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Trigonometric Identities
Let MmZAOD =« and MLAOC =/
Then mZCOD =a—f C(—cos S,sin )
B(—cos(a - B),sin(a—pB)) D(-cosa,sina)

Dicosa,sina)

C(cos B sin B)
=%
5
B(cos(ea—8).sin(ax— )
0 “F Ao

If two arcs of a circle a congruent then the

corresponding angles/chords are also congruent

i.e. Length of arc AB = Length of arc CD
mZAOB = m£ZCOD

Now |AB|2 = |CD|2 using distance formula

Since |AB[" = (%, — %)’ +(¥,—y;)’ Applying
(cos(a —ﬁ)—l)2 +(sin(a—ﬂ)—0)2 =(cosa—cos B)’ +(sina —sin )’
cos’ (a - B)+1-2cos(a — B)+sin’ (- B) =cos’ a +cos’ B

—2€0s @ Cos B +8in’ o +sin® f—2sinasin f
cos’ (a - B)+sin*(a— fB)+1-2cos(a— B) =cos’ a +sin’ a

+cos® f+sin® f—2c0sacos f—2sinasin f
1+1-2cos(a - B)=1+1-2cosacos f—2sinasin B
2-2c0s(ax— ) =2-2c0sacos f—2sinarsin 3
-2c0s(a— ) =-2(cosacos B+sinasin B)

cos(a — f8) =cosa cos S +sinasin

Let mMZAOB =« and mLAOC = S
Then MZAOD =a + f

Dcos(a+ fB).sin(a+ 7))

B(cose.sin &)

A(10)

C(cos £.—sin 5

Now |AD|2 = |BC|2 using distance formula

. 2 2 2 -
Since |AB| = \/(Xz - X1) +(y2 - yl) Applying
(cos(a +ﬂ)71)2 +(sin (e +ﬂ)70)2 =(cosa—cos B)’ +(sina +sin )’
cos’(a+ f)+1-2cos(a+ B)+sin’(a+ ) =cos’ a +cos’ B

—2C0S @ C0S B +5in” o +sin® B+ 2sinasin B

Exercise 10.1
132
cos’ (ar+ f)+sin’ (a+ B)+1-2c0s(a + B)=cos’ a +sin’ &
+c0s® B +sin® f—2cosa cos B+ 2sinasin B
1+1-2cos(a+ ) =1+1-2cosacos f+2sinasin
2-2c0s(a+ f)=2-2c0scrcos B +2sinasin B
-2c0s(a + ) =-2(cosacos f—sinasin )

cos(a + ) =cosa cos B —sinasin 8

Exercise 10.1

Q1. Prove that
i). Sin(z+6)=-Sin@
Solution; we have to prove Sin(z +6) =—Sin@
Take LHS
Sin(z + @) = Sinz.Cos@ + Cosz.Sind
s.cosr=-1sinz=0
=0.Cosd +(—1).Sind
=-siné
=RHS
Hence proved

ii). cos(z+6)=—cosd
Solution; we have to prove cos(r +6) =—cos &
Take LHS
cos(z + @) = cos 7.Cos@ —sin z.Sind
scosr=-1sinz=0
=(—1).Cosé-0.Sing
=—C0sé#

=RHS
Hence proved

iii). tan(£+6)=-coté

Solution; we have to prove tan(%+6)=—cotd
Take LHS tan (£ +6)

Sin(5+6) Sinz.Cosd+Cos%.Sind

cos(z+6) cosZ.Cosd—sinz.Sind

5.c0sZ=0,sinZ=1

_1.Cos@+0.Sing

~ 0.Cosf—1.Sind
Cos6

~ Sing

=-—cotd

=RHS

Hence proved

iv). cos(270° +6)=+sin@d

Solution; we have to prove

cos(270° + ) =+sin @

Take LHS

cos(270° + &) = cos 270°.Cosé —sin 270°.Sin&

».€0s270° =0,sin270° = -1

=0.Cos® —(—1).Sing
=+sin @ = RHS

Hence proved

v). tan(270° +6) =—cot &
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Chapter 10

Solution; we have to prove
tan(270° + ) =—cot @
Take LHS tan(270° + 6)

Sin(270°+6)  sin270°.Cosé + Cos270°.5ind
cos(270° +6)  cos270°.Cosd —sin 270°.Sind

-.€0s270° =0,sin 270° = -1
_ —1.Cosf+0.Sing

~ 0.Cosf—(-1).Sin@

_ Cos#

~ 4Sing

=-—cotd

=RHS
Hence proved

Exercise 10.1

133

= {Cosa.Cos B — Sina.SinB} —{Cosa.Cos B

—Sina.Sing

+Sina.Sing}
= Cosa.Cos S — Sina.Sing — Cosa.Cos 3
=-2Sina.Sing
=RHS

Hence proved

vi). Sin(360° — @) =-Sin@
Sol; we have to prove Sin(360° —&) =-Sin@
Take LHS
Sin(360° — ) = Sin360°.Cos — Cos360°.Sind
.€0s360° =1,5in360° =0
=0.Cosf—(1).Sing
=-sind
~RHS

Hence proved

vii). cot(360° +6) =cotd

Solution; we have to prove cot(360° + &) =cot &
Take LHS cot(360° + &)

cos(360° +6)  cos360°.Cosd —sin 360°.Sing

Sin (360° + a) ~ Sin360°.Cos@ + Cos360°.Sind

..€c0s360° =1,sin360° =0
_1.Cos0 —-0.Sin@

~ 0.Cos@ +1.Sing

_ Cos@

~ Sing

=cotd

= RHS

Hence proved

Q2. Show that

i). Sin(a+ )+ Sin(ax — ) = 2Sina.Cosf

Solution; we have to Show

Sin(a + B) + Sin(a — ) = 2Sina.Cos 8

take LHS Sin(a + f) + Sin(a — )

= {Sina.Cos B — Cosa.Sings} + {Sina.Cos
+Cosa.Sing}

= Sina.Cosf + Sina.Cos f —Cosa.Sing
+Cosa.Sing

= 2Sina.Cosf = RHS

Hence proved

ii). Cos(x + ) —Cos(a — ) =-2Sina.Sing
Solution; we have to Show

Cos(a + ) —Cos(a — ) =-2Sina.Sing
take LHS Cos(a + ) —Cos(a — f3)

Q3. Show that

i). cosa = ZCOSZ%—1=1—ZSin2%

Solution; we have to show

cosa =2cos? L —1=1-2sin? &
2 2

Take LHS

CoOSa = cosz[%j = cos[

(24 (24 .
COS o = COS —COS— —Ssin
2 2

cosa =cos? & —sinz2 &...... (1)
2 2

Since we know that
-.cos? x+sinx=1

= c0s’ X =1-sin’ X
Putting in equation (1) we get

. a . (04
cosa =1-sin® =—sin* =
2 2

" (04
cosa =1—23|n25 ......... (2)
Similarly
-.C0s% X+sin’x=1

= sin® x =1—cos’® x
Putting in equation (1) we get

(04 (04
cosa =c0s? = —| 1—cos? =

2 2

(04 (24
COS & = COS? E_1+ cos? >

cos o = 2cos? %— ......... 3)
From equations (2) and (3)

cosa =2c0s? L —1=1-2sin2 <
2 2

ii). sin(a+ B)sin(a— B) =cos’ f—cos’ a

Solution; we have to prove

sin(a + B)sin(a — ) = cos” f—cos’ a

Take LHS Sin(a + B).Sin(a — B)

= {Sina.Cos B —Cosa.SinB} {Sina.Cos B +Cosa.Sin B}
~.(a+b)(a—b)=a*-b?

= Sina.Cos® 3 — cos® a..sin® B

= (1—cos’ @) Cos* 8 —cos® a.(1-cos® j)

=Cos? 5 —c0s® aCos® f — c0s’ o + C0s’ ¢ Cos” J3

=Cos’f—cos’ &
=RHS

Hence proved
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Q4.|fsina:ﬂ, sinﬂ:g and both a and B
5 13
are measures of first quadrantal angles, than find:

Solution: Take sina = —

4 C

AB= Adjacent
SOH CAl TOA BC= Opposite
AC= Hypotenuse

tor AC? = AB? + BC?

Opposite

3

\ 5° = AB® + 47
. adjacent 5 ‘ /A\B2 = 25 —16 == 9
L 1 2 3 4 AB _ 3
3 4
CAH = cosa = g,TOA:> tan o :§
. 12
Take sin B =—
s 13
2 r AB= Adjacent
N SOH CAH TOA BC= OppOSIte
) AC= Hypotenuse
o)t AC? = AB? + BC?
4 13% = AB? +122
2 AB? =169-144 =25
rdjacent B
A‘J 0 2 4 6 AB = 5

CAH :>cos,8=%,TOA:>tanﬂ=%

i). Sin(a+ )
Solution; we have to find the value of Sin(a + f3)
Sin(a + B) = Sina.Cos 5 + Cose.Sing

. 4 5 312
Sinlae+ p) = EE+§E
20+ 36

65
6

5

Sin(a + B) =

Sin(a+ B) = 2

ii). Cos(a+ p)
Solution; we have to find the value of Cos(« + 3)
Cos(x + ) = Cosx.Cosf — Sina.Sing
35 412
Cos(a+ ) =513 513
15—-48
65

Cos(a+ ) = 6353

Cos(ax+ ) =

Exercise 10.1
134

1
Q5. If tan o =% , Secf = 33 and neither terminal

side of the angle of measure a nor B in the first
guadrant, than find:

3
Solution: Take tan o = Z where ¢ e lll Quadrant

e =4 ol  AB=Adjacent
acljaecint ™ ’ BC: OppOSIte
) AC= Hypotenuse
-3 Odppcrsite AC2 = BCZ + IA\B2
| AC? =(-3)" +(-4)’
] AC?=9+16=25
SOH CAH TO!
“ AC =5

CAH :COSa=%4,SOH :>sma=%3

Take secﬂ:%:cosﬂ:_

13
A adjacent B

T % — AB= Adjacent
BC= Opposite
AC= Hypotenuse
. T AC? = AB? + BC?
13* =5+ BC?
ol BC? =169-25=144
BC =-12

SOH :>sin,6’=_1—132,TOA:>tan,B=_?12

i). Sin(a+ )

Solution; we have to find the value of Sin(a + )
Sin(a + B) = Sina.Cos S + Cosa.Sinf

iii). tan(a + )
Solution; we have to find the value of tan(a + f3)

fana+tan
tan a.tan f

)39
20+36) ' (151548j
) 3 H5)

tan(a + B) = (_53—363)

tan(a + ) =

tan(ax + ) =

tan(a + p) =

1-
tan(a + f) = (

-3 5 412
Sinfa+ f)=—.—+=-.=
@A =5 3%513
. -15+48
Sin(a + f) =———
(a+ ) o
] 33
Sin(la+ p)=—
(a+ ) o
ii). Cos(ax+ )

Solution; we have to find the value of Cos(a + f3)
Cos(a + ) = Cosa.Cos S — Sina.Sing

-4 5 -3 -12
Cos(a+f)=—.———.—
@+ P)=51375 13
Cos(a + g) = —22=36 -20-36
65
-56
Cos(a+ f)=—
(a+p) o
iii). tan(a + )
Solution; we have to find the value of tan(a + f3)
tan(a + ) = tana +tan g
1-tana.tan g
3 -12 3 -12
tan =l —-4+— |+|1-——.—
(@+5) (4+5j( 4 5)
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15-48 20+ 36 sin@ cos@+sind

= - +

tan(a + 5) ( 20 j ( 20 j ___C0sO _ cosd.
an(as §) - ( 33) (56) [_33}{@) l_smg cose—zme

20 20 20 o6 coscgi sin@ .

=————  =RHS
cosf —sind

tan(a + ) = (;—?j

Q6. Show that

. -1
). cot(ar+ ) = cotacot 8
cota +cot g
cotacot f-1
Solution; we have to prove cot(a+ f) = (Z—,B
cota +cot S

Take LHS cot(a + )
Cos(a+ ) Cosa.Cosp —Sina.Sing
Sin(e+ ) Sina.Cospg +Cosa.Sing

Sing.Sing Cc.)sa.C_osﬁ a Sina.Sinﬂ
Sina.Sing  Sina.Sing
Sina.Sinﬁ( Sina.Cosp Cf)sa.S_lnﬂJ
Sina.Sing  Sina.Sing
(COSa.COS,B B 1)
Sina.Sing
COt(a +ﬁ) B Cosp  Cosa
- i —=
( Sing  Sina j
cotacotf—-1
cosf+cota

cot(a+p)=

cot(a+p)=

Hence proved

Hence Proved

a 1+tan6’

Solution; we have to prove

tan[z—ejzl_tamg
4 1+tan @

Take LHS tan(£—6)
_ tan(%)—tan®

= oot z)=1
1+tan(Z)tan @ an (%)

_ 1-tané@ — RHS
1+tané@

Hence Proved

- Sin(a+p)
" Cosa.Cos B
Solution; we have to prove
Sin(a + f)
Cosa.Cosp
Sin(a+ p)
Cosa.Cosp
_ Sina.Cosp +Cosa.Sinf
B Cosa.Cos3
_ Sina. Cosﬂ Cosa.Sing
COSa Cosp COSa Cosp
_ Sina N Sing
Cosa Cosp
=tana +tan g =RHS
Hence proved

=tana +tan f

=tana +tan S

Take LHS

tan(e +B) _ tan’a—tan’ B
cot(e— ) 1-tan’atan® g
Solution; we have to prove
tan(e+B)  tan’a—tan’
cot(a—pB) 1—tan’atan?p
Take LHSM
cot(ar — f5)
1
tan(a + ﬂ) cotla—5)
=tan(a + B) tan(a — B)
tan o +tan g tan ¢ —tan g
B (1— tan a.tan ,Bj(1+ tan a.tan ﬂJ
~.(a+b)(a—b)=a*-b?
tan? o —tan® B
"1 tan? a.tan? B
Hence Proved

i),

= RHS

Q7. Prove that
cos@+sind

cos@—sing
Solution; we have to prove

tan(z+¢9) _ c0549+s!n¢9
4 cos@-sing

i). tan(% +0) =

Take LHS tan(% +0)

B tan(%)+tan6’ _ B
_1—tan(%)tan9 ..tan(%)_l
=1+tan6? sin@

stan@ =
1-tané@ cosd

Q8. Prove that sin@ + cos 6 =sin50

sec46 cosec4dd
Solution; we have to Prove
sinég N cosé _sin5o
sec4d cosecdd
Take LHS
sin@ N cos @
sec40 cosec4dd
Using formula Sin(e+ f) = Sina.Cos§ +Cosa.Sing
=sin(6+40)
=sin50 = RHS
Hence proved

=sind.cos46 +cosdsin 40

sin(180° — ) cos(270° - @)
Q9. Show that — =1
sin(180° +r)cos(270° + )
Solution; we have to show that
sin (180° — &) cos (270° — )
sin(180° +ar)cos (270° +a)
Take LHS
sin(180° — &) cos(270° — )
sin (180° + & ) cos (270° + )
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{Sin180° Cosa —Cos180° Sina} {COSZ70° Cosa + Sin270° Sina}
- {Sin180° Cose +Cos180° Sina} {Cosz7o° Cose — Sin270° Sina}

..sin180° =0, c0s180° =—-1,sin 270° =-1,c0s270° =0
_ {0.Cosa —(-1) Sina} {0.Cosax +(—1) Sina }
~ {0.Cosa +(—1)Sina} {0.Cose —(—1) Sinar}
(+Sina ) (—Sina)
(—Sina)(+8ina)
=1=RHS
Hence proved

Q10. Express each of following in form of rsin ((9 + ¢)
where terminal ray of 8 and ¢ are in first quadrant.

i). 4sin@+3cosé

Solution: we have 4sin9+3cos@

Compare the given equation with the expression
asin@+bcosg we get a=4,b=3

We know that

r=+a?+b? cosg=2 sing=2
r=v4+3 cos¢ =2 sing=2

in

r=+16+9 tang = 1

r=+25=5 ¢=tan""(2)

The reference angle sing and cos¢ are positive,
the angle X is lies in the first quadrant

Now 4sin@+3cosd

Multiply & Divide it by 5 we get5(§sin9+%cos 9)

%)

S

a

AN

Substituting cosg =%, sing=3%we get
5(cos¢sin @ +singcosb)

5sin(6+¢)

Thus 4sin@+3cos@ =5sin(0+¢) Where
r=5 cosg=4%, sing=2% =g=tan"*(2)

Exercise 10.2

136
asin@+bcos@ we get a=2,b=-5
We know that
r=+a’+b’ cosg =2 sing =%
r=42%+(-5) cos¢ =% sing =2
r=J4+25 tan ¢ = 322

r=+/29 ¢=tan*(2)

The reference angles sin g is negative and C0S¢ is
positive, the angle X is lies in the fourth quadrant, Now
2sin@—5cos @

Multiply and Divide it by /29 we get
\/E(isine—icosej

V29 J29
Substituting cos¢ = & sing=_%we get
29 (cosgsin 6 +singcos6)
J295sin (6 +9¢)

Thus 23in6—50050=@sin(0+¢) Where
r =+/29, cosp=4, sing=2 =g=tan"'(F)

ii). 15sin@+8cosé@

Solution: we have 15sin @+ 8cos &

Compare the given equation with the expression
asin@-+bcoso we get a=15b=8

We know that

r=a?+b? cosg=2 sing=2
r=+15+8  cosg=2 sing=2
r=+225+64 tan ¢ = S5

r=289=17 g=tan*(Z)

The reference angle sing and cos¢ are positive,
the angle X is lies in the first quadrant

Now 15sin&+8cos@

Multiply and Divide it by 17 we get
17(£sin6+ £ cos )

Substituting cosg =2, sing=2 we get
17(cos¢sin@+sing cos 0)

17sin(6+¢)

Thus 15sin@+8cos@ =17sin(0+¢) Where

r=17, cosg=2, sing=2 =g=tan"(¥)

iv). sin@+cos@

Solution: we have sin@+cosé@

Compare the given equation with the expression
asin@+bcos@ we get a=1b=1

We know that

r=+a’+b’ cosg =2 sing =2
_ 2 12 | _ 1
r =12 +1 cos¢_f sm¢_$

r=+1+1 tan ¢ = ¢
=2 gt ()=
The reference angle sing and c0s¢ are positive,

the angle X is lies in the first quadrant
Now sin&+cos@
Multiply and Divide it by +2 we get

\/E(isin o+ icos¢9]

V2 V2
Substituting cosg =%, sing=4 we get
2 (cosgsin @ +sing cos6)
J2sin(6+¢)

Thus sin@+cos@=+/2sin(6+¢) where
r=+2, cosg==%, sing=+ =g=tan(1)=%

2

Exercise 10.2

iii). 2sin@—5cosd
Solution: we have 2sin@—5cos@
Compare the given equation with the expression

Ql.If sin@ =3 and terminal ray of 8 is in the

second quadrant, than find:
Solution: we have sin@ =2

o et o AB= Adjacent

10 BC= Opposite

2] AC= Hypotenuse

o AC? = AB? + BC?

Crpporsite a 132 _ ABZ +52

2‘ AB? =169 —25=144
= adjacert

st = = 1e AB=-12

CAH = cosez_—lz,TOA:> tanez—E
13 12

i). sin26
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Exercise 10.2
137

Solution; we have to find the value of Sin20
sin 20 =sin @cos @+ cos@dsin @
sin28 =2sin@cosd

sin260 = Z(EJ(_—uj
13 )\ 13

sin 26 = ﬂ
169

sin28 =2sin@dcos &

e

sin 26 = _—24
25

ii). cos26

Solution; we have to find the value of C0S26
+C08 260 =cos@dcosd—singsing

c0s 26 = cos® 6 —sin’ 0

2 2
c0s 20 = (_—HJ - (ij
13 13
144 25

c0S20 =————
169 169

c0s 26 = @
169

" 2
ii). COos 3

Solution; we have to find the value of COS%

0 1+Cosé
o COS —_ =
2 \/ 2

iii). tan 260
Solution; we have to find the value of tan 26

tan(,9+¢9) = w
1-tand.tan @

2tan@
1—tan®@

tan 26 = z(;—i)—{l{@}

tan 260 :_—5+{1—§}

tan 20 =

6 144
tan 26?:_—5+ 144-25

6 144
tan 260 = _—5 %

6 (119
tan 260 = ﬁ

119

Q2. 1f sin@ :g and terminal ray of 6 is in the
second quadrant, than find:

Solution: we have sin@ = g
* * AB= Adjacent
BC= Opposite
AC= Hypotenuse

F 2 2 2

AC°=AB°+BC

52 = AB? + 42
adjacent AB2 - 25 —16 == 9
- T AB=-3

CAH :>cos:9=_?3,TOA:>tan9=—§

SBOH CAH TOA

Cosgz 1 1—§
2 2 5
Cosgz l(gj
2 2\ 5
6 1
Cos—=—
2 5
3
Q3. If cos @

= —7 and terminal ray of 6 is in the
. . .0
third quadrant, than find: sin E

Solution: we have cosé = —7

A

T 8 T o
” 2 \ 0
adjacent

AB= Adjacent

BC= Opposite

AC= Hypotenuse
AC? = AB? + BC?
72 =(-3)" +BC?
BC?=49-9=40

r3
L

Olpposite

=

-

o SOH caH TOA BC — 2\/]3
SOH :sinﬁzig/l_o,TOA:tanQZ@
Now Sing _ [A—Cosé

2]
=
N
I
N
N~
7\
'_\
_|_
~N | w
N N

2]
>

| D
Il
N |-
7\

\l
~N |+

w
N—

2]
S
NS N
I
~No] N e
=Y
~| B
N

Singz
2
Singzﬁ
2 7

i). sin20
Solution; we have to find the value of Sin 24
sin 260 =sin §cos @+ cos dsin @

Q4. Using double angle identities, Find the values
of following.

i). sin -

Solution; we have to find the value of sin %”

Sinz—”:Sin £+£
3 3 3

Sinz—” =2sin ZcosZ
3 3 3
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1
Sinz—”:z ﬁ 1 =cos(a +a)
3 2 I\ 2 sec2a
2 A2
=co0s” a —sin“ «a
sin2% - ﬁ sec2a
H 32 2 _(COSZOC—Sinz a)xw
). cos 5 sec2a cos® a +sin’ a
Solution; we have to find the value of cos = 2 N2 (2 \2
. . 1 (cos a) —(sm a)
COS?:C°5[§+§j sec2a cos’ a +sin’ a
27 o o7 =cos’ a—sin‘«a
COS?—COS g—Sln § sec2a
) 2 =RHS Hence proved
cosz—ﬂ= 1y_ ﬁ 1+cos26
sin 260
27z 1 3
COS? a4 2 Solution: we have to prove ]”L_Cﬂ =coté
5 5 sin 26
7Z' —
cos?zT Take LHSl+_COS 20
or 1 sin 20
cos—=— _1+cos?-sin’ @
Prove the following identities; 2sin@cosé
HJ 2
Qs. (sin@—cos@)’ =1-sin 24 =1_5"T 0 +cos” 0
. 2sindcosd
Solution: we have to prove .
. | oS
(S|n6?—cos6?)2 =1-sin26 == 7
| 2sinédcoséd
Take LHS(sin @ —cos6) _ cosd
=sin? @ +cos® —2sin 6¢cos @ sing
=1-2sindcosd =coto
. ] ] =RHS Hence proved
=1-sin20  ..2sindcosd =sin 260 Q9. COSeC2a —cot 2a = tan o
’ _RHGS Hence proved Solution: we have to prove
6. ta—nzzsin 20 Ccosec2a—Ccot 2 = tan a
. L+tan ﬁ ) Take LHS COS€C2c —COt 2
olution: we have to prove that 1 cOoS 20!
2tané . =— ——
m25|n 20 sin 2« sin 2«
2tan o _1-cos2a
Take LHS ——— - sin 2a
l+tan“ @
2tan @ 1-(cos® e —sin’ )
1+tan%o ~ 2sinacosa
2tan @ ) ) 1-cos’ a +sina
=— s1+tan” @ =sec” 0 = -
sec” 4 2sina cosa
l =2 =2
=2tan 9 cos’ 6 csec?9=— _3ih a+sih «
cos“ 4 2sina cosa
sind in2
=2>—(cos’ ) __esina
cosé 2sinax cosa
=2sin@dcos g _sina
=RHS Hence proved  cosa
Q7. =cos* o —sin*a =tana
sec22a =RHS Hence proved
Solution: we have to prove =cos’ o —sin*« Q10 sin 3ﬁ _ cos 3ﬁ =2
sec2a C i
sing cosp
Take LHS =C0s2a sin38 cos3p
sec2a Solution: we have to prove —; - =2
sing  cosp

Khalid Mehmood Lecturer GDC Bilot Sharif D.l.Khan available at http://www.mathcity.org



Exercise 10.2

Chapter 10 139
Tak LHSSins'B cos3p _sin@ \/1—c036’><1—cos¢9
ake - - = . —
sm,B COS,B cos® \V1+cosé 2:l. cos &
sin3/3cos 3 —sin Acos3f _sing |(1—cos0)
= - cos@® \ 1l—cos®’@
sin gcos ( <
. _sin@ ’ 1—cosé
:M ~cosO’\  sin?e
sin g cos f _sin@ 1—cos®
sin(2 cos@ sin@
= ( ﬁ) _1-cosé
sin g cos f T T coso
_2sin gcos B 5 __1 coso
T e - cos® cosé
SIn b/ COS
P P =secd -1
=RHS Hence proved =RHS Hence proved
3 i3 : - -
cos’d—-sin" @ 2+sin260 sine+cosa Ssina—cosa
Q11. = Q14. + =2tan 2«

cosfd-sing 2
Solution; we have to prove
cos’@-sin’0  2+sin20
cosf-sind 2
cos’ @—sin® @
cos@-sind
(cos@—sin 9)(cosze+cosesin 9+sin20)

Take LHS

cos@—-sin@
=c0s? 6 +sin? @+ cosdsin &
=1+cosdsing

= Z(1+ cos@sin6)
2

_2+2cos@sing _ 2+sin20

2 2
=RHS Hence proved

sin3¢ cos360
) +

cos@ siné@
Solution: we have to prove
sin 360 N c0_5349 _ 2cot20
cosd sind
sin36?+ cos 34
cosd  sind
_sin30sin & +cos & 0s 30
B sin@cosé
_ cos(30-0)
~ sin@cosd
_ cos20
Y
_ 2c0s20
~ 2sin@cosd
_2cos 26

=———=2cot20
sin 260

=RHS Hence proved

Q12 =2cot28

Take LHS

cosa—Sina Cosa +Sina
Solution: we have to prove
sina+c03a+sina—003a
cosa—Sina cosa+Sina
sina+cosa+sina—cosa

CoSa —Sina  coSa +Sina
_(sina+cosa) (cosa —sina)

=2tan 2«

Take LHS

(cosa—sina) (cosa+sina)
(sina+cosa)2—(cosa—sina)2
(cosa —sina)(cosa +sina)
.'.(a+b)2 —(a—b)2 =4ab
_ 4sinacosa
"~ cos?a—sin‘a
B 2(2sinacosa)
cos(a+a)

_2sin2a
Ccos2«x

=2tan 2«
=RHS Hence proved

Q13. tan@.tan ¢ =secd -1
Solution: we have to prove tand.tan4 =sec6—1
Take LHS tan &.tan ¢

_sin@ ([1—cosé@
cos® "\ 1+cos @

cot’ S -1

Q15. >
cosee“

=C0s2p3

cot’ B-1

cos 2
cosee’ p

Solution: we have to prove

cot’ B -1
cosee’f3

=sin’ B(cot” 1)
iz o[ COS* B
=sin ’B[sinzﬂ 1)

=sin? ﬂ[—cos S?n;;m ﬂj

Take LHS

=cos(S+f)
=C0S2/
=RHS Hence proved

Q16 sinf-—— >
tan  +cot ¢

2

Solution; we have to prove gsing=— <
tan 4 +cot 4
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Take RHS — 2 _sin2p 1
tan ¢ + cot ¢ cos2p cos2p
B 2 _sin2+1
~sing | cosg ~ c0s2p
cosé sing _ 1+sin2p
~ 2 cos(B+ )
sin"z+cos 3 _cos? B+sin? B+ 2sin fcos B
cos4sing B coszﬂ—sinzﬂ
iné 9
_ 2sin 210052 (cos B +sin B)°
_in2(2) ~ (cos B +sin g)(cos B —sin B)
g 2 _ Cos f+sin p
=3In cos B—sin

=LHS Hence proved

0 _sing.tan
2

Q17. sin

. . ,0 sinf.tan?
Solution; we have to prove sin® E = TZ

sin@.tan £
Take RHS ———— 2

%sin 2(4)tan 4

2

0
cos £

=%{Zsin§cos§}.ﬂ

=sin® ¢
=LHS Hence proved

1-tan’<

2
1+tan®<

Q18 =C0Sx

Solution: we have to prove

=CO0Sx
=RHS Hence proved

Exercise 10.3

=RHS Hence proved

Q20. cos* @ = §+1COS 20+lcos40
8 8 8
Solution; we have to prove
4 31 1
cos" @ =—+=c0s20 +—=cos 46
8 8 8
Take LHS cos® @

:(cosz 9)2 _[1+cos20 ’ COSZ§:1+Cosx
2 2 2

=%{1+cosz 26+2c0529}

4

: {1+1+C2849 +2c0s 29}

=1+£(1+cos49)+gcosza
48 4

=E+1cos49+1c0329
8 8 2

=§+lcos4¢9+100320
8 8 2

=LHS Hence proved

Exercise 10.3

Q1. Express the following products as sums or
differences.

i). 2sin60° sin 20°

Solution; we have 2sin 60° sin 20°

using the formula

2Sina.Sing = Cos(a — ) —Cos(a + )

Here a =60°, f=20"then

2sin60° sin 20° = cos(60° — 20° ) - cos(60° +20°)

2sin60° sin 20° = cos 40° —cos80°

cos g+sin j
cosf—sin g

Solution: we have to prove

tan 2ﬂ+se02ﬂ:w
cos S —sin j

Take LHStan 2 +sec2f3

Q19. tan2p+sec2f =

ii). 2c0s864sin46

Solution; we have 2€0S84sin 46

using the formula

2Cosa.Sing = Sin(a + ) — Sin(a — )

Here o =86, f =46 then

2¢0s80sin 46 =sin (86 +40)—sin (80 — 46)

2c0s860sin 460 =sin126 —sin 460

iii). 2¢0S 75¢:Sin 25

Solution; we have 2€0S 75 Sin 25«
using the formula
2Cosa.Sing = Sin(a + ) — Sin(a — )

Khalid Mehmood Lecturer GDC Bilot Sharif D.I.Khan

available at http://www.mathcity.org




Chapter 10

Exercise 10.3
141

Here a = 75a, f = 25a then

- P sin94°—sin86°=2Coc{94 ;86 JSin(gA' ;86 j

2c0s75asin 25 = sin (75a + 25¢ ) —sin (75a — 25 )
208 75¢ sin 25a =sin100« —sin 50«

iv). sin32° cos 24°
Solution; we have sin 32° cos 24°

using the formula
2Sina.Cosf = Sin(a + ) + Sin(a — )

Here o =32°, 3 =24"then
sin32° cos 24° = 4{sin (32° + 24° ) —sin (32° —24°)|
{

5in32° cos 24° = 1 {sin56° —sin 8°}

sin94° —sin86° = 2Cos (%4> ) Sin(%)
sin94° —sin86° = 2Cos(90°)5in(4°)

. A+B __A-B
v). sin cos
2 2

A-B
2

. . A+B
Solution; we have sin > cos

using the formula

2Sina.Cosf = Sin(a + ) + Sin(a — )

Hereot—'anLB ﬂ—A Bthen
. A+B A-B
Sin Ccos

2 2

1. (A+B A-B . (A+B A-B
=—4SINn + +SIn =
2 2 2 2 2
1 A+B+A-B . (A+B-A+B
sin| ——— |+sin| —88M8M —

2 2 2

ii). c0s86° +cos22°

Solution; we have cos86° +cos 22°
Using the formula

Cosa +Cosf3 = 2Cos(a;ﬂ)Cos(a ;ﬂ)

Here o =86°, f=22"then

cos86° + cos 22° :2COS(86 '|2'22 JCOS[86 ;22 J

€0s86° +c0s22° = 2Cos(1028 jCos(64 j

2
c0S86° + 05 22° = 2Cos(54° )005(32")

iii). c0s95° —cos41°

Solution; we have c0s95° —cos41°
Using the formula

Cosa —Cosf = —ZSin(a;ﬂ)Sin(a;ﬂ)

Here o =95", =41’ then
Cc0s95° —cos41° :_zsln[95 ;41 JSIH(QE' ;41 j

€0s95° —cos41° = 25|n(1326 jSin(sg )

c0s95° —cos41° :—ZSin(68°)Sin(27°)

+Q P-Q

. P
Solution; we have C0S 2 cos >

using the formula
2Cosa.Cos 3 = Cos(a + ) +Cos(a — f3)

Here a = P+Q,ﬂ= I:)_chen
2 2
cos P Qo5 PR
2 2

:%{COS(LZ(?—FLZQJ-FCOS(LZ(?—P;Z(?)}

=1{cos(—P+Q+ P_Qj+cos(—P+Q_P+Q]}
2 2 2

:%{cos(zzp}tcos(zf)}

:%{cos(P)+cos(Q)}

Q2. Convert following sums or differences to products;
i). sin94° —sin86°

Solution; we have sin94° —sin86°

Using the formula

Sing —Sing = ZCos( ﬂ)SIn( )

Here =94°,ﬁ =86°then

+Q . P-Q

. - P
vi). sin —sin
2 2

+Q . P-Q

Solution; we have sin P— —sin
2 2
using the formula

Sina—Sinﬁ=2C03(a;’3)8in(a;’6)

Here a—P+Q ﬁ_P;chen
sinPjLQ—sinP Q
2 2
=2{cosl(P+Q+P_stinl(—PJrQ——P_Qj}
2\ 2 2 2\ 2 2
=2{cosi P+Q+P- Qj sind (P+Q P+Qj}
2 2 2 2

o o)
o 5}o(3)

v). c0s84° +cos76°

Solution; we have cos84° + cos76°
Using the formula

Cosa +Cosf3 = 2Cos(a;ﬂ)Cos(a ;ﬂ)

Here o =84°, S =76"then

c0384°+cos76°:2003(84 ;76 ]Cos(84 ;76 J
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€0s84° +cos76° = ZCOS[lGZO jCos[gz J

0584° +cos 76° = 2C0s (80°)Cos(4°)

vi). cos(A+ Bj+cos[A;Bj

Solution; we have cos[ A+

Using the formula
a+f a—pf
Cosa +Cospf = ZCOS(T)COS( 5 )

Here a_A+B ﬂ—A;Bthen

[A+B) (A—Bj

cos| —— |+cos| ——

2 2
A+

B A—B) 1(A+B A—Bj
+—— |Cos = -——
2

=2Cos—

|
i

2 2\ 2 2

2
2AjCo —(—B
2 2\ 2

ol (s

=2Cos

Bj (A—B
+ cos
2

J

Exercise 10.3

Sina—Sing = ZCos(anrﬂ)Sin(a ;ﬁ)

c0s50 +cos 30
sin50 —sin 360

(50+30) (59—39)
2c0s cos
_ 2 2
(59+30j . (50—30)
2c0s sin
2 2
(50—39)
cos
__\ 2 )
. (5«9—3@)
sin
2
_cot(w]
2
=cotd =RHS
Hence proved

Then LHS

Prove the following identities;
Sina —Sin -
3. —ﬁ = tan u
Cosa +Cosp 2

Solution; we have to prove
Sing —Sinf _ tanl & -p
Cosa +Cosp 2

Using formulae

Sina —Sing = 2Cos( ﬁ)Sln( ’B)
Cosa+Cosf3 = ZCos( ﬂ)Co( ﬁ)
Then LHs SN2 —Sing

Cosa +Cosp

ZCos(a;ﬁ)Sin(a;ﬂ)

- a+f a-pf
2Cos( > )Cos( > )
. a—pf

S5

T _a-pB.
Cos( 5 )
:tan(a_ﬂ): RHS
2

Hence proved

5 sina +Sin 9«

" cosa +€0s9%«x
Solution; we have to prove
sina +sin9«a
CoS & +C0S 9
Using formulae

Sing + Sing3 = 2Sin(¥)c:os(¥)

=tan5a

=tan5a

Cosa +Cosp = 2Cos(a

+p a-p
Cos

5 )Cos( > )

Ssina +Sin9%«x

CoSa + 0S99

. (9a+aj (905—05]
2sin cos
_ 2 2
(9a+a) [905—0{)
2C0S cos
2 2
(100{)
sin
_ 2
B (1005]
cos| ——
2
(109)
=tan| —
2

Then LHS

c0s58 + cos 30
Q% Gin50—sin3g

Solution; we have to prove
C0s54 +cos 30

s ————— 0'[6’
sin56 —sin 36

Using formulae

Cosa +Cos 8 = 2Cos( +ﬂ)Cos( ﬂ)

=cotd

=tan5a = RHS
Hence proved
COS 5 +C0s 3/ + 0S5
6. .’B - p - ﬂzcotBﬂ
sin f+sin34+sin5p
Solution; we have to prove
C0S 5 +C0S3/3 +€0s5
_ﬁ _ 4 _ ﬂ:0t3ﬂ
sin f+sin34+sin54
Using formulae
Cosa+Cosﬂ:ZCos(aZﬂ)Cos(a;ﬂ)

Sina +Sing = 2Sin(¥)<:os(%)

COoS S +C€0s3/3 +cos54
sin #+sin34+sin54

Then LHS
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_ cos5p +cos g+ cos3p4 c0s30°
sin54 +sin B+sin3p = 5in30°
2cos[5ﬁ2+ﬁjcos(5ﬂ2_'8)+cosB,B = cot 30°
=+/3=RHS

Zsin(Sﬁ;ﬁjcos[sﬂ;ﬂ)+sin3ﬁ

_2cos3pcos2+cos3p
~ 2sin3Bcos2B+sin343
_ 2c0s3f3(cos2+1)
- 2sin34(cos23+1)
_cos3p
=<n3s
=cot34 = RHS

Hence proved

Hence proved

Q7sin 36 +sin56+sin 76 +sin 96 = 4 cos #sin 66 cos 20
Solution; we have to prove

sin30+sin50+sin 70 +sin 90 = 4 cos &sin 69 cos 260
Using formula

Sina + Sing = ZSin(a;ﬁ)Cos(a ;ﬂ)

Take LHSsin 39 +sin5@ +sin 76 +sin 99
=sin98+sin3@ +sin 76 +sin50

] (90+30) (90—30}
=2sin cos
2 2
. (79+59) (79—50)
+2sin > COoS >

= 2sin66 cos 30 + 2sin 66 cos &
= 2sin66(cos360 +cos )

again using formula

Cosa + Cosf3 = 2Cos (#)Cos (#)

= 2sin 619{2cos[3‘9;r gjcos(#j}

=4sin68cos28cos@ = RHS
Hence proved

Q9 cos3a (1-2sinar) = cos3a —(sin 4a —sin 2a)
Solution; we have to prove
cos3a (1-2sina) = cos3a —(sin 4o —sin 2a)

Take LHS cos3a (1-2sina)

=C0S3a —2c0s3a sina

= c0s3a —{sin(3cr +a)—sin (3a —a)|
=c0s3a —{sin4a —sin 2a} = RHS

Hence proved

Q10cos f+c0s2/3+cos55 =cos23(1+2cos3/3)

Solution; we have to prove
cos 3+¢0s23+¢0s5 =cos23(1+2cos3/3)

Take LHS C0S #+C0S 23+ 0S5/
=C0S5/+Cc0s f+C0s2/3

Using the formula

Cosa +Cosf3 = 2Cos(a;ﬂ)Cos(a ;ﬂ)
= 2003[#)003(%) +c0s2p

=2c0S3/Ccos2/+cos2p
=cos2/(2cos34+1)=RHS

Hence proved

cos 75° +cos15°
" sin75° —sin15°
Solution; we have to prove
cos 75° + cos15°

sin75° —sin15°

Using formulae

Cosa +Cosf3 = 2Cos (#)Cos (#)

Sina — Sing = 2Cos(0h2Lﬂ)Sin(a ;ﬂ)

cos 75° +cos15°

sin 75° —sin15°
B 2¢0s ( 75° 2150 )COS ( 75° 515" )
B 2 COS( 75";150 )sin ( 75“5150 )
B cos (')

T ocin [ 60°
sin (")

Take LHS

Q11. sin58 +sin & +2sin 30 = 4sin30cos’ 6
Solution; we have

sin5@+sin @ +2sin39 = 4sin 3@ cos® @

Using the formula

Sing + Sing = 28in(#)Cos(¥)

Take LHS sin 58 +sin @ + 2sin 360
= 25in(59+9jcos(59_0j+ 2sin 30

2 2

=2sin36co0s20+2sin 30
=2sin3¢(cos26+1)
= 2sin 36?(cos2 0 —sin? ¢9+1)

= 2sin30(cos’ 0+1-sin’ 0)
=2sin30(cos’ 0 +cos’ 6)
=2sin30(2cos’ 0)

= 4sin36cos” 6 = RHS

Hence proved
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