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Chapter 12

Trigonometry and their graph

Where @=2xeR
XxeR
Thus Domain of 3C0S2X="°R

Exercise 12.1

Find the domain of each function;
Q1. sin2x
Solution; we have sin2x
Domain of SIN@ =R
Where f=2xeR

XeR
Thus Domain of SIN2X =N

Let §=2X

1
Q8. 65ec§x
. 1 1
Solution; we have BSECEX Let 0= EX

Domain of secd =R —(2n +1)%,n eZ

Where 9:%XGER—(2n+1)%,neZ
Xeﬂ%—(2n+1)7r,nez

Domain of GSEC%X =R —{X/X =(2n+1)z,ne Z}

Q2. 4cosx

Solution; we have 4C0sX
Domain of C0sS&="‘R
Where f=XxeR

Thus Domain of 4cosx =R

Let @=X

Q3. 3sin3x
Solution; We have 3sin3x
Domain of Sin@ =R
Where §=3xeR

XeR
Thus Domain of 3sin3x="R

Let 0=3x

Q9. 5tan3x

Solution; we have 5tan 3x Let &=23x

Domain of tang =R —(2n +l)%,n eZ

Where 9z3XeiR—(2n+l)%,neZ
Xei)?—(2n+1)%,nez

Domain of 5tan3x= R—{x/x=(2n+1)£ ne Z}
5"

Q4. Sec2x

Solution; we have Sec2x Let £=2X

Domain of secd=%R—(2n +1)%,nez
Where 9=2X€§R—(2n+1)%,nez
Va
xem—(2n+1)z,nez

Domain of sec2x= R—{x/x =(2n +1)%, ne Z}

Q10. 5sin5x
Solution; we have 5sin5x
Domain of Sin@ =R
So 8=5xeR
XeR
Thus Domain of 5sin5x =N

Let d=5x

Q5. tan 1x
' 2

1
Solution; we have tanEx Let 0 =%X

Domain of tan& =% —(2n +1)%,n eZ

Where 9=%x65n—(2n+1)%,nez

XeiR—(2n+1)7z,neZ
Domain of tan%x= R—{x/x:(2n+l)7r,n € Z}

Find the range of the following functions;
Ql1l. sin2x

Solution; we have sin2x

we know that Range of sine 6,
-1<sing<1 Here 8 =2 x
Then =1<sin2x<1

Hence the range of sin2x is [—1,1]

SS={y/yeRa-1<y<1

Q12. cos4x

Solution; we have €0S4X

We know that Range of cosine 6,
-1<cosf<1 Here 8 =4 x
Then —1<c0s4x <1

Hence the range of C0S4X is [—l, l]
SS={y/yeRa-1<y<l

Q6. COSec2x

Sol; we have C0Sec2x Let 8=2x
Domain of cosecd=R—-nz,ne”Z

Where @=2xeR—-nr,ne’Z

XeiR—ng,neZ

Domain ofsCOSGCZX:R_{X/X:nTﬂ’n eZ}

Q7. 3C0s2x
Solution; we have 3C0S2X
Domain of c0s8 =R

Let =X

Q13. 2sin3x
Solution; we have 2sin3x
We know that Range of sine 6,

-1<sin@<1 Here 8 =3 x
Then —=1<sin3x <1
Then —2<2sIiN3x <2

Hence the range of sin2x is [—2,2]
SS={y/yeRa-2<y<2}

Q14. 5cosx
Solution; we have 5C0S X
we know that Range of cosine 6,
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Chapteriz 0

-1<c0s@<1 Here 6 = x Exercise 12.2
Then —1<cosx <1

Find the value of each function
Q1. sin(-7)

Solution we have sin(-7)

Then —-5<5c08Xx <5
Hence the range of 5C0SX is [—5,5]

SS={y/yeRA-5<y<5}

sin(-z)=-sinz

Q15. 3cotx -0

Solution; we have 3cotx 0

We know that Range of cot 6,

—o0<cotd <o Here 8 = x Q2. cos(—%j

Then —c0<COt X <00

Then —0 < 3COtX <0 Solution: we have cos(—%j
Hence the range of 3cotx isR SS=R

Q16. 2sec2x cos(—fj —cos”

Solution; we have 2sec2x 4 4

We know that Range of sec 0, _ 1

sech>1, seCO<-1  Here0=2x V2

Then SEC2X>1  sec2x<-1 Q3. tan(_%j

Then 2S€C2X>2, 25eC2X<-2 .
S.S=R—{y/yeRAy22, yS—Z} Solution we have tan[—zj
Q17. cosec2x an (_Zj —n®
Solution; we have C0sec2x 4 4

We know that Range of cosec 0, =1

cosecd>1, cosecO<-1 Here®=2x A Cot(_s_nj

Then COSeC2Xx>1, cosec2x<-1

SS= R—{y/ye RAay2>1, yS—l} Solution we have Cot(—%rj
Q18. sinzx 3z 3z
Solution; we have sinzx CO{——) = C°t7

We know that Range of sine 6, 0

-1<sin@<1 Here 6 = 7 x -

Then —1<sinzx <1 Q5. cosec(—zj

Hence the range of sinzx is [—1,1]

SS={y/yeRa-1<y<1

Solution we have cosec[—%j

T T
cosec| —— |=—CoseC—
4 4

T
Q19. tan—x

4 -2

. T
Solution; we have tanzx Q6. sec(-z)
We know that Range of tan 0, Solution we have sec(-x)
T Sec(—m)=secrn
—o<tanf <o Here6=zx ( )——l
T Find the period of each function

Then —OOStanZXSOO Q7. 2sinx

Solution: we have 2sinx
period of sin x

T
Hence the range of tanzx isR
1

Period of 2sinx=

>S=R . . 27
Q20. sec(27x+3) Period of 25|nx:T:2;;
Solution; we have sec(27x+3) Q8. 3tanx

Solution we have 3tan x

We know that Range of sec 6, . !
Period of 3¢an x — Perod of tanx

secd>1 secd<-1 Here 0 = 27X+3 1
Then Sec(27x+3)>1, sec(27x+3)<-1 Period of 3tanx:%:,,
SS=R-{y/yeRay>1 y<-1} Q9. 5c053x

Solution we have 5€053x
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Period of

period of cos x
3

5c0s3x =

Period of 5cos3x = 2?”

Exercise 12.3
161

To plot the given function we will find few values of the
function within domain

Q10. ;secx
Solution we have 3secx

Period of Lgecy — Period of secx
2 1

Period of %sec X= ZT” =2z

Ql1l. -2c0Sec X
Solution: we have —2C0SeC X

Period of —2COSEeC rX=
T

Period of —2cosec zx= 2—7[ =2

period of cosecx

Solution we have 7, 27x
2 3

Period of gcot ng _ period of cot x

27
3

Period of —cot@ = 3
2 3 2

«f¥| N

Q13. 3cosecst

Solution we have 3cosec %t

. X eriod of cosecx
Period of 3cosec’” = PEMOCE SRR
T

2
X 2w

Period of 3cosecZ2=22-14
2 2
Q14. —coti
27
. X
Solution we have —cot—
27
Period of —cot_X — period of cot x
2 L

2n

Period of —cot = =7 = 22
2T 5=

X X sinx 2sin X

0° 0 0 0

30° z =05 1
450 z % 0.707 J2=1414
60° z £ =0.866 J3=1732
90° z 1 2
1200 | & £ -0.866 J3=1.732
1350 | & | F=0707 | o-1414
150° 5 3=05 1
180° T 0 0
210° iz 21=-05 -1
225° 2 | 7=-0707 | _[o2-_1414
2000 | %= | 2£-0866 | 3=-1732
270° = -1 2
300° 2| 2£-_0866 | —\3=-1.732
315° | 7=-0007 | _\o=—-1414
330° e -71 =-05 -1
360° 2r 0 0

=&

Qis. _ésecﬁ

T
Solution we have _2gec3X
5 Vs
Period of —2sec>X _ Period of secx
5 Vs %
Period of —2sec3X 27 _2 >
T % 3

Q2. y=-cosx 0<x<2r
Solution: we have y=-C0SX
Given the domain for the function 0<x<27

To plot the given function we will find few values of

the function within domain

Q16. [gec?*
9 o
Solution we have gsec%x

2x _ period of secx
=

Period of Zsec
9 0

Period of —secﬁ = 2z =760
9 0

2
4

Exercise 12.3

Draw graph of following functions in indicated interval.

Ql. y=2sinx 0<x<2x
Solution: we have y = 2sinx
Given domain for the function 0<x<2x

X X COS X —COS X

0° 0 1 -1
300 | £ B-0866 | =£=-0.866
40 |z f 0.707 | +=-0.707
60° z =05 +=-05
90° z 0 0
1200 | & +=-05 1=05
135° | = 2 =-0707 % =0.707
150° | = | =B-_0866 | £=0.866
180° T -1 1
2000 | 2 | =£--0866 | £=0866
2250 | = 7 =-0.707 +=0.707
240° | £ +=-05 1=05
270° = 0 0
3000 | % 3=05 3=-05
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Chapter 12 162
3150 | Iz 5=0707 | Z=-0.707 1200 | -120° | & | -Z& | =£-_0866
o v 4 3 _ -B _ o o 3z 3z e —
330 X $=0.866 | ===-0.866 135° | -135° | & | & ==-0.707
360° | 27 1 -1 150° | -150° | & | -5z 2=-05
1 180° | -180° T -7T 0
210° | -210° | 2 | -IZ 1=05
o o 5z _5z 1 —
0 2 p 3w 2m 225 -225 4 4 2 0.707
240° | -240° | 4E | -4 £ =0.866
- 2700 | 2700 | Z | - 1
Q3. y=c0s2x 0<x<L2rx 300° | -300° 5{ 57” @ =0.866
Solution: we have Yy =C0s2x 7 . 1
315° | -315° - -z —+=0.707
Given the domain for the function 0<x <27 4 4 2
To plot the given function we will find few values of 330° | -330° | X | - =05
the function within domain 360° | -360° | 27 | -2x 0
X 2 X X 2X C0S 2X ;
0° 0° 0 0 1
30° 60° z z 3=05
45° 9Q° % % 0 0 w2 (0 3m/2 2\
s 2 -1 _
60° | 120° | % 2z 2=-05 p
90° ° | z T -
180 2 ! Q5. y:sin(sz 0<x<2r7
120° | 240° | - +=-05 2
. ) z
1350 270° 37,, 37,, 0 Solution: we have y — Sm(x+Ej
150° 300° %’f 57” 1-05 Given the domain for the function 0< x<2rx
180° 360° T . To plot the given function we will find few values of
2 3 the function within domain
210° | 420° | IZ iz 1=05 ] ox ] _ ( ﬂj
X X +90 X+Z SIn| X+—
225° | 450° = z 0 2
240° | 480° | 4 & +=-05 > | %0° |0 2 1
270° | 540° | % | 3g 1 o | PO i £ =0.866
0 o 5r 10z -1 _ o 135° i z N
300° | 600 5z Lr 3=-05 45 33 z & 5 =0.707
315° | 630° = iz 0 60° | 150° z £z 1=05
330° | 660° | | 3=05 90° | 180° | =z T 0
360° | 720° 2 4 1 120° | 210° | 2z In +=-05
o 225° 3z 5z e
/| \ /\ /\ 135 | u= 2 =-0.707
0 wrz ™ \"’7 2 150° 240° 5?” 4T” SV —0866
180° | 270° | & Z -1
_ 2100 | 300° | Iz | = | =E 0866
Q4. y=sin(-x) 0<x<2r7 s -
. o © 5z i _— = — .7 7
Solution: we have y =sin(-x) 225 4 4 2
Given the domain for the function 0< x< 27 240° | 330° =z e +=-05
To plot the given function we will find few values of 270° 360° 377! 2 0
the function within domain . 200° 390° 52 e 1_05
X - X X - X sin(—x) 5 3 6 1 2
o 405° Iz 7z - =
0° 0° 0 0 0 315 - A 5 0.707
30° | 30° | £ | -Z 24=-05 3300 | 420° | e s B -0.866
[o] o] T T ;1 = — o o V3
45 45 z -z Vi 0.707 360 450 or 5z 1
60° | -60° | £ | -2 | =£-_0.866
90° | -90° | % | -3 1
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o /s 5z — = —1414
~ 45 z e V2
o s 3z
60 3 > 0.0]
0 w/ ™ 12 a 90° % 272_ 1
o 2r 57
120 3 > 0.0]
-1
135° 3z 1z - 2 = _1414
Q6. y=-4+sinx 0<x<rx 4 4
Solution: we have y=-4+sinx 150° ST” 3 1
Given the domain for the function 0< X<z 180° p 7z
To plot the given function we will find few values of 2 ®
the function within domain
X sin x —4+sinx
0° 0 0 -4 )
o /3 1_
30 £ 2=0.52 -3.5 _ _ _ i
[o} T L = 1
as° | £ | 5=0707 | 3293
60° | £ | 8-0866 | -3.134 )
900 % 1 '3 4I
120° | & | £-0866 | -3.134 Q8. y=—-cotx —T<X<nm
1350 | & % =0.707 3293 Solution: we have y=-cotx
- T Given the domain for the function -7 <X<7
150° 6 T 0.5 -3.5 To plot the given function we will find few values of
180° T 0 -4 the function within domain
0 w2 pon X X cot x y =—cotXx
-180° —T - o0
-1
1500 % | VB | B=-1732
2 -135° _37” 1 1
- o 2 1 ;1 —
3 120 - N 5= 0.577
/ /‘\ -90° _% e o
-60° L g
=z * N 0.577
Q7. y=sec(3x+5) —-T<X<7®w 450 “x 1 1
Solution: we have y =sec(3x+%) Given the domain 300 . N JB-1732
for the function —7 < X<, To plot the given 00 06 jool
function we will find few values of the function ~ ©
within domain 30 s 3 —/3=-1.732
X o . _
X 3x+ 2% sec(3x+%) 45 4 1 1
1 -1
60° z - —==-0.577
-180° -7 —gﬁ © 3 3 NG
90° 3 o0 - 00
Bl —2n ! 1 L0577
o T I 1200 2Tﬂ -_3 N
135 -¥ K J2=1.414 > B E
-120° _2z 3 - 135° T -1 1
3 2 N P
-90° —z _r 1 150 5 -v3 \/§ =1.732
60° - - 180° T 0 - 00
) ~3 2 o .
R —% | J2=1414 :
-30 -% 0 1 1
00 0 % CD T 2 0 rz
30° 3 V4 -1 ,1
0° 0 7 o0 2
30° 5 V4 -1 =
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Q9. y=2cosec2x 0<x<L2n
Solution: we have Yy =2cosec2x

Given the domain for the function 0<x <27

To plot the given function we will find few values of

the function within domain

0 mi2 m 3mw/2 2m

-4

X X 2X | Sin2x | cosec2x 2C0Sec2x -6
0° 0 0 0 oo 0
o n s 3 2 4 — 8
30 | 2 | 2| & = % =2.309
45° z z 1 1 ) \Periodic Property{
sin(@+2x)=sin@
600 % 2?” ﬁ % % = 2309 ( )
2 3 cos(0+27)=cosé
o z 0 0 00
90 2 4 tan(0+7z)=tand
o z z 2 4 _
120°| & | F g B B 2.309 Translation Property
1350 | & | & -1 -1 -2 sin(6—7)=-sin@
o 57 57 3 o2 =4 — _ —0)=si
150° | = | = | 8 7 % = 2309 sin(z—0)=sin@
180° T % 1 1 2 COS(G—ﬂ') :—COSH
210° %r 7Tﬂ g % % =21309 COS(ﬂ'—H) =—C0sd
- - tan(60—r)=tand
225° | 2% | X 1 1 2
p ; G - 27300 tan(7—6)=—tano
240° | °F | % > B BT 0dd Property|
270° | ¥ | 37 0 © © sin(—6) =—sing
o T T - L __4 o — —_
300 5? % _% N N 2.309 tan(—&) =—tan@
315 iz Iz i 1 2 ven Propert
360° | 27 | 47 | © o8 p Exercise 12.4
Ql. Without drawing, guess graph of each of following
4 functions. Also find its period, frequency and amplitude.
, ). y=c0s26
Solution: we have Y =C0S26
0 w2 ™ 3m/2 2 Period of COSX is 27
S Here X =260, means that there are 2 periods in
the interval of length 27
\t Graph of cos28 will repeated two time in length
of interval [0, 27]
Q10. y=sec;Xx T<X<2rm

Solution: we have Yy =sec; X

Given the domain for the function 7 < X< 27
To plot the given function we will find few values of
the function within domain

0 period of cos x

Now Period of c0s2 5

2
Period of C0s260 = 7” -7

And frequency of cos20 = ;
period of cosx
2 1
frequency of c0s260=—=—
2r «
And amplitude of 0526 =1

X X X . secix
Degree Degree | Radians 2
180° [ 90° | g | = o
210° | 105° | Iz |\ Iz | _[5_ [>__3864
225° | 112.5° 57” %’f -0.383
240° 120° Arx 2z -2
3 3
270° | 135° | Z |3z -1
° 150° 5z 7 2 —_
300 50 sz S Ng 1.155
315° | 157.5° 77” 7?” -0.924
330° | 115° | Uz |\ Uz | 5. 5 —_1035
360° 180° 21 T -1

i). y=sin66
Sol: we have Y =SIN66 Period of SiN X is 27
Here X =66, means that there are 6 periods in

the interval of length 27
Graph of SIN6@ will repeated six time in length of

interval [0, 27r]

0 period of cosx
6

Now Period of sin6
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. Take LHS
Period of sin 60:2—7[ . ake cos[%+ 9)
6 3
T T

And frequency of sin66 = # cos [E+ 9] = 005[9+Ej

period of cos x

T .
frequency of sino =0 -3 COS[E+6’]=—SIH6’
2r 7
And amplitude of SIN660 =1 iii). sin(;r—@):sinﬁ
).y =sinz¢ ] Solution: we have sin(ﬁ—ﬁ)zsine
Solution we_ have Y =SIn 76 Take LHS sin (71- _0)
Period of SIN X is 277 ] P - .
Here X = 76/, means that there are 7T periods in Sin (” B ) =sin Translation
the interval of length 27 sin(ﬂ—e)zsine
Graph of sinz@ will repeated 7T time in length of =RHS Hence proved
interval [0,27] iv). cos(z —0)=—cosd
. . period of cosx
Now Period of sinz8 = . Solution: we have €OS(7 —9) =—C0s6
Period of sinz0) = 2% =2 Take LHS cos (7 —0)
d cos(z—8)=—cos® Translation
And frequency of sinzf=——2" _
auency = Deriod of cosx cos(7 —6)=—cos¢
1 =RHS Hence proved

frequency of sinzf = ==
2r 2

And amplitude of Sin 76 =1

T
iv). y=C0s—6
iv). Y >

V4
Solution we have Y = COSEH

Period of COS X is 27
Here X = 76/, means that there are 7T periods in
the interval of length 27

V4
Graph of COSEQ will repeated 77 time in length

of interval [0, 27]
Now Period of cos%& _ period of cosx
2

27

s

2

Period of cos%g: =4

/4

And frequency of cos“@=—— 2
2 period of cos x

frequency of cosZ 9 =2 = 1
2 2r 4

And amplitude of COS7z0 =1

v). sin(z+6)=-sin@

Solution: we have Sin(7r+(9) =-siné

Take LHS sin (7 +0)

sin(z+0)=sin(0+x+rz—1)

sin(z+0)=sin(0+2z-x)

sin(ﬂ+9)=sin(¢9—7r) Periodic

sin(0+2z)=siné
Translation

sin(0—rx)=—-sing

= RHS hence proved

sin(z+60)=-sin@

Q2. Use symmetric and periodic properties of the sine, cosine
and tangent functions to establish the following identities.

i). sin(%+6)=cosd

Solution: we have Sin(%+6)=cos¢

Take LHS sin (£+0j =sin (04-2)
2 2

sin(%+9} =Cc0sé

vi). €0s(7 +6)=—cosé
Solution: we have COS(7 + (9) =—Cosd
Take LHS cos(7z +6)
cos(z+0)=cos(r+z+0—7x)
cos(z+8)=cos(2z+0—rx)
cos(z+6)=cos(0—r) Periodic
cos(27 +86)=cosd
cos(z+6)=—cosd Translation
cos(6—rz)=—cosd
= RHS hence proved

ii). COS(%-FH] =-sin@

Solution: we have cos(z + ,9] —_sin@
2

vii). tan (7 —6)=—tan 6

Solution: we have tan (7[ - 9) =—tané
Take LHS tan(ﬂ—ﬁ)
tan (7[ — 0) =—tané Translation
tan(7—-6)=—tand
=RHS Hence proved
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ol
ol
)

sin(—+6’

sm(3ﬂ a H—ZJ

afor-3)
sm( j periodic

sin(2z+6)=siné

sin(?’?ﬂ+6j:—cose

Chapter 12 166
viii). tan (27 -6)=—tan@ Sm(z j_sm( j
2
Solution: we have tan (27[—0) =—tané
T
Take LHS tan (27 —0) sm[E 9): { [9—-)}
tan (27 —-0) =tan(-6+27) sm[z 0) —sm[@—zj 0dd
2
tan(2z—-60)=tan{—(6—-2
(27-0) { ( ”)} sin(—-6)=—sing
tan (27 —-6)=—tan(0-2rx) 0dd -
tan(=0) =—tan0 sm(E—ej:—( cosf)
tan(27—0)=—tan(0—7—r) sm(——@) oSO
tan(27z—9)=—tan(9—7z) Periodic 2
tan(0—r)=tand Xii). sin(—@—%}=—cos€
tan (27[ — 6’) =—tanéd Again Periodic
Solution: we have sin| —9—% | = _cos@
tan(6—r)=tand 2
. T
). sin[%zﬂé’):—cose Take LHS S'”[—g—zj
R T R T
Solution: we have sin(%+9j =-cosd sm(—B—Ej :Sln{_(9+zj}
. T . T
Take LHS sm(3—+0j sm(—@—aj:—sm[e+5j Odd
sin(-¢)=-sin@

sin(—e—zj =—Ccos@
2

x). 005(377[+9j =sin@
Solution: we have 005(37” + 9) =sin@

Take LHS 005(3_”+ 9)
2

cos| —+6 |=cos 3_7r+£+0_z
2 2 2

cos| —+46 =COS(27Z’+9—%)

Cos 3—”+0 :cos(e—%j Periodic
cos(27 +86)=cosd

cos(%r+6’j =sin@

Q3. For any integer k, deduce that

i). sin(6+2kz)=siné

Sol; we have Sin (19+ 2k7r) =sinfd Letk=1
sin(@+27)=sind

. Period of sine is 21
Or Take LHS

sin(@+2x)

=sindcos 2z +cosasin 2z

=sin@.1+cosb.0 cos2z=1sin27=0
=sind = RHS

Hence proved

xi). sin (Z —6’) =cosd
2
Solution: we have sin (Z_ 9] =cos o
2

Take LHS sin (Z _ 9)
>

ii). cos(@+2kz)=cosd
Sol; we have C0S(0+2kz)=c0s0  Letk=1
cos(0+27)=cosd

. Period of cosine is 21
Or Take LHS

cos(6+2x)

=Cc0s@cos2zr —sindsin 2z

=€0s0.1+sin 6.0 cos2z=1sin27=0
=Cc0s8d =RHS

Hence proved

iii). tan(0+2kz)=tano
Sol; we have tan(6+2kz)=tan@  Letk=1

tan(6?+27r):tan(¢9+7z+7r) let p=0+7x

tan(m) =tan @
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" Period of tangent is T vi). cosec(6+2kz) = cosecd
Or Take LHS
tan 6+ tan 2z Sol; we have cosec(6+2kz)=cosec LetK=1
tan(0+27)=———— 1
tan o +0 tan @ sin(0+2r)
= = ctan27=0
1-(tan).(0) 1 __1
— tan @ = RHS siné
Hence proved _ =cos eCl_9
' Period of sine is 2m
iv). COt(9+2kﬂ')=C0t9 Or Take LHS
Sol; we have COt(0+2k7Z'):COt9 Let K=1 COSGC(9+ 272-):;
1 sin(0+2r)
cot(0+27r)=———
( ) tan (6 +27) - 1 :
sin@cos 2z +cosésin 2z
-t let p=0+7 1
- a0 - - = " cos2z =1sin27=0
tan(9+ﬂ+ﬂ) sin 6.1+ 05 6.0
1 1
- tan(0+7z) sing
=cosecHd = RHS
1 Hence proved
" tan@ Q4. Find the maximum and minimum of each of
—coté the following functions;
' Period of tangent is Tt i). y=—2+lsin(19+2j
Or Take LHS 2 3
cot(<9+ 27r) _ cos(6?+ 2”) Solution; we have y = 2 4 lsin (lg+ 2)
sin(6+27) 2 3
_ cos@cos 27 -singsin2z nNg._n Compare with the expression .
sin@cos2rz+cosdsin2zr a+bsing weget a=-2,b==
c0s#.1-sin6.0 /
= " cos2r =1 The maximum value of the function
sin@.1+c0s6.0 b
_ cos@ y=M=a+[p
sing M = _2+£ . =3
=tan® = RHS atle
Hence proved ** The maximum value of sine is +1
V). sec(49+ 2k7r) =secd The minimum value of the function Y =M= a—|b|
Sol; we have SEC(9+2k7z)=SECt9 Let K=1 m=—2—1=_—5
0+2 ! 22
sec(f+2r)=——— . -
( ) cos(0+2x) ii). y=5-4sin(6+30)
_ 1 Solution; we have y=5—4sin(9+30)
cos® Compare with the expression
 =secd a+bsind weget a=5b=-4
- Period of cosine is 2m The maximum value of the function
Or Take LHS
y=M =a+|p|
seo(6+27) = M =5+4=9
cos(6+2r) =oTa=
L ** The maximum value of sine is +1
= - - The minimum value of the function y=m:a—|b|
cos@cos2z —sin@sin 2z
1 m=5-4=1
= rcos2z=1sin27x =0
c0s#.1+sin 6.0 iii). y =
1 19—1OSin(30—45)
Y 1
—secd = RHS Solution; we have Y =

19-10sin (30 -45)

Hence proved

Compare with the expression
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a+bsin® we get a=19,b=10
The maximum value of the function

1 1
M/
Y T T
1 1
19-10 9

. The maximum value of sine is +1
The minimum value of the function

Exercise 12.5

168

cosé?z_—\/§ 0036?—_—\/§

2 2
0 = cos [—\EJ 0 = cos [—\EJ
o=r-2 O=n+2

6 6
0" g_ 17

6 6

Since period of cosine is 21
S.S :{%+2kﬂ}or{%+2kﬂ}, kez

;1 1
y=m=—=
M a+|b|
1 1
19410 29
).y 1
V). =
4c0s 270
1
Solution; we have Yy = ———
4c0s 276

Compare with the expression
a+bsind weget a=0,b=4
The maximum value of the function

1 1
:M/:—:
y m a-lb|
1 1
M =—— =
0—(-4) 4

*.* The minimum value of cosine is -1
The minimum value of the function

y:m/:i: 1
M a+|p

m=_t %

0-(4) 4

Q3. tanG:\/§

Solution; we have tan@ = \/5
Since tangent is positive in 1% and 3™ quadrants
In 15t quadrant 3™ quadrant

tanH:\/ﬁ tanH:\/ﬁ

Q:tan’l(\@) Q:tan’l(\@)

0="2 g=r+Z-37
3 3 3

Since period of tangent is

S.S :{%+k7r},kez

Exercise 12.5

Q4. cosd=-1

Solution; we have COS@ =—1
Since this value of cosine is at 180° or

cosd=-1

6 =cos™(-1)

O=r
SS={(k+1)7}.kez

Find all the solution of the trigonometric functions.
Q1. sing =2
Solution; we have sin@ ==

Since sine is positive in 1°* and 2" quadrants
In 1°t quadrant 2" quadrant

sing =2 sing =2
ezsinl(ﬁJ =sin” [ J
2
0=" g-n-Z-3%
4 4 4

Since period of sine is 2m

S.S ={%+2k7r}or{37ﬂ+2k7z},k cZ

Qs. tanf=-1

Solution; we have tan@=—

Since tangent is negative in 2" and 4" quadrants
In 2" quadrant 4t quadrant

tand=-1 tand=—
6 =tan™(-1) 6 =tan™(-1)
o=n-= 0=27-=
4 4
0= g=1%
4 4

Since period of tangent is

SS= {377[+k7r} keZ

Ve

Q2. cosf = —>
2

—3

Solution; we have cosé = T

Since cosine is negative in 2" and 3™ quadrants
In 2"¢ quadrant 3 quadrant

N

Q6. cosfd =—
2

2
Solution; we have cos@ = 7

Since cosine is positive in 18 and 4" quadrants
In 1% quadrant 4™ quadrant

2 2

cosf =—— cosf =——
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Chapter 12 169
Since period of cosine is 21
6 =cos™ (ﬁj @ =cos™* (ﬁj P ~
2 2 S.S:{E+2kﬂ},kez
4 4 4 In problems 11 —14, use the graph to estimate the

Since period of cosine is 2T

S5 = {1+2kﬂ}or{7—”+2kn},k ez
4 4

Q7. tand=0

Solution; we have tan@ =0
The value of the tangent is at the two points 0° or
180°

tand=0 tand=0
6=tan™(0) 6=tan™(0)
0=0 O=r

Since period of tangent is Tt

S.S ={k7z},k e’

Q8. tang = g

Solution; we have tgn g = ﬁ

Since tangent is positive in 1t and 3™ quadrants
In 15t quadrant 3" quadrant

tanezg tams’—\/§
Hztanl(ﬁj 6 =tan~ ( j
3
o== O=r Lr_Ir
6 6 6

Since period of tangent is

S.S ={%+k7r},kez

N

Q9. sinf=——
2

N

Solution; we have sin@ =———

Since sine is negative in 3 and 4™ quadrants
In 3" quadrant 4™ quadrant

sinez—% sinez—ﬁ
H:Sinl(—ﬂj H:Sinl(— ]
2
0=+ z 5—” 0= 271—1:—
4 4 4 4

Since period of sine is 2m
S.S = {5—”+2k7z} {7—”+2k7z},kez
4 4

solution of each equation.

Qi1. 2sind-6=0

Solution; we have 2sin@—-6=0
OR 2sin@ =46

Let y=2sin6&y=40

X sinx 2sin X
—7T 0 0
= | =007 | _2--1414
-z -1 -2
-4 7=-0707 | _p-_1414
0 0 0

5 =0.707 J2=1.414
z 1 2

& =0.707 J2=1.414
T 0

From the graph the solution set

$.5={(1.9,1.9),(-1.9,-1.9)}

Q10. cos@d =0
Solution; we have c0S@ =0
The value of cosine is at the two points 90° or 270°

coséd =0 coséd =0
6 =cos™(0) 6 =cos™(0)
0== 0=3"

2 T2

Q12. tanf =260
Solution; we have tan @ =26
Let y=tand

X tan @

% -0

= -1

0 0

T

Z 1)
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Exercise 12.6
170

From the graph the solution set

5.5 ={(1.17,2.33),(-1.17,-2.33)}

Q13. €05 =6
Solution; we have cosd = 6’2
Let Y =C0SH
X cosd
= 0
=z 2
4 2
0 1
z A2
4 2
7 0
y=6"
0 -2 -1 0 1 2
Y

From the graph the solution set

5.5 ={(0.84,0.67),(-0.84,0.67)}

Solution: we have Arc Sin(—l)

Let y=sin"(-1)
=siny=(-1) ;ye[—%,%}

S>y=—=
y 2

Hence y =sin™(-1)= —%

ii). Arc cos(-1)

Solution: Let y=cos™(-1)

= cosy =(-1) ye[-7,7]
=>y=x

Hence y=cos(-1)=z

iii). Arc tan(-1)
Solution: Let y=tan™(-1)

T T
t = _l ; N
=tany=(-1) ye[ 5 2}
—y=_=
=73
=tant(-1)=-Z%
y=tan™(-1) Z

Q14. tan@=1+6
Solution; we have tan@=1+6

Let y=tand
X tan @
7” -00
- -1
0 0
T
% oo

From the graph the solution set

5.5 ={(1.13,2.13)}

iv). Arc sin (lj
2

(1
Solution: we have Arc Sln(zj

] 1
Let y=sint| =
et y=sin (2)
:siny:[l) 'y.{—E Z}
2 ’ 2'2

y=E
6

Hence y=sin™ (ljzz
2) 6

v). cosec™ (—\/5 )

Solution: we have cosec™ (—«/5)

Let y=cosec‘1(—ﬁ)
= ooseey=(~2) ive|-2.7]

: = —_——
y 4

Hence y =sin™(-1)= -z

Exercise 12.6

Q. Evaluate the following expressions without
using tables or calculators.

i). Arc sin(-1)

4
Vi). sec [%)

Solution: we have sec™ (ij
3
2
Let vy =sec| =
y [ﬁ]

:secyz[%J ;ye[0,7]

_7Z'

= y—g
Hence =Secfl(ij=£
J3) 6
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Exercise 12.6
171

Q2. Evaluate the following inverse relations of

general trigonometric functions.

i). Arc sin(-1)

Solution: we have Arc sin(-1)

Let y=sin™(-1)

=siny=(-1) =>y=-2 ory=3—”
2 2

Since period of sin x is 21

So ye{—% +2k7r},k eZ Or

S.S :{377[+2k7r},k el

ii). Arc cos(1)

Solution: we have Arc cos(1)
Let y=cos™(1)

=cosy=(1)
=vy=0,+27,...

Since period of cos x is 2T
So YE{Zkﬂ},k e’

vi). Arc cos[—?}
J3

Solution: we have Arc cos{—7]

2

Let y=cos™| ——
y [ :

Since period of cos x is 2T
So vy e{—%+2k7z}u{5§+2kﬁ},k e’

iii). Arc cos[—%}
7]

Solution: we have Arc cos[—T

Let y=cos™ [—%J

:cosy:[—ﬁ]

2
3z 57
4 14!

Since period of cos x is 21
So ye{%+2k7r}u{5§+2kﬂ},k el

Q3. Use a calculator to find the approximate
measures in radians of the inverse functions.
i). sin™(0.1)=0.1002

ii). cos™(0.6)=0.9273
iii). tan™(5)=1.3734
iv). tan™(0.2)=0.1974

v). cos™ [%J =0.5054

vi). cos™ [%j =1.07999

iv). Arc tan(0)

Solution: we have Arc tan(0)
Let y=tan™(0)

=tany =(0)
=vy=0,t7,+27,...

Since period of tan x is
So ye{kﬂ},k e’

Q4. Find the exact value of each expression.
i). cos[sin‘l(g)}

Solution: we have COS[Sinil( 3 )J
Let y=sin™ (EJ =z

2 | 4
So Cos sin‘l(

s ()] o[ 5

&

s

~l

v). Arc tan(—ﬁj
3
NE)

Solution: we have Arc tan [—?J

Let y=tan™ (—?]

=tany =[—§J

Since period of tan xis
So ye{_—g +kﬂ}u{%+kﬂ},k e’

ii). tan _cos‘1 [EH
2

Solution: we have tan I:COSI (?J:l
Let y=cos™ ﬁ} -

2 6
So tan {cos1 (?H

)

_\B
3

)

1
Solution: we have sec{cos‘1 (Eﬂ

Let y=cos™ [lj =z
2) 3

sl
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= sec(%j Let y=Tan™ (%) = %
v). cosec:[fanl O] So siny :sin{Tanl(%H

Solution: we have cosec[ tan™*(1)]
Let y=tan™(1)=

So cosec [tan (1)

Ay My

= COS EC(

-2

()

S.S ={l
2

—— N

)
v). sin[tan"* (-1)

Solution: we have sin[tan’l(—l)]

! { n” 1j:|
iv). sec|sin™| =
2

. 1
Solution: we have sec{sm1 (Eﬂ

Let y=sin™ (lj -z
2) 6

So secy =sec {sinl (%H

Q5. Compute the following expressions which involve principal
as well as general trigonometric functions and their inverses.

i). sin[tan’l(%ﬂ

Solution: we have sin[tan‘l(i)}

L
1 T
Let y=tan| —=|==
! (ﬁj 6

And the period of tanis =

[

So y:%+k;r;kez

asafm (3]

=sin [£+ k”j
6

A ]

Solution: we have sin[cos‘l(_—fﬂ
Let y=cos™ [ﬁ]

2
_5¢ Iz
66
And the period of cos is2z

y:{%+2k7r}u{%+2k7r};k e’

So siny =sin [cos1 (_—fﬂ
=sin (5—” + 2k7rj
6

. 57z
=SIin—
6

1
2

And siny =sin [cos‘1 [_—\fﬂ
=sin [7—7[ & 2k7rj
6
. I
=sin—
6

1
2
55={-}.4

iv). cos‘{tan (S—HH
4

3
Solution we have cos™ {tan (Tﬁﬂ
Let y=tan (37”) =-1

S0 cos?| tan[ 2% =cos(-1)=x
4

Period of cos xis 2 =
So cos™ (—1) = {77+ Zkﬂ'} keZ

e (5]

Solution: we have sin[Tanl (%ﬂ

v). Tan™ {tan (3—”]}
4

3
Solution: we have Tan™ {tan (Tﬂﬂ

Let y =tan (37”) =-1
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Exercise 12.7
173

So Tan™ {tan (Sjﬂﬂ =Tan"(-1)= ‘%

Period of Tan x is 7

So Tan™ (—1) = {—%+ k;z}, keZ

wefa 3]
wofel3]

Let y=cos™ [%4)(1)

cosy=— c
y 5 A

Using Pythagoras theorem
AB? = AC? +BC?

5 = (-4)" +BC?
BC’=25-16

BC*=9

BC =43

Take BC=3

tany =—
y 4

Exercise 12.7

Ql. Find x, if
i). sin‘l(ljzz—x
2) 2
. . 4(1Y &
Solution; we have sin 5 ZE—X

(Yot

. T T .
=Sin —Co0s X — oS —sin X
2 2

1
2
1 .
5 =1.cosx—0.sin X

N| -

COSX=—==>X=005" (3

= X=

wy

ii). cos™ [EJ =2 _sinx
2 2
\/§ T -1

Solution; we have cos™ (7J :E—sin X

ﬁ = cos(z—sinl xj
2 2
V3

2

B3
2

= cos%cos.(sin’1 x)+sin %sin (sin™* x)

= 0.cos(sin " x) +L.sin(sin " x)

U

x:73 using (sin.sin™ 6 =0)

. 1
Solution; we have sin™ (Ej = %— X

= |=sin| =——x
2 2

1 /4 T .
— =Sin—C0S X —C0S —Sin X
2 2 2

1 .
E:1.cosx—0.smx

1
CoSX=—
2

= x=cos* [lj
2

57

3

As period of cos x is 2m

So Xe{%+2k7z}u{5§+2kﬂ},k e’

Q2. Show that

i). sin x+cos ™ x =

T
=X==,
3

NN

solution; we have sin™* x+cos™* x = %

Let ABC be a right angle triangle,
B

Lah =
angles o, 3 are the complementary angles

ie. a+ﬂ=% ......... (1)

T
= f==—a
p 2

. . T
=sing=sin| ——«a
2
. . T T .
sin B =sin Ecosa+coszsma

sinf=1.cosa+0.sinx

sin f =cosa

= sin f=Ccosa = X
=sinf=X, CoSa =X

= B=sin""X, a =c0s™" X
Putting the values in equation (1)

1 . _7T
COS ~ X+SIn X_E Hence proved

" _ L[ 1
ii). tan* x +tan 1(—j:1
X 2
. 1 41 T
solution; we have tan™ x+tan—| — ZE
X

Let ABC be a right angle triangle,
B

| e =N
angles o, 3 are the complementary angles
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Chapter 12
/2
e, d+f=—.... (1)
2
T
:> — ——_—
p=5-a
:tanﬂ:tan(%—aj
sin(% -«
tanﬂ:y
cos(5—a)
tanﬂ:sm;cosw+c<_)sgs!noz
CosZcosa —sin%sina
tanﬁ:l'cosa_o's!na
0.cosa+1l.sinx
tan g = C?Sa
sina

= tan f=cota =X
=>tanf=X, cota=Xx

. 1
= f=sin'x, tana ==
X

1
a=tan™ (—j
X
Putting the values in equation (1)

tan' x+tan' (ij = % Hence proved
X

Q3. Show that sec(Arctanx)=~/1+X’
Solution; we have sec( Arctanx) =1+ x’

Let f=tan™ X = X=taNn b )]
Taking LHS sec(Arctanx)

=sec(d)

= /sec’ @

=\1+tan?@
=1+ X2 using tan @ = x

=RHS, Hence proved

Q4. Show that tan(Arcsinx) =

1-x?

Solution; we have tan(Arcsinx)= :
1-x
Let @=sin"' x=x=sind....())
Taking LHS tan(Arcsinx)
= tan(6)
_sing
cosd
sind

- Jcos? 6
_ sind

\J1-sin? 6
X

J1-x?

=RHS, Hence proved

Let =sec™ x= x =sech....(1)
Taking LHS
tan (Arcsec x) = tan(6)
= \/tan?
= /sec? 91
=Jx*-1
=RHS, Hence proved
Q6. Evaluate

i). sin[z—cos‘1 ﬂ}
2 5

N

Solution: we have sin {%—cos‘1 ﬂ

Take LHS sin[z—cos1 ﬂ}
2 5
T L4 T . L4
=sin=cos| cos = |—cos=sin| cos™* =
2 5 2 5

= 1(fj —0.sin [cos1 EJ
5 5

4
5

A O
ii). sin|cos™t =+
2
s o 4T
Solution; we have sm{cos 1—+;z}

. ar g ar
=sin| cos % COS 7z + Sin 7z COS| COS 2

LT .
But C0S 15 does not exists.

Q7. Show that
cos(sin‘1 x—sin™ y) = (1— xz)(l— yz) + Xy
Solution; we have
cos(sin™* x—siny) = J(1-x*)(1-y*) +xy
Let sinx=A=x=sinA
sinfy=B=y=sinB
Now taking LHS cos(sin™* x—sin™y)
=cos(A-B)
=cos Acos B +sin Asin B
= M+sin Asin B
= \/(l—sinz A)(l—sin2 B) +sin Asin B
= J(1=-x*)(1-y?) +xy
=RHS Hence proved

Q5. Show that tan(Arcsecx) =~/x" -1

Solution; we have tan(Arcsecx)=+/x*-1

Q8. Show that
i). cos(25in’1 x) =1-2x?
Solution; we have cos(2sin™ x) =1-2x*
Let @=sin"" x=x=sind
Taking LHS cos(2sin* x)
=co0s(260)
=cos” @ -sin’ @
=1-sin’ @ -sin’ g
=1-2sin%*@
=1-2x°
=RHS Hence proved.
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ii). 2cos™ x =cos™ (2x2 —l)

Solution; we have 2cos™ x = cos™ (2x2 —1)

Let @=cos™ X = X=C0s6
Given that

2c0s ™ x=cos™ (2x* ~1)
cos(2cos™ x) =(2x* 1)
cos(260) =(2x*-1)

cos® @ —sin® @ =2x* -1

cos® 0 —(1-cos’ 0) = 2x* -1
2cos? @ -1=2x"-1

2x* —1=2x*-1 Hence proved.
ii). cos(tan™ x)= ! :
1+x
Solution; we have Cos(tan’1 x) 1
N
Let =tan"x =x=tané
Taking LHS cos(tan™ x) = cos(0)
1
" secd
1
 Jsec?o
1
- VJ1+tan® @
_ 1
N

=RHS Hence proved.

Exercise 12.7

=tanfd=—
4

Using Pythagoras theorem

BC? = AC? + AB?
BC? = 4% +(-3)’
BC’=16+9=25

BC =45
Take BC =5

Then cos@ = g

6 =cos™* (ij
5

Then co{tan1 (_73)} =cos(6)

{3

4
5

175

Q9. Evaluate the following expressions without
using tables or calculator;

i). tan [sec’1 (—3)]
Sol: tan|sec™(-3)]
Let O =sec(-3)
=secd=-3

cosH=i ‘ ' ™
3

Using Pythagoras theorem
BC? = AC? + AB?

3 = AB? +(-1)°
AB?=9-1=8

AB =£2\/2

Take AB =242

Then tan@ = ¥ =22

0=tan(-212) Then
tan[ sec™ (-3) ] = tan[6]

=tan [tan‘1 (—2\/5 )} =22

iii). sin (sin1 é—cos’1 Ej
5 5

Solution; we have sin(sinlg

Let sin™t 4. A
5

:ﬂ:sinA
5

713

—COoS " —

3

sin‘lg: B

:>§:sinB
5

Now taking LHS sin (sin’1 g —cos™t g}

=sin(A-B

)

=sin Acos B —cos Asin B

=sin Acos B —+/cos® Asin? B

=sin AcosB —\/(1—sin2 A)(l—cos2 B)

B ,25—16 25-9
25 25

zég_J[l_(
55

43

=tz

43 \/ﬁ
5’5 \25°25
43 34
55 55
=0

Hence sin (sin1 4 —cos™t §j =0
5 5

ol 3]

Sol: Cos[tan_l [_TSH

Let 6= tan‘l(_—sj
4

Q10. Express the following in term of tan™ x

i). sin™ x

solution: we have sin™ x
Let &=sintx = x=sind

-.cos6 =+/1—sin? 0

than tan @ = Siné _

sin@

tand =

N

J1-x?

=6=tan™ X
(\ll—xz

=sin?tx= tanl(

J

cos®  \1-sin?@

e
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ii). cos™x
Solution; we have cos™ x

Let & =cos!x
= X=C0s0

-.sin@ =+1-cos® 0

sin@ _ \1-cos® 0

cos®  cosd

’ 2

tan @ = 1-x
X

:>0:tan1[ ‘1_X2J

than tan@ =

=costx= tanl[
X

iii). cot™ x
Solution; given that cot™ x
Let @ =cot™ x

= x=cotd

:>tan9:1
X

=6=tan™ (Ej
X
= cottx=tan [Ej
X

Q11. Verify that

i). 2Tan™ (%j +Tan™ (— ﬂ

4
Solution: we have 2Tan 1(%)+Tan (——j :%

Take LHS 2Tan™ [ j+Tan [ J

4_1
=Tan™| 2 7}
41
1+3.2
283
=Tan™| -2
214
21
25
=Tan™| &
25
21
=Tan'(1)
_72'
4

=RHS Hence proved.

Exercise 12.8
176

:>sinB:§
o T7 . 4(3 (15
sin?| — |-sin?| = |=cos| =
85 5 17
A—B:cosl(Ej
17

cos(A-B)= 5

:sinA:E

Take LHS of eq (1)
cos(A—B)=cos AcosB—sin AsinB

= \1-sin? AA/1—sin? B —sin Asin B
(&) -E
:\/ 852852772 \/ 25 : (77j@

(SSJH (%JFJ

1444231
~ 85x5
_ 375
~ 85x5
15
T17
=RHS of eq (1). Hence proved.

1 . .
Q12 Express %—Tan‘l (—7j as single inverse tangent.

NG

Solution: we have % —Tan™ 1 ~Tan™(1)=
4 7

Take % —Tan™ (ij

Exercise 12.8

ii). sinl(z] —sin™* (gj = cosl(Ej
85 5 17
Solution: we have sin‘l(zj—sm‘1 (gj = Cos_l[EJ
85 5 17

Let sin‘l(EJ =A
85

Solve each equation giving general solutions.
Q1. sin26==

Solution: we have sin260 =3
sin26 = 1
2

=26 =sin" (1)
Sin is positive in 1 and 2" quadrants
202

6 6
And period of sin@ is 27

5z

—20="142kr, 20 =" 1 okx
6 6

3H:£+kﬂ, 925—ﬂ+kﬂ'
12 12
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SS :{%+kﬂ}u{i—z+kﬁ},kez A:;gd p2er|od of cos@ is 2«
= 2ok ?+2k7r
1
Q2. tang=-—
3 —0=27 4k 8 dka
Solution; we have tang - — =+ S 93

Na
—=0=tan* (—%J

tan is negative in 2" and 4" quadrants
7w 57w

"5
And period of tan@ is =

5SS = {%ﬂm} keZ Or S.S:{—%+k7z},kez

SS= {4—7[+4k} {8—”+4k7r keZ
9 3 9 3

NG

3. cosf =——
Q 2

B3

Solution: we have cosé = s

cosé = —? =0= cosl(—gj

Cosine is negative in 2" and 3™ quadrants

And period of cosé@ is 2«

S5 = {—+2k} {7—”+2kn},kez
6 6

Q6. 4cos’#-1=0
Solution: we have 4cos’6—-1=0
4c0s*0-1=0
=cos’f=1
cosfd=+1
When cos@ =—3
cosé is negative in 2" and 3™ quadrants
2w 4rn
3'3
When c0sf =
cosé is positive in 18 and 4" quadrants
w5
"33
And period of cos@ is 2

SS ={E-l—2kﬂ}u{5£+2k7r}u{21+2k7z}u{4—”+2kﬂ},k ez
3 3 3 3

g="5"

Q4. cos[ze—%j -1

Solution: we have cos(ZH—%j =-1

cos(ze—fj=—1
2

oS 249005%+sin ZHsin% =-1

€05260.0+sin260.1=-1
sin26 =-1=> 260 =sin* (-1)
sine is negative in 2" and 3" quadrants

2= 3%

2 2
And period of sin@ is 27

20= " v 2k, 3% 1 okn
2 2

:>6?:—£+k7r,3—ﬂ+k7z
4 4

S.S :{—£+kﬂ}u{3—”+kﬂ},kez
4 4

Solve each of equation in problems 7 — 10. Use
exact values in the given interval.

Q7. (sinx)(cosx)=0 ;0°<x<360°

Solution: we have (sinx)(cosx)=0

Either or
sinx=0 cosx=0
x=sin"(0)  x=cos™(0)
x=0,r7 X=£,3—”

2 2

s.sz{o,;z,f,?’—”}
2Ly

Q8. (sinx)(cotx)=0

Solution: we have (sinx)(cotx)=0

;0<x<2x

360
Q5. sec? =2

30
Solution: we have SEC? =-2

sec% -2
2
30 1
= C0S—=——
2 2

cosine is negative in 2" and 3™ quadrants
39 27 4n

2 3'3

COS X

(smx)(ﬁj_
=cosx=0
cosx=0
x=cos™(0)
x=232 5.5 = {” 3”}

2 2 2 2
Q9. (secx-2)(2sinx-1)=0  ;0<x<2z

Solution: we have (secx—2)(2sinx-1)=0

Either or
secx—2=0 2sinx-1=0
secx =2 2sinx =1
CoOsX =1 sinx:§
X=cos™(3) sin” (3)
7w 57w & 57«
"33 "%
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Q10. (cosecx—2)(2cosx—1)=0 ;0<x<2z

Solution: we have (cosecx—2)(2cosx—1)=0

Either or
cosecx—2=0 2cosx-1=0
cosecx =2 2cosx=1
sinx =3 COSX =1
x=sin"(%) x=cos (%)

7w 5 7w 5
X=—,— X=—=,—

6 6 3 3

Use the trigonometric identities to solve the
problems 11 — 16 giving general solutions.
Ql1l. cos@=sing
Solution: we have cos@ =siné
Dividing both sides by cosé
1= tang=1= 0= tan (1)

cosé
tan @ is positive in 1°t and 3™ quadrants
g== 2=

4 4
Period of tan@is x .so

S.S ={£+kﬁ}u{5—ﬂ+kﬂ},k e”Z
4 4

178
,0 3
=00s? ===
2 4
:cosgziﬁ
2 2
when 2 — cos —ﬁ
2 2
cos@ is negativein 2" and 3™ quadrants
QZS—”+2k7r, 7—7[+2k7r
2 6 6
:>49=5—”+4k7z, 7—7z-+4k7r
3 3

2
Cosine is positive in 1°* and 4th quadrants

When g =cos™ (EJ

g:£+2k7r, £+2k7r

2 6 6

:9=Z+4k7r, £+4k7r
3 3

And period of cosé@ is 2z
SS= {%+4k7z}u{%ﬁ+4kﬁ}u{%+4kﬁ}u{%+4kﬁ},k el

Q12. tan@=2sin@

Solution: we have tan@ =2sin@
Dividing both sides by sing
=sinf=0=0=sin"0=0,7

Period of cos@is 2 r .so

S :{kn}u{%ukﬁ}u{%mm},k ez

Q15. cos26 =coséd

Solution: we have c0s26 =cosé
2c0s* §—1=cosd

2c0s* #—cosf—1=0
2c0s’@—2cos@+cosfd—-1=0
2cos@(cosf—1)+1(cos&d—1)=0
(cos@—1)(2cos@+1)=0

Either or
cosd-1=0 2c0s0+1=0
cosx=1 2cosx=-1
x=cos (1) x=cos™(-1)
x=0,2x x=2—7[,4—7[
33

S.S Z{Zkﬂ}u{z?ﬂ.-i-Zkﬂ'}U{%-i-Zkﬂ'},k e’

Q13. sin®=cosecd
Solution: we have sin@ =cosecéd
:>sin9=_L
siné@

=0=sin*0=1
=sind=+1
When singd=-1
sing is negative in 3" and 4" quadrants
g-3"

2
When sing=1
sing is positive in 1t and 2" quadrants
p="

2
And period of sin@ is 27

S.S :{3?”+2k7r}u{%+2k7r},kez

Q16. sin20+sin@=0
Solution: we have sin20+sin@=0
2sin@cos@+sin@ =0

sinf(2cosf+1)=0

Either or
sin@=0 2cosfd+1=0
2cosx =-1
0 =sin"*(0) x=cos *(-%)
27 4r
X=rm 27 X=—,—
3 3

S.S :{kﬂ}u{%+2kﬂ}u{4§+2k7z},keZ

Q14. 4cos’4-3=0

Solution: we have 4c0s*£-3=0

Use quadratic formula or factorization to solve the problem 17 — 24.
Q17. 2sin® x-3sinx+1=0

Solution: we have 2sin® x—3sinx+1=0

2sin® x—3sinx+1=0

2sin? x—2sinx—sinx+1=0
2sinx(sinx—1)—1(sinx—1)=0
(2sinx—1)(sinx—-1)=0

Either or
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2sinx-1=0 sinx-1=0 cosx=0 2cosx+1=0
2sinx =1 sinx=1 COSX =3
sinx =3 x =cos™(0) x=cos™ ()
x=sin"*(%) x=sin(1) 7 3z 27 4rx
o 5r o - 2, 2 - 3 ' 3
66 2

S.S :{Z+2kﬂ}u{£+2kﬂ}u{5—”+2k7z},keZ
2 6 6

S.S ={%+2kn}u{%”+2kﬁ}u{%”+2kﬂ},k ez

Q18. 3cosx+3=2sin?x
Solution: we have 3cosx+3=2sin’ x
3cosx+3=2sin?x

3cosx+3=2(1-cos’ x)
3c0osXx+3=2-2cos” X

2c0s* X+3c0sx+1=0

2c0s* X+2C0S X +CosX+1=0
2cosx(cosx+1)+1(cosx+1)=0
(2cosx+1)(cosx+1)=0

Either or
2cosx+1=0 cosx+1=0
2cosx=-1 cosx =—1
COSX =
x =cos™(2) x =cos™ (-1)
27 4r
X=—-"—— X=7
3 3

S.S ={7z'+2k7r}u{%+2kﬂ}u{%+2kﬂ},k ez

Q22. 1+sinx=2cos’ X

Solution: we have 1+sinx = 2cos® x
1+sinx =2(1-sin’ x)

1+sinx =2-2sin’x

2sin® x+sinx-1=0

2sin® x+2sinx-sinx-1=0
2sinx(sinx+1)-1(sinx+1)=0
(sinx+1)(2sinx-1)=0

Either or

sinx+1=0 2sinx-1=0

sinx=-1 sinx=1

x =sin™(-1) x=sin"(%)
3z 7 5x

X=— X===
2 6 6

SS ={%um}%%um}%%um},k ez

Q19. cos® xsinx =2

Solution: we have cos’ xsinx =2
(1-sin® x)sinx =2
sinx—sin®*x=2
sin®*x—sinx+2=0

No real solution exists

Q20. cos’ x—sin® X =sin x

Solution: we have cos” x—sin’ X =sinx
1-sin® x—sin? x =sin x

1—-2sin® x =sin x

2sin® x+sinx—-1=0

2sin® x+2sin x—sinx—-1=0
2sinx(sinx+1)—1(sinx+1)=0
(2sinx—1)(sinx+1)=0

Either or
2sinx-1=0 sinx+1=0
2sinx=1 sinx=-1
sinx=1
x=sin"*(%) x=sin™(-1)
T br 3
=—,— X=—
6 6 2

S.S ={%Jr2kn}u{%”+2kﬂ}u{%’”+2kn},k ez

Q23. tan’x =§secx

3
Solution: we have tan’ x = Esecx
3
tan? x = =sec x
2
3
sec’ x—lzzsecx

sec’ x—gsecx—lzo

2sec’ x—3secx—2=0

2sec? x—4secx+secx—2=0
2secx(secx—2)+1(secx—2)=0
(secx—2)(2secx+1)=0

Either or
secx—2=0 2secx+1=0
secx =2 secx=5
COSX =% Cos X = —2
x=cos™ (%) does not exists
7 57w
"33

S.S :{%+2kﬁ}u{%‘+2kz},k ez

Q21. cos2x+cosx+1=0

Solution: we have cos2x+cosx+1=0
2c0s? X—1+cosx+1=0

2c0s? X+C0sX =0

cosx(2cosx+1)=0

Either or

Q24. 3—sinx =cos2x
Solution: we have 3—sinx =cos2x
3—sinx=1-2sin’x

2sin’ x—sinx+2=0

Above equation is quadratic equation in sinx
Compare with the general equation, we get
a=2b=-1c=2, Using quadratic formula
—b++/b? —4ac

2a

sinx = putting the values
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sinx:_(_l)i “(_1)2_4(2)(2) Thus a=£+2kﬁ;kez Now
2(2) 4
sin@+cos@=0
. 1+41-16 1++/-15
sinX = 7 B Dividing it by ~/2 we get
1 . 1 0
+i —sinfd+—=cosf =—
sinx:l_:/l_s 70T G0
I 1 oaing oL
Not exists, having no real solutions Substituting cosar = FSina = we get
cosasin@+sinacosd =0

Exercise 12.9

Use reduction identity to solve the problems 1—5
Ql. sin@+cosf=1

Solution: we have sin@+cos@ =1

Compare the given equation with the expression
asin@+bcosd we get a=1b=1

We know that

r=+a’+b? cosa =2 sing =%
=12 +12 cosa =% sina =%
=2 ames(E) asen(3)
T a
o =— a=—
4 4

The reference angle sina and cosa are positive,
the angle x is lies in the first quadrant

Thus a=%+2k7r;k ez
Now  sin@+cosfd=1
Dividing it by /2 we get

isin o+ icos@ =

Nz 7z 7z
L A A L~
Substituting cosa = ,sina =7 we get
. . 1

cosasin@ +sinx cosfd =—
2
sin(a+6’):i
2
£+9=sin1(ij
4 2
Either or
£+0:£, z+6:3_ﬂ
4 4 4 4
0="_%, 3 7
4 4 4 4
=0, o="
2

Hence the solution set

S.S :{2kﬂ}u{%+2kﬂ},k ez

sin(a+6)=0
T .
—+0=sin"(0
4+ sin(0)

Z+9=7r,27r
4

49=7r—£,27r—Z

4 4
9:3_”,7_”
4 4

Hence the solution set
S.S ={%+2kﬂ}u{%+2kﬂ},k ez

Q2. sin@+cos@=0

Solution: we have sin@+cos@=0

Compare the given equation with the expression
asind+bcosd we get a=1b=1

We know that

r=+a?+b? cosq =2 sina =2
2 2 H
r=v12+1 cosa = sina =+
r=2 a=cos (%) a=sin" (%)
V3 V2
a=— a==—
4 4

The reference angle sina and cosa are positive,
the angle x is lies in the first quadrant

Q3. \/3sin@+cosd =1
Solution: we have +/3sin@+cosd =1
Compare the given equation with the expression

asin@+bcosd we get a:«/§,b =1, We know that

r=+/a?+b? cosa =2 sing =2
r=v3+1 cosa =2 sinag =13
r=+4 a =cos™ (@) a=sin"(3)
T T
r=2 o=— o=—
6 6

The reference angle sina and cosa are positive,
the angle x is lies in the first quadrant

Thus a=%+2kﬂ;kez

Now +/3sin@+cosd =1
Dividing it by 2 we get
ﬁsinéwlcos@:l
2 2 2
Substituting cosa =2, sina =1 we get

. . 1
cosasm0+smac056’:§

sin(a+6)==
—+6’—sin’1(lj
2
T, 9% 57
6 6 6
g~ x5 7
6 6 6 6
2
0=0"=
3

Hence the solution set

SS= {2k7r}u{%+2k7z’},k ez

Q4. \/§cos¢975in6:%

Solution: we have /3cos@—sin@ =%

Compare the given equation with the expression
asin@+bcos® we get a=-1b= J3 We know that
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r=+a’+b? cosa =2 sina =2

r=+1+3 cosa = sing =2

r=4a a=cos™(2) a=sint (?)
3 3

Reference angle sin¢ is positive and cose is
negative, angle x is lies in the second quadrant

Thus a:%[Jerﬂ;keZ Now

ﬁcos&—sin&:%

Dividing it by 2 we get

ﬁcosa—lsinezl
2 2 4
Substituting cosa = 2,sina =2 we get

w

sina cos@+ cosasinf =

BN

sin(a+0)=

2—7[+9 =sin™* (lj
3 4

2—7[+9 =sin™® [lj
3 4

A~

Exercise 12.9

S.S I{—Z+2kﬂ'}u{z+2kﬂ'},k cz
6 2

181

Solve the following equations containing principal
trigonometric function giving exact values in their

respective restricted domains.
Q6. 4sin*x=1

Solution: Given that 4sin®x=1
sinx=1

=sinx=+3
Either or
. 1 . 1
sinx == sinx=—-=
2 2
x:sin{ij x:sinl(—ij
2 2
T T
X== X=——
6 6
Hence S.S= {_Z,ﬁ}
6 6

Q5. /3cosf+sind =1

Solution: we have +/3cos@+sin@ =1

Compare the given equation with the expression
asin@+bcos® we get a=1b= J3

We know that

r=+a?+b? cosa =2 sing =2
r=+1+3 cosa =1 sinag =2
r=+4 a=cos*(3)  a=sin?(£)

T T
r=2 a=— a=—

3 3

The reference angle sina and cosa are positive,
the angle x is lies in the first quadrant

Thus a:%+2kﬂ;kez

Now
J3cosO+sing =1
Dividing it by 2 we get

3 1 1

—C0S@+—=sin@ ==
2 2

N

Substituting cosa =1,sina = £ we get
sinacos@+cosasingd =3
sin(a+0)=1%

Z+0=sin"(%)

Either or
£+6:£, £+9:5—7r
3 6 3 6
p=-"_7 St 7
6 3 6 3
o=-=2, 0==
6 2

Hence the solution set

Q7. 2\/§coszx+(2—\/§)cosx—1=0
Solution: Given that
24/2 cos? x+(2—\/§)cosx—1:0

22 cos? x+(2—J§)cosx—1:0
242 cos? x+2cosx—~/2cosx—1=0
Zcosx(\/ﬁcosx+1)—1(\/§cosx+l) =0

(\/Ecosx+1)(2005x—l) =0

Either or
\/fcosx+l=0 2cosx-1=0
J2cosx=-1 2cosx =1
CosX =7 CoOSX =3
X =Cos™ (%) x=cos™ (%)

3 V4
YeaEat X==

4 3
Hence S.S= {3_”2}

43

Q8. cot? x+(J§—1)cotx—J§:O

Solution: Given that cot? x+(J§_1)cotx_J§ -0

cot? x+(J§—1)cotx—J§=O
cot? x++f3cotx—cotx—+/3=0
Cotx(cotx+\/§)—1(cotx+\/§):0

(cotx—l)(cotx+J§) =0

Either or
cotx—1=0 cotx++/3=0
cotx =1 cotx = —/3
-1
tanx =1 tanx=—
NE)
x=tan™ (1) X =tan™ (_—l
V3
T T
X== X=——
4 6
Hence S.S= {E,—Z}
4’ 6

Q9. 4cot? x+2<J§—l)cotx—J§:0

Khalid Mehmood Lecturer GDC Bilot Sharif D.I.Khan

available at http://www.mathcity.org



Chapter 12

Exercise 12.9

Solution: Given that 4cot? x+2<J§—l)cot x—3=0
4cot? x+2(J§—1)cotx—J§: 0

4cot® x+24/3cot x—2cotx—+/3 =0
Zcotx(Zcotx+J§)—1(Zcotx+J§) =0

(2cotx—1)(200tx+J§) =0

Either or
2cotx—1=0 2cotx++/3=0
2cotx=1 Zcotx=—\/§
cotx =1 cotx==8
tanx =2 tanx=*—J§

x =tan™(2) X =tan” (*Tg_)
X = 63°26' X =—49°6'

Hence S.S= {63°26’,—49°6’}

182
2x=sin"*(0) 2cos2x=-1
2x=0,7 Cos2x =3
X = O,% 2x=cos*(32)
2x=2
X=£

Hence S.S = {O,Z,Z}
2 3

Q10. 4cos? x+2(J§—1)cosx—J§=O
Sol: Given that 4cos? x+2(\/§—1)cosx—\/§ =0
4cos? x+2(J§—1)cosx—J§: 0

4cos? X +2+/3¢c0sx—2cosX—+/3 =0
Zcosx(ZCosx+«/§)—1(2005x+J§):0

(2cosx—1)(2cos x++/3) =0

Either or
2c0sX—1=0 2c0sX++/3=0
2cosx =1 2c0sX = —/3
cosx=1 cosx =8
x=cos™ (%) x=cos(=£)
Vi 5z
X=— X=—
3 6
T 5
Hence S.S= {——}
3 6

Use inverse trigonometric function to find the solutions

in the given intervals correct to four decimal places.

Q13. 2tan® x+9tanx+3=0 [_E,E}
2 2

Solution; we have 2tan® x+9tanx+3=0

Above eq is quadratic equation in tanx

Compare with general eq, we get a=2,b=9,c=3

Using quadratic formula

N e Q1)

2(2)
tan x = -9+ \/jl— 24
tan X = ﬂ
4
Either or
tanx=_9+\/ﬁ tanx:_g_\/ﬁ
4 4
tan x = —0.3625 tan x =—4.1375
x = tan™*(-0.3625) x = tan™ (—4.1375)
x =-19°55' X =76°24'

x =—0.3478radian x =—1.3336Radian
S.S ={-19°55',76°24' | OR S.S = {-0.3478,-1.3336} radian

Q11. 4cos® x—4cosx—3=0

Solution; Given that 4cos® x—4cosx—3=0
4c0s* x—4cosx—3=0

4c0s* X—6C0sX+2C0sX—3=0

2cos x(2cosx—3)+1(2cosx—3) =0
(2cosx—3)(2cosx+1)=0

Either or
2cosx—-3=0 2cosx+1=0
2cosx =3 2cosx=-1
cosx =3 cosx =3
x=cos (%) x =cos™ ()
Not possible X= 2z

3
Hence S.S= {2?”}

Q12. sin4x+sin2x=0
Solution: Given that sin4x+sin2x=0
2sin2xcos2x+sin2x=0

sin2x(2c0s2x+1)=0

Q14. 3sin® x+7sinx+3=0 [_E,E}
2'2

Solution: we have 3sin® x+7sinx+3=0

Above equation is quadratic equation in sin x

Compare with the general equation, we get

a=3b=7,c=3

Using quadratic formula

—7+,J7*-4(3)(3)

Either
sin2x=0

or
2c0s2x+1=0

sinx =
2(3)
sinx — —7++49-36
6

Sin X = _7i—\/ﬁ

6
Either or
Sin X = _7+—\/]§ Sin X = ﬂ

6 6
sin x = —-0.5657 sinx=-1.7676
x =sin"*(-0.5657) not defined
X = —36°58'
x =-0.6013radian
$.5 ={-36°58' | = {~0.6013radian}
Q15. 15co0s* x—14c0s* x+3=0 [0, 7]

Solution: we have 15cos* x—14cos’ x+3=0
Above equation is quadratic equation in cos? x
Compare with general eq, a=15b=-14,c=3
Using quadratic formula
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2 . . . - 2 _ —
cos? x _(_14)¢\/(_14) _4(15)(3) Solution: Given that 5sin“ ¢ +3cosa—2=0
B 2(15) 5(1-cos’ @) +3cosa—2=0
COszx_l4irxll96—180 5-5c0s’ @ +3c0sa—2=0
30 5c0s? ¢ —3cosa—3=0
cos? X = 14+16 Above equation is quadratic equation in cosa
30 Compare with the general equation, we get
coszx=14i4 a=5b=-3c¢c=-3
; ioz Using quadratic formula
cos’ X = —— htdp?_
15 CoOSa = u
Either Or 2a
2
_ (=) +. /(= _ _
COSZX:E:g COSZX:EZE coScr = ( 3)— ( 3) 4(5)( 3)
15 15 15 15 2(5)
Cos? X == 06 Cos? X = = 0.3333 3++/9+60
5 3 coSgt =——M—
3 1 10
cosx ==, [~ cosX==,[= +
J; \/; CoSa = 3469
10
X =cos™* (i\/gj X =cos™* [i\/%j Either or
005a=3+\/@ COSO{=3_\/®
When 10 10

=

X = 0.6847radian
When

x=cos‘l(— g) xzcos-l(_ %)
X = 2.4568radian X = 2.1863radian
S.S= {0.6847, 0.9553, 2.4568, 2.1863} radian

Use a calculator to solve each of the problems in
16 — 18, given appropriate answers to nearest
multiples of ten minutes in the interval [0°, 360°]

=

X = 0.9553radian

cosa =1.13066
not possible

cosa =—-0.53066
a=cos ™ (~0.53066)
a =122°3

S.S = {122°3’}

Q16. sin’t—4sint+1=0

Solution: Given that sin*t—4sint+1=0
Above equation is quadratic equation in sint
Compare with the general equation, we get
a=1lb=-4,c=1

Using quadratic formula

sint — —b++/b? —4ac
2a
2
I Y Ty
2(1)
sint = 41\/126—12
gingo AEVI2 _4£44x3
2 2
sint = 4i2J§
2
sint=2++/3
Either or
sint:2—\/§ sint:2+J§
sint =0.2679 sint =3.7321
t =sin™(0.2679) not possible

Sin is positive in 1%t and 2" quadrants
x =15°32/,180° —15°32' =164°28'
s. ={15°32',164°28'}

Q18. 2sin® B+sin® f—-2sin f-1=0

Solution: Given that 2sin® B+sin® #—2sin f—1=0
2sin® g +sin® f—2sin f-1=0

sin® B(2sin B+1)-1(2sin B +1)=0

(sin” p—1)(2sin B+1)=0

Either or

sin” f-1=0 2sin B+1=0
sin® =1 2sinf=-1
sinf=+1 sinff=3

B =90°270° B =210°,330°

SS = {90° ,210°, 27o°,330°}

Q17. 5sin® ¢ +3cosa—2=0
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