Chapter 2 Exercise 2.1

|3 —14}

Chapter 2 a1

. A2 —3}{—2 5}
Matrices And Determinant ) {0 1] L8
Exercise 2.1 Sol: AE 13}2[82 _57}
Ql W;te th_e]following product of matrices as a single matrix. let AB=C, where
[ et
-1 3
2 1y Now |B|=§ _13‘=2—0=2
Sol: | 3 -4
1 3 {O J |B|=2 non singular
2x1-1x0 2x0-1x1 So aijz{l 3}hen
= 3x1-4x0 3x0—4x1 0 2
_1x1+3x0 —1x0+3x1 Blzéaij
2+0 0-1
L, 1/1 3
=| 3+0 0-4 B =§[0 2}
:_1+0 0+3 L AB=C Post multiply by B™*
2 -1 ABB'=CB*
=3 4 Al = CB™
-1 3 -1
i A=CB
1 o s 0 01 _1‘_2 5}{1 3}
o, 4}010 2|8 -7]l0 2
- 1 00 _1_—2><1+5><0 —2x3+5x%x2
Cry o, g[001 A_§_8x1—7xo 8x3—7x2}
Solution: {_2 1 4} 0 10 1[-2+0 -6+10
100 A=3] 840 24—14}

N

1x04+2x0-3x1 1x042x1-3x0 1x1+2x0-3x0
—2x0-1x0+4x1 -2x0-1x1+4x0 -2x1-1x0+4x0

A {—2 4}
0+0-3 0+42-0 1+0+0 2[8 10
0-044 0-140 —2+0+0 A:[‘l 2}
4 5

{22 DHERN

»[3 G e o2 3
e U (P{E P I A R

) 4 -6 0 1
_[1 —2}{2—1 3—5} s 3

1 1 4+3 145 IBI=‘4 _6‘

|1 —2}{1 —2} — 12412

-1 11 6 0

[1x1-2x-1 1x-2-2x6 B is singular so its inverse does not exists
| —Ax141x-1 —1><—2+1><6} 1 2] 10

[1+2 —2-12 "”AL 4}[0 J

“|-1-1 2+6 }
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Chapter 2

]

Let AB=C, Where

o<l delo s

1 -2
Now |B|= =4+6=10
3 4
. 4 2
& adJB:{ }
-3 1
Bflzi 4 2
10/-3 1
A=CB!
1] 4 2}[1 o}
A=——
10/-3 1]/0 1
1[4-0 2+0}
A=—
10{0-3 0+1
A:£:4 2] [% %
10/-3 1 2 L

2 1
5 5
A =
=23 1
10 10

Exercise 2.1 10
i 4x+2 3 1] |2x 3 1
W5 3ys2 -1 |5 2y+4 -1
4x+2 3 1 2X 3 1
Sol: =
[ 5 3y+2 —1} {5 2y +4 —J

by definition of equal matrices their corresponding
elements must be equal

4X+2 =2X
4X —2X=-2 3_3 1-1
2X=-2
x=-1
And
3y+2=2y+4

5=5 3y-2y=4-2 -1=-1

y=2

Q3. Solve each of following matrix equation for x and y.

SwdEH

Sol: Given x=2y = 2
—X+2y 3

by definition of equal matrices their corresponding
elements must be equal
X-2y=2
-x+2y=3 by adding
0=5
Which is impossible question is wrong
Or the lines are parallel

1 a , |1 0
Q4A= , & AT = , find values of a
-1 b 0 1

By comparing equations (1) and (2)
l-a a+ab 10
{—1—10 —a+b2} - [o J
by definition of equal matrices their corresponding
elements must be equal

1-a=1
1-1=a t‘)l_blzo
a=0 T

If we take the question with small change

vieH

X-2y=2...12)

—X+Yy=3....(2)
-y=5=>y=-5

Putin (2)

-x+(-5)=3

-x—5=3

-x=3+5

Xx=8 —=>x=-8

-3 x 2 |x -3 2
Nay 0 3|7[0 y 3

-3 X 2 X -3 2
Solution: =

[4y 0 3} [O y 3}

by definition of equal matrices their corresponding
elements must be equal

-3=x, 4¢y=0 = y=0

Hence the solutionx=-3, y=0

1 2 2 3
Q5. IfA= and B= Show that
0 -1 -1 1

i). (A+B)? = A% + 2AB + B?
ii). (A-B)? = A2 - 2AB + B2
iii). (A+B) (A-B) = A?- B?

1 2 2 3
Sol: A= and B=
o e |2
1 271 2
A2=AA=
0 -1/|0 -1
[1+0 2-2] [1 0
10-0 0+1| |0 1
2 312 3
BZ=B.B=
I
[4-3 6+3] [1 9
|-2-1 -3+1] |3 -2

oo 45
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Chapter 2

{2—2 3+2} {O 5}
AB = =

0+1 0-1| [1 1

1 2 2 3
A+B = +
P

1+2 2+3
A+B=

0-1 -1+1

3 5
A+B=

-1 0

1 2 2 3
A-B = -

0 -1|]-1 1

1-2 2-3
A-B=

0+1 -1-1

-1 -1
A-B=
Lo

Now (i) L.H.S = (A+B)?

3 5|3 5
(A+B)?=
|

9-5 15+0
(A+B)?=
-3-0 -5+0
4 15
A+BY =| T e, 1
(e 4 8 @
R.H.S =A2+2AB +B?
1 0 0 5 1 9
A’+2AB +B?= +2 +
0 1] 7|1 -1] |8 -2
, o [1 0] o 10] 1 9
A°+2AB +B° = + +
0 1] |2 2] |8 -2

A2 4 oAR +BZ__1+0+1 0+10+9
10+2-3 1-2-2

2 19
A°+2AB +B*= ) él ...................... (2)

From equation (1) & (2), L.H.S #R.H.S
i.e (A+B)? =A?+2AB + B?

(ii) L.H.S = (A-B)>2
{—1 —1}{—1 —1} {1—1 1+2 ] {0 3}
- - -
1 2|1 2| |-1-2 -1+4] |-3 3

1 O} {0 5} {1 9}

-2 +
01 1 -1 -3 -2
1+0+1 0-10+9] [2 -1

[ 1o

0-2-3 1+2-2 -5 1
From equation (1) and (2) L.H.S = R.H.S
i.e (A-B)2 = A%-2AB + B2

A?- 2AB + BZ:{

A’— 2AB + BZ:{

(i) (A+B) (A-B)

A+B) (ALB) = 3 5||-1 -1

(+)(-)—__1 oll1 o
-3+5 -3-10 2 -13

o ol 1)
1+0 1-0 1 1

R.H.SA?-B?

|

Exercise 2.1 11

g - 1 0] [1 9] [1-1 0-9
1o 1| |-3 2| [0+3 1+2

0 -9
A2-B ={3 3}—»@)

From equation (1) & (2) L.H.S #R.H.S
i.e (A+B) (A-B) = A2-B?

10 -12 2 -1 3 1
Q6. IfA=|3 1 2 5|&B=|1 3 -1 4
0 -2 1 6 31 2 -1
Then show that (A+B)t= A+ B!
Solution: L.H.S = (A+B)"
1 0 -1 2 2 -1 3 1
(A+B)=|3 1 2 5|+/1 3 -1 4
0 -2 1 6 31 2 -1
1+2 0-1 -1+3 2+1
=13+1 1+3 2-1 5+4
0+3 -2+1 1+2 6-1
3 -1 2 3
(A+B)=|4 4 1 9| by takingthe transpose
3 -1 3 5
3 4 3
(asBy=| 1 4 1
1 3
3 9 5
R.H.S=A'+ Bt
_ 3 0
1 0 -1 2 0 1
A=[3 1 2 5|= A= -
-1 2 1
0 -2 1 6
- 2 5 6
2 1 3
2 -1 3 1
-1 3 1
B={1 3 -1 4 |= B'=
3 -1 2
3 1 2 -1
- 1 4 -1
1 3 0 2 1 3
Asp=| 0 1 21,10 3 1
-12 1 3 -1 2
2 5 6 1 4 -1
1+2 3+1 0+3
B 0-1 1+3 -2+1
143 2-1 142
2+1 5+4 6-1
3 4 3
-1 4 -1
At+Bt=f | (2)
2 1 3
3 9 5

From equation (1) & (2) L.H.S =R.H.S
i.e., (A+B)'=A'+ Bt

Q7. Find inverse of each of the following matrices.
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Chapter 2

2 -1
i)A =
5ol

2 _
Solution:|A| = ‘3 21‘ =4-(-3)=7=0

2 1
soAlexists adjA= { }

-3 2
1 112 1
Al= = adj A= Al== Ans.
|A| Aa= 7{—3 2} "

Exercise 2.1 12
« 1/3 1/3 2/3+1 5/3
“1-2/3 1/3||3]| |-4/3+1| |-1/3

X 5/3 x=5/3
= = Ans.
y -1/3 y=-1/3

1 x
(i) Let A=
o 3

1 x
Solution: |A|:‘0 1‘21—0:1;&0,

1 111 —x
Ao = adi A= A=
A—IAI adj A== A 1{0 1}

1 —x
Al= {0 1 } Ans.

[ :|
y

10
Solution:|A|= =1-0=1+0,
y 1

1 0
SoAlexists adjA= [ }

1 0
T

5
Al= Ans.
_y 1

Q8. Solve the following system of linear equation.

(i) X-y=2
2x+y=3

Solution: system can be written in matrix form as.

Bnie

— ATAX=A1B
IX=A1B
X=A1B — (1)

1 -1
As A=

2 1
|A|=1—(-2)=1+2=3 #0 A Exists

1 -1 1
Adj A= NowA™= — . AdjA
2 1 A

s | 1 1] [1/3 1/3
" 31-2 1| |[-2/3 1/3

Put this value in equation (1)

(ii) X-y=3
X+y=5
Sol: following is the matrix form of above system

Let A.X=B
ATA . X=A"1B applying A?
I.X=A!B
X=A1B — (1)
1 -1
A=
1 1
1

=S|A=[ =1-(1)=1+1=2 %0,
A ‘1 j ()=1+1224
1 -1
So AlExists AdjA=
1 1

1
So Al= — . AdjA

A

¥ 1 1
20-1 1

Equation become

ere=i[y
il

= 3al a1
- ;o=

(iii) Given that 4x-3y=-1
2x+5y=19
Sol: following is the matrix form of above system

i

Let
TA.X=A"1B applying A
.X=AlB
=AlB—>(1)
4

=|A= =20+6=26 =0,

2 5

So A Exists

5 3 1
Adj A = So Al= — .AdjA
-2 4 |A|

1[5 3
S 26|-2 4

Equation become
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Chapter 2
1[5 3|1
S 26|-2 4][19
1[5+57] 1[52] [52/26
= X= —
26[2+76} 26[78} {78/26}

2 X=2
= X= = Ans
M y= 3}

Exercise 2.2 13

B —2x-1 -2x2 -2x4
| 2x-3 —2x5 —2x-2

Exercise 2.2

Q.1 Write the following sums as a single matrix

2 -4 -8

{6 ~10 4}
3
i1 -2 -3]|-2
1

Sol: Given [-1 -2

i 4 3
5|+ -2
Hd
4+3
5+(—2)
6+(—1)
1.

Solution: Ej+{3ij
|
[-2 3 4]+[1 0 -3]=[-2+1 3+0 4+(-3)]
Solution: [—2 3 4]-|-[1 0 —3]
=[-2+1 3+0 4+(-3)]
=[-1 3 1]

-2 3 2 3 1 1
iii. +
1 20 0 -1 -2
-2 3 2 3 1 1
Solution: +
1 20 0 -1 -2

_{—2+3 3+1 2+1}

=[(-2 (-2)+(=3)(1)]
=[- 3+4 3]
[
.12 -3 1
ii. {0 5 1
3 0
_ -3 1
Sol: Given {O 5 Jxé —11

0+4+0 0-2+1

1o 4

_{6—6+0 0+3+1}

1 0 1 1 3 4

V. 12 3 4 |+|2 3 5

01 2 0 1 4
(1 0 -1 1 3 4
Sol:Given| 2 3 4 |4|2 3 5
0O 1 2 0 1 4

1+1 0+3 -1+4
=|2+2 3+3 4+5
10+0 1+1 2+4

2 3 3
-14 6 9
026

6 3 -9 2 1 -3
iv 1 12 -15 3 |=/4 5 1
0 6 9 0 2 3
6 3 -9 2 1 -3
SoI:Givenl 12 -15 3| =({4 -5 1 |by
3 0O 6 9 0 2 3

taking common 3

Q2. Write the following product as a single matrix
) ) -1 2 4 3 2 -4 -8
" |35 2|7|6 -10 4

-1 2 4
Solution: —2
-3 5 -2

2 3 1 0 1 O
v.|0 2 -1|x|-1 -2 3
1 0 1 4 2 -1

2 -3 1 0O 1 0O
Sol: Wehave [0 2 _—1|x|-1 -2 3

1 0 1 4 2 -1
[0+3+4 2+6+2 0-9-1
=10-2-4 0-4-2 0+6+1
|0+0+4 1+0+2 0+0-1

7 10 -10
=6 -6 7
4 3 -1

2 5 1 1 -2 -3
Q3. LetA= B=
3 0 4 0 -1 5
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Chapter 2 Exercise 2.2 14
0 1 -2 _ 11 8 8 2 8 8 9 0O
and C= Find 2A + 3B -4C
0 -1 -1 =8 11 8|-|8 2 8(-|0 9 O
{2 -5 1} 8 8 11||8 8 2 0 0 9
Sol: Given A= ,
3 0 4 11-2-9 8-8-0 8-8-0
{1 -2 —%‘ {o 1 -2} -/ 8-8-0 11-2-9 8-8-0
B= andC=
0 -1 5 0 -1 -1 8-8-0 8-8-0 11-2-9
Now 2A + 3B -4C = ) 000
2{2 -5 1}_3{1 -2 -3 _4{0 1 -2 10 0 0l=0ans
3 0 4 0 -1 5_ 0 -1 -1 00 0

2 5 1 1 2 -3] [o 1 -2
=2 +3 —4

[3 0 —4} {0 -1 5 [o -1 —J
_[4 -0 273 6 -9] [0 4 -8
|6 0 -8/ |0 -3 15| |0 -4 4
[4+3-0 -10-6-4 2-9+8
|6+0-0 0-3+4 -8+15+4

(7 -20 1
= Ans
6 1 11
1 4 4
Q4 LetA=|4 1 4
4 4 1

Show that % A2-2A-9]1 =0

1 4 4

Sol: GivenA=|4 1 4

4 4 1
1 4 4|1 4 4
A’=AA=|4 1 4||14 1 4
4 4 1||4 4 1

[1+16+16 4+4+16 4+16+4
A=|4+4+16 16+1+16 16+4+4
| 4+16+4 16+4+4 16+16+1
(33 24 24
24 33 24
|24 24 33

AZ

4 4 1

100

And9I=9/0 1 0=
00 1

Now L.H.S 1 A2-2A- 9|

33 24 247 [2

“Lloa 33 24]-|8

24 24 33 |8

1 4 4
Now2A=2|4 1 4|=
9
0
0

o N

N 0O ©
1

o O ©

o © O

© O O

Q5 :Let A ! 0 B 0 i2 C 01
:t = ’ = Vi = -
© 0 —i iz o i 0

Then verify the following
(i) A2=B2=C%=-|
(ii) AB= -BA=-C
(iii) BC=-CB=-A
(iv) CA=-AC=-B
i).,A2=B2=C?=

1A R LS H

wonalg Lo 5

{'018 o2t o 3o -
o o o

L‘Lé A P

2=[ e
<3 olli o

{%1'0. oL

cz{o _J:—H(s)

To show

@©

From (1), (2), (3)
A2=B2=C?=-|
(ii) AB= -BA=-C

ancly Sl el o
s LI) f’.m _01}

0+0 -i+0 0 -i
AB = ) = . (-1) common
[O—l 0+0} {—I O}

AB:—[(_) i}-C—>(4)
i O
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Chapter 2

i oo ]

[0+0 —i+0} {O —i}
BA=- = =-C —>(5)

Exercise 2.2 15

6+5 1+0 1+4 11 1 5

B+A=|4-2 346 2+1|=/2 9 3|..(2

0+3 1+2 -5+1 3 3 4

From equations (1) and (2) we get

0-i 0+0 -1 0
Combing (4) and (5) we get AB - BA =-Cproved
(iii) BC=-CB=-A

s S8 e
W e
BC = [;‘ ?}:[(') E)i:|=_A-—)(6)
_cs={(1) ﬂﬂ) f)i}{(()):(l) ?ii%}

b
-CB =- |=-A —>(7)
0 -i

Combing (6) and (7)
AB= -BA=-C

(iv) CA=-AC=-B

o S i o
Sol:A = 1,B=| &C=|.
0 —i -’ 0 i 0
O illi O 0+0 0-i?
CA=| . =
i 0|0 —i| |i*+0 040
i2
CA={02 _'}{O 1}—8%(8)
i 0 -1 0
{i OMO i} {0+0 i2+0}
-AC:- . A =
0 —i||i O] |0-i* 0+0
0 i’
-AC=- =-B —>(9
e [8 Lo

Combing (8) and (9)
CA =-AC=-B proved

5 0 4 6 1 1 3
Q A_|2 6 1|,B=|4 3 2| C=|4
3 21 01 -5 1

And a,b are real numbers
i), A+B=B+A
5 0 4 6 1 1
-2 6 1],8:{4 3 2]
3 21 01 -5
5

Sol: we have A
0 4 6 1 1
TakinglHS oAxB=|-—2 6 1l+/4 3 2
0 1

w o N
» O O
[

3 21

5+6 O0+1 4+1 11 1 5

{2+4 6+3 1+2}[2 9 3}..(1)
3+0 2+1 1-5 3 3

Now RHS

6 1 1 5 0 4
B+A=|{4 3 2 |+|-2 6 1
01 -5 3 21

ie, A+B=B+A
i). A+(B+C)=(A+B)+C
5 0 4 6 1 1 326
Sol: a—| 2 6 1|,B=|4 3 2|C=|4 5 0
3 21 01 -5 13 4

Take LHS A+(B+C)

(5 0 4] ([6 1 1] [3 2 6
=|-2 6 1|+||4 3 2|+|4 5 0
|3 2 1] (|01 5] |1 3 4
(5 0 4] [6+3 1+2 1+6
=-2 6 1|+|4+4 3+5 2+0
|3 2 1| |0+1 1+3 -5+4
(5 0 4] [9 3 7

=|-2 6 1|+/8 8 2

13 2 1] |1 4

[5+9 0+3 4+7] [14 3 11
=|-2+8 6+8 1+2|=|6 14 3[.(1)
| 3+1 2+4 1-1 4 6 0

Now take RHS(A+B)+C

5 0 4 6 1 1 3
=||-2 6 1|+|4 3 2 4
3 21 0 1 -5 1
6
0
4

+
w 0N
N O O

[ 5+6 0+1 4+1] [3 2
=|-2+4 6+3 1+2|+|4 5
3+0 2+1 1-5 1 3

11 1 5 3 2 6
=12 9 3|+/4 5 0
|3 3 4] [1 3 4
[11+3 1+2 5+6 ] [14 3 11
=|2+4 945 3+0 6 14 3|.(2
3+1 3+3 -4+4 4 6 O

From equations (1) and (2) we get

ie., A+(B+C)=(A+B)+C

i). A+O=0+A=A

Sol: we have A _ _52 2 i Take LHS A+QO
3 21
5 0 4 0 0 O
A+O=|-2 6 1|+/0 0 O
3 21 0 0O

=|-2+0 6+0 1+0 -2 6 1.0

5+0 0+0 4+0 5 0 4
3+0 2+0 1+0 3 21
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Chapter 2
Now take RHSO + A

0 00O 5 0 4
O+A=|0 0 O|+|-2 6 1
0 0O 3 2 1]
0+5 0+0 0+4 5 0
=10-2 0+6 0+1|=-2 6 1|..(2
0+3 0+2 0+1 3 21

From equations (1) and (2) we get

ie., A+O=0+A=A

Exercise 2.2

ie, (ab)A=a(bA)

16

iv). A+(-A)=(-A)+A=0

vi). a(A+B)=aA+aB

5 0 4 6 1 1
Sol: o_| 2 6 1 B=|4 3 2 Taking LHS
sy
5 0 4] 16 1 1
a(A+ B)=a -2 6 1|+|/4 3 2
3 2 1| (01 -5
546 0+1 4+1 11 1 5
=a|-2+4 6+3 1+2 a{Z 9 3
340 2+1 1-5 3 3 4
1la a ba
=/ 2a 9a 3a |...(
3a 3a -4a
Now RHS
6 1 1 5 0 4
aA+aB=a|4 3 2 |+a|-2 6 1
01 -5 3 21
ba a a 5a 0 4a

=|4a 3a 2a |+|-2a 6a a
0 a -ba 32 2a a

6a+5a a+0 a+4a 1lla a ba
=|4a—-2a 3a+6a 2a+a |=|2a 9a 3a |..
0+3a a+2a -5a+a 3a 3a -4a

From equations (1) and (2) we get

ie., a(A+B)=aA+aB

)

5 0 4
Sol: Given a_| » g 1| TakeLHs A+(-A)
3 21
5 0 4] [-5 0 -4
=-2 6 1|+ 2 -6 -1
13 21 -3 -2 -1
[5-5 0+0 4-4] [0 0 O
=|-—2+2 6-6 1-1|=|0 0 0]..Q0)
| 3-3 2-2 1-1] [0 0 O
Now RHS(—A)+ A
-5 0 -4 5 0
=2 -6 -1|+|-2 6 1
-3 -2 -1 3 21
5+5 0+0 —4+4] [0 0 O
= 2-2 -6+6 -1+1|=|0 0 0]...(2
| —3+3 —2+2 -1+1 0 0O
From equations (1) and (2) we get
i.e., A+(—A)=(—A)+A:O
0. (ab) A=a(bA)
5 0 4
Sol: Given pA_| 2 § 1
3 21
5 0
Take LHS (ab) A =(ab)| -2 6
|13 2
5ab 0 4ab
=|—-2ab 6ab ab |...()
3ab 2ab ab
Now take RHSa(bA)
5 0 4 50 0 4b
=a|b|-2 6 1l||=a|-2b 6b b
3 21 3b 2b b
5ab 0 4ab
=|—-2ab 6ab ab |...(2)
3ab 2ab ab

From equations (1) and (2) we get

vii). (a+b)A=aA+bA

5 0 4
Sol:wehave p_| 5 g 1
3 21

Take LHS (a+b) A
5 0 4
—(a+h)|-2 6 1
3 21
5(a+b) 0 4(a+b)
=|-2(a+b) 6(a+b) (a+b) |...(1)
3(a+b) 2(a+b) (a+b)
Now take RHS @A+ bA
5 0 4 5 0 4
=al-2 6 1l|+b|-2 6 1
3 21 3 21

ba 0 4a 5b 0 4b
=|-2a 6a a |+|-2b 6b b
32 2a a 3b 2b b
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Chapter 2 17
[5a+5b 0+0 4a+4b ie, A(BC)=(AB)C
=|72a-2b ba+6b - a+h ). A(B+C)=AB +AC
3a+3b 2a+2b a+b
- 5 0 4 6 1 1 326
5(a+b) 0  4(a+b) Sol: A=| 2 6 1[,B=[4 3 2|C=|4 5 0
=| —2(a+b) 6(a+h) (a+b) |...(2) 3 21 01 -5 134
| 3(a+b) 2(a+b) (a+b) Take LHS A(B+C)
From equations (1) and (2) we get 5 0 41/[6 1 1 3 2 6
ie, (a+b)A=aA+bA |2 6 1|||4 3 2|+|4 5 0
viii). A(BC)=(AB)C '3 2 1f(|]o0 1 -5] |1 3 4
5 0 4 6 1 1 32 6 5 0 4|6+3 1+2 1+6
Sol: A=l 2 6 1|,B=|4 3 2[C=|4 5 0 =2 6 1|4+4 3+5 2+0
3 21 01 -5 13 4 '3 2 1]|0+1 1+3 -5+4
Take LHs A(BC) 5 0 49 3 7
5 0 4]([6 1 173 2 6 =|-2 6 1|8 8 2
=2 6 1|4 3 2|4 5 0 '3 2 1]|1 4 1
L3 2 1){[0 1 5|1 3 4 [ 45+0+4 15+0+16 35+0-4
5 0 4] 18+4+1 12+5+3 36+0+4 =| -18+48+1 —6+48+4 -14+12-1
=-2 6 1]|/12+12+2 8+15+6 24+0+8 | 27+16+1 9+16+4 21+4-1
|3 2 1) 0+4-5 0+5-15 0+0-20 (49 31 31
5 0 4][23 20 40 =[31 46 3|, (1)
=2 6 126 29 32 44 29 24
|13 2 1||-1 -10 -20 Now take RHS AB + AC
115+0-4  100+0-40  200+0-80 '5 0 4]6 1 1 5 0 4|3 2
=| -46+156-1 -40+174-10 -80+192-20 =|-2 6 1|4 3 2 |+/-2 6 14 5
69+52-1  60+58-10  120+64-20 13 2 1j]0 1 5] [3 2 1][1 3
11 60 120 30+0+0 5+0+4 5+0-20
—1109 124 92 |.... (1) =|-12+24+0 -2+18+1 -2+12-5
120 108 164 | 18+8+0 3+6+1 3+4-5 |
No:/vtakeRHS(AB)C [15+0+4 10+0+12 30+0+16
5 0 416 1 1 39 6 +|—6+24+1 -4+30+3 -12+0+4
9+8+1 6+10+3 18+0+4
=l|-2 6 14 3 2 4 5 0 -
30 9 -15] [19 22 46
_32101_5134 =112 17 5 |+|19 29 -8
30+0+0 5+0+4 5+0-201[3 2 6 26 10 2 18 19 22
=|-12+24+0 -2+18+1 2+125] 4 50 730419 9422 —15446
| 18+8+0 3+6+1 3+4-5 ||1 3 4 —112419 17+29 5_8
30 9 -15][3 2 6 26418 10419  2+22
=112 17 5 4 5 0 _49 31 31
126 10 2 |[1 3 4 =131 46 -3|...(2)
[90+36-15 60+45-45 180+0—60 44 29 24
=| 36+68+5 24+85+15 72+0+20 From equations (1) and (2) we get
| 78+40+2 52+50+6 156+0+8 ie, A(B+C)=AB+AC
111 60 120 x). (A+B)C = AC +BC
=|109 124 92 |...(2) 5 0 4 6 1 1 326
(128 108 164 Sol: A=| 2 6 1|,B=|4 3 2|C=|4 5 0

From equations (1) and (2) we get

Exercise 2.2

3 21

01 -5

1 3 4
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Chapter 2 Exercise 2.2 18
LHS 3 1 2 1 2

5 04][61 173 2 6 ii)-A:[ZIJ,B:sl
(A+B)C=|(-2 6 1|+(4 3 2[|[4 50 2 3

3 2 1110 1 =5//l1 3 4 Sol: we have to show that AB=BA

(546 0+1 4+1|[3 2 6
=|-2+4 6+3 1+2(|4 5 0

| 3+0 2+1 1-5)|1 3 4
11 1 51[3 2 6

=12 9 3|4 50

'3 3 4|1 3 4

[33+4+5 2245415 66+0+20
=6+36+3 4+45+9 12+0+12
|9+12-4 6+15-12 18+0-16

42 42 86
(A+B)C=|45 58 24|...(1)

17 9 2
Now take RHS AC + BC
5 0 43 2 6 6 1 113
=|-2 6 1|4 5 0|+/4 3 2|4
'3 2 1)1 3 4] |0 1 5|1

[15+0+4 10+0+12 30+0+16
=|—-6+24+1 -4+30+3 -12+0+4
| 9+8+1 6+10+3 18+0+4
18+4+1 12+5+3 36+0+4
+/12+12+2 8+15+6 24+0+8

0+4-5 0+5-15 0+0-20
[19 22 467 [23 20 40
=119 29 -8|+|26 29 32
18 19 22| [-1 -10 -20
[19+23 22+20 46+40
=(19+26 29+29 -8+32

| 18-1 19-10 22-20
[42 42 86
=| 45 58 24|...(2)

17 9 2

From equations (1) and (2) we get

ie., (A+B)C=AC+BC

2 6
5 0
3 4

Q7. Determine whether commutative property w.r.t
multiplication holds in each of the following cases or
not.

ey

Sol: we have to show that AB=BA

AB:[p q}[s t}:{ ps—qt  pt+gs }.(1)

—q pl|l-t s| |-gs—-pt —qgt+ps

B.A:{S tM P q}z{ ps—qt  gs+ pt}_(z)
—t s|-q p| |-pt-gs —qt+ps

From equations (1) and (2) we get AB=BA

1 2
312 3+3+4 6+1+6
A.B= 3 1 =
2 1 3 ) 3 2+3+6 4+1+9

(10 13
AB= ()
11 14

1 2
3 1 2
BA=(3 1
[
12 3

3+4 1+2 2+6
BA=|{9+2 3+1 6+3

6+6 2+3 4+9

7 3 8
B.A=|11 4 9 |..(2)

12 5 13

From equations (1) and (2) we get AB = BA

1 0
Q8. Let A= Show that
3 -1 4
i).(A)
1 3
Sol: oAt —| 2 _1|Taking transpose
0 4
(A‘)t L2 0A in taking t
= ain taking transpose
3 -1 4] 8 Hransp
(A) =A
ii). AA" = A'A
1 3
. 2 0
Sol: Take LHS AA" = 2 -1
3 -1 4
0 4

3—-2+0 9+1+16

5 1
0o 2

_[1+4+0 3—2+0}

Now RHS

1 3
t 1 20
AA=|2 -1

3 -1 4

0

[1+9 2-3 0+12
2-3 4+1 0-4

10+12 0-4 0+16
10 -1 12
=[-1 5 -4|...(2)
12 -4 16

From equations (1) and (2) we get AA' = A'A
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Exercise 2.3 19

Q9. Solve the following matrix equations for X

i), X-3A=2B
NI
-2 21 3 -1 4

1 0 3 2 1 1
Sol: A= and B=
-2 21 3 -1 4

X -3A=2B
X =3A+2B

1 0 3 2 1 1
X =3 +2
{4 2 J L —14}
3 0 9 4 2 2
X = +
6 6 J [6-4 8}
[ 3+4 042 9+2
| 646 6-2 348

7 2 11
0 4 11

i). 2(X—A)=BifA:F 2 2}&
3 -1 2
{4 6 2}
B=
0 -4 2

1
Sol: Since A= [
3

take

X =

X =

2 2 4 6 2
& B=

-1 2 0 4 2

take 2(X—A)=B

X-A=1B

Putting the values of A and B
X=A+=-B
2

1 2 2| 1[4 6 2
X = +=
3 -1 2] 2|0 4 2

1 2 2 2 3 1
X = +
3 -1 2} {0 -2 1}

A23 _ (_1)2+3

N EICRIR

3 1

A3l _ (_l)3+1 2 O

‘=(+1)(0—2):—2

1 1
_ _1 3+2
A32 ( ) _1 O‘

x|l 3
Ay = (_1) 1 ‘
Now using formula
|A| =ay Ay +ay Ay, +aghy,
[Al=(2)(=2)+(0)(-1)+(-2)(5)
|A|=-4+0-10
|A| =-14

(-1)(0+1)=-1

(+1)(2+3)=5

X__1+2 2+3 2+1
T340 -1-2 241
3 5 3}
X =
3 -3 3
Exercise 2.3
1 3 1
Ql. If A=l-1 2 0 , then find
2 0 -2
A1 Aty Asy Ay Ay Ay Also find |A|
1 3 1
Sol: wehave o_|_1 2 0
2 0 -2
al2 0
A=) D= ()(4-0)=-4
0 -2
al3 1
ma=() 3f=(n-e-0)-6

Q2. Without evaluating state the reason for the
following equalities.

1 2 0
3 10
-1 2 0
Sol: Reason R3=0 in LHS
J1 2 3
i).1_g 4 _12
2 -1 3
Sol: Reason Rzis a multiple of C3in LHS

=0

1 3 -2 |1 3 2
i) |3 -1 1|=[/3 1 1

2 1 4| -2 1 4
Sol: Reason |A|:‘At‘

32 0 320
vl 1 -3=-31 1 1

2 4 -6 2 4 2

Sol: Reason Taking -3 as common from C; of LHS
1 0 - 1 0 -
Vi3 2 1|=-0 -1 0
1 -1 0 3 2 1
Sol: Reason; interchanging R, and R3 of LHS
2 01 (2 01
vil 13 1 2/=|5 5 6
1 2 2 |1 2 2
Sol: Reason; Appling R, +2Rzon LHS to get RHS

Q3. Let A be a square matrix of order 3. Verify
property (2) of determinants that is ‘At‘ = |A|

a; &, a; a, &, ay
Sol: A= Ay 3, Ay then|A| =8y 8y Ay

8y 8p 4y 8y 8 Ay
Expanding by R:

a, dy ay Ay a,; ay
|A| =ap, —a, +a;

a, Ay a; Ay a; Ay

|A| =4a; (azzass — 8,38, ) —a, (a21a33 - a23a31)
+a; (a21a32 - a22a31)

Khalid Mehmood Lecturer GDC Bilot Sharif D.I.Khan

available at http://www.mathcity.org



Chapter 2 Exercise 2.3 20
|A| = 8,8y,833 — 818385, + 81,85 853 — 81,8p385 _ 3‘_5 4 ‘_1‘ 6 4 ‘_'_ 5 6 —5‘
+858,,85, — 838,,8;.......(1) 8 -7 |-9 -7 -9 8
a; Ay Ay =3(35-32)-1(—42+36)+2(48-45)
‘At‘: a, ap a =3(3)—1(—6)+2(3)=9+6+6=21
Q3 8y g 2 1 -3
Expanding by R w.|1 1 0
a a
‘At‘ =a, 2 Ay —a, 8, +ay, &, 22 2 3 4
Ay Qg Q3 Ay Q3 Ay 5o 1 _3
|A'| = 8y (8085 — r80 ) — 8z (81585 —B245) sol:|1 1 o0
+ay (a12a23 - a‘22a13) -2 3 4
‘At‘ = 8,883 — 8,8558,3 —8,,8,85; +3,,85,85 Expanding by Ry
10 1 0 1 1
858,83 — 83185583+ (2) =2 -1 + (_3)
3 4 -2 4 -2 3

From equations (1) & (2) we get ‘At‘ = |A|

Q4. Evaluate the following determinants;

0 1 3

).-1 2 1
2 11
0 13
Sol: -1 2 1
2 11

Expanding by R

2 -1
1 ]H ) j+3
0(2—1)—1(—1—2)+3(—1—4)
0(1)-1(~3)+3(~5) =0+3-15 =12

=0

-1 2
2 1

=2(4-0)-1(4-0)-3(3+2)
=2(4)—(4)—3(5):8—4—15=—11

3 4 2

i).|2 4 -6
-4 2 0
3 4 2
Sol: |2 4 -6
-4 2 0
Expanding by Ry
4 -6 2 -6 2 4
=3 -4 ‘+(—2) ‘
2 0 -4 0 -4 2

=3(0+12)-4(0-24)-2(4+16)
=3(12) - 4(-24)—2(20) = 36+96 40
=92

Q5. Show that
a b c

a X
)./ m n=b m vy
C n z

a b c
Solution: Take LHS [I m n
X y z
Take a transpose
a | x
=|b m y|=RHS, Hence proved
cC n z

3 1 2

i) [6 -5 4
-9 8 7

3 1 2

Sol: |6 -5 4
-9 8 -7

Expanding by R:

a b c a

i) 1-3a 2-3p 3-3c|=|1

4 5 6 4

a b

Solution: Take LHS 1-3a 2-3b 3-3c
4 5 6

Apply the property P6 i.e., if any row is a sum of
two terms, then its determinants can be written as
the sum of two determinants.

a N T
o0 O w o

a b c |a b c
=1 2 3+|-3a -3b -3c
4 5 6 |4 5 6
a b c J|abc
=1 2 3-3ja b c
4 5 6 |4 56
In RHS R1 and R; are identical so it will be zero
ab c ab c
=|1 2 3-3(0)={1 2 3/=RHSs,
4 5 6 4 5 6

Hence proved
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Chapter 2 Exercise 2.3 21
1 1 1 abc a‘
iii). | a b c [=0 ~ L labe bt
abc .
b+c c+a a+b abc c
1 1 1 Taking common abc from C;
Solution: Take LHS | a b C abcl a’ b
b+c c+a a+b =—| b* =——(0)=0=RHS
abc . abc
1 1 1 1c
= a b c R, +R, C, &G, are identical, Hence proved
a+b+c a+b+c a+b+c N e a?
111 -l g pl=(a-B)(B-7)(r—a)
2
=(a+b+c)la b ¢ Lrr
11 1 1 a «a?

In second determinant R; and R3 are identical so it will be zero

= (a +b+ C).O =0 =RHS, Hence proved

bc ca ab] |1 1 1
iv.|la b c|=la® b® ¢
a? b> ¢ | b ¢

bc ca ab
Solution: TakeLHS |a b ¢
a? b®> c?
bc ca ab
abc
:—7;— a b ¢
abc
a? b? c?

Multiplying aC,,bC,, cC,
. abc abc abc
=—1la* b* ¢

abc IEREE R
Taking common abc from R,

1 1 1 1 1 1

:a_bcaz b2 c2l=la? b2 ¢

abe a® b ¢’ |a° p°

=RHS, Hence proved

3

c
C

bc a3%

V) lca b %:0

ab 03%
bc a3%

Solution: Take LHS ca be %

ab c3%

Multiplying aR,,bR,,CR,

Solution:TakeLHS1 B B

1 7

2

1 a a R
1-1 p-a p*-a’lR
1-1 y—a ' —-a

N

-R
-R

w

(04 0(2

B-a ,32—052

y—a 72_a2

O r O O Bk

o O{Z

p—a (B—a)(f+a)
yr—a (yr—a)(y+a)
Taking common ¥ —& fromRsand ff— ¢ from R,
2

o

1l o «
=(f-a)(y-a)0 1 B+a

0 1 y+a
=(ﬁ—a)(y—a){1‘i ﬁ+“—0+0}
=(B-a)(y-a)(r+a-p-a)
=(B-a)(y=-a)(r-p)
=~(a=p)(r-a)(r-F)
=+(a-p)(B-r)(r-a)=RHS

Hence proved

Expanding by C;

y+a

1 1 1
viil-la g yl=(a-B)(B-7)(r-a)(a+p+y)
a3 ﬂS 7/3

1 1 1
Solution: Take LHS a By

& B
1 1— 1— Cz_C1
a p- r-a|c _c
3 3 3 3| 3 1
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Chapter 2 Exercise 2.3
1 0 0 1 -1 1
- e r-a Sol: |3 -2 1
8 (ﬂ—a)(/i’2+,8a+a2) (7—a)(}/2+ya+a2) 2 3 2
Taking common ¥ —& from Cs and ﬁ—afrom C Expanding by R:
(5—a)( )1 0 2 1‘ (1)‘3 1 |3 —2‘
= —a)(y—a)|la 1 = —(—
N R 3 2 2 22 -3

Expanding by R;

=(f-a)(r-a)

{1 1 1

‘+Ba+a’ Y rya+al

a—ﬂ)(;/ a)(y +ya+a’ - B — Po— a)
—a)(y’ - B +ya-pa)

a- ﬂ)y a)|(r=B)(r+B)+a(r-B)}

~B)(r-a)(r- ﬂ){wﬁ)w}
)

=+(a-pB)(r—a)(B-r)(a+yr+B)=RHS
Hence proved

=(-4+3)+(6+2)+(-9-4)
=(-1)+(8)+(-13)=—-6+0

~Non singular matrix

—O+O}

ycosd 0 ysind
vii).| 1 1 0 |=y
-sind 0 cosd

ycos@ 0 ysin@
Solution: Take LHS 1 1 0
—sin@ 0 cosé@
Expanding by C;
1ycose ysine_
—sin@ cosd

=y cos® @ +ysin’ @
=y (cos® 0 +sin” 9) =

Hence proved

3 2 -3
iii). 3 6 -3
-1 0 1
3 2 -3
Sol: wehave |3 6 -3
-1 0 1
Expanding by R;
:36 —3_2 3 —3‘+(_3)‘3 6‘
0 1 -1 1 -1 0

=3(6-0)-2(3-3)-3(0+6)
~18-0-18=0

~Singular matrix

rcos?@+sin’0=1

Q6. Identify singular and non singular matrices.
7 1 3

i).6 2 -2
51 1
7 1 3
Sol: 6 2 -2
51 1
Expanding by Ry
2 2| |6 -2
1 1 5 1
:7(2+2)—1(6+10

=7(4)-1(16)+3(—
=28-16-12=0

~Singular matrix

=7 -1

+3
51
3(6—10)

62‘

)

Q7. Find the value of 4 if A is singular.

-2 1 0
A=|1 -1 1
0 1 -a
-4 1 0
Sol: |1 -4 1
0 1 -2
Expanding by R,
(—;L)_’1 1—1‘1 1i0=0
1 -4 o
~A(4*-1)-(-2-0)=0
~22+A1+1=0
—A+22=0
~A(4*-2)=0
S A=0 or A12-2=0
Ar=2
A=+2

Hence S.S = {O,i\/i}

1 11
i. |3 -2 1
-2 -3 2

Q8. Solve for x
X 2 3

i)./0 -1 1|=9
0 4 5
X 2 3
Sol: [0 -1 1/=9
0 4 5
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Chapter 2
Expanding by C;

1
X -0+0=9
5

x(-5-4)=9
-9x=9
=>x=-1
-1 0 1
i) [x2 1 x|=-6
2 3 4
-1 0 1
Sol: |x2 1 x=-6
2 3 4
Expanding by R,
_11 X x> 1
3 4 2 3
—(4-3x)+(3x*-2) =6
~4+3x+3x*-2=-6
3x*+3x-6+6=0

-0+1

‘2_6

3x°+3x=0
3x(x+1)=0
S X+1=0 or 3x=0
x=-1 x=0
S.S:{O,—l}

Q9. Show that the inverse of a square matrix exist,
then it is unique.

Sol: Let A is a non-singular matrix, then by
definition there exists a Square matrix such that
AAT=ATA=1

Uniqueness;

Let A be a square matrix suppose B and C are two
inverses of A, So we have

AB=BA=1....(0)

AC=CA=1..... (2)

Now CAB=C(AB)=C(l) from equation (1)

= CAB=C.....(3)

Again CAB=(CA)B=(1)B from equation (2)

— CAB=B.....(4)

By comparing equations (3) and (4)

Sefinverse of a square matrix is unique
0 2 2
Q10.let A=|-1 3 2|.Find A™
1 0 5
0 2 2
Sol: Given A=| -1 3 2|.
1 0 5
0 2 2
Its determinant |A| =-1 3 2
1 0

Exercise 2.3 23

Expanding by R1

-1 2| _|-1 3‘

|A=0-2 +2

1 5 10
|A|=0-2(-5-2)+2(0-3)
|A|=14-6=8=0

-1 .
So A" exists, now cofactors

3 2
_ _1 1+1

-1 2‘

‘=+(15—o)=15

A= (-1)?[) l=(-5-2)=7

-1 3
1 0

Ais _ (_1)1+3

‘:+(o-3):—3

2
=—(10-0)=-10
2/--a0-0

0 2
15
0 2
10

2 2
3 2
0 2
-1 2
N RCIE

Ar A Ay
sadjf A=A, A, A,
As Ay Ag
15 -10 -2
adj A=|7 -2 =2
-3 2 2
We have

‘=+(o—2)=—2

‘=—(0—2)=2

‘=+(4—6)=—2

A, =(-1)"" ‘ =—(0+2)=-2

. 5 -0 -2
Al="adj A==|7 -2 -2
A 8

-10 -2

15
8

7 -2
8

-3
8

sl ol [l

show that ‘Afl‘ = i

Qll.Let A=
A

4 2

3 -1
Sol: we have A=

1
w
AR
| I

3 —
|A|=‘ J"=6+4=1O
4 2

2 1
adj A=
-4 3
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Exercise 2.3 24

witagacif[2 1 b
A 10/-4 3| | 2

11

-1 5 10
A=

=2 3

5 10

now‘Al‘zé %zli_i__zzﬂ
2 2510 1005 50
W=

50 10
-

A

From equations (1) & (2) we get (AB)_1 =B*A?

Q12. Verify that (AB) " = BA™

2 3 -11
A= ,B=
5ol s

2 3 -11
A=l Bl=, ,
|Al=0-3 B|=-3-2
|A/=-3 |B|=-5
ade:{ _3} aij:{ _1}

-1 2 -2 -1

1 . 1 ..
Al=_"adjA B'=_—adjB

A B

o 1f0 8] o, 13 -1
—3|-1 2 5|2 -1

Now

AB_2 3[-1 1] [-2+6 2+9
11 0ol 2 3| |-140 140

4 11
AB =
-1 1
1
|AB|:‘ 1J1=4+11=15
1 -11
adj (AB)=
oo [}
1
AB) = _—_adj (AB
4 111 11
(AB) EL 4} ....... @
Now

B—lA—lzii3 1[0 -3
' 5 -3/-2 -1]|-1 2

gt pa_ L {0+1 —9—2}

T15/041 6-2

B‘l.A‘lziF _11} ....... (2)
15]1 4

Q13 If A and B are non singular matrices, then show that
Sol; Let A and B are non singular matrices then by
definition

AAT=ATA=...... (1)
BB'=B'B=1I.... (2)

i). To show that (A’l)i1 =A
AA* =1 from (1)
A*'A=1 from (1)

Thus A is the inverse of A~

ie, (A1) =A

ii). To show that (AB)f1 =BLA*

Sol; Let A and B are non singular matrices then by
definition

AR = AMA=1...(1)
BB =B'B=1...(2)
Associative law holds in Matrices
(AB)(B™.A™")=A(BB*)A™
=A(1)A?
= AA?

=1...(3)
Similarly
(B*.A*)(AB)=B*(A*A)B

=B*(1)B

=B'B

From equations (3) & (4)
B™.A™ is the inverse of AB
ie, (AB) =BLA™

Q14. Verify that (AB) = BLA" if

12
2 -1 3
i). A= B=|2 2
10 1
30
2 1
t 123
Sol: A'=|-1 0|,B'=
2 20
3 1

_ 1

2 -1 3
AB = 2

1 0 1

- 3

2_249 4-2 now
AB =

1+0+3 2+0+0

[0 2
AB =
2]

— (AB)' = B ‘2‘} ........ (1)
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Chapter 2

2 1

123
BIA' = -1 0
2 20
- 3 1

[2-2+9 1+0+3
|14-2+0 2+0+0

BtAt:

aia | 4} ........ (2)

Exercise 2.4 25

L 11 -3 at [101
A _SL 2} (AY) _[_3 2}.(1)

71'[_; 1 1
(A )_5[_3 2}..(2)

From equations (1) & (2) we get(A’l)t = (At )71

Exercise 2.4

12 2
From equations (1) & (2) we get(AB)t =B"A'
1 1
1 2 0
i) A:[ },B 2 3
-1 1 4
1 2

1 1
Sol: we have A:[l 2 O}B: 2 3
1 -2

-1 1 4
_ 1 1
1 2 0
AB = 2 3
-1 1 4
- 1 -2
[1+4+0 1+6+0
AB =
|—1+2+4 —1+3—8}
5 7}
AB =
5 -6
¢ 5 5
:(AB)_L 6} ................................ (1)
1 -1
Now At —|2 1 ,Btz[l 2 l}
1 3 -2
0 4
_ -1
¢ nt 1 2 l}
B'A = 2 1
1 3 -2
- 0 4

B‘A‘—_l+4+o -1+2+4
“|1+6+0 -1+3-8

5 5

BIA =" T~ |... 2

H

From equations (1) & (2) we get(AB)t =BLA'
2
Q15. Let A:{ 1

: ﬂ veriythat (A%) =(A)

2 3 C 2 -1
-1 1 3 1

S N S oy
|A=2+3 A=2+3

|A=5 |A'|=5

adj A:E _j adj A' :[_13 j
Alzﬁadj A (At)lzﬁadj Al

1 -3 4 5 6 7
Ql.Let A=|-3 2 -5|&B=|6 -8 3
4 5 0 7 3 1

Show that A & B are symmetric. Also show that A+B is
symmetric
Sol: Given that

(1 -3 4 1 -3 4
A=|-3 2 5|=A'=-3 2 -5
4 -5 0 4 -5 0
= A=A = A is symmetric
5 6 7 5 6 7
B=|6 -8 3|=B'=|6 -8 3
7 3 1 7 31
B'=B = B is symmetric
1 -3 4 5 6 7
Now A+B=|-3 2 -5|+/6 -8 3
4 -5 0 7 3 1
[ 1+5 -3+6 447
A+B=|-3+6 2-8 -5+3
 4+7  H5+3 0+1

6 3 11
A+B=3 -6 -2
11 -2 1
A+ B is symmetric
6 3 11
=(A+B) =|3 -6 -2
11 -2 1
=(A+B) =A+B
0o 1 -2 0 -6 11
Q2. A={-1 0 3 |&B=| 6 0 -7
2 -3 0 -11 7 O
Show that A+B is skew symmetric
o 1 -2 0 -6 11
So:A=/-1 0 3 |&B=| 6 0o -7
2 -3 0 -11 7 O

o 1 -2 0 -6 11
A+B=|-1 0 3 |+| 6 0o -7
2 -3 0 -11 7 0
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0+0 1-6 -2+11
A+B=|-1+6 0+0 3-7
2-11 -3+7 0+0

0 2 -3
Now (A—At)t: -2 0 -3
3 3 0
0 2 3
(A-A)=-2 0 3
3 30

(a-a) ~(a-#)

A— Alis skew symmetric

0 -5 9 0 5 -9
A+B=|5 0 -4|(A+B)=/-5 0 4
-9 4 0 9 4 0
0 5 9
(A+B)=—|5 0 -4
-9 4 0
(A+ B)t:—(A+ B), A+ B is skew symmetric
3 21
Q3.1f A=| 4 5 6, thenshow that
-2 3 4

a). A+ A is symmetric

3 21 -2
Sol: A=| 4 5 6&At—2 5 3

2 3 4 16 4
(3 2 1] [3 4 -2
A+A=|4 5 6[+2 5 3
2 3 4] [1 6 4

[ 3+3 2+4 1-2
A+A'=| 4+2 5+5 6+3
—2+1 3+6 4+4

Q4 If Ais a square matrix of order 3, then show that

a). A+ A" is symmetric
Sol: Let A is a square matrix of order 3

(A+At)t:At+(A‘)t
=A"+ A
(A+ At)t — A+ Al

~ A+ A" is symmetric

b). A—A' is skew symmetric
Sol: Let A is a square matrix of order 3

(A-A) = A —(a)
=A-A
=-A+A
(A+ A )t =—(A—At) ~ A= A" is skew symmetric

(6 6 -1
A+A'=|6 10 9
-1 9 8
6 6 -1
Now (A+A) = 6 10 9
-1 9 8
(A+ Al )t =A+A A+ A'is symmetric
b). A— A" is skew symmetric
3 21 3 4 2
So: A=| 4 5 6|& A=|2 5 3
-2 3 4 1 6 4
'3 21 3 4 2
A-A'={4 5 6|-|2 5 3
-2 3 4] |1 6 4
(3-3 2-4 1+2
A-A'=|4-2 5-5 6-3
|—2-1 3-6 4-4
0 -2 3
A-A'=2 0 3
-3 -3 O]

Q5. Reduce each of the following matrices to the
indicated form

1 3 -1
i).]|2 1 4 | Echelonform
3 4 -5
1-3 -1
Solution: |2 1 4
3 4 -5
o8 A R, - 2R,
2-2 1-6 442
R, —3R,
3-3 4-9 -5+3
1 3 -1
RIO -5 6
0 5 -2
1 3 -1
R[0O -5 6 |R—-R
|0 5+5 —2-6
1 3 -1
RIO -5 6
o 0 -8
Required echelon form
1 0 -2
ii))]2 1 1 | Echelonform
3 2 3
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1 0 -2
Sol: {2 1 1
3 2 3

1 0 -2
R, - 2R,
2-2 1-0 1+4

1

ZY)
1
O r O Ok OO Bk

o r O O kb O O L O
o |
[REN
+
[EEN

001

Required reduce echelon form

R, - 3R,
3-3 2-0 3+6
10 -2
RO 1 5
o2 9
1 0 -2
RIO 1 5 [R-2R,
[0 2-2 9-10
10 -2
RIO 1 5
o0 -1
Required echelon form
2 -3 1
iii).|1 1 2| Reduce echelon form
4 1 7
2 31
Sol: {l 1 2
4 17
1 1 2
RI2 -3 1| Re&R
4017
1 1 2 TS
R|2-2 -3-2 1-4
- R, — 4R,
4-4 1-4 7-8
11 2
RI0O -5 -3
0o -3 1
11 2
RI0 -5+6 -3+2|R,-2R,
o 3 -
1 1 2
RIO 1 -1
o -3 1
1 1-1 241 R+ 3R,
RO 1 -1 R R
0 -3+3 -1-3 ?
10 3
RIO 1 -1
00 4

0 2 3
iv. |3 —4 1| Reduce echelon form
1 -1 2
0 2 3
Sol: |3 -4 1
1 -1 2
1 -1 2
RI3 -4 1| RReoR
0 2 3
1 -1 2
R[3-3 —-4+3 1-6|R,-3R
0 2 3
-1 2
-1 -5
oy 2
-1 2
1 5| -R,
2 3

(SN

T
|
~

w

~ [k
ol

|
(62 BN

R - 7R,
R, -5R,

O ~N B oo~

[

o r OO0 r OO0ORFr OOk, OO PP, OO0 PF, O Oo Bk

P O OF,r O OFP O O F O v
o

o

00 1

Required reduce echelon form
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Q6. Find the inverse of the following matrices by
using elementary row and column operations.
4 -2 5

12 1 o0
-1 2 3
4 -2 5

Sol: Let A=| 2

-1

4 -2 5

|A|= 2 1 0

-1 2 3
10 2 0 2 1
|A|=4‘ ‘—(—2) +5 ‘
2 3 -1 3 |-1 2

|A|=4(3-0)+2(6+0)+5(4+1)
|A|=12+12+25=49=0

So A is non singular so Al exists

4 -2 51 00

Now[A/1]=| 2 1 00 1 O

1 2 300 0 1
1 2 30 0 1
R[2 1 00 1 0|R©R
4 -2 51 00
1 —2 -3/0 0 -1
R[2 1 00 1 0]|-R
4 2 51 0 0
[ 1 -2 3|0 1

3 o R, - 2R,

RI2-2 1+4 0460 1 0+2
- R, —4R,
|4-4 -2+8 5+12]1 0 0+4
1 -2 -3l0 0 -1
RI0O 5 60 1 2
0 6 17]1 0 4
1 2 3o 0o -1
RI0O 5 6 0 1 2 |R-R,
0 6-5 17-6[1 0-1 4-2
1 2 -3l0 0 -1]
RO 60 1 2
0 1 111 -1 2|
1 2 -3l0 0 -1]
RIO 1 111 -1 2 |R <R,
0 5 60 1 2]
1 -2+2 -3+22|10+2 0-2 -1+4
RIO 1 1 |1 =1 2 R +2R,
A R, -5R,

0 5-5 6-55|0-5 145 2-10

Exercise 2.4 28

1 0 19|2 -2 3

RIO 1 111 -1 2

0 0 495 6 -8

(1 0 19| 2 ) 3 .
RIO 1 11| 1 -1 2 |—=R,

- 49

0 0 1[549 -6/49 8/49

1 0 19-19)2-19(F) -2-19(3) 3-19(3)

RIO 1 11-111-11(§) -1-11(%) 2-11(g) "%
00 1 | 549  -649 849 |° 7
1 0 0]3/49 16/49 -5/49

RI0O 1 0-6/49 17/49 10/49

|0 0 1/549 -6/49 8/49

3 16 -5

[I/A‘l]:A*:% -6 17 10

5 -6 8

3 -1 6
.11 3 4
-1 5 1

3
1

Sol: Let A=

A=|1 3 4
-1 5 1

3 4 1 4 1 3
|A|:3‘5 1‘_(_1)—1 1" 1 5‘
|A|=3(3-20)+(1+4)+6(5+3)
|A|=3(-17)+(5)+6(8)=-51+5+48=2%0
So A is nonsingular so A exists

3 -1 61 00
NOW[A/I]: 1 3 40 1 0
-1 5 10 0 1
1 3 40 1 0
RI3 -1 61 0 0|R©R,
-1 5 10 0 1

1 3 4 10 1 O
R, —3R,
R| 3-3 -1-9 6-12|]1 0-3
~ R, +R,
-1+1 5+3 1+4|10 0+1 1

1 3 410 1 O

RI0 -10 61 -3 0

0 8 50 1 1

1 3 4 10 1 0

R0 -10+8 —-6+51+0 -3+1 0+1|R,+R,
0 8 510 1 1

‘+6

o
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1 3 4]0 1 0 3 1 -4
RO -2 -11 -2 1 Sol: |0 2 1
O 8 510 1 1 1 -1 -2
103 40 1 0 1 -1 -2
-1
ROl%—%l—%7R2 RIO 2 1 |R&R
0 8 50 1 1 3 1 4
1 3-3 4-3(1)[0-3(2) 1-3 0-3(3) R 3R, 3 (1) —21 —12 ;
1 _1 _1 —
RIO 1 4 L] b R _er - R, —3R,
0 8-8 5-8(1)0-8(%) 1-8 1-8(3) 13-3 1+3 -4+6
1 0 52 3/2 2 32 1 -1 2
R|O 1 1/2 1/2 1 -12 RIO 2 1
7 5 0 4 2
10 (4) 2-3(-7) 1-35) g _sp 1=
RO 1 %—%%—%(4) 1-3(-7) 3-3(5) R _LR RI0O 2 1 |Ry-2R,
oo 4 -7 5 | ° 7 0 4-4 2-2
1 0 0-17/2 312 -11 1 -1 -2
RO 1 0/-52 9/2 -3 RIO 2 1
0 0 1| 4 -7 5 0 0 O
Number of nonzero rows are 2
. L1 -7 31 22 ~Rank of the matrix =2
[|/A ]:A =5 = 9 -6 Exercise 2.5
8 -14 10

Q7. Find ranks of each of the following matrices

1 o0 -2
12 2 1
1 2 3

1 0 -2

Sol: | 2 2 1

-1 2 3
1 0 -2
2-2 2-0 1+2
-1+1 2+0 3-2

R, - 2R,
R, +R,

0 0 -4

Number of nonzero rows are 3
~Rank of the matrix = 3

3 1 4
i.|0 2 1
1 -1 -2

Q1 Solve following system of egs by matrix method.

4x-3y+z=11

i).2x+y—-4z=-1
X+2y-2z=1

Sol: System of eqs can be written as in matrix form
4 -3 1]|/x 11

2 1 -ally|=|-
1 2 =2|z| |1

Let Ax=B,= X = A"B....(1) where

4 -3 1 X 11
A=l2 1 -4|X=|y|,B=|-1
1 2 2 z 1

4 -3 1

Now aol=12 1 -4

1 2 -2
1 -4 2 2 1
dh o
2 -2 1 1 2

|Al=4(-2+8)+3(-4+4)+(4-1)
|A|=4(6)+3(0)+(3) =270

So A exists

1+1 1 4

A, =(-1) ) _2‘:+(—2+8)=6
1+2 2 4

A, = (1)) _2‘:_(_4+4):o
1+3 2 1

As=(-1)"] 2‘=+(4—1)=3
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2+1_3 1

M= ([ G (o-2) -
2+24 l

Ap = (-1 ‘=+(—8—1)=—9

4 -3
=(-1)"" ——(8+3)=-11
A= (0] (e
3 1
=(-1)"" = +(12-1)=11
O PR
3+24 1
A =(-1)" _4‘——(—16—2)—18
a4 -3
A33=(—1)332 1‘=+(4+6)=1O
AL AL A
adj A=A, A, A,
Az As Ag
6 -4 11
adjA=|0 -9 18
'3 -11 10
6 -4 11
1 1 - 1 1
A'="adjA=A'=—|0 -9 18
A 27
3 —11 10

Putting in equation (1)
6 -4 11][11]
X=A"B =i 0 -9 18| -1
27
3 -11 10]| 1 |
66+4+11 81] [3
X:i 0+9+18 :2—17 27 |=(1
33+11+10 54 2

X 3
=ly|=|1
Z 2

By definition of equal matrices their corresponding
elements are equal

=>Xx=3,y=1z=2

X+y+z=1
i) x+y—-2z=3
2X+y+z2=2
Sol: System of eqs can be written as in matrix form
1 1 1} x 1
11 2||y|=|3
21 1]z |2}

Let Ax=B,= X = A"B....(1) where

11 1 X 1
A=|1 1 2| X=|y|.B=|3
e lseH
11 1
|Al=]1 1 -2
2 1 1
1 1 -2 |1
A= Sl T
1 2 1 2

Exercise 2.5 30
|Al=(1+2)-(1+4)+(1-2)
[A/=(3)~(5)+(-1)=-3#0

So A exists

wmfl 2
A, =(-1) X 1‘=+(1+2)=3
1+2 1 _2
A, =17 1‘=_(1+4)=_5
1+3 1
A13=(—1) 2 1'=+(1—2)=—1
2+11 l
Ay = (-1 1‘:-(1-1):0
2+2 l 1
A, =(—l) ) 1‘:+(1—2):—1
2+3 l 1
Azaz(_l) 9 l‘Z-(l—Z):l
3+1 1
Ay, =(-1) _2‘:+(—2—1):—3
3+2 1 1
Ay =() L =—(21)-3
3+31
A =(—l) 1 j:'=+(1—l)=0
AL AL A,
adjA=lA, A, A, putting the values
LA A Ag
'3 0 -3
adjA=|-5 -1 3
_—1 1 O
3 0 -3
Al=%ade:>Al=_—1 -5 -1 3
| | -1 1 O

Putting in equation (1)

3 0o 31
X = A1|3_3 5 -1 33
-1 1 0|2

3+0-6 -3
X = 1—5 3+6|= 31 -2
-1+3+0 2

X 1
=|y|=| %

-2
z =

By definition of equal

matrices there corresponding elements are equal
2 -2

=>x=Ly=—,2=—
3 3

Q2. Solve following system of equations by Gauss
elimination method and Gauss Jordan method.
X—y+4z=4
i). 2X+2y—-2=2
3X—-2y+3z=-3
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Sol: The augmented matrix of the given system is

1 -1 4|4
[A/B]=|2 2 -12
3 2 3|3

[ 1 -1 4 4 TR,-2R,
R|2-2 2+2 -1-8 2-8 ]R33R1

3-3 —2+3 3-12|-3-12

1 -1 4] 4]
RI0O 4 -9 -6
o 1 —9/-15]

(1 -1 4] 4]
Rlo 1 -9-15|ReR
o 4 -9 -6 |

1 1 4 4
RlO 1 9 | —15 |[Rs-4R
|0 4-4 —9+36/-6+60

(1 -1 4| 4 ]
R|I0O 1 -9/-15
|0 0 27|54 |

(1 -1 4| 4] .
I? 0O 1 -9-15 ERg

00 1f2 |
The required system in row echelon form is
X—y+dz=4 Xx—y+4z=4..(1)

0x+y-9z=-15 or y-9z=-15....(2)
Ox+0y+z=2 2=2...(3)

Put z=2 in equation (2)
y-9(2)=-15=y=-15+18=3

Put z=2,y=3 in equation (1)
x—3+4(2)=4

X-3+8=4

X+5=4

Xx=4-5=-1
Thus x=-1,y=3,2=2

Exercise 2.5 31

(1+0 —1+1 4-9|4-15 |R +R,
R — —
R| 0 1 9 15 R, — 4R,
| 0 4-4 -9+36-6+60

1 0 -5|-11]
RI0O 1 -9-15

_0 0 27 54_

1 0 -5|-11] .
R|0O 1 -9/-15|=R,
~ 27

_0 0 1| 2 ]

1 0 -5+5(-11+10 R2+9R3
RI0O 1 -9+9(-15+18
~ R, +5R,
00 1] 2

1 0 0-1
B 0 1 03

0 0 12

The required system in row reduce echelon formis,
X+0y+0z=-1 x=-1

OX+y+0z=3 or y=3

Now for Reduce echelon form or Gauss Jardan method
The augmented matrix of the given system is

1 -1 4|4
[A/B]=|2 2 -12
3 -2 3|3
R 212 2_12 14 24 A
R|2-2 2+2 -1-§ 2-8 | p  qp
3-3 243 3-12/-3-12
(1 -1 4| 4]
RIO 4 -9 -6
0 1 —9-15]
(1 -1 4] 4 ]
RIO 1 -9-15|R <R,
0 4 —9 6|

Ox+0y+z=2 z2=2
Thus X=-1y=3,2=2
2X+4y—-z=0
ii). X=2y—2z=2
—-5x-8y+3z=-2
Sol: The augmented matrix of the given system is
2 4 -10
[A/B]: 1 -2 22
-5 -8 3|2
1 2 22
Rl2 4 -10 |R &R
|5 -8 3|2
1 -2 -2 2 R, —2R,
R| 2-2 4+4 -1+4| 0-4
~ R, +5R,
-5+5 -8-10 3-10(-2+10
1 2 2|2
RIO 8 3|4
|0 -18 7|8
1 2 2| 2
I?O 1 3/8]-1/2 %Rz
0 -18 -7| 8
1 2 -2 2
R| 0 1 3/8 -1/2 | R;+18R,
[0 -18+18 —7+18(2)8+18(3)
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1 2 -2 2 1 0 -5/4 1
RO 1 3/8|-12 RO 1 3/8|-1/2|-4R,
0 0 -V4 -1 00 1|4
1 -2 2| 2 10 2+31+3(4) R +2R,
RIO 1 3/8-Y2| 4R, RO 1 §-33-3(4)| %
00 14 00 1| 4 |R—R
The required system in row echelon form is _ _
_ 1 0 06
X—2y—2z=2 Xx—2y-2z=2..(1)
RI0O 1 0]-2
Ox+y+oz=—X ory+§z——l (2) i
Y7872 8" 27 00 14 ]
0X+0y+z=4 7= 4“_.(3) The required system in row reduce echelon form is,
Put z=4 in equation (2) x+0y+0z=6 x=6
3 1 13 OX+y+0z=-2 or y=-2
y+§M):_§:>y:_E_E:_2 Ox+0y+z=4 z2=4

Put z=4,y=-2 in equation (1)
X—2(—2)—2(4)= 2
X+4-8=2

X—4=2

X=2+4=6
Thus X=6,y=-2,2=4

Thus X=6,y=-2,2=4

Now for Reduce echelon form or Gauss Jardan method
The augmented matrix of the given system is

2 4 -10
[A/B]=| 1 -2 -2/ 2
5 -8 3|-2
1 2 22
Rl2 4 -10|R©R,
|5 -8 3|2
1 -2 2| 2 R, 2R
Rl 2-2 4+4 —1+4] 0-4
- R, +5R,
|-5+5 -8-10 3-10|-2+10
1 2 22
R0 8 3|4
|0 -18 7|8
1 2 2| 2

1
RO 1 3/8-12 ng
0 -18 -7| 8

1 2+2  -2+2(3)|2+2(F)
RO 1 38 | -12
|0 -18+18 —7+18(2)8+18(3)
R, +2R,

R, +18R,

10 54 1
RIO 1 3/8|-y2
o 0 -14/ 1

Q3. Use Cramer’s rule to solve the following
system of equations

X—-2y=-4
i). 3Xx—-y=-5
2x+z2=-1

Sol: System of eqgs can be written as in matrix form
1 -2 0fx —4

3 1 0
2 0 1

Let AX=B
1 -2

N <
I
I

— o

A=|3 1
2 0
1 -2
|A| =3 1

2 0
Expanding by Cs

P O O kB O O

Al=0-0+1["
3

_2‘

|A|=0+1(1+6)
|Al=7=0
~.Solution exists
-4 -2 0
Al=[-5 1 o0
-1 0 1
Expanding by Cs

-4 -2
|A|=0-0+1 ‘

-5 1
|Ac|=0+1(-4-10)
|A><|=_14
1 -4 0
3 50
2 -1 1

A=
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Expanding by Cs 1 10 2
|A,|=O—0+1; _g‘ A]=[2 -4 -2
N 3 7 1
|A|=0+1(-5+12) Expanding by R;

Al=7 Al Foof P 2
1 2 -4 A=ty 3 1| |3 7
[Af=]3 1 -5 A |=1(~4+14)-10(2+6)+2(14+12)

2 0 -1 |A|=10-80+52 =18
Expanding by Rs
S L 1 -1 10
A =2 -0+(-1) [Al=2 1 4
1 -5 3 1
3 1 7
|AZ|:2(1O 4)_1(1+6) Expanding by R:
=2(14)-(7)=28-7=21 - -
[#e]=2(14)~(7) =t el Tl
X:M . A _Zzw 1 7 3 7 3 1
A A A |A,|=1(7+4)+1(14+12)+10(2-3)
-14 7 ,_ 2 |A,|=11+26-10=27
7 7 7 LA AL A
Sx=2  y=l 2= AT T
X—y+2z=10 18 ~18 27
ii). 2X+y—22 =4 =9 Y=g Sy
3X+y+z="7 = Xx=2 y=-2 z2=3

Sol: System of equations can be written as in matrix form
1 -1 27x] [10
2 1 -2|yl|=|-4
3 1 1|z 7

Let AX=B
1 -1 2] X 10
A=2 1 -2,X=|y|,B=|-4
3 1 1] z 7
1 -1 2
|A| =2 1 2
3 1 1
Expanding by R:

1 -2 2 -2 2
-eof e )
1 1 3 1 3
|A|=1(1+2)+(2+6)+2(2-3)
|A|=3+8-2=9%0

~Solution exists

|Al=1

10 -1 2
|AX|= -4 1 -2
7 1 1
Expanding by Ry
|AX|=1O‘1 _2‘—(—1)_4 _2‘+2‘_4 j
1 1 7 1 7

|A|=10(1+2)+1(~4+14)+2(-4-7)
|A|=30+10-22=18

Q4. Solve the following homogeneous equations

i) X + 2%, —X; = 0.0 (2)
2%, + X, + 3%, =0.......... (3)

Sol: System of equations can be written as in matrix form
1 -1 1][x] [o
1 2 —1|x |=|0
0

2 1 3| x

Let AX=0
1 -1 1
|Al=1 2 1‘
2 1 3

Al=1

2 - 1 - 1 2
e S

1 3 2 3 2 1

|A|=1(6+1)+1(3+2)+1(1-4)

|A=7+5-3=9%0

So, the system has trivial solution

eq(l)= X, —X, +X, =0

eq(2)= X, +2X, —X; =0 adding

xeq(2)by3 = 3x, +6x,—3x, =0
eq(3) =  2x+X,+3%x,=0 adding

xeq(4)by7 = 14x,+7x,=0
eq(3) =  +5x+7x,=0 subtracting
9%, =0=x=0
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Put X, =0 ineq (4) we get X, =0
Put X, =0 and X, =0 ineq (1) we get X, =0
Thus X, =0 ,X,=0,%=0

X + X, +2% =0
i) —2X +X, =% =0
—X, +5X, +4x, =0

Sol: System of equations can be written as in matrix
form

1 1 27x] [o

-2 1 -1||x, =0
-1 5 4| x 0
Let AX=0
1 1 2
A=}-2 1 -
-1 5 4
1 -2 - -2 1
A=1_ -1
5 4 -1 4 -1 5
|A|=1(4+5)-1(-8-1)+2(-10+1)
|A|=9+9—18=0
So, the system has non trivial solution
(1 1 2
Rl-2 1 -1
_—1 5 4
11 2
R, +2R,
RI0O 3 3
~ R, +R,
_0 6 6
r 1
11 2 ERZ
RO 11 1
_O 1 1 ER3
11 2
RI0O 1 1|R—-R,
0 00
The required system
X, + X, +2%; =0.....(1)
0X, +X, + X3 =0.......(2)
0x, +0x, +0x, =0....(3)
X, + X, + 2%, =0.....(1)
Or X, +X =0......(2)
0=0 true
Put an ordinary value X; =1 then
X, =—t

And putting both X, =t, X, =—tineq (1)
We get X, =—t
Thus X, =—t,X, =-t, X; =t

Q5. For what value of 4 the following system of
homogeneous equations has a non trivial solution.
Solve the system.

X, +5%, +3%, = 0.......... (1)
5% 4 Xy —AXy =0.cvvvne, (2)
X, 42X, + A%y = 0., (3)

Sol: System of equations can be written as in matrix
form

15 3|x 0
5 1 2% [=|0]. (a)
12 A|x]| |0

Let AX=0
15 3
Al=[s 1 -2
1 2 A
1 -2 5 -4 51
|A|:1‘ ‘5‘ ‘+3 ‘
2 A 1 A4 1 2

|A|=1(A+221)-5(54+1)+3(10-1)
|A|=31-301+27=0
|Al=-2721+27=0=> =1

Put A =1 in the given system (a)

1 5 3 1 5 3

R, —5R,
5 1 -1|R|0 —24 -16

12 1) o 3 2| R
1 5 3]

RIO 0 0|R,—8R,

0 -3 -2

1 5 3]

RO -3 —2|R, &R,

0 0 o]

The required system
X, +5X, +3%; =0.......... (1)

0—3X, —2%; =0..oovve. (2)
Here X, is the free variable .". X; =t
Putineq (2) —3X, —2t =0 then X, =

Both values putin eq (1)
x1+5(_thJ+3t =0

10t t
=—--3t=
% 3
Thus Xl—E _A X =t
3 3
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