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Chapter 5

Miscellaneous Series

a,=a,+(n-1)d
Zkz n+1)(2n+1), n k:n(n+l),zn:k°=n
6 k=1 2 k=1

g(a1+an)

Zk3 (Ll)j S, =

Exercise 5.1

Sum the following series up to n terms
Ql. P +3F+5 47+

Sol: Given1® +3* +5° + 7 +

Consider the series 1,3,5,7,...

Here &, =1,d =2

a,=a +(n-1)d

a, =1+2(n-1)

a,=1+2n-2

a,=2n-1

so Zn:Tk =1*+3 +5% 4.+ (2n-1)’
k=1

ST, = 2(2n-1)

k=1
ZT Z4k2 4k +1
ZT —4Zk2 4Zk+12k°
ZT 4 n+1)(2n+1) 4 (n2+1)+n

ZTK—H(Z (n+1)(2n+1) 2(n+1) 3 1 §J
1 313

2 2n® +3n+1 6(n+1 +3

(4n2+6n+2 6n— 6+3)
=3

Q2. 12 +(12+2 )+(12+22+32)+---

Sol: Given 12+(12+22)+(12+22+32)+---
Consider the nthterm 1,2,3,4,... with 8 =1d =1
a,=1+2*+3+.--n°

B n(n+1)(2n+1)
" 6
n(2n2+2n+n+1)
a, = 5

. _2n°+3n°+n
" 6
Zn:Tk:12+(12+22)+(12+22+32)+---+(12+22+32+~--+n2)
ZT Z(2k3+3k2+k)

37, - {22k3+32k2+2k}

k=1

kZ:‘Tk _%{2[”@;1)] +3[n(n +1)6(2n +1)]+ n(n;l)}

" I - n(n+1){n(n+l)+2n+1+l}
1 6 2 2 2

, So

1
T =En (n+1) |:n(n+1)+2n+1+1:|
T =—n(n+1) |:n(n+1)+2(n+1):|

Tkzén(n+1)2(n+2)

M-

Q3. 2°+4°+6°+

Sol: Given 2% +4% +6° +
Consider the series 2,4,6,...
Here &, =2,d =2
a,=a,+(n-1)d
a,=2+2(n-1)
a,=2+2n-2

a, =2n

So Zn:Tk =2*+4 +62+~--+(2n)2
$7.- (26
ZTk =Z4k2
k=1 k=1
£ a5
n(n+1)(2n+1)
ZT =4
n(n+1)(2n+1)

ZT— .

Q4. P+3F+5+7%+
Sol: Given B +3F +5°+7° +
Consider the series 1,3,5,7,...
Here &, =1d =2

a,=a+(n-1)d
a, =1+2(n-1)
a,=1+2n-2
a,=2n-1
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Chapter 5 Exercise 5.1

n 3 1,2,..99 2,3,..,100
So > T, =L'+3+5°+7%+..+(2n-1) Here a, =1,d =1  Hereb =2,d =1

k=1
n n a,=a,+(n-1)d b, =a +(n-1)d

3 3

kZ:;Tk:k:1(2k—1) (a-b) =a-b*-3a’%+3ab’ a ~1+1(n-1) b =2+n-1
n n — b =n+1
3T, = (8Kk* ~1-12k* + 6k) w0 “
k:l k:1I’1 n n n SO ZTk :Zk(k+1)

T, =8> k*-> —12> k*+6> k e e
k=1 k=1 k=1 k=1 k=1 ZT zz k2 +k
Zn:T 3 n(n+1) 2_n_lzn(n+1)(2n+1)+6n(n+1) s k knl( i )
=R 6 2 ST, =Yk +3k
n k=1 k=1 k=1
3T, =2n*(n+1)° ~n-2n(n+1)(2n+1)+3n(n+1) 1, _n(n+1)(2n+1) n(n+1)
k=1 kZ:]; k ™ 6 + 2
YT, =n(2n(n* +20+1)-1-2(20+30+1) +3(n 1) gy, My (aned
1 =) 3
YT, =n(2n°+4n’ +2n-1-4n’ ~6n-2+3n+3) Zn:T _n(n+1)(2n+4)
k:l o k= 2%3

T.=n(2n’-n n(n+1)(n+2
2T, =n(2r ) 1002

k=1

Zn:Tk =n*(2n’-1)
k=1

5. P+5+9%+...
Sol: Given 1 +5° +9° +-- - Consider series 1,5,9,...
Here a, =1,d =4

a,=a,+(n-1)d

a, =1+4(n-1)

a, =1+4n—4

a,=4n-3

So YT, =1 +57+9° +---+(4n -3
k=1

Zn:Tk :Zn:(4k—3)3

k=1 k=1

T, = > (64k® —27-144K* +108k )

k=1 k=1
iTk =64i k® —27i —144i k? +1082k
k=1 k=1 k=1 k1

K=
2
ST, - 64[n(n2+1)] omn1ag"(0 +1)6(2n 1) 108 n(n2+1)

iTk =16n* (n+1)" ~27n-24n(n+1)(2n+1)+54n(n+1)
k=1

iTk = n{16n(n2 +2n+1)-27-24(2n" +3n+1)+54(n +1)}
k=1

iTk =n(16n°+32n” +16n - 27— 48n” - 72n - 24 +54n +54)
k=1

zn:Tk =n(16n° ~16n° - 2n+3)

k=1

Since Number of terms are n=99

® _ 99(100)(101)

T =
20 3
99
> T, =33x100x101
k=1

99
3T, =333300

k=1

Q6. 1.2+2.3+3.4+---+99.100
Sol; 1.2+ 2.3+3.4+---+99.100In given series

First factor of each term  2nd factor of each term

Q7. 1?+3*+5%+..-+99?
Sol: Given 1 + 3* + 5% +. ..+ 992
Consider the series 1,3,5,...

Here a, =1,d =2
a,=a +(n-1)d
a, =1+2(n-1)
a, =2n-1
n n 2
o » T, =>(2k-1)
k=1 k=1
3T, =Zn:(4k2—4k +1)
k=1 k=1
iTk _4Zn;k2—4zn:k+zn:1
k=1 k=1 k=1 k=1
Zn:Tk :4n(n+1)(2n+1)_4n(n+1)+n
k=1 6 2
n 2(2n° +3n+1
YT = n[w—z(mlﬁl}
k=1

4n2+6n+2—6(n+1)+3j

;Tk :n[ 3
3T, :2(4n2 -1)

k=1
Since Number of terms are
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Chapter 5
a,=a +(n-1)d
99=1+2(n-1)
99=2n-1

=2n=99+1
n=>50

50

ZT (4 50° —1)

ZTk =166650

k=1

Book answer is wrong

Q8.  2+(2+5)+(2+5+8)+---+nterms

Sol: Given 2+(2+5)+(2—|—5+8)+...+A1
Consider the nth term An=2+5+8+... @,

Here 8, =2,d =3

a,=a,+(n-1)d

a,=2+3(n-1)

a,=3n-1
So nth termis 2+5+8+..+3Nn—1
A\H:sn:g(2+3n—l) -.'Sn:g(a1+an)
A :g(3n+1)

A =s, :%(3n2+n)

So T, =%Zn:(3k2 +k)

k=1 k=1
3T, =1(3sz +sz
k=1 2 k=1 k=1
S| 3n(n+1)(2n+1) n(n+1)
;Tk_z( 6 M
n _n(n+1)
;Tk— > (2n+1+1)
n_ (n+1)(2n+2)
;Tk_ 2x2

n+1)

ZT =

Exercise 5.1 70

Q10.Sum 1.3.5+2.4.6 +3.5.7 +... nterms
Sol: Given 1.3.5+2.4.6 +3.5.7 + ... n terms
Separate the series and find the nth term
a,=a +(n-1d
1,2,3,.. d=1 34,5,.. d=1 56,7,. d=1

=a+(n-Dd b =b+(n-1d c,=c+(n-1)d
a,=1+(n-1).1 b =3+(n-0)1 ¢ =5+(n-1)1
a=n b,=n+2 c,=n+4

So iTk = Zn:ak b,.c,

Zk k+2)(k+4)

k=1

M:
i

=
|
LN

T, =3 k(K +6k +8)

k

T, =D k°*+6k*+8k

k
k3 + GZn: k? +8Zn:k
1 k=1 k=1

N z[n(n+1)J2 6 (n+1)(2n+1)+8n(n+1)

( |
l

LN

S

I
_

T =

M-

F

o N N

=

=1

+2n +1+ 4}

n +n+8n+20J
n+1

n(n+1) (n2+9n+20)
)

(n +1)(n+4)(n+5)

Q9.Sum2+5+10+17 +..+nterms

Sol: Given2+5+10+ 17 + ... + n terms

Separate by subtracting and adding 1 from each term
2+5+10+17 +---+nterms

n terms n terms
=1+14+1+ 41414+ 449416+ + A

=N+1+2°+3F + 4 +---+n?

. n(n+1)(2n+1)
6

=2{6+(n+1)(2n+1)}
=2{6+2n" +n+2n+1}

:%(an +3n+7)

Q11.Sum 1.3.5+35.7+5.7.9+---to n terms.
Sol: We have 1.3.5+3.5.7+5.7.9+--to n terms.
First factor Second factor

13,5,.. d,=2 357.. d,=2
a,=1+2(n-1) b, =3+2.(n-1)
a,=2n-1 b,=2n+1

Third factor
5,7,9,... d3 =2

c,=5+2.(n-1)
c,=2n+3

So Zn:Tk = Zn:ak b, .c,
iTk =Zn:(2k—1)(2k+1)(2k +3)
ZT Z(4k2 ~1)(2k +3)

ZTk = ZSkS +12k? -2k -3
k

k=1

3T, =83 K +123 k2 2> k-3
k=1 k=1 k=1 k=1 k=1
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Chapter 5 Exercise 5.2 71
2 n n n n
s, :s[n(n+1)j +12n(n+1)(2n +1)_2n(n+1)_3n 3T, =33 45 +6> K2 -4 K°
2 6 2 k=1 k=1 k=1 k=1
:2n2(n+1)2+2n(n+1)(2n+l)—n(n+1)—3n S, 23(4+42 448 +---+4”)+6 n(n+1)(2n+1)

Sn
S, =n{2n(n’+2n+1)+2(2n +2n+n+1)-(n+1)-3}
S, =n{2n’+4n’+2n+4n”+6n+2-n-1-3|

S, =n{2n’+8n’+7n-2]

Q12. Find the sum to 2n terms of the series whose
nth term is 4n® +5n+1

Sol: Given general term 4n? +5n+1

Let the general term is T, = 4k +5k +1

Sum up to nth term Zn:Tk = 4Zn: k? +5Zn:k +Zn:1
k=1 k=1 k=1

k=1
5. =4 n(n+1)(2n+1) e n(n+1) n
6 2
s - n[2(n +l)3(2n 1), 5(n2+1) +1]

S :2(4(2n2 +n+2n+1)+3(5n+5)+6)

S, :2(4(2n2 +3n +1)+3(5n+5)+6)
S, =2(8n” +12n+4+15n+15+6)

S, =2(8n”+27n+25)
Replacing n by 2n we get
S0 =2(8(2n)" +27(2n)+25)

S,y =4(32n” +54n+25)

6

(222

S, = 3(4.‘;n _11} n(n+1)(2n+1-n(n+1))

S, =4(4"-1)+n(n+1)(2n+1-n*—n)
S, =4""—4+n(n+1)(-n" +n+1)
S, =4""—4-n(n+1)(n*-n-1)

|Sum of finite geometric seriesl

Sn :M’r>1
r-1

S, =—a1(1_rn),r<l
1-r

0

‘Sum of infinite geometric series‘ S, = 1i
—r

Exercise 5.2

Q13. Find sum of n terms of the series whose nth term is
). n?(2n+3)

Sol: Given the general term n? (2n + 3)

Let the general term is

T, =k?(2k +3) = 2k® +3k?

Sum up to nth term

ST =23 K+ YK

k=1 k=1 k=1

o _2(n(n+1)j2+3n(n+1)(2n+1)
- 6

n

2
5 - n(n +1)[2n(n+1)+2n+1]
2 2
S, = n(n+1)(n2 +n+2n+1)
2
S, = n(n+1)(n2 +3n+1)
2

Sum to n terms of the following series
Ql. 1.2422°432%+---

Sol: Given 1.2 +2.22 +3.2° +--- consider
First factor Second factor

112/31--- dl :1 21+22+"' r:2
a, =1+1.(n-1) | b =br""

a =n b =22""=2"
Then nth term a b, =n.2"

Let S=1.2+2.2° +3.2° +---+n.2" then
2S= 1.2°+22°+3.2'+---+(n-1).2"+n.2""
S=12+222+3.22+42+...+ n.2"

S=—2- 22— 2°- 2°_.. 2"+ n2m
S=-2-(2°42°+2"+---4+2")+n2"
22 (2"t -1 rm—1
2-1 r—1
S=—2-2"14224n2"
S=4-2+ n2mt_pm
S=2+(n-1)2"

ii). 3(4"+2n%)—4n°
Sol: Given 3(4“ + 2n2)—4n3
Let the general termis T, = 3(4" + 2k2)—4k3

Sum up to nth term

Q2. 1+22+3224+42%+...

Sol: Given 1+2.2+3.22 +4.2° +---consider
First factor Second factor

1,23,.. d; =1 |2°42"+2%+...1=2
a, =1+1.(n—1) | by =br""

a =n bn =202"t =t
Then nthterm a_ b, =n.2"™*

Let $=1+22+32"+42°+-+(n-1).2"* +n2"" then

Khalid Mehmood Lecturer GDC Bilot Sharif D.I.Khan

available at http://www.mathcity.org



Chapter 5 Exercise 5.2 72
25= 12+22°+432°+4.2' +--+(n-1)2" +n2"
§$=1+22+32°+42°+52* +--.+  n2"*
S=-1-2- - - 2. 2"y 2
S=-1-(2+2°42°+2" 4.+ 2™) 402"

Second factor
50,51,52,53,... r=>5
b, =b,r"*
b, =5°5""

— 5n—1

a (3n-2
S_ 1 ( "o )+n2” s _ai(rn—l) Then nth term b—"=( = )

_ 2- o 4 7 10 3n—2
§S=-1-2"4+2+n2" Let S:1+§+5_2+?+”'+ 2 then
§=2-1+ n2"-2" 4 7 10 3n-2

; S=l+—+—=+—+ -+ —
S=1+(n-1)2 5 5 5° 5"
Q3. 1+4x+7X+10 +--- g1, 4,7, 305 32
Sol: Given 14 4x+7x? +10x> +--- Consider > 5 5 S S} S|

1,47,.. d; =3 Seocorld f?ctgr S—ES :1+§+%+%+... n3_l_3n;2
a :1+3.(n—1) X, X, X5, X%, r=X 5 5 5 5 5 5

n ] _
a=3n-2 b, =b,r" (1—1j8:1+§(1+1+l2+---+%)—3nn 2

' B = X0 x”‘l 5 5075 5 5 5
Then nth term an.bn:(3n—2). (ﬂjs 1 §(1_5"11)_3n_2
Let S =1+4x+7x* +10x* +---+(3n=2) X" then 5 5(1-¢)

S =1+4x+7x" +10X° +---+(3n-2)x"* S 5 3(1—5%1) )
= — + — —
XS= X+4x"+ X’ ++(30-5)x"" +(3n-2)X" 5 (%) 5"
S—XS =1+3x+3x" +3x +---+3x"" ~(3n-2) X" 3—5 ) 3 ’ 1) 3n-2
(1-%)8 =143 (L+ X+ X" 44+ X" )~ (3n-2)x" I T S
3x(1-x"* 1-r" 5[, 331 3n-2
(1—x)S=1—(3n—2)x”+ ( ) -_-sn:aj( ),r<1 §== 1+_____1_
1-x 1-r 4 4 45 5"
¢ _1-(3n-2)x" 3x(1-x"") _5[7 31 3n-2
(2=x) (1-%)° 4la 257 8
Q4. 14+2X+3X°+4X +--- S 35 3 3n-2
Sol: Given 142X +3x% +4x® +--- consider 16 1652 45"
First factor Second factor 35 15+4(3n_2)
— 0 2 3 [ —

1,23,.. d; =1 | x°xx*x,...r=x 16 165"

a, =1+1.(n-1) | b, =hyr"" g 35 12n+7
a =n b, _x° L gt 16 16.5™
Then nth term a,.b, =n.x"" Q6. 1-7x+13x*~19%’ +--

Lot S =14 2X+3X% +4X 4+ Nx"* then Sol: Given 1—d7x+61.?>)(S 19de +t - consider
S=1+2x+3x*+4x+--- + n x"* 17,13,.. - Sconsraetor,

2 3 n-i n an:1+6(n_l) X )_XIX !_X oo F=—X
XS = X+2X"+3x +-+(n-1)x"" +nx -

— ) a,=6n-5 b, =byr
S—XS=1+X+X"+X +---+ X" —nx" 0 n-1 n-1
(1-X)S =1+ X+ X +---+ X" —nx" b, =x°.(=x)" =(-x)

1—x" Then nth term a,.b, =(6n—5).(—x)n_1
(1-x)S = —nx" o
1-x Let S =1-7x+13x*-19x° +---+(6n—5)(—x)
s_ 1-x" X’ then
(1- X)2 (1-x) §=1-Tx+13x* 19" +---+(6n-5)(x)""
Qs. % g+572 ;—?Jr... XS=  X=Tx'+ 18X ++:—(6n-11)(-x)"" +(6n-5)(~x)’
710 S+XS =1-6x+6x" ~6x +---+6(~x)"" +(6n-5)(~x)’

Sol: Given i+g+—+—+~~-consider

5 58 (1+x)S=1—6x(1—x+xz—~-+(—1)"’1(—x)"’2)—(6n—5)(—x)”
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Chapter 5 Exercise 5.2 73
6x(1—(—x)"" 2. . 2, 1 1 B
PRI e S SR A=
1—(—x)
. n-1 2 2( 1
s (-5 S(1-()") =

(1+x) (1+ x)2 » 21
Find the sum of infinity of the following series E 5,=5+ _g
Q7.1 +FX+5°X+ 7 +--- 3
Sol: Given 1 + 3 X +5° X + 7° X3 +--- 51=§(5+1)
Let S =1 +3X+5° x> +7°x3+--- then 3
S=1+3FX+5° X +7*X> +-- 81:5.6
xS=  Px+3Fx°+5x°+7°x" +-- S, =9
S—XxS=1+8x+16X>+24x3 +--- Put in equation (1) we get
Consider

S, =1+8X+16X* +24x> +---

XS, = 1x+8x*+16x°+---

S, — XS, =1+ 7X+8xX* +8x> +---
(1-%)S, =1+7x+8X* (1+ X+ X" +---)
(1-%)S, =1+ 7x 18X —— =5 =&
1-x 1-r
S - 1+7x . 8x?
b(1-x) (1-x)’
So (1-X)S =1+8X+16X" +24x° +---
1+7x 8x?
1-x)S = +
R e
1+7x 8x?
S = ~+ -
(1-x)" (1-x)

4 9 16 25
Q8.1+§+3—2+§+3—4+"'

) 4 9 16 25
SoI:leenl+§+3—2+§+3—4+

4 9 16 25

LetS=l+§+3—2+?+3—4+-~-then
S:1+g+3—92+13—§+§
1 1 4 9 16 25
ES: §+3—2+§+3—4+3—5+
S—%S:1+g+3%+%+%+---
(1—%)8:1+1+3i2(5+§+?%+---j .............. (1)
Now take
Sl=5+z+3%+
1 5 7 9
_S = —4—
3! 3 3 3

1 2 2
(—5j81:5 3+3—2+33+

(1—1)5 =1+1+%(5+Z+%+---j
3 3 3 3

gS :2+%.9:2+1:3
3 3

s=33_2
2 2
Q9. Find the nth term of following Arithmetico-
) 7,11
geometric sequence 5,—,1,—,...
3 27
) 7,11 57 9 11
Sol: Given 5,—,1,—,... or 5. =, 5,5
3 27 3333
5,7,9,11,... d=2 3,9,27,...r=3
a,=5+2(n-1) b, =ar=13"
a,=2n+3 b, =3""
=3
b,
T _[5+2(n-1)]
n 3!’1—1
T - 5+32nn1_2
poas

Q10. Find the sum of following Arithmetico-

geometric sequence S =5+—+14+—+---
3 27

Sol: Given S =5+Z+1+E+~- then
3 27

S:5+Z+%+E+~--
3 3 3

1 5 7 9 1
=S= sttt
3 3 ¥ 3 3
S—ES:5+E+%+%+%+

3 3 3 3 3
gS:5+g(1+l+i2+i3+---) '.'SOO:i
3 3 3 3 3 1-r

25 5.2 L
3 3l1-1
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Chapter 5

gS:5+2 1
3 3 2

ES=5+1

3

E8:6

3

8:6.§
2

S=9

‘A series each term having r factors in AP‘

. nth term x next factor
S,=>U, = _

~ (number of factors in each term +1)xc.d
Reciprocal series|

. nth term with a factor from biginning neglected
S,=>U,=C- _
(number of factors in each term —1)xc.d

Exercise 5.3

Find the sum of the following series
Q1. 1.3.5+2.4.643.5.7+...
Sol: Given 1.3.5+2.4.6+3.5.7+... Consider

First factor Second factor
1,23,. d,=1 |345,.. d,=1
a,=1+1.(n-1) | b, =3+1.(n-1)
an =N bn =N+ 2

Third factor And common
56,7,.. d,=1 | differencebetween
3 factors of first termis

¢, =5+1.(n-1) | g=2-d,=d,=d,
c,=n+4 so making the
general termas a
same c.d

U,=n(n+2)(n+4)
U, =n(n+1+1)(n+2+2)
U, ={n(n+1)+n}{(n+2)+2}
U, =n(n+1)(n+2)+2n(n+1)+n(n+2)+2n
U, =n(n+1)(n+2)+2n(n+1)+n(n+1+1)+2n
U, =n(n+1)(n+2)+2n(n+1)+n(n+1)+n+2n
U,=n(n+1)(n+2)+3n(n+1)+3n
Then
Sn:C+n(n+1)(n+2)(n+3)+3n(n+1)(n+2)+3n(n+1)

4 3 2
At n=1
L35_c, 1234 3123 312

3 2

15=C+6+6+3=C=0
then
Sn:n(n+1)(n;2)(n+3)+n(n+1)(n+2)+3n(n+1)

S, :@{(n+2)(n+3)+4(n+2)+6}

Exercise 5.3 74
5, - n(n+1)
4
S :M{n2 +9n+20}
4

n

{n2 +5n+6+4n+8+6}

s - n(n+1)(n+4)(n+5)
" 4
Q2 1+1+1+ to infinit
. —+—+——+-- toinfini
14 47 710 Y
Sol: Given —+—+ -+ Consider
1.4 47 7 10
First factor Second factor
1,4,7,.. d =3 | 4,7,10,... d2 =3
a, _1+3( 1) | b, =4+3.(n-1)
a,=3n-2 b, =3n+1
And common difference between factors of first term is
d=3=d,=d,
U, = L
(3n-2)(3n+1)
Then
S, =C—;
(3n +1).3
At n=1
e
' 11 ' 1 then
C=—4+—==
4 12 3
J1 1
"3 3(3n +l)
lim§S, :l—lim—1
N—>e0 3 n—>°°3(3n +1)
lims, ==
n—oo 3
1 1 1 o
Q3. + + +--+ to infinity
1.35 357 5.7.9
. 1 1 .
Sol: Given + + +---Consider
1.35 357 579
First factor Second factor
1,3,5,... dl =2 |3,5,7,.. d2 =2
a,=1+2.(n-1) | b,=3+2.(n-1)
a,=2n-1 b, =2n+1
Third factor
5,7,9,.. d3 =2
c,=5+2.(n-1)
c,=2n+3

And common difference between factors of first term is
d=2=d,=d,=d,,
U — 1
"~ (2n-1)(2n+1)(2n+3)
1
(2n+1)(2n+3).2(3-1)

Then S, =C
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Chapter 5 Exercise 5.3 75
At n=1 —
P U, =n(n+1)(n+2)+6n(n+1)+3n(n+2)+18n
135 435  then U, =n(n+1)(n+2)+6n(n+1)+3n(n+1+1)+18n
=%+%=é U, =n(n+1)(n+2)+6n(n+1)+3n(n+1)+3n+18n
1 1 _
S =13 @ T @I Shn =n(n+1)(n+2)+9n(n+1)+2In
: 1 1 en
lims, ZE_ME 2(2ns1)(2n+3) S :C+n(n+1)(n+2)(n+3)+9n(n+1)(n+2)+21n(n+1)
_ 1 ! (3+1)1 (2+1).1 (1+1)1
imS, =75 At n=1
Q4.  1.4.7+4.7.10+7.10.13+... to n terms 159_C4 1234 9123 2112

Solution; 1.4.7+4.7.10+7.10.13+... to n terms
Consider

First factor Second factor
1,4,7,.. d, =3 |47,10,. d,=3
a,=1+3.(n—-1) | b,=4+3(n-1)
a,=3n-2 b,=3n+1

Third factor

7,10,13,.. d,=3

c,=7+3.(n—-1)

c,=3n+4

And common difference between factors of first term is

d=3=d,=d, =d,
(3n—2)(3n+1)(3n+4)(3n+7)
T (3+1).3
3n—2)(3n+1)(3n+4)(3n+7)
12

Then S, :C+(

At n=1

147=C+ 14.7.10

70 14 then
28=C+—=C=
3 3

g 14 (3n—2)(3n+1)(3n+4)(3n+7)
N 12

Q5. 1.5.942.6.10+3.7.11+... to n terms
Sol: Given 1.5.9+2.6.10+3.7.11+... to n terms
Consider

First factor Second factor
1,2,3,... dl =1 5,6,7,... d2 =1
a,=1+1.(n-1) | b,=5+1.(n-1)
a,=n b,=n+4

Third factor

9,10,11,.. d, =1

c, =9+1.(n-1)

c,=n+38

And common difference between factors of first term is
d=4= dl = d2 = d3 so making general term as a
same c.d

U,=n(n+4)(n+8)
U,=n(n+1+3)(n+2+86)

U, ={n(n+1)+3n}(n+2+6)

+ +
4 3 2  then
45=C+6+18+21=C=0

n(n+1)(n+2)(n+3)

S, = ] +3n(n+1)(n+2)+M

n(n+1

n? +5n+6+12n+24+42}

n(n+1

n? +17n+72}

n? +9n+8n+72}

n(n+1

N—"

n(n+9)+8(n+9)}

{
{
n(n+1 {
{
(

(n+1) n+8)(n +9)

4 5 6
Q6. + + +--- tonterms

123 234 345
5 6

+ +
123 234 345

Sol: Given +-++ to nterms

Consider
First factor Second factor
1,23,. d;=1 {234, d,=1

a,=1+1.(n-1) | b,=2+1.(n-1)
a,=n b,=n+1

Third factor Fourth factor
3,4,5,... d3 =1 | 4,56,.. d4 =1
c,=3+1.(n-1) | e, =4+1(n-1)
C,=n+2 e, =n+3

And common difference between factors of first term is
d =1=d, =d, =d, =d, but common difference

of numerator & denominator B/W each factor is not same.

B (n+3)

Yo S e D(n+2)
U,= N + 3

" n(n+1)(n+2) n(n+1)(n+2)
U, = 1 + 3

" (n+1)(n+2) n(n+1)(n+2)

1 3

Then S = 2 D) (e 2)
At n=1
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Exercise 5.3 76

5
4 (n+2) 2(n+1)(n+2)
5 2(n+1)+3
"4 2(n+1)(n+2)
5 2n+2+3
4 2(n+1)(n+2)
5
4

S5 2n45
2(n+1)(n+2)

1 3 5 o
Q7. + + +--- to infinity
123 234 345

3 5
+ +
123 234 345

First factor Second factor
1,23,. d, =1 [234,.. d,=1

a,=1+1.(n-1) | b,=2+1.(n-1)
a,=n b,=n+1

Third factor Fourth factor
345,.. d,=1|135. d,=2

c,=3+1.(n-1) | e, =1+2(n-1)
C,=Nn+2 e, =2n-1

And common difference between factors of first term is
d=1= d1 = d2 = d3 * d4 so making general term as a

Sol: Given + .-+ Consider

same c.d
_ 2n-1
" n(n+1)(n+2)
U - 2n _
" n(n+1)(n+2) n(n+1)(n+2)
U - 2 1
" (n+1)(n+2) n(n+1)(n+2)
2 N 1
(n+2) 2(n+1)(n+2)

Then § =C-

32 1
"4 (n+3) 2(n+1)(n+2)

limS, —E—Ilm 2 +1im
e "4 (n43) 1 2(n+1)(n+2)

lim$, 3
4

n—w

Q8. Find the sum of the n terms, whose general
term is (n2 +5n+4)(n2 +5n +6)

Sol: Given (n2 +5n +4)(n2 +5n+ 6) Consider
U :(n2 +5n+4)(n2 +5n+6)
n? +4n+n+4)(n2 +3n+2n+6)

=

={n(n+4)+1(n+4)}{n(n+3)+2(n+3)}
=(n+1)(n+4)(n+2)(n+3)

»=(n+1)(n+2)(n+3)(n+4)

s :C+(n+1)(n+2)(n45r3)(n+4)(n+5)

At n=1
(12 +5.1+4)(12 +5.1+6)=C+

U,
U,
U,
U

23456

10x12=C +144

120-144=C
C=-24
5 - (n+1)(n+2)(n+3)(n+4)(n+5) o

5

Q9. Find sum of n terms, whose general term s (n? -1)
Sol; Given nth term n? (n2 —1)

U, =n*(n’-1)=nn(n-1)(n+1)
U,=(n-1n(n+1)n=(n-1)n(n+1)(n+2-2)
U,=(n-1)n(n+1)(n+2)-2(n-1)n(n+1)
(n-1)n(n+1)(n+2)(n+3)

2SS =C+

" (4+1)1
B 2(n-1)n(n+1)(n+2)
(3+1).1
At n=1C=0
S — (n=1)n(n+1)(n+2)(n+3)
n 5}
_(n=Yn(n+1)(n+2)
2
s, =(n_1)n(n+1)(n+2){@_%}

S, :(n_1)n(n+1)(n+z){%}
S, =%(n-1)n(n+1)(n+2)(2n+1)

Q10. Sum to infinity, the series whose general term
is 1
n(n+1)(n+3)

1
n(n +1)(n+3)

Sol: Given consider

Yn = n(n+1)(n+3)
n+2
" n(n+1)(n+3)'(n+2)

~
~—

U
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Chapter 5 Exercise 5.4 77
(n+2) S _1(1 1 )_1(2n+1—1)
U, = "2 2n+1) 20 2n+1
n(n+1)(n+2)(n+3) i
_ n N 2 "T22n41 2n+1
" n(n+1)(n+2)(n+3) n(n+1)(n+2)(n+3) 1 1 1
Q2. + + +--- to infinity
U - 1 N 2 135 357 5.7.9
" (n+1)(n+2)(n+3) n(n+1)(n+2)(n+3) 1 1
Sol: Given + + +--- Consider
S —C— 4 2 1.35 357 579
n 2(n+2)<n+3) 3(n+1)(n+2)(n+3) First factor Second factor
_ 1,3,5,.. d =2 |3,5,7,.. d, =2
Atn=1 1 2
1 c 1 2 a,=1+2.(n-1) | b, =3+2.(n-1)
123 ~ 234 3234 a, =2n-1 b, =2n+1
1 1 1 7 Third factor
=t —+—=—
6 24 36 36 579,. d,=2
s = _ ! 4 2 ¢, =5+2.(n-1)
36 2(n+2)(n+3) 3(n+1)(n+2)(n+3) ¢ —2n+3
limS, :l—lim— So the nth term of the series is
N 36 m>=2(n+2)(n+3) 1

+lim 2
n>=3(n+1)(n+2)(n+3)

limS, =

n—o0

_6

Exercise 5.4

Find the sum of the following

1 1 1
Q1. —+—+——+--- tonterms
1.3 35 57
) 1 1 1 )
Sol: Given — +—+——+---Consider
1.3 35 57
First factor Second factor
1,3,5,... dl =2 |3,5,7,.. d2 =2
a,=1+2.(n-1) | b, =3+2(n-1)
a,=2n-1 b, =2n+1
So the nth term of the series is
1

T = 2n—1)(2n+1)
Resolving Tn into Partial fractions, we have

1 _ A N B
(2n-1)(2n+1) (2n-1) (2n+1)
Multiplying both sides by (2n —1)(2n +1) we obtain
1= A(2n +1)+ B(2n —1)
1=n2(A+B)+A-B

By comparing the coefficients we get

A-B=1 A=1

=
2(A+B):O B=3
Sothat T — 1 _ 1

. 2(2n—1) 2(2n+1)
n 1 1
;T“Eé(m( 1 2k+1}

” {(1 J (_ _j (%_%}W{an—l_znil}

Tn= (2n-1)(2n+1)(2n+3)
Resolving Tn into Partial fractions, we have

1 9 A N B N C
(2n-1)(2n+1)(2n+3) (2n-1) (2n+1) (2n+3)
Multiplying both sides by (2n —1)(2n +1)(2n + 3)
1=A(2n+1)(2n+3)+B(2n-1)(2n+3)
+C(2n-1)(2n+1)
atn=1=>A=3%

-1 -1
atn—ij—T
— -3 1 ],
atn—7:>C—§

So that
1 1

" 8(2n—1) (2n+1) (2n+3)
n 1 n
;T*_ékz k 1 2k+1 2k+3j
1
g{(%_§+%)+(%_%+%)+(é_%+%)+“ +(2nll 2n1+1+2n1+3

l Tk=1(1—3+1—|im 1 )
8" 3

12
Q3 1 + 1 + + to infinit
. —+—+——++--- toinfini
14 47 710 Y
1
Sol: Given—+—+——+--- Consider
14 47 710
First factor Second factor
1,4,7,. d,=3 [4710,.. d,=3
a, :1+3.(n—1) bn :4+3.(n—1)
a,=3n-2 b, =3n+1
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Chapter 5 Exercise 5.4 78
So the nth term of the series is [ 2 1] [1 2 1) (1 2 1]
l-——4= |+ o+ |+ =+ |+
1 2 3) 23 4)\3 45

hh= (3n-2)(3n+1)
Resolving Tn into Partial fractions, we have

1 _ A N B
(3n-2)(3n+1) (3n-2) (3n+1)
Multiplying both sides by (3n - 2)(3n +1) we obtain
1= A(3n +1)+ B(3n—2)

atn=%2=A=3
Y — -1
ath=3=>B=3
So that
1 1

Z-l-k:1
k=1 2 +...+[l 2 1 ]

N el (ne2)

. 1, 21 1
lim) T, ==|1-—+=-1lim
fn-g e tney)

Sy, L (11][11N1ij[iij
P 3 4 4 7 7 10 3n-2 3n+1
zn:Tk:E(l— ! J
P 3 3n+1
L 1 . 1
lim>» T, ==|1-lim
%; ¥ 3( n»eo3n+1j
lim3T, =1
n*)wkzl
1 1 1 .
4, — +—+——+... toinfinit
Q 123 234 345 ¥
. 1 1 1 :
Sol: Given — +——+——+... Consider
123 234 345
First factor Second factor
1,23,.. d =1 |234.. d,=1
a,=1+1.(n-1) b,=2+1.(n-1)
a,=n b,=n+1
Third factor
3,4,5,... d3 =1
c,=3+1.(n-1)
C,=Nn+2
So the nth term of the series is
1

b ) (n+2)
Resolving T, into Partial fractions, we have

1 A B C

=—+ +

n(n+1)(n+2) n (n+1) (n+2)
Multiplying both sides by n(n +1)(n + 2) we obtain
1=A(n+1)(n+2)+B(n)(n+2)+C(n)(n+1)
atn=0=A=1
atn=-1=B=-1
atn=-—2=C=3

So that
1 1 1

"T2n (n+1) 2(n+2)

> =‘Z(rk—+1 kizj

- 2 tint2
- 1(2-2+1
!E‘;éﬂ—z( 2 J
LONES
Q5. Find sum of the serlesZ;
9k? +3k —2
1
Sol: Given - -
Z9k2+3k 2

n

;9k2+3k 2 Z9k2+6k 3k—-2

y 1 o 1
2 3k (3k+2)—1(3k+2) 2 (3k —1)(3k +2)

Breaking into partial fractions, we have
1 A B

(3k—1)(3k+2) (3k—1) (3k+2)
Multiplying both sides by (3k —1)(3k + 2) we obtain
1=A(3k+2)+B(3k-1)

atk=:=>A=1

atdg =52 By=

M-

1L g Lt
ok’ +3k-2 £3(3(3k-1) 3(3k+2)

=~
1
N

1
Il

=~
II Bl
S
/N
—
w
~
I [
[N
-
|
—
w
=~
+ [l
N
~—
N—

1
Il

J+(E=8)+ -+ (- w))

——

—
N =
|
il
~—~—
+
—_
=
|
|

Wl Wik Wk

—
I

1
5_3n+2J
130422
T 372(3n+2)

n
2(3n+2)

VR
[y

A N N T N

i

=~
I
N

M-
i
Il

=~
I
N

n
Q6. Find sum of the serieszkzi
k=1 -

Sol: leenz % k
I
T k:lk(k—

Breaking into partial fractions, we have

1 A B
=— 4+ —
k(k-1) k k-1
Multiplying both sides by K (k —1) we obtain
1= A(k-1)+Bk
atk=0=A=-1
atk=1=B=1
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n 1 n ( 1 _1] Multiplying both sides by
k

(2nx—x+1)(2nx+x+1)
1=A(2nx+x+1)+B(2nx—x+1)

k=2 atX:ﬁ:} A:__

N 1 n-1 -

szz(l__ - atx=5-=>B=42

k=2 n n 1 1-2n 1+2n

= +
Q7. Find sum of the series Z i 1 (2nx—x+1)(2nx+x+1) 2(2nx—x+1) 2(2nx+x+1)
a K+ 7k +12 n 1 n 1-2k 1+2k
1 2 - i
Sol: Given Z 7 (2kx—x+1)(2kx+ x+1)  F( 2(2kx—x+1)  2(2kx+x+1)
kP +Tk+12 n 1o 1-2 142k
ST =) —— =F
\ G025\ (2ke—x+1)  (2kx+x+1)

kzl‘k2+7k+12 Zk2+4k+3k+12

[—1 3}[—3 5}[—5 7)
—+ + + + + +
1[\x+1 3x+1) \3x+1 5x+1) (5x+1 7x+1

n 1 N 1 =
kz—l“k(k+4)+3(k+4)_kz—ll(k+3)(k+4) o 2[_7 2 ]+---+[ 1-2n | 1+2n ]

7x+1 9x+1 (2nx—x+1) (2nx+x+1)

M-
—

Breaking into partial fractions, we have
1 A B

(k+3)(k+4) B (k+3) +(k+4)
Multiplying both sides by (k + 3)(k + 4) we obtain

-
=
Il

N |-

=~
1l
[N

;1 1+2n

x+1 (2nx+x+1)

—2nx — X —1+(x+1)(1+2n)
(x+1)(2nx+x +1)

-
i
I
N |-

=~
0
LN

_ - L[ 2nx=x =1+ X+142nx+2n
1=A(k+4)+B(k+3) ;:Tk_z D@D ]
atk=_3:>A:1 n n
atk=-4=B=-1 ;T":(x+1)(2nx+x+l)

i 1 1 1 1
k:1k2+7k+12 el (k+3) (k+4)

k=1

n 1 1
T =| ==

kZ:l: K (4 n+4j

l n+4-4
T —

; “ 4(n+4)

1 n

Q8. Find the sum of the n term of the series
1 1 1
+ + +
(x+1)(3x+1) (Bx+1)(5x+1) (5x+1)(7x+1)
Solution
1 1 1
+ + +
(x+1)(3x+1) (3x+1)(5x+1) (5x+1)(7x+1)
Consider
First factor Second factor
(x+1),(3x+1),(5x+1) ... | (3x+1),(5x+1),(7x+1),...
d, =2x d, =2x
a, =(x+1)+2x(n-1) b, =(3x+1)+2x(n-1)
a, = X+1+2xn-2x b, =3x+1+2xn-2x
a,=2xn-x+1 b, =2xn+x+1
1

T =
" (2nx—x+1)(2nx+x+1)

Breaking into partial fractions, we have
1 _ A N B
(2nx—x+1)(2nx+x+1) (2nx—x+1) (2nx+x+1)
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