Exercise 7.1

Chapter 7 89
Hence by mathematical induction, the given
statement is true for all integer values of n.
Chapter / S
Q2. 3+6+9+---+3n:T
. . _ 3n(n+1)
Mathematical Induction  Raufwork:  Herea, =305, ==———
. . Replacingnby k +1
& Binomial theorem (k1) {(k+1)+1)
1 Then a,,, =3(k+1),S,,, =
Sl =a :zai
i=1 _ 3n(n+1)
22: Solution; 3+6+9+---+3n:T
S,=a,+3, =29
I;l Or z3k :m
S,=a +a,+a,+--a, =Y>a k1 2
i=1l By mathematical induction Step 1; N=1ie. a =S,
S.=a+a +a,+--a +a =>a 3.1(1+1
n+l a1 2 a3 n n+1 e~ i 3(1)= (2 )
n+l
Sn+1 = Sn + a‘n+1 = a‘i 3 — 2
i=1 - 2

Exercise 7.1

Establish formulas given below by mathematical induction
Q1. 1+5+9+---+(4n-3)=n(2n-1)
Here @, =4n—3,S, =n(2n-1)

Replacingnby k + 1
Then a,, =4(k+1)-3 &S, =(n+1)[2(n+1)-1]

Solution; 1+5+9+---+(4n-3)=n(2n-1)

Rauf work:

n

or > (4k-3)=n(2n-1)

k=1
By mathematical induction Step 1; N=1 i.e. a =S

4(1)-3=(1)(2(1)-1)
4-3=2-1
1=1 trueforn=1
Step 2; suppose it is true for N = k
k
a+a,+a,+---+a =S, =Y a=5
i=1

ie, 1+5+9+--+(4k-3)=k(2k-1)
Step 3; For N =K +1 adding both sides by 3, ,, =4k +1
e, +a - a +a =5+,

k+1

ie, Dla=S +a,
1+5+9+---+(4k —3)+(4k +1) =k (2k —1)+(4k +1)
=2k* -k +4k +1

=2k?+3k +1
=2k?+2k +k +1

= 2k(k+1)+1(k +1)
=(k+1)(2k+1)
=(k+1)(2k +1+1-1)
(k+1){2(k+1)-1}
=S, ,, - truefor N= k+1

Taking only RHS

3=3 trueforn=1
Step 2; suppose it is true for N = k

:iai =S,

i=1

3k (k+1)

a+a,+a,+---+a =35,

ie., 3+464+9+---+3k =

Step 3; for N =k +1 adding both sides by a,, =3(k +1)
& +8, ++ R+ =S Ay

k+1
ie, Ya=S+a,
i=1

34649+ +3k+3(k+1)=

=S,,, ~truefor n=k+1

Hence by mathematical induction, the given
statement is true for all integer values of n.

5n(n+1)
2
5n(n-+1)
2

Q3. 5+10+15+:--4+5n=

Rauf work: Here 3 =5n,s =

Replacingnby k+ 1

5(k+1){(k+1)+1
Then g, =5(k+1),S,,, = (k+ ){(2 +1)+1
~5n(n+1)
2

Solution; 5410 +15+---+5n
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Exercise 7.1

Chapter 7 90
or Z5K—M oty + By =S A

By mathematical induction Step 1; N=1 ie.a =S, ie., ;ai =S+,

5(1):M a+(a+d)+--+{a+(k-1)d}+a+kd
5:% =g{2a+(k—1)d}+a+kd

5=5 trueforn=1
Step 2; suppose it is true for N = k

k
a1+a2+a3+...+ak:sk :Zaizsk
i-1
k(k+1
ie., 5+10+15+---+5k:_5 (2+ )

Step 3; for N=Kk +1 adding b.S by a,, =5(k +1)
& +8, +8+ -+ +q,y =S+,

k+1

ie, Y a=S+a,

i=1

5k(k+)

waft

(k1) {5k+10}

5+10+15+---+5k +5(k +1) = ———+5(k +1)

( +1)(k+2)
2
(k+1){(k+1)+1}
2
=S,,, ~truefor n=k+1

Hence by mathematical induction, the given
statement is true for all integer values of n.

k{2a+(k-1)d}+2a+2kd
2
2ka+k’d - kd+2a+2kd}

=4
{2ka+2a+k d+kd}
=3{
_(

2a(k+1)+kd (k+1)}

{2a+kd}

+1)
2

=S,,, ~truefor n=k+1

Hence by mathematical induction, the given
statement is true for all integer values of n.

{2a+(k+l—1)d}

Q4 a+(a+d)+(a+2d)+---+{a+(n—1)d}:2{2a+(n—1)d}

Rwork: a_ :{a+(n—1)d},8

n
) :§{2a+(n—1)d}
Replacingnbyk +1

8., ={a+(k+1-1)d},S,,, = k+1{

sol; a+(a+d)+(a+2d)+---+{a+(n—l)d}=g{2a+(n—1)d}

o fa+(k-1)d}=

E{2a+(n—1)d}
a 2
By mathematical induction Step 1; N =lie a = Sl
{a+(1-1)d}=1{2a+(1-1)d}
a+0=1{2a+0d}

a=a trueforn=1
Step 2; suppose it is true for N = k

Kk
a+a,+a,+---+a =S, =Y a=

i=1

n
a+(a+d)+(a+2d)+~-+{a+(k—1)d}=E{2a+(k—1)d}

Step 3; for N =K +1 adding both sides by a, , =a-+kd

2a+(k+1-1)d}

a(r™-1)

r-1

a(r-1)
r-1

Q5. a+ar+ar’+---+ar" =

Rauf work: Here @, =ar",S,,, =
Replacingn by k + 1
k+2
o _aris a(r -1)
k+1 — k+2 — r—l
a(rm—l_l)

r-1

a(rm-1)

n
or ar'= ——~
kZ::; r-1
By mathematical induction Step 1; N =1 iea,+a =S

a(r’-1) _a(r+1)(r-1)
r-1 r-1
a+ar=a(r+1)

Solution; a+ar+ar’+---+ar" =

a+ar =

a+ar=a-+ar true forn=1
Step 2; suppose it is true for N =K

k
Gt +a, +a;+--+8 =Sk+1:>2ai =S
i=0

ie, 1+5+9+--+(4k-3)=k(2k-1)
Step 3; for N =K +1 adding both sides by &, ., =ar!
a0+a1+a2+a3++ak +ak+1:Sk+l+ak+l

k+1

ie., Zai
i=0
a+ar+ar’+---+ar“+ar*?
a(rk+1 _1)
r-1
a(rt—1)+ar(r-1)
r-1

= Sk+1 + ak+1

+ark*?

Khalid Mehmood Lecturer GDC Bilot Sharif D.I.Khan

available at http://www.mathcity.org



Exercise 7.1

Chapter 7 91
B a.rk-¢—:L_a_'_ark-+—2_ark+1 (2k+1)
= o} =" {2k? +3k + 2k + 3
ar“? —a
T -1 =(2k3+1){k(2k+3)+1(2k+3)}
a(rk+2 _1)
a r—1 = (k;_l)(Zk +3)(2k +1)
=S,,, ~truefor n=Kk+1 Z(k+1){4k2+2k+6k+3}
Hence by mathematical induction, the given 3
statement is true for all integer values of n. _ (k +l) {4k2 .8k +4_1}
A, ., n(4n®-1) 3
Q6. 1° +3° +5° +---+(2n-1) BE— (k+1)
ar? 1 = {4k + 2k +1) -1
Rauf work: Here g_ =(2n—1)2,8n — n( n3 _ ) 3

Replacingnby k +1

(k+1){4(k+1)" -1

8., ={2(k+1)-1",S,,, =

3
n(4n?-1
Solution; 1° +3° +5° +...+(2n_1)2 — ( 5 )
n n(4n*-1
or > (2k-1)’ :u
k=1 3
By mathematical induction Step 1; N =1 ie. a = S1
1.(4.22 -1
(2.1-1)" = %

(2-1)° :(4%1)

-3
3

1=1 trueforn=1
Step 2; suppose it is true for N =K

= iai =S,
i=1

k (4k*-1)

a+a,+a,+---+a =35,

e, 1P+324+5°+ +-(2k—1)2 -

Step 3; for N=k +1 adding b s by a.; = (2K +1)
A +a, At A+ =S Ay,

k+1
ie, Y a=S+a,
i=1
1P +3°+5%+.-+(2k —1)2 +(2k +1)2

= M+(2k +1)2

_k(k-1)(2k+D) |
3

+(2k +1)

2k +1

k(2k-1)+3(2k +1)}

(2k +1)

i
{2k2 k+6k +3
{

2k? + 5k +3}

(k;—l){ (k 1) }

=S,,, ~truefor n=k+1

Hence by mathematical induction, the given
statement is true for all integer values of n.

Q7 22+42+62+--.+(2n)2=§n(n+1)(2n+1)

Rauf work: Here a_ :(Zn)Z,S zgn(n +1)(2n+1)

n
Replacingn by k + 1

s = [204D)f S =2 (kD) [(k+1) 43} {2(k+1)+1)

50l;22+42+62+---+(2n)2 :gn(n+1)(2n+l)
or Z(Zk) 3n(n+1)(2n+1)
k=1

By mathematical induction Step 1; N =lie a = Sl

(2.2)° =§1(1+1)(2.1+1)

2
(27 -22)(2)
4=4 trueforn=1
Step 2; suppose it is true for N =K

= Zk:ai =S,
i=1

i.e. 22 +4% +62 +---+(2k)2 :%k(k +1)(2k +l)

a+a,+a,+---+a, =35,

Step 3; To show for N =K +1 adding both sides by
8., ={2(k+1))" =(2k+2)’
+a,+a,+ o+ +, =S +a,

k+1

ie, Da=S +a,

i=1

22+42+62+---+(2k)2+(2k+2)2

:%k(k +1)(2k +1) +(2k + 2)*
=2k (k+1)(2k+1)+ 4(k+ 1)

_ —2(k3+1) {k(2k +1)+6(k +1)}

:—2(k+1){2k2 +k+6k+6}
3
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Chapter 7

:—2(k+1>{2k2+7k+6}
3

2k >{2k2+4k+3k+6}
3

- 2(k3+1){2k(k+2)+3(k+2)}

:g(k+1)(k+2)(2k+3)
=§(k+1)(k+2){2(k+1)+1}

=S,,, ~truefor n=k+1

Hence by mathematical induction, the given
statement is true for all integer values of n.

2

2
Here 5 _ 2 g :[n(n+1)J Replacingnby k + 1
n ’ n 2

_(k+17.5,., = [(k +1){(k +1)+1}:|

2

2
n(n+1
Qs. 13+23+33+---+n3:[—( + )J

2
Solution; 13 4+ 28 41 3B 4+...4n? :[n(n+1)j

2
or ; K® — (MT

2
By mathematical induction, Step 1; N=1 i.e. q = Sl

N EIERRY ’ :(&JZ
2 2
1=1 trueforn=1
Step 2; suppose it is true for N =K

a+a,+a,+---+a =35,

2
e, P+22+3+...+k° :(k(k+1)j

Step 3; for N =K +1 adding both sides by = (k +1)
8, +a, +8 + 8 +a,; =S+,

k+1
ie, Ya=S+a,

i=1
13+23+33+~-+k3+(k+1)3

2
:[@] +(k +1)3

e [< ]
Gy
4

k2+4k+4}

(K +1)2 (k+ 2)2
4
_[(k +1)(k+z)T
2
=S,,, ~truefor n=k+1

Exercise 7.1
92

Hence by mathematical induction, the given
statement is true for all integer values of n.

Q9. 1(1)+2(2)+3(3N)+---+n(n!)=(n+1)-1
Rauf work: Here &, =n(n!),S, =(n+1)-1
Replacingnby k +1
3, =(k+1)[(k+1)1],S,

Sol; 1(11)+ 2(2l)+3(3l)

Or Zk kI
By mathematical induction Step 1; N=1 i.e.a =S
1(1!) = (1+l)!—l

1x1=2-1

1=2-1

1=1 trueforn=1
Step 2; suppose it is true for N =K

= Zk:ai =S,
i=1

{ (k+1)+1}+-1
-+n(n!)=(n+1)+-1

n+1 -1

a+a,+a,+---+a, =3,

ie,  1(1)+2(21)+3(3)+-+k(k!)=(k+1)-1

Step 3 To show for n=k+1 adding BS by, = (k+1)(k+1)!
8, +8,+ay+ -+ +8,, =S+,

k+1

ie, Da=S+a,

1(1)+2(21)+3(31)+-+k(k!)+(k+1)(k +1)!
=(k+1)-1+(k+1)(k+1)!
(k+1)4(k+1)(k+1)-1
(k+1)M1+k+1}-1=(k+2)(k+1)-1
(k+2)-1
=S, ~truefor n=k+1

Hence by mathematical induction, the given
statement is true for all integer values of n.

Q10. 1+2'+2%4+...42"1=2"—1
Here @, =2"",S, =2" -1 Replacing n by k + 1

(k+1)- _ ok+l
ak+l - 2 Sk+1 - 2 -1

Solution; 1+ 2" + 22 +...+ 2"t =2"_1

or Y 2t=2"1

By mathematical induction Step1; Nn=1
2ol ] a, =S,

2°=2-1

1=1 trueforn=1
Step 2; suppose it is true for N = k

K
a+a,+a,++3, =S, =y a=S

i1
142427 -4 2 =241
Step 3; for N =K +1 adding both sides by a, , = 2*

& +8, +8+ +q +q,y =S+,
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Chapter 7 93
k+1 2
ie, Ya=S+a, __ (k+1)
i-1 (k+1)(k+2)
142 422 4 4 2 4 26 =2 14 2 (k+1)
k+1 =
Ya =242 -1 (k+2)
=L (k+1)
k+1 =
Y a=22-1 (k+1)+1
11:11 =S,,, ~truefor n=k+1
Zai =2k _q Hence by mathematical induction, the given
i1 statement is true for all integer values of n.
k+1 1 2
Zai =S,,, ~trueforn=Kk+1 Q12 1.2+2.3+3.4+---+n(n+l)=w
i=1
Hence by mathematical induction, the given Rauf work: Here a =n(n+1), S, = n(n+1)(n+2)
statement is true for all integer values of n. " o 3
Qi1 1 N 1 N 1 o 1 n Replacing n by k + 1
"12 923 34 - K+1)(k+1+1)(k+1+2
1223 34 ' n(n+l) n+1 a, = (k+1)(k+1+1),5, , -\ +)(-+; )(k+1+2)
1 n
Rauf work: Here a_ = , S =——
" n(n+1) " n+1 Sol: 1_2+2_3+...+n(n+1):w
Replacingnbyk +1 N
n(n+1)(n+2
S o Sk 0rD
k+1 — vk T AN -
(k+1){(k+1)+1} (k+1)+1 . i = e 1 s
‘ 1 1 1 1 n y mathematical induction Step 1; N =1 1.€. q =9,
Solutlon; et = 1(1+1)(1+2)
1.2 23 34 n(n+1) n+1 1.(1+1)=f
Or i 1 F n 2=2 ..trueforn=1
i K (k +1) n+l Step 2; suppose it is true for N =K
o . a1 = K
By rrlathematl;:-al induction Step 1; N =1ie a = Sl a,+a,+a,+-+a, = Sk — zai _ Sk ie.
i-1
T 141 k(k+1)(k+2
1(1+1) 1+1 1.2423+34+-+k(k+1)= ( ;( )
1 1

—== . .trueforn=1
2 2
Step 2; suppose it is true for N = k
k
a+a,+a,+--+a, =S, =Y a =5
i=1
1 1 1 1 k

S e T =
12 23 34 k(k+1) k+1

Step 3; To show for N =K +1 adding both sides by
1 1

B = (k +l){(k +1)+1} B (k+1)(k+2)

8, +8,+ay+- o+ +8,, =S+,

k+1

ie, Ya=S+a,

ie.,

i+i+i+...+ 1 + l
1.2 23 34 k(k+1) (k+1)(k+2)
_ k N 1
k+1 (k+1)(k+2)

:kil{k+ki2}
1 {k(k+2)+1}

:k+1 k+2

1 JK*+2k+1
k+1 K+2

Step 3; To show for n=k +1 adding bs by 8, =(k+1)(k+2)
8 +8,+8++a +8,, =S +a,

k+1

ie, Y a=S-+3,

i=1
1.2+2.3+34++k(k+1)+(k+1)(k+2)
o k(k+1)(k+2)

D8 =

i=1

till:ai =(k+1)(k +2)[§+1j
e :(k+1)(k+z)[%)

o (k+1)(k+2)(k+3)

L4 3

K+1

> a=S, ~tueforn=k+1
=

+(k+1)(k+2)

Hence by mathematical induction, the given
statement is true for all integer values of n.

11 1 1 1{ 1}
Q13. == —+-f—==|1-—
3 9 27 3 2 3"

Rauf work; Here a, :i, S, :l 1_i
3" 2 3"
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Chapter 7 94
Replacingnby k +1 n (k+2 n+3

1 [, 1 or 2, 3 17| 4
a ., =— S ., =—|1- k=1

k+1 3k+1 ! k+1 2 3k+1
By mathematical induction Step1; N=1
Solution:l+l+i+---+%:1{l—%} 1+2 = 1+3 a, =S
3 9 27 3 2 3 3 4 !

1 1 1
Or e ) 3 4

444 O
By mathematical induction Step1; N=1

S e
5
H

= c.true forn=1
3

11
3 2
11
3 2
1.1

3
Step 2; suppose it is true for N = k

a+a,+a,+---+a, =9,

1
Step 3; To show for N = k+1 adding bs by @, ,; = W
8 +8, +8 8 +8; =Sy + 8

k+1

ie, Y.a=S+a,
i=1

1 1 1 1 1
T e R e
3 9 27 3 3

k+1 1 1
Za_ [1— } Frn

g1 11
=57 g gk gkl
§o 1 32
izl' 2 2.3
k+1 1 1

_l

=3

~true for n=Kk+1

Zai = 9n

Hence by mathematical induction, the given
statement is true for all integer values of n.

o [

n+2 n+3
Rauf work; Here a, = , S, =
3 4

Replacingnby k +1

k+1+2 k+1+3
ak+1 = 3 ' Sk+l = 4

wtnor oo} (a2 V)

1=1 ..trueforn=1
Step 2; suppose it is true for N =K

k
a+a,+a,+--+a, =S, =Y a="5
i=1

. 3) (4) (5 k+2 k+3
ie., || |t =
3 3 3 3 4
k+3
Step 3; for N =K +1 adding b.sby a,,, =

3
& +8,+a+ - +a +a, =S, +a,

k+1

e,  Da=S+a,

()0
ey

2a- k+k3+?2)"4'+(k(+k3+—33))!!3!
S (g

b

k(
2& &Hfm( j
:

k+1 k+3 (
8=
k 1 1310 4k

i=1

& _(k+4)(k+3).
;ai ~k(k-1)14x3!
o (k+4)!

Za‘: k141

i=1

& [k + 4J
Za

k+1

Z a = Sk+l
i=1

Hence by mathematical induction, the given
statement is true for all integer values of n.

~truefor n=k+1

GO

n+4 n+5
Rauf work; Here a, = .t S, = 6

Replacingnby k+1
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Chapter 7

k+1+4 K+1+5
ak+l = 5 ! Sk+1 = 6
5 6 7 n+4 n+5
Solution: + + +o-o =
5 5 5 5 6
n (k+4 n+5
Or Z =
i\ 9 6
By mathematical induction Step1; N=1

S e

1=1 ..trueforn=1
Step 2; suppose it is true for N = k

a+a,+a,+---+a =35, il
o O

k +
Step 3; for N=K+1 addingbsby a, , = ( c J

& +8, + 8+ R+ =S Ay

k+1

e, >
5 6 7 k+4 k+5
eSS
:[kg5}{k25)
(k+5)! (k+5)!
“(k+5-6)16! " (k+5-5)i5!
~ (k+5)! (k+5)!
“ (k-1 (k)15!
(k+5)! (k+5)!
~(k—1)16x5! " k(k—_1)5!

k(
k+5
- (i)
(k+5)! (k+6
(k 1 '5'(
(k+6)(k+5)!

k(k—1)!6x5!

_(k+6)!_ k+6
~ kel (6
=S,,, ~truefor n=k+1

Hence by mathematical induction, the given
statement is true for all integer values of n.

= Sk +a,,

2 2 2 2 3
n n+1
Rauf work: Here a, = : S, =
2 3

Exercise 7.1
95

Replacingnby k+1

k+1 k+1+1
ak+l=( 2 j' Sk+1=( 3 J
o (o) o))
Solution; + + +---t+ =
2 2 2 2 3
o ji[kj::(n+1]
a\2 3
By mathematical induction
2 2+1
oy
2 3
HE
1=1 ..trueforn=1
Step 2; suppose it is true for N = k

Step1; N=2

a, =3,

a+a,+a,+---+a =35,

- 2\ (3),(4 k) (k+1
1e., + + deeet —
2) \2) (2 2 3
k+1
Step 3; for N =K +1 adding bs by 8, , =[ ) j
ata,+a;+---+a +ak+1:8k+ak+1

k+1

ie, Ya=S+a.

i=1

JlHr G
e

Kt (k+1)! (k+1)!
Za‘ T (k+1-3)131" (k+1-2)12!
kzﬂla _ (k+1)! . (k+1)!

N (R E M CETET

gai = (k(_kl;?x!zﬁ (k—gl;(i)é)!zg
kza - (S(—;?'zl[%+ kilj

S )

G (k+2)(k+)

2 (k-1)(k-2)!13x2!

Z a = Sk+1
i=1

Hence by mathematical induction, the given
statement is true for all integer values of n.

~truefor n=k+1

Q17. Show by mathematical induction that
2n

i), 5" -1
24

is an integer
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Chapter 7 96
2n kil _
Solution; Let P(n)= 2.+ P(k+1):10(10 %k -10) 81(k-+1)
24 ) 81 81  InRHSof
By mathematical induction Step1; N= 10t —9k —10
52 _1 25_1 24 P(k+1)=10—+k+1 ..... (2)
P2 =
24 24 24 10" -9k -10
eq (2) ———— isaninteger from (1)

P(1)=1(an integer) .. true for n =1
Step 2; suppose it is true for N = k

B 52k _1

P(k)

Step 3; To show for N=k +1
i.e., To show

(an integer)....(1)

2(k+1)

P(k+1):%

Is an integer

52k+2 _1 52k 52 _1
T 24 24
Subtracting and adding 25
2k _
P(k+1)=25'5 25+25-1
24
2557 -25 L 25-1
24 24
5 -1 24

+ _
24 24

2k
M, (2)

2k

=25.

P(k+1)=25.

In RHS of equation (2)

is an integer from (1)

So RHS of equation (2) is an integer, therefore
P (k +1) is an integer ~truefor N=K+1

Hence by mathematical induction, the given
statement is true for all integer values of n.

n+1
Q17ii). W is an integer

n+1
Solution; Let P(n)= 10_8#

By mathematical induction Step1; N=1
1+l _ _
P(1):10 9.1 102100 19:§.

81 81 81
P(1)=1(aninteger) ..trueforn=1
Step 2; suppose it is true for N =K

k+1
P(K) _ 107 -%-10

Step 3; To show for n=k +1

(aninteger)....(1)

i.e., To show
k+1+1 _ _
P(k +1):10 gé]l-(_'_l) 10 Is an integer
k+1
P(k +l) _ 10.10** -9k —-9-10
81

Subtracting and adding 90k and 100
k+1
P (k +1) = 10:10°" ~90k ~100-+90k ~9k ~19+100
81
10(10* —9k —10) +81k +81

81

P(k+1)=

81

So RHS of equation (2) is an integer, therefore
P (k +l) is an integer

~truefor n=K+1
Hence by mathematical induction, the given

statement is true for all integer values of n.

2n 2n
Q17iii). -2
5

is an integer

2n __ ~H2n
Solution; Let P(n):%

By mathematical induction Step1; N=1
2 _ 2 _
p)=3 -2 _974.5
5 5 5
P(1)=1(an integer) ..trueforn=1

Step 2; suppose it is true for N = k
32k _ 2k
P(k)=

Step 3; To show for n=Kk +1
i.e., To show
32(k+1) _ n2(k+1)

(an integer)....(1)

P(k +1) = Is an integer
2k ~2 2k ~2
P(k+1)=—3 322
2k 2k
P(k+1)=9'3 —4.2

Subtracting and adding 9.2%
9.3% —9.2% 1 9.2% _4 2%

P(k+1)= c
9(3%* -2%)+2%*(9-4
pks1)= ); 5-4)
2k 2k
P(k+1)=9.&+22k.1 ..... (2)
2k 2k

In RHS of eq (2) % is an integer from (1)

So RHS of eq(2) is an integer, so P (k +1) is an integer

~truefor N=kK+1
Hence by mathematical induction, the given
statement is true for all integer values of n.

Q18i). 2" >n VYne N Prove.

Solution; we have 2" >n VYne N
By mathematical induction

Step1; n=1
2'>1
2>1 ..trueforn=1

Step 2; suppose it is true for N = k
2“>K...(1)
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Step 3; To show for n=Kk +1

Step 2; suppose it is true for N = k

i.e., we will to show 25 > (k +1)

Multiply both sides by 2 of equation (1)
2.2 >2k

2 S kK +k

2'>k+1  as k>1

~truefor N=Kk+1

Hence by mathematical induction, the given
statement is true for all integer values of n.

ii). N> n? for every integer N>4 and n!>n®
for every integer N > 6

For n!> n? for every integer N >4

Solution;
By mathematical induction
Step1; N=4

41> 4% = 4x3x2x1>16
24>16 ..trueforn=1
Step 2; suppose it is true for N =K
K!>k?..(1)
Step 3; To show for n=Kk +1
i.e., we will to show (k +1)!> (k +1)2
Multiply both sides by K +1 of equation (1)
(k+1)k!>k?(k+1)
(k+1)>(k+1)(k+1)

as k?’>k+1,vn>6
(k+1)!> (k+1)°
~truefor n=K+1

Hence by mathematical induction, the given
statement is true for all integer values of n.

P (k) = 3%y g (has factor 5)....(1)

Step 3; To show for N=K +1
i.e., To show

P(k+1)= k)L | 22(k)1 K factor 5

— 32k+2—1 + 22k+2—l — 32.32k—l + 22.22k—1

— 9 32k—l +4 22k—1

Subtracting and adding 9.2%*

P(k +1) =0.3%1 19 2%t _9g %1 g4 0%

_ 9(32k—1 n 22k—l) _ 22k—l (9 _4)

P(k+1)=9(3**+2%1)-2*"5...(2)

In RHS of equation (2), 5 is a factor of

321 4+ 2% from (1)

So 5 is a factor of RHS of equation (2), therefore 5
is a factor of P (k +1)

~truefor N=K+1

Hence by mathematical induction, the given
statement is true for all integer values of n.

Q18: Now |n!> n? for every integer N > 6

Solution; By mathematical induction
Step1; N=6

6!>6° = 6x5x4x3x2x1>216
720>216 ..trueforn=1

Step 2; suppose it is true for N = k
k!>k®..(1)

Step 3; To show for n=k +1

i.e., we will to show (k +1)!> (k +1)3

Multiply both sides by K +1 of equation (1)
(k+1)k!>Kk*(k+1)

(k+1)1>(k +1)2 (k+1)
as k*>(k+1)",vn>4
(k+1)1> (k+1)’

Hence by mathematical induction, the given
statement is true for all integer values of n.

~truefor n=Kk+1

Q19. i).Show that 5 is a factor of 32" + 22" when
n is any positive integer.

Solution; Let P (n) =3t 2t
By mathematical induction Step 1; N =1
P(l) =3"14221=3+2

P (1) =5(factor of 5) strueforn=1

Q19ii).Prove that 2*" —1 is a multiple of 3 for all
positive integers.

Solution; Let P(n) =2"_1
By mathematical induction Step1; n=1
P(1)= 26X 1= A=

P (1) =3(multiple of 3)

~.true forn=1

Step 2; suppose it is true for N =K

P(k) = 2% —1(multiple of 3)....(1)

Step 3; To show for N=Kk +1

i.e., To show

P(k+1)=2"" —1 multiple of 3
— 22k+2 _1: 2.222k _1

=42% -1
Subtracting and adding 4
P(k+1)=4.2*-4+4-1

=4(2 -1)+(4-1)

In RHS of equation (2), 2% —1 is a multiple of 3
from (1)
So RHS of equation (2) is a multiple of 3,

therefore P (k +l) is a multiple of 3
~truefor N=k+1

Hence by mathematical induction, the given
statement is true for all integer values of n.

Exercise 7.2

Q1. Expand the following
i) (2x+ y)6
6

6 _
Solution; we have (2X+ y)6 = Z(k](ZX)B k.yk

k=0
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+[gj(2x)63 y® +[2J(2x)64 y*

G (o

(2x+y)" =1.(2x)° y* +6.(2x)" y* +15.(2x)" y?
+20.(2x)" y* +15.(2x)" y* +6.(2x) y°
+1.(2x)y°

(2x+y)’ =64x° +6.32x°y" +15.16x"y*
+20.8x%y° +15.4x%y* +6.2x"y° +1.y°

(2x+y)" =64x° +192x°y" + 240x*y? +160x°y?

+60x°y* +12x"y° + y°

i) (x—2)

R U RUSC)
G Ol B e
|

+ ! x76[_—lj6+ ! X7 _—lj7
6 X 7 X
(x—1) =1.x —7.x6.i1+21.x5.i2—35.x“.i3+35.x3.i4
X X X X
—21.x2.%+7.x1.%—1.%
B ~2l: A L
(x—§)7=x7—7x5+21x3—35x1+—1——3+—5——7
X X X X
iii). (3x—2y)"*

solution; we have

(ax-29)" = 3 Jia " (-2

k=0

(3x-2y)' = @(3)()” (-2y)° +@(3x)“ (-2y)'
+( j(3x)4_2 (-2y)’ +[;‘j(3x)“ (-2y)°
{30 Cany
(3x—2y)" =1.(3x)* (2y)" —4(3x)’ (2y) +6(3x)"(2y)’
~4(3x)"(2y)’ +1(3x)’ (2y)’
=3'x' —4.32x°y +6.32.2° X2y —4.3.2°xy* + 2'y*
(3x- 2y)4 =81x" —216x’y +216x°y* —96xy* +16Yy*

N A

w). (2x-2)

6
solution; we have (% X— X%)

“(3-%) =26 &)

6 x® 1 x* 1
x? 1 xt 1 1
+15? _8_6?')(10 +X12}
6 3
(3x-2) =729 X _6x 15 20 15 6
X 64 32 16 8x 4x 2X
6 3
(%x—%)6=729 X _3X +E—i3+1—56—%+
X 64 16 16 2Xx 4x X

Exercise 7.2

Nw
x

|
Xl
SN—
o

|
w

(o]
——
VR
o o
N—
/N
N | X
—
o
&
VR
SR
N—
o

+
N\
= o
N—
/N
N | x
—
o
I
TN
><||
N

1

12

X

1

X

12

Q2. Find the middle term (middle terms in case of

two mid

dle terms) in the following expansions.

i). (% + 9b]8

Solution

8
; we have [% +9bj

N =28 even and the general term is

N e,

th th
Middle term:(n—zzj =(Ej = 5" term

To find

T4+1 = (

T5:(8

2
T,=T,=r=4

r+l

J3) e

4
8! a' ...

% a
—4)141 3
~ 8x7x6x5x4! a’

x9x9x9x9.b*

g

x3x2x1.4! 3x3x3%x3

T, = 2x7x5x9%x9xa’b*
T, =5670a%"

ii). (BX

1\°
Solution; we have (3X+—j

1 10
B
2X

2X

Nn=10 even and the general term is

Tr+1 = (

o 2]
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th th
Middle term=(n_+2j :(1O+2j — 6th term
2 2

Tofind Ty =T,,, =r=>5

r+l

oo Je0 ()

|
TG :LX35X55—5
(10—5)!5! 2°X
|
T, :10><9><8><7><6><5.3><3X3><3X3)(5
5x4x3x2x1.5]
T ~ 9x7x3x3x3x3x3
6 2x2x2
15309
Te :T
T, =1913.625

2x2x2x2x2.X°

11
ii). (x“ —%)

Solution; the general term is

e )

N =11 odd there should be two middle terms

th th
First middle term=(n_+lj :(E‘j — 6" term
2 2

th th
Second middle term=(n_+3) =(@j _ 7" term
2 2

Tofind Ty =T,,, =r=>5

r+l

5
()
a1
T @15y X
_ —11x10x9x8xTx6! 5445
® " BIk5x4x3x2x1 *
T, =—11x3x2x7x’
T, = —462x%°
Tofind T, =T,,, =r=6

r+l1

e 2]

111 1
T, = X

" (11-e)6!" Tx®

~ 11x10x9x8x7x6! 2018

" Bx4x3x2x1x6!
T, =11x3x2x 7X?

T, = 462x°

)

For the term involving Xg , by comparing only powers of x

0% (5] -x

Xl&;—r :XQ

X r

X15—3r =X9
=15-3r=9
15-9=3r
3r=6

r=2

Put I =2 in the general term

e B

(st T x
_ 15 X14X13' gaz X13,4
P 13k2x1

T, =15x7x9a’x’

T, = 945a°x°

Hence the coefficient of X° is 945a°

Q3. Find the coefficient of

15
i). X in (x+3—?)
X

3a 15
Solution; we have (X+—2)
X

The general term is

10
i). X* in (sz —ij
3

X
Solution; the general term is

e B

For the term involving X5 , by comparing only powers of x

(5 =

X NG
XI’

X20—3r=x5

=20-3r=5

20-5=3r

3r=15

r=5

Put I =5 in the general term

10 105 (=1 >

T5+1=(5](2X ) (&j

_ 10! 5,10 _1

° (10-5)51T T T3
T ~ —10x9x8x7x6x5! 32x10°

6 5k5x4x3x2x1 3P

\ = MX 32%°
3x3x3
T = _8% x> =-33.1852x°
27

Khalid Mehmood Lecturer GDC Bilot Sharif D.I.Khan

available at http://www.mathcity.org



Chapter 7

Exercise 7.2
100

Hence the coefficient of X° is —33.1852

12
im.xin(ZX?—lj
X

12
1
Solution; we have (ZX2 ——j
X

The general term is

To=(F)er (5

For the term involving X, by comparing only powers
of x

X24—2r

=——=X
X

X24—3r:X
=24-3r=1
24-1=3r
3r=23
r=2

3
As I is not an integer sothe coefficient of x is zero

Q4. Find term independent of x in following expansions.

l 8
i). (x+—j
2X

8
1
Solution; we have | X +—
2X

The general term is

e )

For the term independent of x (i.e., XO), by

comparing only powers of x

(2] -x

8-r
X
r = XO
X
X8—2r — XO
8-2r=0
=r=4

Put I =4 in the general term

oGl 3]

8! . 1
T = X
T (8-4)14” 2!
_ 8x7x6x5x4l  x**
5 A4x3x2x1 2x2x2x2

0
T, - 7 x5X%
2x2x2
35
T.=—
° 8

) 1Y)°
ii). (sz _F)

l 10
Solution; we have (ZX2 —_)

X3
The general term is

T, = (1:) )(ZXZ ) (;—ilj
0

For term independent of x X~ , by comparing only
powers of x

(%)

0

X20—5r =X

20-5r=0

20=5r

=r=4

Put I =4 in the general term

e e G

10! 6oz 1
T5_(10—4)!4!' e
T :10><9><8><7><6!
> Bk4x3x2x1
T, =10x3x7x 64X

T, =13440

2x2x2x2x2x2x12H

9
iii). (2x2 +1j
X

9
Solution; we have [ZXZ +1j
X

the general term is

e )

For the term independent of x (i.e., XO), by

comparing only powers of x

) (2] -x

X18—2r _ XO

Xr
X18—3r — XO
=18-3r=0
18=3r
r=6

Put I =6 in the general term

w2

91 3.6

1
T, = 2°x%.
" (9-6)!6! x°
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_ 9x8x7x6!
T Bk3x2x1
T, =3x4x7x8x’ =672

2x2%x2x%°

Q5. Find (expand)
4
). (1+ 2X — x2)

. 2\4
Solution; we have (1+ 2X—X )

(Lr2x—x) = g[ij(l+ 2x)4_k.(—x2)k
_ [4J(1+ 2x)"° (=)’ J{‘l‘j(“ 2 ()
[ J(l 2x) (=) +[:j(1+2x)43(_><2)3

[ j(1+2x )

1(1+2x) —4(1+2x) ( ) +6(1+2x)2(xz)2

—4(1+2x)' (x* )3 +(X2)4

=(1+2x)" —4x? (1+2x)’ +6x* (1+2x)°
—4x® (1+2x) +X°

= {1+4(2x)' +6(2x)" +4(2x)' +(2x)'}

-4 {1+3(2x)" +3(2x)" +(2x)'}

+6x* {1+ 2(2x)" +(2x)2} —4x° (14 2%)+x°

= {1+8x+24x* +32x° +16x*}

—4x? {1+ 6X+12X° + 8x3}

+6x* {1+ 4x+4x2} —4x° (1+2%)+x°
=1+8x+24x% +32x° +16x* — 4x* — 24x° — 48x*
—32X° +6x* +24x° +24x° —4x° —8x" + x°
=1+8X +24x° — 4x* +32x° - 24x° +16x" — 48x"
+6X* —32X° + 24X° +24x° —4x° —8x" +X°
=1+8x+20x" +8x° — 26x* —8x° +20x° —8x” + x°

Solution; we have (a+b)5 +(a—b)5

_ Z@ab +Z@a (-b)’

Using Pascal’s triangle for n=5
The coefficientsare15 10 10 5 1

={a® +5a’h +10a’h® +10a%° + 5a'b* +b°}
+{a®—5a’h+10a’h’ ~10a’h® +5a'b* —b®}
=a’ +5a’h+10a’v* +10a°b® +5a'b* +b°
+a° -5a’h +10a’b* —~10a’b® +5a'b* —b®
=2a’ +20a’h’ +10a'b*

i). (JE+1)5 —(ﬁ—l)s
Solution; we have (\/E+1)5 —(x/i—l)s

(@1)5_(@_1)5:2@(@5*-g[i](ﬁ)” (1)

k=0
Using Pascal’s triangle for n=5
The coefficientsare15 10 10 5 1

={(ﬁ)5+s( 2)' +10(v2) +10(+2) 5(ﬁ)l+1}
|2 -5(2) +10(2) -10(+2) +5(+2) -1
=(J§)5+5(J§)4+10(J§)3+10(J§)2+5(J§)1+1
~(V2) +5(v2) ~10(v2) +10(+2) -5(2) +1

=10(J§)4 +20(J§)2 +2=10(4)+20(2)+2=82

Q6 Find numerically greatest term in (3— 2x)10 when X = %
Solution; we have (3— 2x)10

When x=2 putin (3—2x)"

10
x=3 4
0 _ (3_%)10
x=3 2

10 10 1)°
(3—2X) _§=3 1—5

10 10 —l
3-2x)°| =3v —
-2, -3 7)3

|
e O

REORHS!

OEHORGC)
I3

(3-2x)

(3—2x)l

10 & 10/ -1)° (10)/-1)°
+ + — | + —
8 9 )\ 2 10)\ 2
(3- 310{1_Q+§_120+210 252 210
2 4 8 16 32 64
120 45 10 1 }
128" 256 512 1024
(3- =3°{1-5+11.25-15+13.125-7.875

+3.281-0.936+0.176 —0.020 +0.00098}

caltermi cnis3° (15
Greatest numerical term is at number 4th which is ( )

iii). (a+b) —(a-— b)

X . x \12 1
Q7. Find the greatest term in (1+ 5) when X =3

12
Solution; when X =% putin (1+§)

(1+2)” s [1%[%))12

12
(1+§)12 = (1+1

(1+3)° " : [ﬂ@i
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(12 . 12 (1j1+ 12 (1T+ 12 [1]3 Put ' =5 in the general term
lo 1 )4 4 3 )\ 4 . 17), sy Y
= X —_
12)1) (12)(1)° (12)(1)° o 5() 2
" 4\ 4 " 5 4 N 6 )\ 4 I 15
12\(1Y (12)(1} (12)(1Y Ts:‘—ﬂ', ,-X24y—5
PO R T
o N " __17><16><15><14><13><12!X24 ye
+ 12 (lj +£12j(lj +(12j[1j ® T 125x4x3x2x1 2x2x2x2x%2
10 )\ 4 11)\ 4 12 )\ 4 “17x7x13 4 s
2 12 66 220 495 792 924 792 T5=-———E;———x y
(1+E) X71:1+E+?+?+T+F+F+T
2 1547
T —— x24\/15
495 220 66 12 1 s=——g XY

48 +?+410 + 41 g
, =1+3+4.125+3.438+1.934+0.773+0.226

X=

(1+ g)lz

2

+0.048 4 0.008 4 0.0008 + 0.00006 +0.000003

+0.00000006
Greatest term is at the number 3™ which is 4.125

Q8. Find what is mentioned?

5
8 2
i). (\/;+ yz) term containing X?

Solution; the general term is

<[ Jo) )

5
For term involving X2 , by comparing only powers of X

8-r 5
(07 =

8—r

5
:>_—_
2

2
8—-r=5
=8-5=r
Put I =3 in the general term

8 8-3 3
T ) ()
gt 2
T, = x2y°
* (8—3)!3!X g
_ 8x7x6x5! g
‘" BIk3x2x1

5

T, =8x7y°x?

5

T, =56y°x?

3 17
ii). (xz _y?J term containing y15

Solution; the general term is

e )

For term involving y15 , by comparing only powers of y

YY) s
SR

=3r=15

T, =-193.375x*y"

8
5

iii). (SX——sj term independent of X
X

Solution; the general term is

8 (-5Y
Tr+1:( j(Sx)8 (—35) For term independent of
r X

X, by comparing only powers of x
8-r

= X8—4r = XO

=8-4r=0
Put I =2 in the general term

e

Ty= ik 6x“s—2
GRS
3:8X7X6'36x52x6'6
6Ix2x1
T3=4><7><36><52X0

T, =510300

Q9. Expand (1.04)5 up to four places of decimal by

use of binomial formula
Solution; (1.04)5

(1.04)’ =(1+0.04)’

(1.04)" = i[?j(om)‘

izt \ I

= (3)(0.04)0 +®(0.04)1 {2}(0.04)2

+(2](o.04)3 +E’J(o.04)“ +(2](0.04)5

=1+5%x0.04+10x0.0016 +10x0.000064
+5x0.00000256 +1x 0.0000001024

Taking up to four decimal places

=1+0.20+0.016+0.0006 +- - -
=1.2166
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Q10. Show that the sum of the coefficients in the o n! n! n! <2
N AT 2 |2'x+ 3131
expansion of (1+x)"is 2" where ne N and (n-1ut (n-2)12! (n—3)
1
hence show that the sum of the coefficients in the +eeet nm nt
. 7 . - -
expansion of (L:X) is 128. n(n—l)!+2n(n—l)(n—2)!x
Solution; (1+X) Since we know that (n—l)' (n—2)|2
n (N i (N n 1 -1 2 3)! I
(1+x) :Zm(x) :(O}(J(x) BN(-Y(=-2)(n-3)! . ot
i=0 (n—3)13x 2! (0)!n!
n n

Put X =1 in equation (1)

@ =(g)( 1)) (s)+(n)
e (MG

= 2" = Sum of coefficients of (1+x)"
Similarly Sum of coefficients of (1+ x)7 =2' =128

N n(n-1)(n-2) o
21
4o X"

_ n{1+(n—1)x+—(n_l)2(!n_2) & e )

:n+n(n—1)x

=n(1+x)" =RHS

Hence proved

Q11. Show that sum of odd coefficients is equal to
sum of even coefficients in the binomial expansion

of (1+x)" and each of them is equal to 2"t

Solution; we have (1+ x)7

o 5{TJor-(3J( 3o
+(;)(x)2+[g](x)3+ (Ej(x)" ......... (1)

Put X =-1 and take n is even

-0y =g+ (7 Jvt+ 3w
+(2J(_1)3+...+(:](_1)"

- e HHEE

j@@[J(zNSJU

Sum of odd coefficients= sum of even coefficients
Put X =1 in equation (1)

oy (5 (3)- (23] [0
==

=2"= (Sum of odd coefficients)+(sum of even
coefficients)

=2"=2 (Sum of odd or even coefficients)

Mt = (Sum of odd or even coefficients)

If n 2 N ornis a rational or negative, then

n(n-1 n(n-1)(n-2

(11) o, DO=D=2) s
2! 3!

valid only if |X| <1, Butif |X| >1 then it will not exists.

(L+x)" =1+nx+

Exercise 7.3

Q1. Find the first four terms in the expansions of
i). (1- x)%
Solution; Take (1— X)i% = |:1+ (—X)]i%

s e
SRR

=1+ 2+ 2'[ j( )x
SRR

Jr

n
Q12 Consider (1+ x)" and take[rJ =C,, show

C, +2C,Xx+3C,x? +---+nC, x"* =n(1+x)""
Sol; Take LHSC, + 2C,X +3C,x* +---+nC X"

x 3, b5
=1+ =+=X+ =X +-
2 8 16
3
i). (1—x)4

Solution; Take (1-X) % - |:1+ —X) ]%
(305351
S EN .

/‘\

1) -1\ 4
—_ —_— X+
! 2)\ 2
:1_2+§X2+ix3+...

2 8 16

ii). (8+12x)%

Solution; Take

v 2 % %
(8+12x)% =87 [1+(1%XH =2 {1{3—;]}
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e

[543

). (4-8x)*

Solution; Take (4—8X)

2]

(4-8x)7 =2°[1+(2x) ]
:%{1{‘;)(_2@%(‘;} -
RN A

Sl

(4—8x)% =4

Exercise 7.3
104

i). Find \/26 correct to 3 decimal places.
Solution; we have /26

26 = (25+1)°
(1)
26 =25t 1+ —
Ve (+25)
26 =5(1+0.04)"

26 =5{1+(0.5)(0.04) + w(om)z

V26 =5{1+0.02+ M(o 0016)+---}

/26 =5{1+0.02—0.0002 + -}

V). (1— X)_3
Solution; we have (1- x)f3 = [1+ (—X)]_3

=1+ (=3) (=3 + 5 (-3) (3 -1) (%

5 (BB (3-2)(x) +--

:1+3x+%(—3)(—4)x2

5 (AEA(E)()+

=1+3X+6x*+10x%+---

V26 =5{1.0198}
/26 =5.009
1
ii). Find correct to 4 significant figures.
1/0.998
Solution; we have 1
1/0.998
1 =
S99 =(0.998)°
ﬁ =(1-0.002)"°
1 0.
oo {1+(-0.002)} **
1
Jo598 {1+(—0.5)(—0.002)
_ (-05)(-0.5-1) (~0.002)7 +--)
21
1
= 1+0.001+0.0000015+---}
1/0.998 {
1
=1.0010
1/0.998

vi). 31+ x

Solution; we have 1+ x =[1+ X]%

(3)00ai3)5 )
(a5 2E2)er e
seal)R)
Sla)s )0

x x? b5x®

=1+———+—+
3 9 81

iii). Find cube root of 126 correct to five decimal places.

Solution; we have 3/126
3126 = (125+1)

5 A %
126 =125 (1+ Y.
3126 =5(1+0.008)>
$126 = 5{1+( 14} (0.008)

+( %) (%4 -1)(0.008)° +}
126 = 5{1+ 0.00266+(%)(—%)(0.000064) 4o }

126 =5 {1+ 0.00266666 —0.000014222}

3126 = 5{1.00265}

{126 =5.01325

w

Q2.

iv). Evaluate /65 to four places f decimals.
Solution; we have /65

4/65 = (81-16) 4
65 =81 (1‘1%1)%
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w3
==spe(3 J(%J%(%)(%—@(;—lff

P
81 2!\4 6561
+11 —_3) —j 4096
34\ 4 531441)
4 8 224
f65=301-———— 4
Ve~ { 8L 2187 531441

5N

4/65 =3(1-0.0493827 - 0.0036579 - 0.0004214 +...)
465 = 3(0.946538)
465 = 2.839614

1-x
Q3. Expand,; up to X
1+ X
] 1-x
Solution; ,[——
+ X
1-x

(X ) +3(3)(F) ()
%)(1)( )( X) +

[y
+
X
X
w\p
—~

1-x X x2 x3 X 3x? 5x°
—_— = 1 —————— G+ X 1__+___
1+x 2 8 16 2 8 16

X x 3x* x* x* 5 3¢
=l —
2 2 8 4 8 16 16
2 3
=1—x+X——X—
2 2
Q4. If x is such that x? and higher powers may be
1-3x X
neglected, then show that =1-—
1+4x 2
1-3x
Solution; take LHS
1+4x

1-3x _ (1-3x)*
1+4x (1_,_ 4X)%

1-3x
1+4x

= (1-3x)2 (1+4x) 72

Exercise 7.3
105

Expanding with neglecting x?, X3, x*, x°,...

e

(1—§5+- j(1—2x+-~)
2
~1- 2x—§§+--
2
<1-%
2

Q5. If x is so small that is square and higher powers
can be neglected, then show that
2
8+ 3x)? 5
( ) =1-—X

(2+3x)\/m 8

_ (8+3xf
Solution; Take LHS
(2+3x)/4—-5x
(1.3, )
(8+3x)% ) 8 (1+8xj

N R

o] 13 12 (5
2( 3j2\/1_5 ( 8N ZN 4]

1+—=x1|. X
2 4

) 22
32
L5l

XA/ X% = 2X

approximated with the value of >
(x+1)

Xy X% = 2x

Solution; we have >
(x+1)

WEE

ey K
Expanding with neglecting L 5 X% Xis,.
(1+(3)(R)+HHEH)(R) +)
(1+(-2)(H)+H(-2)(B)(E) +)
1 11
Neglecting F,F,Fw
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(Xijgl(l_§+xi+j

~1_1___g+£+£
X 2x2 x x* x?

~1_1_2_i+£+3
X X 2x* x* X
3 9

~ ——+—2
X 2X

Exercise 7.3
106

Multiplying with neglecting x*, x°,
15x*  25x° [ 5x 25x* 125x°
= 1+—+ +
8 16 6 36 216
15x* N 75x°  25x° _15x° N 25x°  25x°

8 48 16 8 16 16
_15x°

= RHS Hence proved.

Q7. If x* and higher power are neglected, than show
that (1+ X)% +(1- X)% =a—bx’ and find
aandb

Solution; we have (1+ X)%' + (1— X)%1 =a—bx?

Take LHS (1+ x)% +(1- x)%
o HE -
RO e |

x 3x* 7x x 3x° 7x
e 222 X g
4 32 128 4 32 128

~1+1+§_§_3L_3X 7x3 7

4 4 32 32 128 128
<2 X
16
3

Compare with a+bx® toget a=2,b= 16

Q8. If x is of such a size that its values are
considered up to x3. Show that

1 ° 1
(1+2xj —(1+3x) 1552

1—§x 8
6

1 )3 s
1+>x | —(1+3x)? ,
Solution; we have ( 2 - _ 15x
1-—x 8

6

s 3
1-2x

- {(l+ % xjs —(1+ 3x)§}(1—% le

Expanding with neglecting x*, x°,

- {u 37" + 3:2 + %j —[1+ (%j(fﬁx)

70 5577 )3

t2ig g (3
2 3
:{1 3x 3x° X 1- 3x 3x? 27x}

e
2 4 8 2 8 16

[H(—l)[-ngJ—l)Z(!)( 5, (A ZX”

{3x2 3 X 27x3}( 5X  25x? 125x3]
=y— 1+—+ +

4 8 8 16 6 36 216

2
Q9. Find the coefficients of X" in ]LX
1-x
2
Solution; we have (JLX]
1-x

(1+ sz (14+x)

1-x)  (1-x)’
Gi—zj =(1+ x)z(l—x)_2
:(1+2x+xz){l+(—2)(—x)+%(—x)z+-~

:(1+2x+x2)(1+2x+3x2+---)

Continuing same pattern up to nth power

=(1+2x+ xz)(l+2x+3x2 +4%3 +5x* +---
+(N=1)X"? +nx" " +(n+1) X" +---

Multiply & taking only those terms containing powers of Xn
(n+1)x"+2nx" +(n-1)x"
=(n+1+2n+n-1)x"

= 4nx"
Hence the coefficient of X" is 4n

Q10. Find the coefficients of X" in

2 3

Solution; we have( )2
(1-x°)
2)(-

= (1+3x*+3x" +X ){ x) (-2- 1)(—x3)2+---

:(1+3x2+3x4+x6) 1+2x3+3x6+---)

Continuing same pattern up to nth term
= (l+3x2 +3x* + x6)(1+2x3 +3x° +4x% +---

+(n-2) X3 +(n-1) X372 4y 4 (n+1)x*

Multiply and taking only those terms containing powers of X3n
(n+1)x*" +(n-1)x*"°.x°
=(n+1+n-1)x°
=2nx*"

Hence the coefficient of X*" is 2n

Q11. Identify following series and find the sum of each.

1 13 1
| =y =
R e TE T
13 1
Solution; we have 1——+—.—+-
22 2172
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Exercise 7.3

1,131
ZMETIPY

n(n-1) ,
21

Let (1+x)" =1-—

21+ %) =1+nx+ X2 e

Compare the two series term by term
Firsttermsi.e., 1=1true
Second terms

1
nX:—?

= X=-

Third terms
n(n—l)xzzgli
2! 21 2°
Putting the value of x
n(n-1)( -1\ 131
2! (n.Zz) 21724
n(n-1) 1 131
21 nn2* 21°2*
(1) 5
n
=n-1=3n
=-1=3n-n
=2n=-1

=

=>n=:
Putting the value of n in equation (1)

n
Putting the values of xand n in (1+ X)

-1

(1+%j2
(14x)" = [E)

1+x :(
1+

(1+x)"

107
1
nx ==
3
1
= 1
=X = @
Third terms
n(n—l)xz_i 1
21 21'3

Putting the value of x
n(n-1)( 1Y) 11
o) =3
n(n-1) 1 1

21 onn 20
(n-1)
“3n
=>-1=3n—-n=2n=-1

= =1=>n-1=3n

=>n=3
Putting the value of n in equation (1)

1
3.(7)
2

= X=—=
3

n
Putting the values of x and n in (1+ X)

X =

=1

(1+x)' = (1-%]2

(L4 x) :@

(1+x)"=(3)’

3'32+
11 151

Solution; we have 1+ =+ —.—+—.—+
3 23 313

Let (1+X) —1+£ il 151

= =+
3 213 313

n(n-1) ,
21

i~
ii).l+£+11
3 213

21+ %) =1+nx+ X2 4

Compare the two series term by term
Firsttermsi.e., 1=1true
Second terms

= (1+x)" =3
2 25 258
i) 1+ —4+——+ +
9 918 9.18.27
25 258
Solution; we have 1+—+——+
9 918 9.18.27
2 25 2538

Let (1+x)" =1+=+——
9 918 91827

( )

Compare the two series term by term
First termsi.e.,, 1=1true
Second terms

2(1+X) =1+ nx+——=

2
nxX=—
9
2
D X o 1
on (@]
Third terms
n(n-1) o - 25
21 9.18

Putting the value of x

n(n—l)(ij2 _ 25
21 \9on) 9.18

n(n—l) 4 25
21 9x9nn 9.18

—
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Chapter7 08
- Z(n_l) -5 X= >
n 8.(38)
=2n-2=5n X = _ 11
8x3
=-2=5n-2n o
X:—ﬂ
=3n=-2 n
_ Putting the values of x and n in (1+ X)
=n=7 )
Putting the value of n in equation (1) (1+ X)n = (1—%)ﬁ
2 15
X=372) 1+x)" =(%)"
9.(32) (1+x) n(24) }
= x=-1 = (1+x) =(&)"
Putting the values of x and n in (1+ X)n Q12. Find the sum to infinity of the following series.
2 [ 1+21+31+41+
(L)' = (1-3)° e
-2 : 1 1 1
n_ 3 lution; Let " 43— thd ...
(1+X) —(%) solution; Let (1+x) 1+2.3+3.32+4.33+
N [3\3 n n(n-1
(1+x)" =(3) = (1+X) :l+nx+%x2+---
:>(1+X)n = \/g Compare the two series te-rm by term
5 58 5811 Firsttermsi.e.,, 1=1 true
iv), I+ -+ —+——
M-8 812 T812.16 Seconferms
solution; Let (1+ x)" :1+§ 58 5811 e 3 )
8 8.12 8.12.16 = X = g, @
n nn-1 '
~(1+x) =1+ nx+gx2+--- B egs
n(n-1) , 3
Compare the two series term by term 21 X T
Firsttermsi.e., 1=1 true Putting the value of x
Secong terms n(n—l) 3 2_l
nX=§ 21 3n 3
5 n(n-1) 4 1
= — = — = —
= X g e @ 51 onn_ 3
Third terms 2(n —1)
- =
n(n-1) 58 3n
2! 8.12 = 2(n—1):3n
Putting the value of x
n(n—l) VY &g =2n-2=3n
= === = -2=3n-2n
2! 8n 8.12
=>n=-2
— n(n_l) 25 _ 5.8 Putting the value of n in equation (1)
2! 64nn 8.12 Y= 2
(n—1)§_i 3.(-2)
2 64n 12 =x=-1

:>12(25)(n—1) =5x2x64n

Putting the values of xand n in (l+ X)n
= 300(n—1)=640n

n 1\?
= 3000 —300 = 640n (1+x) :(1_§j
— ~300 = 640n —300n P
= 340n = 300 (1+x) =(§j

2

340 >
—15 " 9
n=—— = (1+X) =—
17 (T+x)' =7

Putting the value of n in equation (1)
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Chapter 7 109
i) 141,13 12 135 13 Let (1+x)"=1+i2+5.i4+
6 12 6 123 6 2 2! 2
1 131 135 1 n n(n—l) 5
Solution; we have 1+—+—.—+ -+ 21+ X) =1+ nx+———= X"+
6 126 1.2.3 6 2!
Let (1+x) 1+l+13 1 135 1 Compare two series term by term
"6 1262 1.23°6° First termsi.e., 1=1true
n -1 1
~(1+x) =1+ nX+MX2+--- Second terms  NX=—
2! 2
Compare the two series term by term 1
First termsi.e., 1=1true = X= .22 (D)
Second terms Third terms
nx =t n(n-1) , 13 1
6 o X T
2! 21 2
= X= i ............................... @ Putting the value of x
e T TER
raterms 2t (n2?) " 212
n(n-1) , 1.3 1
T C 12w n(n-1) 1 __13 1
Putting the value of x 21 nn2* 21°2%
=1y _13 1 BN U
2! 6N 1.2 6° n
=n-1=3n
n(n-1) 1 ZE% —=-1=3n-n
|
2! 36nn 12 6 —on——1
:>(n—1) 3 =>n=3
n Putting the value of n in equation (1)
n-1=3n 1
X =
-1=3n-n (—71)22
:>2n:1—1 :}X:%l
==z Putting the values of xand nin (1+ X)n
Putting the value of n in equation (1) B
6.(7) 2
=>X=-3 (1+x)" :[%jz
Putting the values of xand n in (1+ X)n ] ]
B (1+x) =(2)
n 1)? n
(L4 x)" = 1-§j (LX) =2
5 2 So equation (A) becomes y+1=\/§
n_ 2
(1+X) - gj Squaring (y+1)2 z(\/i)
(3} Yo +2y+1=2
(1+x) =| = )
2 y°+2y-1=0
n_ 3 14.1f2 i 13 1 +:-+ th
:>(1+X) = E Q y_ 2| 24 then
1 ) 4y°+4 —1=0
Q3. Ify=—+=-. =+ then Y’ +2y—1=0 vy
2 21 2 . 1 131
Solution; we have 2y = —+—.—+
- _ 13 1 2 2! 2
Solution; we have Y—?+§.?+ Adding both sides by 1
Adding both sides by 1 2y+1:1+i2+E %+ ................................. (A)
y+1l= 1+1+13 1+ (A) 2 2tz
_2 - _4 ............................. n 1 1 1
27 2t 2 Let (1+x) =1+ + —3—4+
2 2! 2
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Exercise 7.3
110

nn-1

21+ %) =1+nx+ ( )x2+---
2!

Compare the two series term by term

First termsi.e., 1=1 true

Second terms nx = iz
2
1
X S 1
n.2? @
Third terms n(n_l) X2 :Ei
2! 21 24

Putting the value of x

M( —1)2 13 1

2! n.2° 2' 24
n(n-1) 1 131
21 nn2* 21°2*
(n-1)
=-——=13
n
=n-1=3n
=-1=3n-n
=2n=-1
=>n=:
Putting the value of n in equation (1)

1
()7
-1

= X=—
2

Putting the values of x and nin (1+ X)n

=1

(1+x)" = [1— %)
(1+x)" = (%j%

(Lx)" =(2)"

= (1+x)" =2

So equation (A) becomes 2y+1= «/E
Squaring (2y+1)2 :(\/5)2

Ay* +4y+1=2

4y* +4y-1=0

X =

2n{1+(n;]1)x}

_ 2n{1+(nz_nl)x}
{1%%%%

Expanding and neglecting x® and higher powers

_ {1+%x}{1— (n2—n1) X+ (n4_n?2 X +}

Multiplying and neglecting x*and higher powers
2
L (0D (Y (0e) (0 (ne)

2n 4n 2n 4n?

1. (n+1) . (n-1) - (n—l)2 . (n-1)(n+1) 2
2n 2n 4n? 4n?

Lo (r1)-{n-3) o fin-2)-(re0)

_ 2
=1+{n+1—n+1}21+{n—1—n—1}(n )

n 4n?

=1+X (n—lz

n 2n
1Ly 110D

n 2ln n
:1+£x+1£(1—j 2

n 2lnin

1

=(1+x)n
=1+ X

=RHS Hence proved.

Q15. If x is so small that x3 and higher powers of x
can be ignored. Show that the nth root of (1+ X) is
2n+(n+1)x

2n+(n-1)x

Solution; we have to show that

2n+(n+1)x

2n+ En —1; X Wx

2n+(n+1)x

2n+(n-1)x

equal to

Take LHS

Q16. If x is nearly equal to unity then show that
px” —gx* =(p—g)x"

Solution; Given that X~1=>X=1+h, where h is
so small such that h? h*® h*,... are neglected

Take LHS pxP —gx? = p(1+h)® —q(L1+h)’
Expanding and neglecting h?,h* h*, ...
px” —ox® = p(1+ ph+--)—q(1+gh+--:)
=p+p’h-q-g’h
=p-q+(p*-a’)h
=(p-a)+(p-g)(p+g)h
=(p=a){L+(p+a)hj
=(p-a){1+h}""
( ) p+q

=RHS
Hence proved.
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