x-52)
== : dx (x-2)
- (4x41) )(2x+7(1)-0)-(x* +7x-2)(1-0)
X+ —(x*+7x-2)(1-
%:(4x3+1)(—§xx2+6fj‘xx)—(—z<2+6x)(4 d %%+ 0 1)7 (x-2)
X 3
(4X +1) dy (x—2)(2x+7)—1(x2+7x—2)
dy (4 +1)(-2x+6(2))—(—x* +6x)(4(3x°)+0) g~ (x—2)
Vi 2
dx (4X3 +1) dy _ 2x*+7x=4x-14-x*-7x+2
dy (4x°+1)(-2x+6)-12x*(—x" +6x) dx (x-2)°
dx (4x3+1)2 dy _ 2x" X +7x-7x-4x-14+2
2
dy —8x‘+24x° —2x+6+12x* —72%° dx (x-2)
dx (4x3+1)2 dy _ x*-4x-12
4 4 3 3 dx (X_2)2
dy —8x"+12x" +24x° —72X° —2X+6 Zr 3@ D
& _ i -
dx (4x3+1)2 8)- f(p)= p(3p+2|;
dy  4x*-48x° —2x+6 Sol:Diff 4 ¢ () 9 {(2p+3)(4p—1)}
(4 41) | wl Gpr2)
Using Quotlent rule
o). =5x+6 f’(p):(3p+2)5’7{(2p+3)(4p—l)}—(2p+3)(4p—l)(§ip(3p+2)
JIx (3p+2)°
dy d (5x+6 oy 1 (3p+2){(2p+3)5(4p-1)+(4p-1)&(2p+3)}
Soluton: Diferentiating & =21~ 0= Gz (2p+3)(ap-1)(34 p+£2)

Using Quotient rule
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Chapter 2

Exercise 2.3

2

(o) 1 {(3p+2){(2p+3)(4—0)+(4p—1)(2+0)}}

“(3p+2) ~(2p+3)(4p-1)(3+0)

(o) 1 {(3p+2){4(2p+3)+2(4p—1)}}

(3p+2)° -3(2p+3)(4p-1)

1 [(3p+2){8P+12+8P-2)
(3p+2)° { -3(8p —2p+12p—3)}
(3p+2)(16p+10)-3(8p° +10p-3)

(3p+2)°
£/(p)= 48p* +30p+32p+20—-24p°>-30p+9

f'(p)=

F(p)=

(3p+2)2

£/(p)= 48p° —24p® +30p—-30p+32p+20+9
(3p+2)2
, 24p® +32p+29
f ( ): 2
(3p+2)

X3 +1
9(x)= (2x+1)(5x+2)

Solution: Differentiating

% 9(x)= %{(m +)$Er5lx+2)}

Using Quotient rule

h).

(2x+1)(5x+2) & (X +1) = (x° +1) & {(2x+1) (5x + 2)}

t(x)=3(1)-0
£(x)=3
Slope of tangent line at Xx=3
m=f'(3)=3
Since equation of line {tangent} passing through point
P(Xl, yl) and havingslope m y—Y, = m(x— Xi)
y—2=3(x-3)
y—2=3x-9
3X—-y—-9+2=0
3X—y-7=0

b). f(x)=x° at x:_?l

)=(3) =+
(

X)=<Lx

Solution: y, = f (%
Differentiating < f
f'(x)=3x*

Slope of tangent line at X =3
m=f'(3)=3(3) =%

Since equation of line {tangent} passing through point

P(xl,yl) and having slope m y—ylzm(x—xl)

y=(3)=3(x=(3))

1 3 1
y+===| X+=
8 4 2

g(0= {(2x+1)(5x+2)}2
¢'(x)= (10X +4x+5x+2)(3x* +0) - (x* +1){(2x+1) & (5x+ 2) + (5% +2) & (2x +1)}
(2x+1)* (5x+2)°
g'(x):3x2(10x2+9x+2)—(x3+1){(2x+1)(5+0)+(5x+2)(2+0)}
(2x+1)* (5x+2)°
" 3¢ (10 +9x+2) - (x° +1){5(2x+1) + 2(5x+2)}
7'()= (2x+1)° (5x+2)°
" ~ 3x*(10X +9x+2) - (X° +1){10x+5+10x + 4}
9= (2x+1)° (5x+2)’
¥'(x)= 3 (10x* +9x+2) —(x* +1)(20x +9)
(2x +1)2 (5x+ 2)2
) 30x" +27x° +6x* — (20" +9x° +20x +9)
g'(\Xx)=
(2x+1)° (5x+2)°
g,(X)_30x“+27x3+6x2—20x“—9x3—20x—9
(2x+1)° (5x+2)°
, x* —20x" +27x° —9x* + 6x” — 20X —
g(X)—304 20x* +27x> —9x* +6x* —20x -9
(2x+1) (5x+2)°
,(X)_10x4 +18x° +6x* —20x—9
(2x+1)2 (5x+2)2

Q3. Find an equation of a tangent of a line to the graph
of the function at particular point in following problems.

a).  f(x)=3x-7 at (3,2)
Solution: Differentiating & f (X)= & (3x—7)
f'(x)=3&x-%7

1 3 3
Y+=—=—X+—
8 4 8
EX—y+§—l=0
4 8 8
2
—X=y+—=0
y 8
Multiply each term by 4 we get
3Xx—-4y+1=0
1
c). f(x)=—— at x=2
) ( ) X+3
Solution: Y, = f(2)=Lzl Differentiating
2+3 5

, -1
f'(x)= 5
(x+3)
Slope of tangent line at X =2
-1 -1
m=f'(2)= =—

Since equation of line {tangent} passing through point

P(xl,yl) and having slope m y—ylzm(x—xi)

1 -1
—Z="2(x-2
y 5 25( )
1 -1 2
y—==—X+—
5 25 25
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Exercise 2.3

Chapter 2
i " y_l_i _ Solution: First we have to find M '(2)
215 2+225 M'(2) = 2000 i
—X+y-22-0 (3(2)+10)
25 25 2000
Multiply by 25 M’(2)= 2
X+2oy-7=0 (26(3)501 0)2000
X—2 (16)
Solution: Differentiating & f (X) = g—x—x Now we have to find M ’(5)
X2 M (5) = 2000
f,(x):(x—z)%x—x§(x—2) (3(5)+10Y
(x-2) M (5) = 2000
(- DX 22) (15.+10)
N 2 , 2000 2000
(x-2) (5)=W=E=3.2
. (x—-2).1-x(1-0)
f (X) = 3 Q5. Suppose that temperature T of food placed in a
(X - 2) freezer drops according to the equation
fr(x)= X2 (t)= 700 here t is the time in h
(x—2)2 = 121210 where t is the time in hours
1) = -2 Determine the rate of change of T with respect to t
(x)= (X—Z)2 Sol: Differentiating 4T (t) = 700%(t2 +4t+10)71
Slope of tangent li;e at x=3 T'(t)=700(~1)(t* + 4t +10) 4 (t? +4t+10)
m=f'(3)= (3_2)2 —1 T'(t)= —700(t2 +4t +10)_2 (%t2 +44t +%10)
Since equation of line {tangent} passing through point T’(t) - _700(2t + 4(1) + 0)
P(X,Y,) and havingslope m y—y, =m(x—Xx) (t* +4t +10)°
y—3=-2(x-3) (1) = —700(2t +4)
y—3=-2X+6 (t? +4t +10)°
2X+y—-3-6=0 a). t=1 hour
2x+y-9=0 Solution: We have T'(t):M
Q4. A company that manufactures bicycles has (tz +4t +10)2
determined that a new employee can assemble
( ) 200d vl dov of o the iob traini T(1)= —700(2.1+4)
= r n rainin
3d+10 icycles per day of on the job training (12 +4.1—|—1O)2
a). Find M'(d) T’(1)=_700(2_|_4)
2
Solution: Differentiating <& M (d ) = %(ﬂj (1+4+10)
3d +10 . —700(6)
()= (34:+10) 6 (200d ) - 200d  (3d +10) T (1):W
(3d +10)° 4200 )
M(d) = (3d +10)(200 & d)—200d (3 & d + & 10) T'(1)= _2? = —18g =-18.67
(3d +10)2 b) t=2 hours
3d +10)(200.1)—200d (3.1+0 '
M'(d):( ) ) - ( ) Solution: We have T (t =—700(2t+4)
(3d +10) olution: We have ( ) —t2 T >
(¢ 220(30 +10) - 600d (t*+4t+10)
- (3d +:|.0)2 T'(Z) _ _700(2(2)+4)
2
(g = 8000 +2000-600d ((2)° +4(2)+10)
(3d +10)° —700(4+4)
T)=—r—
M’(d)= 2000 : (4+8+10)
(3d +10) ~700(8)
)=
b). Find and interpret M ’(2) and M '(5) (22)
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Exercise 2.3

5600 _ _,, 69 _

= -11.57
484 121

T'(1)=

Q6. For a thin lens of constant focal length P, the
object distance x and the image distance y are

G'(20) = 5o ( 2+1)
1

G'(20)= ﬁ =-0.005

related by the formula l n l _ i As first derivative is negative so | will tell to go faster
x vy P Or Best speed is 28 mile per hour and driver is at
a). Solve above equation for y in term of x and P 20 mile per hour so | will tell to driver to go faster
Solution: We have 1+ 1 _ i b). If the deriver wants to go 40 miles per hour,
X y P what should you say?
1
l:l_l Solution: We have G'(40):—(—%+lj
y P X 200\ 40
- 1 800
Loxe a0y (0
y  Px 200\ 1600
Taking reciprocal G'(40) _ i(_0.5+1)
Px 200
y=x—P 1
G'(40)= 0.5)=——=0.0025
b). Determine rate of change of y with respect to x ( ) 200( ) 400
Solution: Differentiating i y = i Px As first derivative is F)ositive. so | will tell to go élow.er
dx dx Or Best speed is 28 mile per hour and driver is at
40 mile per hour so | will tell to driver to go slower
X—P)P & x—PxL(x—P
= ( ) zxx P)2 i ) Chain RulelLet composite function is defined as
- h(x)=f(g(x)) or y=h(x)=f X
y = (X—P)2 Where y=f(u), andu:g(x)
First principle for derivative
P(x-P)-Px(1-0
y,= ( ) 2( ) b B h lim h(X+AX)—h(X)
(X_P) ( )__ (X)_ml(—m AX
2 2
':w = y':iz Putting the value of Y = h =f [g ]
(x—P) (x—P)

Q7. Suppose you are manger of a trucking firm,
and one of your drivers reports that, according to

x)]

ih(x)z i f[g X + AX ]—f[g(
dx Ax-0 AX

h'(x)=

her calculations, her truck burns fuel at the rate of dy _ . IR f[g(x+Ax)]—f[g(x)] g(x+Ax)-g(x)
(x)=%0[800 jG (X)_z(l)o[ 8020+1] dx &0 AX “g(x+Ax)—g(x)
. ‘ dy o flo0a) - Flg(9)] g(x+ax)-g(x)

gallons per mile when traveling at x miles per hour
on a smooth dry road
Solution: Best speed when fuel burns less put K=(¢ (X+AX)— g (X) o)

Take G'(x)=0 i.e, 2(1)0[$+1j=0 u+k=g(x)+g(x+Ax)-g(x)

u+k=g(x+Ax
800 -0 9( )

dx a0 g(x+Ax)—g(x) ’ AX

when limit AX —0 so
1 800 k=[g(x+Ax)-g(x)] >0

2

X
N <2 — 800 ﬂzlimf[u+k]—f[u]."mg(x+Ax)—g(x)
Taking square root on both sides dx koo k Ax=0 AX
— X =+B00 %: £(u) g (x)
X
= X =/400x 2 = 202 dy d d
_ —“——y—u
X =28.28 dx _ du y dx

Best speed of 28.28 mile per hour

a). If the driver tells you she wants to travel 20
mile per hour, what should you tell her?

Solution: We have G'(ZO) — 230 [_ggg +1j
Increment AXin X corresponds to increment AY iny

G,(ZO):zclJo( ZSSHJ
X = g(x) X = g(x) is inverse of Y = f(X)
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’Differentiation of inverse function’

Ify= f (X) is any differential function of x, then it

admit an inverse function X=( (y)

Small amount of change (increment) in y is Ay

So small amount of change (increment) in X is AX




Exercise 2.4

Chapter 2
ie. | =54 byletting AX—0 to obtain Sol: Differentiating g_y:%di@_xs)ﬂ
I — I Ay AX _ f/ ! X X
il%Ax Ay (X)g (y) ﬂ:1X11(4—X3)11711(4—X3)
=5 dx 5 dx
1 dy dy 11 a\of d d ;
-2 (44— Bl Pl
& dx dx 5( ) (dx dxxj
dy dx dy 11 3\ 2
Thus — and — are reciprocal of each other —=—(4—X ) (0—3X )
dx dy dx 5
Generalized power rule] d_y= -33x* (4_ 3)10
Let y:[f X :|n then dx 5
dy d md d) y=£(4—x3)11 Y _,
Foasrod A X)]"=n[ f(x ] (x) 5 dx
Sol: Differentiatin ﬂ :£1(4—X3)ll
Exercise 2.4 ' 8 0x  5dx
Q1. Determine indicated derivative in each case: ﬂ _ 1X11(4_ X3 )11‘11(4_ Xs)
a) 3_5(7_t)4 ds s dx 5 dx
. = dt ! ﬂzl_l(4—x3)m(i4—ixsj
Sol: Differentiating %:5%(7—04 dx 5 dx dx
dy 11
ds 41 d &_3(4_ ) (0_3)(2)
& 57—t S (7o)
dt dt —33x PR 10
ds (d_ d = (4-%)
—=20(7—t) —7——t
a * o u-diw >
S 3 S 3
5220(7_0 (0_1) _2_20(7_0 Sol D|fferentiatingi—$:%( — 2)é
_ 3 5 dw
b). W—4(X —4X+2) ™ =7 d_U:}(l_Q,tz)s i(l 312 )
dw d d 3 dt
Sol: Differentiating — =4—( X" —4x+2 d_Uzl _ a2 f(i _od 2)
; dx d ( ) at ~3073) (a3
W -2
ot aen (e ad i d R
™ =20(x° —4x+2) (dxx 4dxx+dx2j d—$=§(1—3t2)3(—6t)
dw 3 4 2
—=20 -4 2) (3x*—4(1)+0 2
~ (x°*—4x+2) (3x (1)+0) d—u=(1—3t )3( 2t)
d—W=20(x3—4x+2)4(3x2—4) at
dx d_u_ =2t
dx dt 2
. x=-3(4-115%) X, 2f(1-3t?
‘ (4-115°) - (1-3¢)
dx d 1 ds
Sol: Differentiatingg = —?>£(4—1152 )5 f). S= m o =7
dx a(d d
ds _3X5(4_1132) (EA'_HE SZ) Sol: Differentiating % = %(3t+1)7
dx
= = =-15(4-11s?)' (0-11(25)) gi 7(3t+1)"" 13 (3t+1)
dx
OIS=—15(4 115?)" (-225) ds 7(ate1) (3it+ilJ
dx dt dt dt
—— =-15x-22S (4 115) ds
ds 5= 7B+ (3(1)+0)
d
d:_3308(4 115?)’ $= 21
1 1 dy t (3t+1)
d). ==(4-x° —=7?
) y 5( ) dx
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Exercise 2.4

Chapter 2
1 dR
g). = =7
(2x-1)° dx
Solution: Differentiatingd—R = i(2X —l)_8
X dx
drR g1 d
— =-8(2x-1 2x-1
R 820" L (20
dR _ _g(2x—1) (2ix_ilj
dx dx dx
dR -8
— = 2(1)-0
dR _ -16
dx (2x—1)9
h). R = 1 drR _ ?
5(4x? -7) dx

Solution: leferentlatlngd_Rzl d (4 X2 7)’7
dx 5dx

d—R=_—7(4x2—7) T d —(4x2 -7)

dx 5 dx
d—R:_—7(4x2 -7)° (4ix2 —i7j
dx 5 dx dx
drR -7

e (4x —7) (4(2x)-0)

drR

— = _(8x

dx 5(4x2—7)8( )

dR 56X

dx  5(4x>—7)’

Q2. Determine the derivative f'(X) in each case:
a).  f(x)=(2x=5)*(5x-7)

Sol: Differentiating & f (x) = {(ZX 5) (5X—7)}
Using product rule

f'(x)=(2x—5) L (5x—7)+(5x—7) % (2x— 5)
f'(x)=(2x-5)’ (5% x-&7)+3(5x~7)(2x-5)"" & (2x~5)

f'(x)=(2x-5)’(5(1)-0)+3(5x-7)(2x-5)" (2(1)-0)

f'(x)=5(2x~5)"+3x2(5x~7)(2x~5)°

£'(x)=(2x-5)" {5(2x~5)+6(5x—7)}

f'(x)=(2x- 5) {10x—25+30x - 42}

f'(x)=(2x 5) (40x-67)

b). f (X): (XX+_21)2

Solution: Differentiating with respect to x

dx f(x )_dx{(xx+21) } Using quotient rule

f,(x):(x—l)%(x+2)2—();+2)2§—X(x—1)
(x-1)

1”(X):Z(x—l)(x+2) ((x+2)) (x+2)"(&x-<1)

f,(x):2(x—1)(x+2)1(1+o)—(x+2)2(1—0)
(x-1)

2(x=1)(x+ 2)—(x+2)2

f'(X): 2

(x-1)
(x)= (x+2){2(()>(<_—11))2—(x+2)}
' :(x+2){2x—2—x—2}
=R
s

o). F(x)= (Zx 5)

Solution: Differentiating with respect to x

%f( )_dx[zxx 45j

f’ ( ) 4(2)( 5) d (2X—5) Using quotient rule
- X—4

4 dx
oy af 2X=5Y (x=4) &(2x—-5)—(2x—5) g (x—4)
f(x)‘{ —4j (x—4)°
£1(x) = 4(2x 5) (x— 4)(2dxx—& )—(2x-5)(&x—&4)
(x—4Y (x—4)’
f,(x):4(2X_5)3 (x—4)(2(l)—0)—(2x—5)(1—0)
(x-4) (x-4)
f’(x):4%{2(x—4)—1(2x—5)}
o a(2x=5)
(X)_4(x—4)5 {2x-8-2x+5}
el (2x 5)
=
, o\ —12(2x-5)’
f (X)_ (X—4)5

d). f(x)= xv2x2 +11
Sol: Differentiating & f (x) = &{x\/ZXZ +11}

Using product rule
F(X) = x4 (2% +11)° +(2x +11)' &x

1
2

—1x(20¢ +11) £ (2¢ +11)+(2x +11)' 1

— 1x(2x*+12)° (2%x2 +811)+(2x +11)°

(x)
(x)
fr(x)=4x(2x’ +11)71( 2(2x
(x)=
(%)

+0)+ (2x2 +11)%

F(x) =4 (26 +11)7 +(2x +11)
f/(x =2—le+(2x +11)
(2x* +11)°
2 2 +3
f’(x)=2X +(2x +11)

(2x* +11)’
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Chapter 2
(x)= 2x° +(2x2 +?1)l
(2x* +12)°
F1(x) = 2x% +2x%° +}1
(2x* +11)°

, 4x* +11

f'(x)=——""
(2x* +11)°

e). f (x)=3x3Y3x+7

Solution: Differentiating with respect to x

4 f (x)=3i{x(3x+7)%} Using product rule

tr(x

3{x(3x+7) +(3x+7) &x|

3{%x(3x+7) 4 (3x+7)+(3x+7)% .1}

)
(x)
£/(x)=3{3x(3x+7)F (3 x+ £7)+ (3x+ 7))
(x)=

3{ix(ax+7)7 (31+0) +(3x+ 7))

> +(3x+7)§}

f). f

d
Sol: leferentlatmg — f

-8)’

( ) V2x+11
dx (3x—8)’

Applying quotient rule

f,()()_(3x—8)2gx(2x+11)5—(2x+11)5gx(3x—8)2
) (3x-8)’
Frix  3(3x—8) (2x+11)" & (2x+11) - 2(2x+11)* (3x—8)"" & (3x-8)
- (3x-8)"
F(x) = 1(3x-8)" (2x+11)7 (2(1) +0)-2(2x+11)" (3x—8)'(3(1)-0)
(3x 8)*
f,(x)_(sx—s) (2x+11)? —6(2x+11)* (3x—8)
(3x-8)’
1:,(X)_(?:x—s) (2x+11)7 —6(2x+11)* (3x—8)
(3x-8)’
() x5 (BX_S)% ~6(2x+11)*
(3x—8)" | (2x+11)
fr(x)_ 1 (3X_8)—6(2X+11)%+%
(3x-8)’ (2x+11)?

f,()():(3x—8)—6(2x+11)1
(3x—8)° (2x+11)!
f’(x)— 3x—-8-12x—-66
~ (3x-8)° (2x+11)}
FroN —9x—74
f (X)_(sx—8)3(2x+11)%

0 f(x):(3x—8j7

X+9
Solution: Differentiating with respect to x

d f(x) = d [3x—8j7
dx dx\ x+9 .
771 Using
f,(X)=7(3x—8) i(3x—8j
X+9 dx\ x+9
guotient rule

i) 7( 28] o) e -(x-B)g(xr9)

X+9 (x+9)2
f,(x):7(3x—8)6.(x+9)(3.1—0)—(3x—8)(1+0)
(x+9)° (x+9)°
10 -7 2 fa(crs)ax-o)
F(x) = 7((3 +9))8 {3x+27-3x+8)

v o (3x-8)
f(x)_7(x+9) {35}
s s 8)
f'(x) 245—()(+9)8

h.  f(x)=(2x-9)" /3x+7

Solution: Differentiating with respect to x

4 f (x) :%{(2x_9)2 J3x+7} Using product rule
£/(x)=(2x=9)" L (3x+7)? +(3x+7)! £ (2x-9)’
£/(x)=2(2x=9) (3x+7)" " £(3x+7)+2(3x+7)! (2x—=9)" " £(2x-9)
£'(x)=4(2x-9)" (3x+7)7 (3(1)+0)+2(3x+7)* (2x~9)'(2(1)-0)
f/(x)=2(2x=9)" (3x+7)7 +2x2(3x+7)* (2x—9)

oy 3(2x-9) . 7Y (2
f (X)_—2(3x+7)% 4(3x+7)*(2x—9)
f,(x):3(2x—9)2+8(3x+7l)%+%(2x—9)
2(3x+7)*

F(x) = (ZX_Q){3(ZX—9)+8(3X+7)1}

2(3x+7)

f’(X):(ZX—Q){6X_27+24X1+56}

2(3x+7)*

£7(x)=(2x— 9){23%}

Q3. Find % of function in terms of parameter t:

a). Xx=1+t?, y=t>+2t*+1
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Solution: Differentiating with respect to t
Lx=5(1+1%), Ly=9(t°+2t7+1)

_d]4 447 Y -dP42412 447
% =0+2t, S =3t*+2(2t)+0
dx _ dy _ o2
d_)t(_zt’ E—Bt +4t
a1
dx 2t
Now using chain rule dy =d_y$
dx dt dx
dy 3t’+4t t(3t+4) _ dy_3t+4
dx 2t 2t dx 2

b). x=3at’+2, y=6t"+9
Solution: Differentiating with respect to t
x=%(3at’+2), Ly=g(6t'+9)

X _ 2 dy _ 4
®_338t?+42  Y_gitiiog
& =3a(2t)+0, % =6(4t°)+0

d 3
& —Gat, 5 =24t
dt_ 1

dx Gat

Now using chain rule 9Y :d_yﬁ
dx dt dx
dy 24t _ 4t

dx 6at a

a(1-t*) 2bt
c) X=——5—", =17
1+t 1+t

Solution: Differentiating x with respect to t

d d(1-t?
dt dt{ 1+t?

ax_ (141) 4 (1-0)-(1-€) & (147)

dt (1+t2)2
%:a(1+t2)(0—2t)—(12—t2)(0+2t)
dt (1+t2)
%:a—Zt(lﬂz)—Z;[(l—tz)

dt (1+t2)

dx  —2t-2t?-2t+2t> —dat

- =a 2 = 2
dt (1+t2) (1+t2)

dt (1+t2)2

dx  —dat

Differentiating y with respect to t

iy:bi( 2t j
dt dt{ 1+t?

dy _, (1+t)g(2)—(20) 4 (1+t*)

dt (1+t2)2
ﬂ:b(1+t2)(2)—(2t)(0+2t)
dt (1+t2)2
ﬂ:b2+2t2—4t2

dt (1+t2)2

dy _p2-2t _, 2(-t)
dt (1+t2)2 (1+t2)2

dy _dy dt
dx dt dx
dy 2b(1-t}) (1+7)

dx (Let2) " Mat
dy_b(l—tz)_b(tz—l)

Now using chain rule

dx —2at 2at
3at 3at?
d . X =) =
) 1+t3 y 1+t

Solution: Differentiating x with respect to t

d d( t )
—X=3a—
dt dt\1+t3

%_3a(1+t3)%(t)—t%(l+t3)

dt (1+t3)2
%:3a(l+t3).1—t((2)+3t2)
dt (1+°)

dx 1+t -3t
—=3a—F

dt (1+1°)

dx _ 3 1- 2t32

dt (1+1°)

dt (1+t3)2

dx  3a(1-2t%)
Differentiating y with respect to t

iyzgai tz
dt dt | 1+1t3

ﬂ:3a(l+t3)%(t2)—(t2)%(1+t3)

dt (1+t3)2
&y . (1+t%)(2t)—(t*)(0+3t*)
dt (1+t3)2
dy _ g 2t+2t"-3t"
dt (1+t3)2
dy g 2 —t*
dt (1+t2)2
dy _dy dt

Now using chain rule =2 )
dx dt dx

dy 3a(2t-t*) (1+t2)
dx (1+¢°)° ‘3a(1-2t%)
dy 2t—-t*
dx 1-2t°

Q4. Studies show that after 1 hours on the job, the
number of items a supermarket cashier can ring up per

minute is given by F(t):ﬁo_\%

a). Find F'(t) ,rate at which casher’s speed is

increasing.
Solution: Differentiating with respect to t

4E(t) :%{60—150(8+t2)21}
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F'(t)=£60-150(8+12)°
F'(t)=

F'(t)= 0+75(8+t) (0+2t)
)=

F(t

4 60+15°(8+t )2 di(Sthz)

75 2t _ 150t
8+t (8+t2 )

b). At what rate is the casher’s speed increasing
after 5 hours? After 10 hours?

Solution: At t = 5 Hours
150(5) 750

(8+(5)° )7 33
At t =10 hours
150 (10) 1500

F'(5)= —3.9563

F’(lO) = - =1.3365
(8+(0)) - 108°

At t =20 hours

F’(ZO) = 150(20) 3000 = 0.364025

(8+(20)2) - 408!
At t =40 hours

150(40
(40) _ 6000 _ , 0930551244

(8+(40) ) 1608°

F'(40) =

Exercise 2.5

4C ={40.4+1}(102)
£C= {41.4} (102) = 4222.8

Implicit function:
Impossible to explain in term of independent variable
Implicit differentiation: direct differentiate

Explicit function:

Easily explainable in term of dependent variable
Explicit differentiation:

First explain in term of dependent variable then
differentiate with respect to independent variable

Exercise 2.5

Q5. At a certain factor, the total cost of manufacturing q
units the daily production run is

C (q) =0.20°+0+900 dollars. From experience, it
has been determined that approximately
q (t) =1*+100t units are manufactured during the

first t hours of a production run. Compute the rate at
which the total manufacturing cost is changing with
respect to time one hour after production begins.
Solution: Differentiating C with respect to q

ic =l(0.2q2+q+900)
02"q +40+5900
:0.2(2q)+1+0
£ =0409+1
Differentiating q with respect to t
%q =4(t? +100t)
N =9t*+1004t
= 2t+100(1)
=2t+100

Now using chain rule

dC  dC dg
0.4 +1)(2t +100
W dg dr \0Ad+D)(2+100)

Putting the value of q

4C ={0.4(t* +100t)+ 1 (2t +100)

At t =1 hour

4C ={0.4(1” +100x1)+1}(2x1+100)
4C ={0.4(1+100)+1}(2+100)
4C={0.4(101)+1}(102)

Q1. Use implicit differentiation to perform d—y for
the following functions:

a). X*+y* =25

Solution: We have X* +y* =25

Differentiating with respect to x
Lx?+dy?=425

2xLx+2yLy=0

2x(1)+2y ¥ =

2y & =-2x

b). Xy =25

Solution: We have Xy =25

G (xy) =525

XLy+yLx=0
XxL+y.1=0

c). Xy (2x+3y) =
Solution: We have Xy (2x+3y)=
Differentiating w r t x 4 {xy(2x +3y)} =42

Using product rule

xy 4 (2x+3y)+(2x+3y)&xy=0

XY (28 x+35y)+(2x+3y) (XL y+y&x)=0
xy(2+3y")+(2x+3y)(x y'+y)=0

2xy +3xy y'+ X y'(2x+3y)+y(2x+3y) =
2xy +3xy Y + X y'(2x+3y)+2xy +3y* =0
3Xyy'+ X y'(2x+3y)+4xy+3y* =0

y'{3xy +x(2x+3y)} = —4xy —3y?

y'{3xy+ 2x° +3xy} =—4xy —3y°

y'{2x2 +6xy} =—4xy —3y°

,_ —4xy-3y*
2X% +6Xy
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2. dy

3x°y? X4 3y* ¥ = 2xy® 4 x

d). X*+3xy+y° =15

Solution: we have X +3xy+ Yy’ =15
Differentiating with respect to x
%(x2+3xy+y2)=%15
Lx+3L(xy)+2y* =0
2X+3(X Ly +yEx)+2y&y=0
2x+3(x%+y)+2y%:0
2X+3x L +3y+2y L =0
IxL+2y L =—(2x+3y)
(3x+2y) ¥ =—(2x+3y)

@ _ —(2x+3y)
3X+2y

dx

e). (x+y)3+3y=3

Solution: We have (X + y)3 +3y=3
Differentiating with respect to x
S(x+y)+3&y=23

3(x+y) L (x+y)+3%=0
3(x+y) (Lx+Ly)+3%=0
3(x+y)’ (1+%)+3%= 0
3(x+y) +3(x+y) L4+3% =0
{3(x+ y) +3}% =-3(x+y)

o _ —3(x+y)2 :—(x+y)2
> 3{(x+y)2+1} (x+y) +1
y X
Solution: We have l+l -1
y X
y r+xt=1

Differentiating with respect to x
dytidyxt=4d]
—ly Ty _Ix e x=0
—y?dy-_x?1=0

1 1
__— d y —— =0

2 dx 2

(3x°y* +3y* )& = —2xy*.1

o =Xy =2xy°
T3yt +3y? 3y’ (x°+1)
dy _ —2Xy

& 3(x2 +1)

For explicitly differentiation | will separate y in given function
Xy +y* =12
y(x* +1)=12

, 12

y v

y—{ 12 }
X% +1

Now differentiating

wi=

—12¢ (x2 +1)7%

Y120 L e 1)

dx dx

dy 123 41 d

d—iz_—3(xz +1) l&( 2+1)

dy 12° 4 -

d-i: (1) (¢ 4 "(2x+0)
dy 12 2x

dx (x +1)% -3(x* +1)

dy _ 2x S 12
dx  ° —3(x+1) --y—(x2 +1)%
dy  2xy

dx —3(x* +1)

Q2. Arrange the following function explicitly and

implicitly to perform d_y
dx

a). Xy +yi=12

Solution: differentiate given function implicitly
%(x2y3)+% y’=412
x2§y3+y3%x2+3y3‘1%y=0
YLy 2xy* Lx+3y? Ly =0

b). Xy +2y =%

Solution: differentiate the given function implicitly
F(y)+25y =X
XLy+ydx+2P=2xdx

XYy l+2%=2x1

XY +22=2x-y

(x+2)E=2x-y

@ _ 2X—Y

=
X +2
For explicitly differentiation | will separate y in given function

Xy +2y =X’

(x+2)y=x*
y_x+2

, o dy d x
Now differentiating — =—

dx dx x+2
dy (x+2)&x*—x* 5(x+2)
dx (x+2)2
dy  2x(x+2) g x—x*(&x+52)
dx (x+2)°
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dy 2x(x+2).1-x*(1+0)

dx (x+2)2
ﬂ_Zx(x+2)—x2
dx (x+2)2
dy _ 2x*+4x=x*
dx (x+2)2
dy 2x(x+2)-x*
dx (x+2)2
dy 2x(x+22)—><2
&_ X+2
dy 2><(>(J:;2)_X722
&_ X+2
dy 2x-y y= NG
dx x+2 N X+ 2
c). X+£:5
y

Sol: First differentiate the given function implicitly
d dyl_d
Xt Y =455
11d
I-y 7 &y=0

_y_2 % — _1

y' =1

dx

1
%ZFZVZ

For explicitly differentiation | will separate y in given function

Taking Reciprocal

1 1
= —(5—
y=g—=06-x)

Now differentiating
Sy=5(5-%"
=-1(5-%) " & (5-%)
F=-(5-0"(§5-%%)
=~(5-1)"(0-1)

gy
dx

2= (5-x)°

ﬂ: 1

dx (5—x)2

dy _ _ 1
ax Y=5_x

(x-1)g=1-y
dy _1_y

dx X _1
For explicitly differentiation | will separate y in given function

Xy—y=x+2

y(x—1)=x+2
_X+2
x—1
Now differentiating — = iXLZ
dx dx x-1

dy  (x=1) & (x+2)—(x+2) &(x-1)
dx (x—l)2
dy _ (x=D)(&x+82)-(x+2) (4 x=§1)
dx (X—1)2
ﬂ_(x—l)(l+0)—(x+2)(l—0)
dx (x—1)*
ﬂ:(x—l)—(x+2)
dx (x—1)°
%_ (x—lz(—_(1x+2)
dx  (x-1
ay G5
dx (x-1)
dy 1-y CX+2
S Ly=——o
dx (x-1) x—1

u? Ve
Q3.let — +— =1 wherea &b are nonzero constant.

a.2 b2
a). du

dv

1 1
Solution: We have —2u2 +—2v2 =1
a

Differentiating with respect to v
1d,,10, d)
a® dv b dv dv
2u%1u+2viziv:0

a“ dv b° dv
2ui2d—u:—2vi2

a“ dv b
du 2va?

dv  2ub?
du av

dv_ b’u

d). Xy—X=Yy+2

Solution: differentiate the given function implicitly
FOY)—Ex=5y+&
xLy+ydx-1=240

XT+yl-1=2
xTry-1=2

dy dy _
Xa~w=1-Y

b). av
du

— 1 ., 1,

Solution: We have Suf+=vi=1
a

Differentiating with respect to u
1d 1d d
—2—U2+—2—V2:—1
a“ du b° du du

1d 1d
2U— e
a“ du b du
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1 dv 2u d(y3 d
= y')+44y=3L
TS +¥')
dv b2 2u dxy +y dxX +4dy 3(2)()%)(
du aZ2v 3y’ Ly +3x°y* L x+ 4% = 6x
2
%:_b_zﬂ 3CY? L +3x°Y° +42 =6X
u a’v
3,2 dy dy N 2.,3
Q4. Let (a—b)u3—(a+b)v2 =C ,ab,c e R Find: 3x Y3 +4 =6x-3x7y
5 du (3x°y? +4)a:6x—3x2y3
dv , , dy 6x-3x°y°
Solution: We have (a—b)u —(a+b)v =C &: 3x3y2+4

Differentiating with respect tov
(a-b)Lu’—(a+b)Lvi=2c
3u*(a-b)Lu-2v(a+b)Lv=0
3u*(a-b)L—2v(a+b)=0
3u*(a—b)&=2v(a+b)

du 2v(a+b)

dv 3u?(a-b)

Now slope of tangent at the point P (2,1)
_dy| _6(2)-3(2)° (1)
dxley  3(2)°(1)° +4
12— 3(4)(1) 12-12_ 0
3(8)(1)+4 24+4 28

=0

ﬁ

du

Solution: We have (a—b)u3 —(a+b)v2 =C

Differentiating with respect to u
(a-b)Lu’—(a+h)Lvi=Lc
3u*(a-b)Lu-2v(a+b)Lv=0
u*(a-b)-2v(a+b)L =0

3u*(a—b)=2v(a+b)L

v 3u*(a-b)

du 2v(a+h)

b).

Q5. Determine the slope of the tangent line to the
curve 3x* —7y* +14y =27 at point P (—3, 0)

Solution: we have 3x* —7y* +14y = 27
Differentiating with respect to x

3L x?—7Ly? 4144 y=427
3(2x)ax—7(2y)ay+14‘j—§:0
6x.1-14y 2 +14% =0
14&—14y@=—6x

14(1-y) & =—-6x

dy —6X —3X

dx 14(1-y) 7(1-vy)

Now slope of tangent at the point P (—3, O)
dy|  _3(3) _

dx (-3.0) (l O) 7

Q7. In biophysics the equation
(L + m)(V + n) =K s called the fundamental

equation of muscle contraction. Where m,n and k are
constants, and V is the velocity of the shortening of

muscle fibers for a muscle subjected to a load of L. Find

g—\'; using implicit differentiation.

Solution: we have (L-i- m)(V + n) =k

Differentiating with respect to V, Keep m,n & k are
constants

sr(L+m)(V +n)} =k
(L+m)&(V+n)+(V+n)&(L+m)=0
(L+m)(&V +En)+(V+n)(&L+Em)=0
(L+m)(1+0)+(V +n)(&+0)=0
(L+m)+&(V+n)=0
L(V+n)=—(L+m)

dL _ L+m
dv V +n

Q6. The graph of Xe’y3 +4y = 3x* is a curve that
passes through the point P(Z,l) what is the slope
of the curve at that point?

X°y® +4y =3x?

Differentiating with respect to x

Solution: we have

‘Derivative of sin xi

Let f(x)=sin(x) then

f (X+ AX) =sin (X + AX) using First principle
f’(x):i f (x+Ax)—f(x)

f(x)=lim
X Ax—0 AX
Putting the value of f (x+Ax) and f (x)
£(x) = lim sin(x+ Ax)—sin x
Ax—0 AX
Using sin(a+b)=sinacosb+cosasinb

sin X COs AX + COS XSin AX —sin X

f ( )_AI>I<TO AX
Sin X COs AX —sin X + COs Xsin Ax
f’'(x)=lim
AX—0 AX
sin X(cos Ax —1) + cos Xsin AX
f'(x)=Ilim ( )
AX—0 AX
COSAX—1 sin AX
f’(x) = lim {sin x————=+cos X
AX—0 AX AX
, . . COsSAx—1 . sin Ax
f'(x)=sinxlim ———=+cosx lim ———
AX—0 AX Ax—>0  AX

f’(x)=sinx(0)+cos x(1)
&sin x = cos x
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Let f(x)=sin(x) then
f (X+AX) =sin (X+AX) Using First principle
d f (x+Ax)—f(x)

f’(x):& f(x)=lim

20 AX
Putting the value of f (x+Ax) and f(x)
£(x) = lim sin(x+Ax)—sinx
ax=0 AX
Using Sina —Sing = Zcos(#)sin (#)
2.c0s (24X ) sjn (X:4=X)

‘Derivative of sin x‘

f'<x>=gzm, v
2cos 28 ) sin (4
£1(x) = tim 2222 (2)

Ax
f'(x)=lim cos(zx*“) lim SmA(XZX)
2

f'(x)=cos(&2).1

d qj —
o SIN X=CO0S X

Let f(Xx)=cos(x) then
f (x+ Ax)=cos(x+ Ax) Using First principle

f (x+Ax)— f (x)
(0= g 100 = tim 250
Putting the value of f (x+Ax) and f (x)
£(x) = lim €os( X + AX)—C0S X
Ax—0 AX
Using c05a—cos,6’:—Zsin(“;ﬁ)sin(#)

—2sin ( x+A2x+x )Sin ( x+A2x—x)

‘Derivative of cos x‘

(0= lim

F( )=AIX_>O_23in(2XZ):)SIn(A2X)

f(x)=—lim sin (25) Iirﬁn0 sinA(xA;)
f'(x)=—sin(&2).1 :i%cosx:—sinx

Let f(x)=tan(x) then
f (X+AX) =tan (X+AX) Using First principle

f (x+Ax)—f(x)
(=2 1 (x) = yim L2

Putting the value of f (x+Ax) and f (x)
£/(x) = lim tan (X +Ax)—tan x
Ax—0 AX

‘Derivatlve of tan x‘

1 | sin(x+Ax).cos x—sin x.cos X+ Ax)
cos (X + AX).cos X
F(x) = lim -~ 1| sin(x+Ax—x)
20 Ax | cos( X+ Ax).cos X
f'(x)= Iim{ L } lim sin (Ax)
&0 €OS(X+AX).COSX |0 AX
1 1

f’(x): x1= 5
COS X.COS X COos™ X

=sec? x
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|

‘Derivative of cot x‘ Let f (X) = COt(X) then
f (X+Ax) = cot (X +Ax)
First principle for derivative
£ =3 £ (x) = fim LX) = ()
dx AX—0 AX
Putting the value of f (X+AX) and f (X)

f,(X):Alimocot(x+i§)—cotx

f'(x)= I|m—[cot(x+Ax) cot x|

Ax—0 AX

F7(x) = lim {cos(x+Ax)_c?sx}
A0 AX | sin(x+Ax)  sinx

£(x) = lim i{sinx.cos(>_<+Ax)—sin(_x+Ax)cosx}
M0 AX sin(x+ AXx).sinx

f'(x)=lim

Ax—0 AX
f'(x)=lim 1 -
&0 sin (X + Ax).sin X
()= _1. "msm(Ax)
sin X.sin X &0 AX
, 1
\ (X):sinzx

4 cot x = —cosec’x

{ sin(x—x—Ax) }

sin(x+ Ax).sin x

AX

} lim sin(—Ax)
AX—0

x1

Derivative of Sec ¥ Let f (X) = SeC(X) then
f (x+Ax) =sec(x+Ax)
First principle for derivative
£ =3 £ (x) = fim L EA)= ()
dx Ax—0 AX
Putting the value of f (X+AX) and f (X)

f,(X):Alimosec(x+i§)—secx

f'(x)=lim 1 sec(X+Ax)—

sec x]
AX—0 AX

f'(x)= lim = : -
m-0 Ax | cos(X+AX) CcOSX
1 {cosx—cos(xmx)}

fr :I' -
(x) ATOAX cos( X+ AX).cos x

using Cosa — Cos 8 = —2Sin (<32 ) Sin( 5

£(x) = lim i{‘zs"‘(X”z*“)sm(*‘é‘“)}

A&x-0 AX cos( X+ AX).cos x

—sin(&xax M
() = lim| SN, sin(- %)
m-0 €oS(X+AX).COSX |30 A

in(2x in (&x
£(x) = +sin (%) !imsm(Z)
COSX.COSX 40 &%
sin x
f'(x)=
(x) COS X.COS X

4secx =secx.tanx

‘Derivative of cosec x ‘Let f (X) = COSGC(X) then
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f (X+AX) = COSEC(X+ AX) Putting value of y and using equation (1) we get
First principle for derivative icos‘l X = -1
£1(x) = d £ (x) = lim f (x+Ax)— f(x) dx J1-x2

dx x>0 AX Derivative of tan™' x | Let y=tanx =

Putting the value of f (x+Ax)and f (x)

f'(x)= Alimocosec(x+ix)—cosecx Differentiating equation (1) w.r.t. x
X—> X

d _d
atany—ax

f'(x) = lim 1 cosec( X + Ax) — Cosec x]

M0 AX sec’ydy=1
11 1] d 1
f'(x)=lim— — —=
(%) 80 AX | sin(X+AX)  sinx dx sec’y
F(x) = "mi_sinx—sin(x+Ax)_ di =1% -~ sec® x =1+ tan’ x
80 Ax | sin (X +Ax).sin x - l+tany
- - Putting value of y and using equation (1) we get
Using Sina —Sing3 = 2cos (42 )sin(<£) d. 1
- —tan" x= >
F1(x) = lim L | 2008 () sin (25 ) dx 1+x
( )_Ax—>0 AX| sin(x + Ax).sin x ‘Derivative of cot™ x ‘ Let y:cot‘lx

()= "m{ cos () }imS‘”(‘A?) COLY = X 1)

M0 Sin(X+AX).Sinx -0 & Differentiating equation (1) w.r.t. x

d —d
, —COS X . Sin(%) dxCOty_dxX
f'(x)=———1im —cosec’yLy=1
sinx.sinx 30 & %
£/(x) = —COS X iz_—lz
sin x.sin x dx cosec”y
4 cot x = —cosec X.cot X d -1 ) )
. - N — Y= s.cosec’x =1+cot” x
‘Derlvatlve of SIN "X | Let y=SIN" X...ce..... (1) dx” 1+cot®y
= sin y = X Differentiating equation (1) w.r.t. x Putting value of y and using equation (1) we get
d qjn v = d -
wSINY =4 X Olicot‘lx:1 12
cosydy=1 £ + Xl .
d 1 Derivative of SeC " X | Let y=SeC "X
&z—cosy = SECY = Xeiiivrrrrrnnnn, (1)
d 1 Differentiating equation (1) w.r.t. x
—y=— dsecy=2x
dX ,COSZ dx dx
y secytanydy=1
d 1

B — .sin®x+cos’ x=1 d 1
dx*  [1-sin’y

dx  sec ytany
Putting value of y and using equation (1) we get

d 1

d . w T ~.sec’ x =1+tan’ x
—sSIin" X = X sec y4/tan

dx /—1_ N ; y y

1
‘Derivative of cos™ X ‘ let y=COS" X = Y= >
dx”  secy./sec’y—1
COSY = Xerrrrrrrrrrrrnnn. (1) , ' .
Putting value of y and using equation (1) we get

Differentiating equation (1) w.r.t. x d 1

4cosy=Ldx —s;e(:*lx=—2

dx dx dX X“,X _l
_sinvyy— - _

sinygy=1 ‘Derivative of cosec™'x ‘ Let y =COSEC™ X
d -1
—= COSEC Y = Xeveverrrrrreranans (1)

dx siny

q 1 Differentiating equation (1) w.r.t. x

- d _d
VA e 4 _cosecy =4x
y —cosecycotydy=1
d -1

— Y= s.sin?x+cos? x =1 d -1
dx . f1-cos?y y

dx’  cosec ycoty
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Chapter 2
a1 . cosec’ X =1+ cot® x f'(x):if(x):nm f(x+ax)-f(x)
dX " cosec y4/cot? y dx x>0 AX

d -1 Putting the value of f (X+AX) and f (X)

dx "~ cosec y./cosec? y—1

Putting value of y and using equation (1) we get
icosec’1 X=— >

dx xvx? -1

‘Derivative of exponential function i.e. ex‘
Let f(x)=¢€" so f(x+Ax)=e""
First principle for derivative

f'(x):%f(x): jim 29~ F ()

Ax—0 AX
Putting the value of f (Xx+Ax)and f (x)
X+AX _eX
£/(x) = lim ———
Ax—0 AX
. efeM™ —g*
f'(x)=lim ——
AX—0 AX
AX
f'(x)=e*lim e’ -1
AX—0 AX
f'(x):ex(l)
f'(x)=¢"

Derivative of Inx Let f(X)=InX so
f (x+Ax)=In(x+Ax)
First principle for derivative
f,(x)zi £ (x)= lim f (x+Ax)—f(x)
dx Ax—0 AX
Putting the value of f (X+AX) and f (X)

In(x+Ax)—In(x)

(3=t MO
|
f (x)_AIlTOE In(x+Ax)—In(x)]
f’(x):hmﬁim[”m‘j
Ax—=0 X AX X
f’(x)=llmiiln(5 &j
-0 X AX X X
£(x) = lim 3|n(1+ﬂf
Ax—>OX X

When AX—0 then & —0

f’(x):EAIimoln(h&jM
X Ax= X

1

f’(x):;In(e)
f’(x)=§ sIne=1

Derivative of log, X | Let f(x)=1log, X so
f (x+Ax)=log, (x+Ax)

First principle for derivative

Khalid Mehmood Lect: GDC Shah Essa Bilot

_ lim log, (x+Ax)—log, (x)

f’(x)_Ax—>0 AX
|
f (x)_AImJE[Ioga(x+Ax)—loga(x)]
.oox 1 X+ AX
f/(x) = lim 2 =1
(x) Aiinwax oga( X j
.1 x X AX
f'(x)=lim=—Iog,| —+—
() M0 X AX ga[x xj
R TI AX ™
f (X)_AIJ(TO}IOga(l—FTJ

When AX—0 then & —0

£(x) =1 lim Ioga(1+gjm
X

X Ax—0

, 1
f (x)=;|oga(e)
‘Derivative of exponential function i.e. axl
Let f(x)=a" so f(x+Ax)=a""

First principle for derivative

f (x+Ax)—f(x)

(x)=<-1 ()= fim

Ax—0 AX
Putting the value of f (X+AX) and f (X)
X+AX X
oy -a
Fe=1m =7
. L a¥a® —a*
() = lim ———

AX

' _AX i a
k (X)_a AI>I<T0 AX

f'(x)=a"log, a

‘Derivative of exponential function i.e. @

Let y=a"
Taking log, = In on both sides
log, y =log, a*

log, y =xlog, a

Differentiating with respect to x
d _ d

ax Ioge y= IOge a‘d_x X

1dy

s =log.a
dy _

% = Y-log. a

Putting the value of y
dy _
z=a’log, a

Exercise 2.6

Q1. Use any suitable rule of differentiation to

d
perform & for the following functions:
X

/1—cosx
a). y=
1+ cos x

Sol: Differentiating the given function with respect to x
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1y_i 1-cosx
7 dx V1+cosx

1
y,_l 1-cosx E’li 1-cosx
2 1+cosx dx\ 1+ cosx

’

1[1 cosxj (l+cosx) (1-cosx)—(1-cosx)d(1+cosx)
2\ 1+cosx (1+cosx)2

'

1 [1+cos x) (1+cosx)(0-sinx)—(1-cosx)(0—sinx)

~2(1=cosx (1+cosx)2

—sin x(1+ Cos X)+sin x(l— CosX)

2(1- cosx) (1+cosx) 2 (1+cosx)2

_sin x{—l—cosx+1—cos X}

1
2(1- cosx) (1+cosx)" 2

y = —2sin xcosx
2(1- cosx) (1+cosx)
, —Sin Xcos X
y =

1 3
(1-cosx)z (1+cosx)2

y' =3sin’ (7x* )cos(7x* ) & (zx°)
y' =3sin’ (7x* )cos(7x* ) (7L x*)
y' =3sin’ (zx*)cos(zx*)(27x & X)
y' =67xsin’ (zx*)cos(zx*)

Q2. Use any suitable rule of differentiation to

perform g_y for the following functions:
X

a). y =2cot3x
Solution Differentiating the given function with respect to x

Ly=23cot3x

y' =2(—cosec’3x) & (3x)
y'=—2cosec?3x (34 x)
y'=—-2cosec’3x(3.1)

y' = —-2x3cosec?3x

y' = -6c0sec’3x

T
b). = =
) y cos[x+ 2]
Solution: Differentiating the given function with respect to x
gy==2cos(x+3%)
y =—sin(x+%)L(x+%)
y' =-sin(x+%)(&x+%%)
£)(1+0)
%)

!

(x+
y'=—sin(x+
y'=—sin(x+

c). y =sin(sinx)

Solution: Differentiating the given function with respect to x
L y=2%sin(sinx)

y' =cos(sinx)&sin x

y" = cos(sin x)cos X

d). y =Sin X CoS X
Solution: Differentiating the given function with respect to x
£y =sin X-2CoS X +C0S X £-5in X

y" =sin x(—sin x) < x+cos x(€0os X ) & X

y' =—sin’ X+ cos” X

sin X
e). =
COS X

Solution: Differentiating the given function with respect to x

sin x
Ly=4l —— |=Ztanx
COoS X

r_ 2 d
y' =sec’ x L x
y' =sec’ x

f). y =sin® (ﬂ'Xz)

Solution: Differentiating the given function with respect to x
d _ d cin3 2

4y =gsin®(zx’)

?) &Lsin(zx’)

y' =3sin® (7x

Khalid Mehmood Lect: GDC Shah Essa Bilot

b). y =Sec X

Solution: Differentiating the given function with respect to x
4 y=2=secrzx

y' =seczxtan zx & (7x)

y' =seczxtan zx(7 5 X)

y' =seczxtanzx(x)

y' = zwsec rxtan x

c). y =4c0osec2x
Solution Differentiating the given function with respect to x

£ y=44cosec2x

dy= 4(—cos ec2x cot 2x) < (2x)
y' = —4cosec2x cot 2x (24 x)

y' =—4cosec2x cot 2x(2)
y'=—4x2cosec2x cot2x
y'=—-8cosec2x cot 2x

d). y=2tan(x+3)2

Solution: Differentiating the given function with respect to x
4y=2%tan(x+3)’

y' =2sec? (x+3)" L (x+3)°
y'=2x2(x+3)sec’ (x+ 3)2%(x+3)
y'=4(x+3)sec’ x+3) (£ x+%3)

y' = 4(x+3)sec2(x+3) (1+0)
y’:4(x+3)secz(x+3)

e). y =4cot/x* -1

Solution: Differentiating the given function with respect to x

d4y=4%cot -1

y = 4(—cosec2\/x2 —1)%\/x2 -1
y' =—4cosec’x* —1&(x* —1)%

y = 24(x —1) cosecZ\/xz—lﬁ(xz—l)
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y'= —4x(x2 —1)771 cosec’y/x* -1 Method 2

f). y =sec’ x°
Solution: Differentiating the given function with respect to x
4 y=4dgec? x°
- 3 d 3
y'=2secXx” 4 secx
y’ = 2sec x®sec x® tan x> L x°
r_ 2 3 3 2\ d
y' = 2sec’ x* tan x° (3x* ) £ x
y’ =2x3x*sec? x* tan x*
y’ = 6x?sec’® x® tan x°

g). y =2cosec’(x+2)

Solution: Differentiating the given function with respect to x
Ly=2dcosec’(x+2)

y' =2x3cosec’ (x+2)&cosec(x+2)

y' =6cosec’ (x+2){—cosec(x+2)cot(x+2)} & (x+2)

y' =—6cosec’ (x+2)cot(x+2) (& x+%2)
y' =—6cosec’ (x+2)cot(x+2)(1+0)
y' =—6cosec’ (x+2)cot(x+2)
h). =1+tan 2X
cosec3x

Solution: Differentiating the given function with respect to x

dy d (l+tan 2xj

dx  dx | cosec3x

dy cosec3x g (1+tan2x)—(1+ tan2x)g cosec x
dx (cosec3x)’

dy cosec3x (g 1+ tan2x)—(1+tan 2x)(—cosec3xcot3x) & 3x
dx (cosec3x)’

dy cosec3x (0 +sec’ 2x4 2x) +3cosec3xcot 3x(1+tan 2x)
ax (cosec3x)’

dy cos ec3x(2sec? 2x) +3cosec 3x cot 3x (1+ tan 2x)

dx (cosec3x)’

dy cosec3x(2sec” 2x +3cot 3x (1+ tan 2x))

dx (cosec3x)’

dy _ 2sec’ 2x+3cot3x(1+ tan 2x)

dx cosec3x

Q3. Use any suitable rule of differentiation to perform

d_y for the following functions:
dx

a). y=cos™(x+4)
Solution: Method 1 Using formula

icos*1x= —1

dx V1—x?

Ly=dcos?(x+4)

'2‘—11(“4)
1/1—(x+4)2 dx

y’:_—l[ix+i4j
1—(x+4)> \dxdx

- (1+0)

1-(x+4

<
|
| I
[ [
N

1—(x+4)

y=cos™(x+4)

cosy=x+4

Differentiating the given function with respect to x
Scosy=2(x+4)

—sinyLy=(&x+54)

—siny<y=(1+0)

—sinyLy=1
, -1
Y =——
siny
, -1
- Jsin?y
. -1
- J1-cos’y
, -1

S.CoOSy=Xx+4

Y :,/1—(x+42

b). y = tan™ (11x)
Solution: We have y =tan™ (11X)
tan y =11x

Differentiating the given function with respect to x
Ltany =114 x

sec’ yLy=11(1)

dy 11

dx  sec’y

dy 11

dx  1+tan’y

ﬂziz stany =11x
dx  1+(11x)

dy 11

dx  1+121¢°

. 2
o). y =(sin" x)
. .1 N\2
Solution: We have y = (SIn X)
Differentiating the given function with respect to x
dy—d(cinly)
4y= a(sm x)
y' =2sin" xLsin™ x

y'=2sin" xx

1-x?
, 2sin'x

N1-x2

d). y =x*sin™*(2x)
Solution: We have y = x*sin™*(2x)

Differentiating the given function with respect to x
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Ly=2x’sin™(2x)
y :x3%sm‘ (2x)+sin™(2x) L x°

y = X—31(2x)+3x2 sin™(2x)
1-(2x)* X
3
y = 2;+3x2 sin™(2x)
1-(2x)°
e). y =cosec™ (x+3)

Solution: We have Y = cosec™ (X + 3)

cosecy = X+3

Differentiating the given function with respect to x
d _d d

5 COsecy = & X+4-3

—cosecycotyLy=1+0

c.cosecy =Xx+3

dy__ -1

dx cosecycoty

@y

dX  cosec yyfcot” y

dy 1

dX cosec yi/cosec’y—1
dy 1

dX (x+3)/(x+3)" -1
f). y=(1+cot™ 3x)3

Solution: We have y = (1+ cot™ 3X)3
Differentiating the given function with respect to x
dy=g(l+cot 3x)

2
y'=3(1+cot ™ 3x) &(1+cot*3x)
y' = 31+cot 3x [ (3x)
1+ (3x)? dx
=3(1+cot'3
y'=3(1+co x) 1+9x
. -9 (1+ cot™ 3x)
%

b). What is the rate of change of profit 8 weeks

after the first year? 26 weeks after the first year?

50 weeks after of the year?

Solution: the rate of change of profit 8 weeks

P'(8)= —sm 2—7; = 0.4972 hundreds of dollars/week

P'(8) _$49.72
The rate of change of profit 26 weeks

=4 (26) = 57[ sin 2;: =0 hundreds of dollars / week

P'(26) =$0 per week

The rate of change of profit 50 weeks
P'(50) = 2—2 in5§—6”=—0.1446 hundreds of dollars / week

P’(50) =—$14.46 per week

Q5. A normal seated adult breathes in and exhales
about 0.8 liter of air every 4 seconds. The volume

of air V (t) in the lungs t seconds after exhaling is

given by v (t) = 0.45 - 035cos7;t 0<t<8

a). What is rate of flow of air t seconds after exhaling?

Solution: Differentiating given function with respect to x

d (t)—io 45— 9 0.35c0s 7"
dx 2

dx

V’(t)=0—0.35( sin =~ jd t
dx 2

A (t)_035ﬂsi %t

b). What is rate of flow of air 3 seconds after exhaling? 4
seconds after exhaling? 5 seconds after exhaling?
Solution: rate of flow of air 3 seconds after exhaling

V'(3)= 0.35z sin 377[ =—0.5498 liter/ sec

the rate of flow of air 4 seconds after exhaling

V'(4)= falie sin%r =0 liter/ sec

the rate of flow of air 5 seconds after exhaling

V'(5)= 0.357 sin 57” =-0.5498 liter/ sec

Derivative of hyperbolic functions‘

Derivative of Sinh X | Let

Q4: Suppose profits on the sale of swimming suits
in a departmental store are given approximately by

P(t)=5—SCosZ—é, 0<t<104

Where P(t) is profit ( in hundreds of dollars ) for

a week of sale t weeks after January first.
a).What is rate of change of profit t weeks after first year?
Sol: Differentiating the given function with respect to x

iP(t)_—5 Sicosﬂ—t
dx dx 26
P’(t):O—S(—s' ]d ik

dx 26

X —X

—€

1‘(x)=sinhx:e
Differentiating with respect to x

Lf(x)= dsmhx———[ —e ]

, . 1

f (x)=%smhx—§ Lo —ge™]
f'(x)=<sinhx== [e x)—e™ x)]

1)-e™ —1)]

e +e”

f'(x) = Lsinh x = =[ ¢*
(x)=<sinhx 2[e(

f'(x)=<sinhx =

f'(x) =& sinh x = cosh x

Khalid Mehmood Lect: GDC Shah Essa Bilot
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Derivative of cosh X | Let

X

e 4+e

f (x)=coshx =
Differentiating with respect to x
&f(x)—dcoshx———[ +e ]

, 1 _
f (x)=%coshx=§ Ler+de |
)+e L (—x)]

f'(x)=Lcoshx= E[ex (1)+e(-1)]

f'(x) =< cosh x_—[e

X_67X

f'(x)=<coshx= ©

f’(x) =< cosh x =sinh x
Derivative of tanh x|

sinhx e*—e™
coshx e +e™*
Differentiating with respect to x
%f( )_ d tanhx =4 d_sinhx

‘dx coshx

Let f(x)=tanhx=

F1(x) = cosh x & sinh x —sinh x & cosh x

cosh? x
, cosh x(cosh x)—sinh x(sinh x)
F'(x)= cosh? x
cosh? x —sinh? x
£/(x) =
(x) cosh2 X
F(x)= cosh2

4 tanh x =sech’x
Derivative of coth x|

coshx e*+e™
sinhx e‘—e”
Differentiating with respect to x

&£ (x) =2 coth x = & cosix

Let f(x)=cothx=

X

‘dx sinhx

F1(x) = sinh x & cosh x —cosh x &-sinh x

sinh? x
, sinh x(sinh x)—cosh x(cosh x
(%)= ( si)nhzx ( )
sinh? x —cosh? x
£(x)=
(x) sinh? x
—cosh? x +sinh? x
£/(x)=
(x) sinh? x
—[cosh2 X — sinh? x]
f’ =
(x) sinh2 X
P09 =G x smh2

4 coth x = —cosech?®x
Derivative of cosech x|

2
—-e

1
Let f(X)=cosechx=— =
( ) sinhx e
Differentiating with respect to x

X —X

& f(x)=<cosechx =& 2

dx sinh x
/(%)= sinh x-&(1)—1.&sinh x

sinh? x
, sinh x(0)—(cosh x
F'(x)= (sirzhz(x )
0—cosh x
f'(X)=———
(x) sinh? x
f’(x): .—coshx
sinh xsinh x

4 cosech x = —cosechx coth x

Derivative of sech x|

2

coshx e*+e
Differentiating with respect to x

Let f(x)=sechx=

L f(x)=%sechx =& 2

(x) = cosh xmags;gl)zdxcoshx
(x) = cosh xi(())l;zl)((sinh X)
fr(x) ==

£ sech x = —sechx tanh x

‘Derivative of sinh™ x

Let y=sinh™x so

sinhy =x

Differentiating with respect to x

2sinhy =

coshy L y=1

dy 1

dx  coshy
dy___ 1

dx Jcosh?y

dy 1

dx J1+sinh?y

Putting the value of yand sinhy =X

isinh*1 X = L
dx 1+ X2

Derivative of cosh™ X‘

Let y=cosh™X so
coshy=x

Differentiating with respect to x
Lcoshy=2x

sinhy L y=1
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dy 1

dx  sinhy
y__ 1
dx Jsinh?y
ﬂ_ 1

dx Jcosh?y -1

Putting the value of yand coshy = x

d cosh™ x = !

dx Jx? -1
‘Derivative of tanh™ X‘

Let y=tanh™ X so

tanhy = x

Differentiating with respect to x
dtanhy =< x

sech’ydy=1

dy 1

dx sech?y

dy _ 1

dx 1-tanh®x

Putting the value of yand tanhy =x
itanh’lx: 1 -

dx 1-x

‘Derivative of coth™ x

Let y=coth™ X so

cothy =x

Differentiating with respect to x
Lcothy =L x

—cosech’y Ly =1

dy -1
dx cosech®y
dy -1

dx 1-coth®x

Putting the value of yand cothy = x
d _ -1
—coth™ x=

dx 1-Xx

Derivative of sech™ x

Let y=sech™ X so

sechy =x

Differentiating with respect to x
d _d

Ssechy=2x

2

—sechytanhy L y=1

dy -1

dx sechytanhy
ﬂ B -1

dx  sech y</tanh? x
dy -1

dx  sech yv/1—sech? x
Putting the value of yand sechy =X

isech‘l X = -1

dx e
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Derivative of cosech™ x
Let y=cosech™ X so
cosechy =X

Differentiating with respect to x
d _d
L-cosechy =2 x

—cosechycothy Ly =1

dy -1

dx  cosech ycothy
dy _ -1

dX  cosech yv/coth? x
dy -1

dX cosech y/cosech? x—1

Putting the value of yand sechy =X

icosech‘1 X = 1

dx Xy x? -1

Note that: l0g,, =log and log, =In

Exercise 2.7

Q1. Use any suitable rule of differentiation to

d
perform d_y for the following functions:
X

a). y=xInx’

Solution: Differentiating the given function with respect to x
d _d 2
Y= ﬁ(x In x )
dy _  d 2 2 d
& =XEInx"+Inx" & x

X
y' =4 x*+Inx?
X

y'=X—X2(2x)+In x?

y' =2+Inx?

b). y:ln(x2+3x+2)

Solution: Differentiating the given function with respect to x
d _d 2

&y—aln(x +3x+2)

ﬂ:%i( 2+3X+2)

dx Xx°+3x+2dx
QZZ;[EXZ-F\.O)EX%-&ZJ
dx x°+3x+2\dx dx dx
ﬂ=2;(2xix+3+0j
dx X +3x+2 dx
ﬂz%(2X+3)

dx x“°+3x+2

ﬂ_ 2X+3

dx Xx?+3x+2

c). y:Inx58x

Solution: Differentiating the given function with respect to x
d _d -8
4y= &(X In 5x)
y' =x°LIn5x+In5x L x°
-8

X Y
y' ==—945x-8x*"In5xd x
5X d dx

X
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y' :5)(—781x—8x*9 In5x
5X dx

y'=x""-8x7In5x

y'=x"7-8x"°In5x

y'=x"°(1-8In5x)

y = 1-8In5x

X9

d). y = In(x2 +1)%
1
Solution: We have Yy =1In (X2 +1)E

1
==In(x*+1
y=>In(x"+1)
Differentiating the given function with respect to x
dy _ liIn(x2 +1)
dx 2dx
Y__ 1 b

dx 2(x2+1) dx

1 (8,.9)

Exercise 2.7

ﬂ: —2x2
B 3{in(1-x)}’ (1-x?)

Q2. Use any suitable rule of differentiation to

dy

perform d— for the following functions:
X

a). y =50

Sol: We have y =5 Taking In on both sides
Iny=In5*?

Iny=(x+1)In5

Differentiating the given function with respect to x
Liny=In5&(x+1)

liy: In5(1x+ilj
y dx dx  dx

dy
—~ =vyIn5(1+0
5~ Y In5(L+0)

dx 2(x*+1)ldx  dx
dy 1 d
dax 2(x2+1)(zx&x+oj
dy  2x
dx 2(x* +1)
dy x
dx X +1
B 1
& Y )

Solution: Differentiating the given function with respect to x

% :%{In(ﬂ xz)}fl

Y tfinfre)} " Sin(1+ )

%:4w@mw* L9

dy _ L (il+—x2j
dx {In(1+x2)}2(1+x2) dx  dx

@ _ _12 (0+2xixj
dx {In(1+ xz)} (1+ x2) dx
ﬂ: —2X

dx {In (1+x? )}2 (1+x*)

Y 50 5 sy =5
dx
b,  y=e’
Solution: Differentiating the given function with respect to x
dy_d &
dx dx
dy Jx d
— =" —4/X
dx dx Vx
1
dy w42
dx dx
N

dy_e” ;id,
dx 2 dx
dy_e” o
dx 2
ﬂ ~ e«ﬁ ~ e«ﬁ

=—1=
o 2X? 2%

f). y = ,S/In(l— x*)

Solution: Differentiating the given function with respect to x

ﬂzi{ln(l—xz)}%

dx dx
dy 1 i1d
d_izg{ln(l—xz)} &In(l—xz)

Ly=2(e” +ex)2
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y'=2(e"+e™)(e"—e™)
yr _ 2(e2x _e—ZX)

9. y=(e” —1)4

Solution: Differentiating the given function with respect to x

Fy=g(e"-1)

y' = 4x3e® (e —1)3
y' =12e> (e —1)3

ﬂ:mg—loe(gix2+i7j
dx (3x2+7) dx dx

ﬂ:log—loe[3x2xix+0]
dx (3x2+7) dx

dy 6xlog,e

dx (3x2+7)

xInx

e). y=Xe
Solution: Differentiating the given function with respect to x
d _d xInx

4y= a(xe )

y/: Xiexlnx +eX|nXiX
yr — Xexlnx d (Xln X)+exlnx
y =" {x&(xInx)+1{

(xLInx+InxLx)+ 1}

{x

y =g {XG%X+ In xj+1}
{
{

y =e"™ {x(1+Inx)+1}

X+ xInx+1}

b). y =log,, (X* +3x+2)

Solution: Differentiating the given function with respect to x

d d
di - 1090 (x* +3x+2)

ﬂ_ log,, e i
dx (x2+3x+2)dx

QZM(1X2+31X+12)
dx  (x*+3x+2)\dx dx = dx

ﬂ :—Iogme (2xix+3+0j
dx (x2+3x+2) dx

dy (2x+3)log,e
dx (x2 +3x+2)

(x2 +3x+2)

X2 —x)

f). y= 5(
(¢ -x) ) .

Sol: We have Yy =5 Taking In on both sides

Iny=(x*-x)In5

Differentiating the given function with respect to x

Liny=In54(x* —x)

1d y=|n5(ix2—ixj
ydx dx dx

dy
—2 —vyIn5(2x-1
dx yn(x )

dx

c). y =log,, Vx* —7x + x°

Solution: Differentiating the given function with respect to x

ﬂ:ilogm X2 =7x +ix3

dx dx dx

dy log,e d d e 7x
— 7X +3x
dx  x2—7x dx

dy _log,e d

I —7x dx
dy _logee l(x2 —7x)%_1 i(x2 —7x)+3x°
dX JIx2—7x 2

ﬂ=%(x2—7x);(ix2—7ixj+3x2
dx  24/x? =7x X X

dy __ log,e 1 -(2x—7)+3x?

dx 2(x2—7x)%(x2—7x)2
ﬂ_(Zx—?)logme
dx 2(x2—7x)H
QZ(ZX—Y)Iogme+ )
dx  2(x*-7x)

(x —7x)% +3x2

+3x?

W _ g (2x_1)In5 - y=5)

Q3. Use any suitable rule of differentiation to

d
perform d_y for the following functions:
X

a). y =1log,, (3x* +7)
Solution: Differentiating the given function with respect to x

d d
di ™ —log,, (3x + 7)

dy log,e d

dx (3x +7) dx(3X +7)

d). y =log[ sin(log ) |

Solution: Differentiating the given function with respect to x

% y=— Iog [sin(logx)]
dy IOL [sin(logx)]

x [sin(logx) | dx
ﬂ _ cos(logx).loge d
dx  [sin(logx)] dx

(logx)

dy cos(logx).loge loge
dx [sin(logx)] X
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dy _ cos(log x).(log e)2
dx x[ sin(log x) |

2
dy _ cot(logx).(loge) - cotx = 5%
dx X sin x
e). y =log,, (sin™* x*)

Solution: Differentiating the given function with respect to x
dy d sl 2
—=—Ilog,,(sin™" x
dx dx oo ( )

| .
dy _ —_Oglo ° i(sm’1 x2)
dx  (sin™x*) dx
ﬂ _ IoglO € 1 i NG
dx (sin"x?) 1_(X2)2 dx

dy _ log,e  2x ix
dx (sin’1 x2) J1— x4 dx
dy  2xlog,e

dx (sin™ x?)V1-x*

1 1
f). y=Ilogtan| =x+=r
2 4
Solution: Differentiating the given function with respect to x

ﬂzilogtan[lx+lﬂ}
2 4

dx dx
o lge 4 [1,.1]
dx tan[x+7z}dx 2 4
27 4
log e.sec? _£X+17z
dy ge 2 4 ]d|1_ 1
ax 11 ] ax|l2 a”
X tan| = x+=rx
12 4 ]
log e.sec? _£X+17z_
dy 0T 27 fia, a1 ]
dx tanl Lxi 2dx  dx4
2 4

loge.sec? _1X+17r
%z 1_21 . —Em}
X tan| = x+—x
2 4

11
loge.sec”| = x+=rx
dy 12 4

dx 2tan lx+£7r
2 4

dx
ﬂ:l i(ix_kilj_i[ix_ilj
dx 2 | x+1\dx dx x =1\ dx dx

dy 1 w}
o~ 2| (-1

ﬂ_ -1
dx  x2-1
b). y =(cosx)™"

[
Sol: Given Y = (COS X) OgXTaking In on both sides
log x

Iny =In(cosx)

Iny=logxlIn (COS X) Differentiating w r t x
1, d d
—y'=cosx—log x + log x—cos x

y dx dx

I {cosxloge . }
y'=y<—————log xsin x
X

y' = (cosx)™" {w —log xsin x}
X

Q4. Use any suitable rule of differentiation to

d
perform d_y for the following functions:
X

X+1
x—1
Solution: We have y, _ |, ( X +1T
x—1

y:%{ln(x+1)—ln(x—1)}

Differentiating the given function with respect to x

o). y = (1+ x‘l)X

Sol: We have Y = (1+ x’l)X Taking In on both sides
Iny=In(1+ x‘l)X

Iny=xIn(1+x7)

Differentiating the given function with respect to x

L y :di(x.ln (1+ x’l))

dx X

1dy d ) d
gazxaln(l+x 1)+In(1+x 1)&x
iﬂ_ X d

v (1+x‘1)&(1+ xH)+In(1+x7)

ldy  x d. d __ _
;&_(1+x1)(dxl+ dxx 1j+|n(1+x 1)
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ldy _ x  o .o ” o ox(xe+a)
J i (1+x1)(0 )+ In(L+x7H) |ny_|nW
i gi ﬁ“n(“ x*) Iny= In{x(x2 +4):1’}—In(x2 +3)%
+ X

| Iny:Inx+|n(x2+4)%—ln(x2+3)%
A T
dx y{x(1+xl)Jr (L x )} Iny:Inx+%|n(x2+4)—%ln(x2+3)
ﬂ: Loyt -1 n(Ls x Differentiating the given function with respect to x
dx ( o ) {X(1+X1)+ n( o )} %Iny—%lnx+%%ln(x +4)—%diln(x +3)
A, @-x3(2-x) 1d 1, 1 dee a1 dia

Y (3—x3)%(4—x4)% ;l_(;); 1X 3(X2+4)dX( ) 2(x2+3)dx( )

1 2 -2 =
(1-x)2 (2% TR o GOl ()

Solution: We have Y =

3 2
(3—x3)5(4—x4)g dy 1 2x 22X
. ) ax Y x+3(x2+4) 2(x*+3)
1-x)2(2—x*)3
Taking In on both sides In 'y =In ( )3( )4 dy XIx*+4 £+ 2x 2X
(3-x°)4(4-x*)e dX  Jx2+3 3(x*+4) 2(x*+3)
1 3 4 3x? 6( X +3)(x* +4)+4xx(x* +3)-6xx(X* +4
Iy = (1) (2 ) (o) (- S { L2 3shruenl fone )}
Iny:{ln(l—x)i+In(2—x2)§}—{ln(3—x3)‘3‘+In(4—x“)g} ﬂ_x(xz“‘)% 6(x" +4x° +3¢* +12) +4x* (x* +3)-6x* (x* +4)
dx (x2+3)% 6x(x*+4)(x* +3)
Iny:In(l—x)%+In(2—x2)§—In(3—x3)%—ln(4—x4)g ﬂ{6(x4+4x2+3x2+12)+4x (x*+3)- 6x2(x2+4);
- I
Iny=%In(l—x)+%In(2—xz)—%ln(S—xz)—gln@—x2) o 6(x* +4) (¢ +3) ’
Differentiating the given function with respect to x dy 6(X4+7X2 +12)+4X +12x% —6x* —24x%°
d 1d 2d "l 1 1
= y_E_In(l x)+—d—ln(2 x*) dx 6(X2+4)1’§(X2+3)1*§
—Eiln(s—x3)—ﬂiln(4 x*) dy 6x*+42x° +72+4x" +12x* —6x" —24x%°
4 dx 5 dx &: 5 3
2 LS (2-x) (¢ +4) (< +3)
y dx 2(1—x)dx 3(2—x*)dx
( 3) q ( 21 q dy  6x"—6x" +4x" +42x% +12x* — 24X* + 72
et ) g IV
4(3-x) dx 5(4-x*) dx 6(x2+4)3(x2+3)2
idy 1 d .y, 2 d. 4 2
X = =
_%dg(_:gxz)_%dg(_m) 6(x2 +4)° (x* +3)2
(3 ) o 5(2‘)‘) o dy  2(2x* +15x +36)
ldy -1 N -4x -9 16X . 2 3
ydx 2(1-x) 3(2-x*) 4(3-x*) 5(4-x') 6(x* +4)3 (x* +3)?
dy | -1 4 9¢ 16X dy _ 2x"+15x°+36
= - 2 3
dx " |2(1-x) 3(2-x*) 4(3-x°) 5(4—x*)[ Ox 3(x+4)7 (x2+3)2

dy _ (1-x)2(2-x*) { -1 Ax ¢ 16¢ } f). y =(sin x)(log x)(xx)
A Solution: We have y = (sin x)(log X)(XX) Taking In

e). y = X X22 +34 Iny= In{(sin x)(log x)(xx)}
X2 + _ )
N Iny =In(sinx)+In(log x)+Inx

Taking In on both sides .
ne ! Iny=In(sinx)+In(log x)+xInx
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Differentiating the given function with respect to x

%In y:%ln(sin x)+%ln(log x)+%(xln X)
1ﬂzii(sin X)+

y dx sinx dx log x dx
lﬂ_costr 1 loge X

== +—+Inx
ydx sinx logx x X
1ﬂ_cotx+|0£+l+lnx
y dx xlog x

ﬂ: Cotx+loi
dx xlog x

+1+1In x}

dy . < loge
L — | 1+1
o (sin x)( ogx)(x ){COtX+xlogx+ + nx}

Q5. Use any suitable rule of differentiation to
d
perform d_y for the following functions:
X
a). y = cosh (2x” +3x)

Solution: Differentiating the given function with respect to x
&y =g cosh(2x* +3x)

y' =sinh(2x* +3x)4(2x* +3x)

y' =sinh (2x2 +3x).(2% X2 +34 x)
y' =sinh(2x* +3x).(2(2x)+3)
y'=(4x+3)sinh (2x2 +3x)

b). y= esinhzx

Solution: Differentiating the given function with respect to x

dy—d

dx y= dx €
- .

yr — esmh X %Slnhz X

y

sinh? x

!

P _
=e"™ ¥ 2sinh x L sinh x

L
"= """ X 2sinh x cosh x

y
y' =e ™% sinh 2x
o). y = log(cosh x)

Solution: Differentiating the given function with respect to x
d y_—d
& y=2log(coshx)

loge

y'=——=—%L cosh x
cosh x
loge .
’=Lsmhx%x
cosh x
, sinhx
log
cosh x

y'=tanhx loge

d). y =sech(x* +1)+tanh(x* +1)

Solution: Differentiating the given function with respect to x

Ly=-2sech(x* +1)+Ltanh(x* +1)

y'=—sech(x* +1)tanh (x* +1) &(x* +1)
+sech’ (x* +1) £ (x* +1)

y'=—-sech(x +1)tanh (x* +1)(2x+0)
+sech2(x2 +1)(2x+0)

y'=2xsech’ (x* +1) - 2xsech(x’ +1)tanh (x* +1)
y' =2xsech(x’ +1){SeCh(X2 +1) - tanh (x* +1)}

i(Iog x)+xiln x+In xix
dx dx

e). y:cosech(x3+1)
Solution: Differentiating the given function with respect to x

L y==2cosech(x’ +1)

y'=—cosech(x +1)coth (x° +1) £ (x° +1)
y' =—cosech(x’ +1)coth(x° +1)

y' =—cosech(x* +1)coth(x* +1)(3x* £ x+0)
y' =-3x’ cosech(x* +1)coth (x* +1)

f). xcoshy = ysinhx+5
Solution: Differentiating the given function with respect to x

&(xcoshy)=<(ysinhx)+<5

XL coshy+coshyd x=ydsinhx+sinhxLy+0
xsinhy £y +coshy = ycoshx & x+sinhx Ly
xsinh y & +coshy = ycosh x +sinh x &

xsinh y & —sinh x & = y cosh x—cos hy

(xsinh y —sinh x)& = y cosh x—coshy

dy _ ycoshx—coshy

dx  xsinhy-sinh x

Q6. Use any suitable rule of differentiation to
d
perform %y for the following functions:
X
a). y =tanh™(sin x)

Solution: We have Y = tanh™ (sin X)

tanh y =sin x
Differentiating the given function with respect to x
g4 tanh y = Lsinx
sech’ y 4y =cos x4 x
sech’ y 4y =cosx
, _ COSX
~sech?y
,  COSX
Y = T ann? y
’:LS); ~.tanhy =sinx
1-sin” X

,  COSX 1
= = =secx

cos’X  COS X
b). y =sinh™ (tan x)
Solution: Differentiating the given function with respect to x

Ly =2Lsinh™(tanx)

dx

y':;z%tanx
1+(tanx)

"= = __sec’ X

y =
\sec? x
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Chapter 2
2 —
,_SeCTX P(x)=40+25In(x+1), 0<X<65 where
Sec X
” P(X) is the pressure measured in millimeters of
o). y =cosh™ (secx)

mercury and x is age in years. What is the rate of change
Solution: We have Y = Cosh"l (sec X) of pressure at the end of 10 years? At the end of 30
years? At the end of 60 years?

Differentiating the given function with respect to x Solution: Differentiating the given function with respect to x

=Y =4 COSh_l(SeCX) £ P(x) =2440+2541In (x +1)
' 1 d 25
= Sec X ’

y lseczx 1dx P (X):O‘f‘n&()('i'l)

y = ¢ xtan x

Jtan? x P'(X):X_Jrl(%x““&l)

y' =secx 25
Z P'(x)=——(1+0
d). y = xtanh™ (3x) () x+1( )
Solution: We have Y = Xxtanh™ (3X) P'(X) _ 25
Differentiating the given function with respect to x ?H'l
% y = %{xtanh‘l (SX)} Now we flndzpéressure at the end of 10 years
, 1 d d a P'(lO) = = 2.27 mm of mercury per year
y'=tanh™ (3x)< x+x & tanh™ (3x) 1041
1 d Now we find pressure at the end of 30 years
y’=tanh™(3x)+ x| ——— |—3x 25
1-(3x)" jdx P’(30) = 01 =0.806 mm of mercury per year
+
y’ =tanh™(3x)+ % Now we find pressure at the end of 60 years
—9x
25
4 — [
). y = xcosh ™ x— [2_1 P (60)— 60+1—0.409 mm of mercury per year
Solution: Differentiating the given function with respect to x Q8. A single cholera bacterium divides every 0.5 hour to
dy 4 ) > produce two complete cholera bacteria. If we start with
& = &(XCOSh X)_&(X _1) a colony of 5000 bacteria, then after t hours there will

be a A(t) =5000.2%" pacteria. Find A'(t), A'(l)

dy d -1 4,0 1o, natdo,
= X——C0sh X +cosh X_X_E(X _1)2 _( _l) and A'(5) . Interpret the results.

dx dx dx dx
= ion: A(t) =5000.2%
ﬂzx 1 iX+COSh_lX—£(X2 _1)2 (2x-0) Solution: We have A(t)
dx X2 -1 dx 2 Differentiating the given function with respect to x
dy _ + cosh-t x — 2X %A(t) =5000.%22t
1
B VX 1 2(x2 1)z A'(t)=5000.2%In 2 (2t)
dy_ X coshixo X A'(t) = 2x5000.2%.In2
2 2
jx VX -l X1 A'(t)=10000.2%.In 2
d_i =cosh™ x Now we have to find A’ (1)
f). log (cosh‘1 x) +sinh™'y=6 A'(1)=10 000.2%V In 2
Solution: Differentiating the given function with respect to x A’ (1) = 2772589
d -1 d cinh~t vy — d
WIOQ(COSh X)Jr&smh y = Now we have to find A'(5)
loge d 1 1 dy ,
Coshixax O Xt T ax 0 A'(5)=10000.22% In 2
loge 1, 1 dy_, A'(1)=7097827.13
cosh™x {/x2 —1 \/1+ y2 dx
1 dy _ —loge

1+y2 dX cosh*x/x2—1

dy —loge Ji+y?

dx cosh?x v/x2 -1

Q7. A research group ( used hospital records )
developed the approximate mathematical model
related to systolic blood pressure and age is
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