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Merging man and maths

Binomial Theorem when n is negative or fraction:
When n is negative or fraction and ‘ x‘ <1 then
n(n—1) e nn=1)(n-2) P4
! 3!
Where the general term of binomial expansion is
_n(n=-1)(n-2)..(n—(r-1)

r!

(1+x)"=1+nx+

»
r+l X

Question # 1
Expand the following upto 4 times, taking the values of x such that the expansion in

each case 1s valid.
1 1

(i) (1—x)? (i) A+2x)7" (iii) (1+x) 3 (iv) (4—=3x)2

V) 8=2x)"  (vi) 2-3x) (vii) (1—x)2 (viii) J(I+22)
(1+x) (1-x)
e N
(ix) ————— x) 1+x—-2x7)2 (xi) (1-2x+3x")?
(2-x)
Solution
O (O 5
1  (I-x)? =1+E(—x)+T(—x) + ) (=x)" +
) o))
=1—lx+2 2 x2+2 2 2 (=) +...
2 2 3.2
1 1, 1 ;4
=l-—x—=x"-—x"+..
2 8 16
(ii) Do yourself as above
(1i1) Do yourself as above

| =
[SEE

4

- 3| af 123 P oayaf 3
(iv) (4-3x) _{4(1 4)} = (4) (1 4)

i u(szpl i@‘lj@‘zj( 1Y,

4 31
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1 _1y_3
3x 2\ 2 (9x2} 20 2\ 2 ( 27x3]
=2|1-—+ + - +...
8
2 3
O\ P o N 15
8 8l16) 16( 64

3x 9x* 27X }
=2|l-———- +...
8 128 1024
_2_2_9_)(2_27)63
T4 64 512
) (8—2x);—(8) (1—EJ —1(1—fj_1 Now do yourself
) 8 ) 8 4 >
(vi) Do yourself
(1-x)" _
(vii) 110 =(1-x"(1+x)7
[1+( Den+ DDy (—1><—1—31'>(—1—2>(_x)3+__.j
x(1+( 2+ 22D (_2)(_2_3?(_2_2)“)3+'--)
:(1 DD (), 1)(—2>(—3>(_x3)+.__]
3.2
X(l <2>< D o s (_2)(_3)(_4)<x>3+---j
3.2
(1+x+x F X e, ) (1—2x+3x2—4x3+...)
=1+ (x=2x0) 4+ (x° =27 +3x°) + (& =2x" +3x —4x)) +...
=1—x+2x"=2x +...
(viii) Do yourself as above

i & ;r 2x)* _ 4+2022— %) = (4) (1 + ET 2)" (1 - j

—X

oo g o o)
2 2 2) 2 2 2 2
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2

1(;_1jm2 +;C‘1)C_2j(zj -

X2
22 2! 3! 2

X(H<_D(_g)+_<—l><—l—l>(_g) R

2!
3
= 1+ 22/ (x—j 2 [x—j+...
4 8
£1+x+< D(- 2>( NG 1)( 2)(- 3)( x j+ )
2 4 8

X .X X
= 1+= -+
( 4 327128 }
2
8

(1+x+—+—+ ]
2
(x xj x2 X x2 x3 x3 x x3
=l+|—+- |+t ot —F+— |+ ot —t— |+
4 128 64 16 38

4 2 32

3x 11x* 23x°
=1+=+ + +

4 32 128

(x) (1+x—2x2);=(1+(x—2x2));

(1) 1
=1+%(x—2x2)+%(x—2x2)2+ 212

(st

im0+ 2200 40 a4
2 2 3.2

(2 +3(0)* (=20 +3(x)(=2x°)" = 2x°) ) +
P42+ dx) () — 6t #1206 —8x°) +

1 1
=1+—(x—2x")——(x
2( ) 8(
1 5 6 4, 12 8 6 4

1 2, 1, 4,5 4,
=lt—x—=x =X =X+ +—x ——x'+ = ——
2 2 8 8 8 16 16 16 16
=1+lx—x2—1x2—lx3+1x +ix —E)c“+3x5 1x6+...
2 8 2 2 16 8 4 8
=1+lx——x2—2x3
2 16

(x1) Do yourself as above
www.mathcity.org
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Question # 2

Use the Binomial theorem find the value of the following to three places of decimials.

(i)+/99 (if) (0.98)> (i) (1.03)3
W) Y17 (vi) {31 (vi) ﬁ
(ix) % () (0.998) 7 (xi) 94{@
Solution |
(@) J59 =(99)2 = (10012 = (100)? (1 —ﬁy

)
- — = 2
o1+ L2 gty
20 100 2! 100
1(_1j
—10[ 142\ 2 ( ! )+

10000

=10 1—0.005—%(0.0001)+...)

=10(1-0.005-0.0000125 +...)
~10(0.9949875) =9.949875

=~ 9.950
1 1

(ii) (0.98)2 =(1-0.02): Now do yourself
1 1

(iii) (1.03)3 =(1+0.03)3 Now do yourself

1 1 3
(64—1)3 =(64)° (1 — éT Now do yourself

(iv) 465 = (65):

1

1
1 | 1
(16-1)+ = (16)* (1 —%)4 Now do yourself

&=
Il

v) 17 =(17)

1
1 1 1 =
(vi) Y31 = (31)5 =(32-1)5=(32)° (1 —éjs Now do yourself

(iv) 65
(viii) ———
3252

(xii) (1280)*

1

www.mathcity.org



FSc-I/ Ex83-5

1 1 1 ! 1 2 Y3
Vil = =(998) 3 =(1000-2) 3 =(1000) 3| 1 ———
6 o o) 100-2) = (11055

1
g
=(10°) 3| 1 _

)
:(l— 1+( ! 43 : +...
10 1500 2 250000

= % 1+(0.0006667)+§(0.000004)+...)
= % (1+0.0006667 +0.00000089 +...)
~ % (1.00066759) = 0.100066759 =~0.100 Answer
| 1 1 1 1 9 Y
( viii) : = -=(252) 5 =(243+9) 5 =(243) 5| 1+——
252 (252)° 243
il 1Y
:(35) 5 [1+2—7j Now do yourself as above
1 1
i) V7 z(zj( _1J2
8 8 8 8

=1-0.0625-0.00195+...
~(0.93555 =0.936 Answer

www.mathcity.org
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1 1

(x) (0.998)_g =(1- 0.002)_g Now do yourself as above
1 1 - . L 243 _é
I = =(486) 6 =(729-243) 6 =(729) 6| 1———
N i e T -2 =29y 130
= (36 )‘g (1 — %J_E) Now do yourself
(xi) (1280)‘1‘ = (1296 - 16)‘1‘ - (1296)s [1 - ij‘l‘ =(6" )4ll [1 - iji
1296 81
Now do yourself
Question # 3
Find the coefficient of x" in the expansion of
1+ x* 2 3
@) (1+x 2) iy U**) Giity 42
(1+x) (l—x) (I-x)
_(1+x) . 4 2
@iv) 3 (V) (1—x+x —X +)
(1—x)
Solution
' (1 +x° ) ) 5
=(1+ 1+
O (1+27)(1+x)
=(1+ x2)(1 +(=2)(x) +%(x)2 Ml _3}) 272 j

- (1+x2)(1_ 254 2 2, D) s +j
2 3.2
=(1+2°)(1-2x+43x" —4x +...)
=(14+27)(1+ (=D2x+ (=13 + (-1)’4x" +...)
Following in this way we can write

(1+x2) _ _
=(1+27 )1+ (=D2x+ (=13 + (= D*4x" + ...+ (=)' (n=Dx"" +

(1+x)2 -

D" ()" + (=D)"(n+Dx" +...)
So taking only terms involving x" we get
(=D"(n+Dx" +(=1)"*(n-1)x"
=(=D)"(n+D)x"+(=D"(-D*(n-Dx"
=(-D"(n+Dx" +(-1)"(n—Dx" (=) =1
=(n+1+n-D=D"x"=2n)(-1)"x"

www.mathcity.org
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Thus the coefficient of term involving x" is (2n)(-1)"

(i1)
Hint:
After solving you will get
1 2
E1+x)2) =(1427) 1+ 2x 4387 +4x° +..+ (= Dx" 7 + (X" + (n+ Dx" +..)
—X
Do yourself as above
3
(iii) 8 - )’32 =(+x)(1-x)>
=(1+x)’ (1 +(=2) (=x) + =22-) (2_'2 = (—x)* + D2 _3}) (2-2) (—x)’ +.. j
=(1+x)’ (1 +2x+ —(_2)2(_3) (o + 2 (3_32) S N j

=(14+3x43x" + ) (14 2x+ 327 +4x" +...)
Following in this way we can write
1+ x)’

q )2=(1+3x+3x2+x3)(1+2x+3x2+4x3+...+(n—2)x"—3+(n—1)x"‘2
—X

+()X" +(m+Dx"+..)
So taking only terms involving x" we have term
(n+Dx"+3(n)x"+3(n-Dx"+(n-2)x"
=((n+D+3(n)+3(n-1)+(n-2))x"
=(n+1+3n+3n-3+n-2)x"
=(8n—4)x"

Thus the coefficient of term involving x" is (8n—4).

(1+x)2_ +x) (1-x)"
(12 (-

(iv)

=(1+x)’ (1 +(=3)(—x) +%

(—x)* + (3)(=3 _;) (3-2) (=x)* + .. j

2 D) oy |

(—=x) 32
@), o, DO, 5
— (x)+ 5 (X)) F e, j

= (1 +2x+ xz)(l + (2)2(3) X+ (3)2(4) x>+ (4)2(5) B S j

=(1+x)’ (1 +(=3)(—x) +L2(_4)

=(1+2x+x2)(1+3x+

www.mathcity.org
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Following in this way we can write

(+x) :(1+2x+x2)(l+ @3, O@ ., D) s,
(1-x) 2 2 2

LD o (@D o (it D(42)

D0 o D 200D |

So taking only terms involving x" we have term
AD0D) D) s (2D

n

X
2

=((n+)(n+2)+2(n) (n+ 1)+ (n—1)(n))

n

=(n2+n+2n+2+2n2+2n+n2—n)x—

n n

(4n° +4n+ 2)% =2(2n% +2n+ 1)x7

= (2n2 +2n+ l)x"
Thus the coefficient of term involving x" is (2n2 +2n+ 1).
(V) Since we know that
A+2) "' =1=x+2" =X F oo,
Therefore
(1—x+x2—x3+ ............. )2=((1+x)_1)2 =(1+)c)_2
—1 (2 (0 + EREED (o 22 ‘3}) 272 it
=1-2x+ %(@2 2 (3_32) (=4) (X + oo,

=1-2x43x" —4x 4o,

=14+ (=D2x+ (=D 3x* (=1 4x" + oo

Following in this way we can write

=1+ (=D2x+ (D3 (DX + oo +(=D)"(n+Dx" +.........
So the term involving x" = (-1)"(n+1)x"

And hence coefficient of term involving x" is (—1)"(n+1)

Question # 4
If x so small that its square and higher powers can be neglected, then show that
i) =X -3y Gy ME2X 43,
V1i-x 2 V1-x 2
1 1
2 4
(iid) (9+7x)?> =16+ 3x) zl_ix (iv) \/4+)g - +2—5x
4+5x 4 384 (1-x) 4

www.mathcity.org
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1 1 1
“) (1+ 1) (4= 3x)* (l_s_xj wp =0 0-40)° 3 61
1 1
(8+5x) 6 (8+3x)y 2
1
3
(vi) V4 - x+(81 X) ~2—Lx
Solution
(1)
1 1
LHS= =X - 17X gy
NI (1-x)?
=1+ (%j (—x) + squares and higher power of x.
3
=1—5x=R.H.S Proved
1 1
(i) Since AA2X (14242 (1-2)
V1-x
! 1

\S]

Now (1+2x)2 =1+ (—](2)@ + squares and higher power of x.

=1+x

—_

Now (1-x)2=1+ (—%) (—x) + squares and higher power of x.

z1+lx
2

\/\/Igz(nx)[Hlxj

=1l+x+ Ex ignoring term involving x°.

=1+ gx Proved.

-

©+7x)7 — (16 +3x)

1 1 1
=1O+7x)*-(16+3 4)4+5
(iii) 15 (( x)? —( x)*( x)

1
2
Now (9+7x)% 9%14—%)

- 2
<3 14 L8] 2343 5] o3 IX
18 18 6

www.mathcity.org
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5 _ [ 3_XJ
(16+3x)* =(16)* =

=(2" )i (1 + (%j(%j + square and higher power of x}
2+

~(2)(1+%) 2(3)6) T

64 32
5 V!
(4+ SJC)_1 =47 [1 +ij

-1 1+ (—1)(%x] + squares and higher power of xj

4

Sel =13,

~— 1——xj =

4\ 4 416"

g, ©O+7%)’—(16+3x)" [(3 Ej_(z 3xﬂ(l_ij
6 32))\4 16

4+45x
Tx 3x|(1 5 103 1 5
=3+—2—|-——x|=|1+—x || ———x
R S G fd
1
4

p—

1()3 5 I 17 Proved

=———X

384 16 4 384

(iv) Do yourself
™) U (=3 4 o (4 30)t (8452)
(8+5x)*

1
Now (1+x)2 =1+ (%j (x) + square and higher power of x

1
(23) ’ (1 + (—%j(% x} + square and higher power of xj

www.mathcity.org
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z@f(LHZ%J=l@—éﬂj
24 2\ 24

So (l+x)%(4—3x)% z(l+%x)8(l—2le(l—ix)

(8+5x)°

(vi) Do yourself as above
(vii) Same as Question #4 (ii1)
Question # 5

If x is so small that its cube and higher power can be neglected, then show that
D) Vmx—22% =l—dx—2 2 ) EE gty
2 8 I-x 2
Solution

@)Jl—x—2x2=@—4x+2xﬁf

1(1_q
=1+(%j(—(x+ 2x2)) + 2(2 ' )(—(x+ 2)(2))2 + cube & higher power of x.

zl—lx—l(2x2)—lx2 =1—lx—xZ—lx2
2 2 8 2 8
1

=1—-—x—=x* Proved
2 8

l+x _(1+x)
I=x q-x

1 1 l(l—l)
1+ x)? =1+(§Jx+ 212 x* + cube & higher power of x.

(i1)

=(14+x)?2(1-x) 2

=] o=

Now

1 ) JPR SO O
2

)4

(=x)° + cube & higher power of x.

www.mathcity.org
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=l+—x+ x° =1+%x+—x2
So
,/H—x=(1 lx—lxzj(l+lx+§xzj
I-x 8
1 1 2 2 2
=]l+—x——x"+—x+—x"+—x" =14+x+—x" Proved
2 8 2
Question # 6

If x is very nearly equal 1,then prove that px” —gx? =(p—q)x""*
Solution

Since x is nearly equal to 1 so suppose x=1+#,
where 4 is so small that its square and higher powers be neglected

L.H.S = px” —gx*
=p(+h)" —q(+h)?
= p(1+ ph+ square & higher power of x)
—q(1+ gh + square & higher power of h)
= p(I+ ph)—q(1+qh)
=p+p°h—q—q°h ................. (1)
Now R.H.S = (p—qg)x""
=(p-q@)1+m)"*
=(p—q)(1+(p+q)h+square & higher power of h)
~(p—)(1+(p+h) =(p—q)(1+ ph+gh)
=p+p’h+ pgh—q—pgh—q°h
=p+ph—qg—qh................. (i1)
From (i) and (i1)
L.HS = RH.S Proved

Question # 7
If p—g 1s small when compared with p or g,show that

Cn+Dp+@2n-1)q _ p+q%
(2n—1)p+(2n+l)q_( 2q } '
Solution Since p —q is small when compare
Thereforelet p—g=h = p=qg+h
_ @n+Dhp+@2n-1g  2n+1)(g+h)+(2n-1)q
C Qn-Dp+Q@n+lg  Q2n-1)(g+h)+Q2n+1)q
_2nq+q+2nh+h+2ng—q  4nq+2nh+h
_an—q+2nh—h+2nq+q _4nq+2nh—h

L.H.S

www.mathcity.org
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4ng+2nh+h _4nq+2nh+h(1+2nh—h]1

4nq(1+ 2nh = hj nq na
4ng
_ 4nqg+2nh+h 14 (=1) 2nh—h + square & higher power of X2
4ng 4ng

B 4nq+2nh+h(1_ 2nh—h} _4nq+2nh+h(4nq—2nh+h}

4ng 4ng 4ng 4ng

_ 16n°q” +8n’hq + 4nhqg — 8n°hq + 4nhg

ignoring squares of A

16n°q’
B 16n°q> +8nhq B 16n°q>  8nhg
16n’q’ 16n’q> 16n°q’
=1+ e (1)
2nq
) )
Now RHS=| 24| _[4thtq
2q 2q
) ;
_[2q+ h _[ 29 N h (14 h
2q 2q 24 2q
=1+ (lj(—j + square & higher power of h.
n )\ 2q
=1+ L ................. (11)
2nq

Form (i) and (i7)
L.H.S = RH.S Proved

Question # 8

1
2
n ] 8n _nt N where n and N are nearly equal.

2n+N)) 9n—-N_ 4n

Solution  Since n and N are nearly equal therefore consider N =n+h,
where 4 is so small that its squares and higher power be neglected.

LHS = (—] _ (—]
2(n+N) 2(n+n+h)

1

[ n 2=(%2n+hfj;:[4n+2hj;=(4+gﬁj;
2(2n+ h) n n n

‘% %_;_ 2‘% i_;
=(4) (1+4nj =(27) (1+2j

n

Show that (

www.mathcity.org
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O 1)h ,
=(2) (1 + (_5j2_ + square & higher power of hj
n

_1 l—i I (1)
2 4n 2 8n
Now RH.S= —on__n+N
On—-N 4n
) 3 _n+(n+h) B 8n _n+n+h
On—(n+h)  4n In—n—h  4n
_ 81 2n+h _ 8n  2n+h _(l_ij_l_zn—_'_h
8n—h  4n 8n( —L) 4n 8n 4n
8n
= 1+(- 1)(—£j+square&hlgher power of h (2n+ hj
3 4n  4n

h 1 h h 1 h
=l l+— || =+— | =l+——=——
8n 2 4n 8n 2 4n

1 A (i)

.................

2 8n

From (i) and (ii)
L.H.S=R.H.S Proved

Question # 9
Identify the following series as binomial expansion and find the sum in each case

. 1[1) 13(1)2 135(1)
() 1-=| — 2 +
o\4) 214\ 4) 31.8\4

R REED
2\ 2 24\ 2 2.4.6

3 35 357
+

(1) 1+—+ +
4 4.8 4-8-12

. L(1), 13(1) 1-3:5(1
(V) 1—=| = [+ —2| = | - —=22=2 +
23) 24\3) 246\3
Solution
3

. (1), 1:3(1) 135
(i) l——| = [+ — -
2\4) 21.4l4) 318

4

Suppose the given series be identical with

n(n'—l) [

A+x)"=1+nx+

1(1
This implies R R 1
p 2(4j (1)

n(n=1) ,_ 13 (lj ............. (ii)
o1 214

www.mathcity.org
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From (1) nx = —l = X= —i ............... (111)
8n

Putting value of x in (i1)

n(n 1) (_LJZ _g(if
2! 8n) 2!-4\4
n(n—l)( 1 ) 3 (1)
= — -
2 le4n?) 2-4l16

(”_1)_i — (n_l):i-128n = n—-1=3n
128

128n 128
= n-3n=1 = -2n=1 = n:—%
Putting value of # in equation (iii)
NS
g 7L

So

ool < 458
4 4 5 5

(i) Do yourself as above

3 3.5 357
++—+

(iii) +
4 4.8 4-8-12
Suppose the given series be identical with
40 =l+mr 0D 2y
S 3 :
This implies nx = Z ......................... (1)
rn=D »_ 35 (ii)
2! 4.8
3 3
From (i AX=— = X=— ..cceiiinnnnnn. 1ii
(1) 2 ™ (i11)

Putting value of x in (i1)

n(n—l)(ijzi . n(n—l)( 92]:1_5

2! 4n 4-8 2

9(n—1):§ — 9(n_1)=1_5.32n = 9n-9=15n
32n 32 32

= 9n-15n=9 = -6n=9 = n=-

|
U
S
]
!

|

Putting value of 7 in equation (ii1)

www.mathcity.org
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xX= 3 = |x= !
T 4(=3) 2
4(-3) 2
3 3 .
3 3
So (1+x)"=(1—%) i =(%j i =(2)2 =(\/§) =22 Answer
(iv) Do yourself as above

Question # 10

Usebinomialtheoremtoshowthat1+l+1.3+ I-3-5 +...=\/§
4 4.8 4-8-12

I 1-3 1-3-5
+

Solution  1+—+ +
4 4.8 4.8-12
Suppose the given series be identical with
(I1+x)"=1+nx+ n(nz’_l)x2 +

This implies

1
X == ittt i, i
1 (i)
rn =) X = ﬁ ............. (1)
2! -8
From (1) nx—l = x—i (111)
2 PR
Putting value of x in (i1)
n(n— D(L _13  ne=Df 1 )_3
4 4 -8 2 \16n*) 32
= D3 n=230n = n-1=3n
32n 32 32

= n-3n=1 = -2n=1 = n:—E

Putting value of n in equation (iii)

X= ! = x——l

T " 2
4(~%)

1 1 .

So (1+x)”=(1—lj o lj T =(2): =42
2 2
Hence 1+l+1.3+ I-3-5 +...=\/§ Proved

4 4.8 4-8-12

Question # 11

2 3
i y=tqp 31 13501 +..., then prove that y*+2y—-2=0.
3 213 31 3

www.mathcity.org
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. 1 1-3(1) 1-3-5
Solution y=—4+——|=-| +——
3 213 3!

1)3
—| +
3
Adding 1 on both sides

1 1:3(1Y 1-3.5(1Y
I+y=I4+=—+——|=| + — |+
3 213 31 (3

Let the given series be identical with

(1+x)"=1+nx+n(n_l)x2+
This implies
1 :
X == ittt eienenn, i
3 (i)
2
rn—1) 2—1.3 A (i1)
2! 21\ 3
: 1 1
From (1) AX=— = X=— .iieiereeenn... (111)
3 3n

Putting value of x in (i1)

B
2! 3n 21\3

_ n=( 1) 31
2 9n2 29

e L LY,
18n 6 6

= n—-1=3n = n-3n=1

1

= -2n=1 = |n=—-—
2

Putting value of 7 in equation (ii1)

This imphes
I+y= J3

On squaring both sides
(1) =(3)
= 1+2y+y°=3 = 1+2y+y°-3=0
= y*+2y-2=0 Proved.

www.mathcity.org
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Question # 12
1 131 1-3:5 1 5 B
If 2y—?+7!-? T-?f..,thenprovethat 4y +4y—-1=0.
. 1 131 1.3:5 1
Solution 2y—?+7? T§+

Adding 1 on both sides

1+2 —1+L+£.i+£.i+
TR Ty
Let the given series be identical with

n(n—1)

(1+x)"=14+nx+ XA+

This implies

21 21 2*

From (1) nx=l = X=—
4 4n
Putting value of x in (i1)

nn=h( 1) _13 1
2! 4n 21 2°

nn—-1)( 1 31
= - .
16n*) 2 16

2
n—1

n

= =3 = n-1=3n

= n-3n=1 = -2n=1 = |n=——

Putting value of n in equation (iii)

1 1
X=— = | X=—=

)L

So

This implies
1+2y =42
On squaring both sides

(1+2y) =(V2)
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= 1+4y+4y’-2=0
Proved

= 1+4y+4y* =4
= 4y’ +4y-1=0

FSc-I/ Ex83-19

Question # 13

If y= 2452 2
Y=5T s 3 s

. 2 1-3(2) 1-3-5(2Y
Solution  y=—+—|—-| + —| +
5 2!1\5 31 5
Adding 1 on both sides
2 1.3(2) 1.3.5(2Y
I+y=l+—+—+|=| +——| = | +
5 21\5 31 5

Let the given series be identical with
n(n-1
(=D

(I+x)"=1+nx+

This implies

2 )
X = — e i
5 (1)
2
nn-l) o L3023 (i)
2! 21\ 5
From (1) nng = x:i ............... (111)
5 5n

Putting value of x in (i1)

250
21 \sn) 215

= -2n=1 = |n=—-—

Putting value of 7 in equation (ii1)
4
X=——

(%) >

So (1+x)" —[ _§] %]_2

This imphes

1+y:\/§

2 3
2 1.3(2) +1.3'5(2J +..., then prove that y* +2y—4=0.
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On squaring both sides

2
(1+) =(5)
= 1+2y+y°=5 = 1+2y+y°-5=0
= y°+2y-4=0 Proved.
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