B.Sc. Mathematics Analytic Number Theory

Analytic Number Theory

DIVISIBILITY:-

Suppose a, b € Z, then we say that a divides b if b is a multiple of a. If a divides b then a is also
called the divisor of b.
We know that b is a multiple of a if
b = (some other integer) X a
If we name that “some other integer” to be c, then the definition of divisibility is
a divides b if there exist an integer c such that

b=c.a

Notation:

If a divides b then we use the notation a/b. If a does not divide b then we use the notation

Theorem 1: show that a/0.

Proof:
As we know
0=a.0
a/0 VOEZ

Theorem 2: show that1/a and —1/a.

Proof:
As by simple multiplication, we know that
a=1.a
= 1/a VaeZ
Similarly, by using simple multiplication
a=(-1).(—a)
= —1/a V—a€Z

Theorem 3: ifa/b, then show that a/b c.

Proof:

If a/b, then 3 a point ¢; € Z such that
b=a.c ()

Multiplying both sides by ¢, we have

bc =a.cy.c
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Since Vc,c; €Z c.c; = c,(wesay) €Z
Therefore,

bc =a.c,

= a/bc Vc, €Z

This completes the proof.

Theorem 4: ifa/b and b/a ,then show that a = +b.

Proof:

If a/b and b/a, then there exists two integers c,, ¢, such that
b=a.c....(0)
a=hb.c,....(i0)

Using (i)in (ii), we have
a=(a.c).c,
= a=a.cCy
= =1

This will be hold only if
cg=121&c, ==1

Using ¢, = +1 in (ii), we have
a=>b.(x1)
=a=1b

This completes the proof.

Theorem 5: if a/b and b/c ,then show that a/c.

Proof:

If a/b and b/c, then by definition of divisibility, there exists two integers c; & c, such that

b=a.c....(Q)

c=b.c,....(i0)
Using (i) in (i), we have

c=(a.c).c,

= € =0a.01.Cy
since V c¢y,¢, € Z, c1.-c, = c3(wesay) € Z
Therefore,

C=a.cs

= afc Vc;€Z

This completes the proof.
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Theorem 6: if a/b and a/c ,then a/bx + cy for any integers x and y.

Proof:
If a/b and a/c, then by definition of divisibility, there exists two integers ¢, & c, such that
b=a.cq....(0)

C=a.cy....(ii)

Now consider
bx +cy = (a.cy)x + (a.c)y
= bx +cy =a.ci;x + a.c;y
= bx + cy = a(cyx + c,y)

Since ¢1,¢3,X,YEZ, c1x +cy =3 EZ

Therefore,
bx + cy = acs
= a/bx +cy Ves €Z

This completes the proof.

Theorem 7: ifa/b, + b, and a/b, ,then a/b- .

Proof:
If a/by + b, and a/b,, then by definition of divisibility, there exists two integers ¢, & ¢, such that
b; +b, =a.cq ........(0)
b; =a.cy ........(i0)
Using b; = a.c, in (i),we have
a.c,+b,=a.cq
= b, =a.c; —a.c,
= b, =a.(c; —¢3)
Put ¢; — ¢, = c3 € Z where ¢y & ¢, both are the integers. So that
b, = a.c;
= a/b, Vec;€EZ

This completes the proof of the theorem.
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Theorem 8:(DIVISION ALGORITHM OR EUCLIDE THEOREM)

If a and b are integers such that b > 0, then there exist unique integers q and r such that

a=bg+r where 0 <r <b.

Proof:
Consider that
A={a—bx=0:x€Z}
Note that A is non-empty.
If 0 € A, then by well ordering property 0 is least element of A. If 0 & A, then A be the set that must
have least element.
Let r € A be the least element. Then,
r=a—bx wherer >0
Replace x by q,we have
r=a—bq wherer =0
= a=bq+r wherer >20.....(a)
Now, we have to prover < b. For this, we suppose on contrary that
r>2b =>r—b=>=0 =>r—beA
Butr—b<r

This is contradiction to our supposition. So our supposition is wrong and therefore

Combining (a)& (b), we have
a=bq+r where 0 <r <b.
UNIQUENESS:
To prove uniqueness, we suppose that “If a and b are integers such that b > 0, then there exist
unique integers q, and r; such that
a=bq;+1r, where 0<r, <b
= bqg +1r =+r; using (4)
=bq—bq, =1, —71
=bl@q-—q)=n—r
Taking modulus on both sides, we have
1b(q — g = Iy — ]|
=bl(g—q)|=|rn—71] ... (D
Sincer; < b & r < b. Then |r; — r| < b, so the equation (1) will become
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bl(q —q)l <b

=|lqg—qil <1

= lg—aq:1 =0
=q=0q
Using q = q4 in equation (1), we have
r=mn
Hence q = q; and r = r, implies that both q and r are unique. This completes the proof of division

algorithm.

APPLICATION OF DIVISION ALGORITHM:

Theorem 9: Every integer can be written in the formof3n,3n + 1 & 3n — 1.

Proof:

Let “a” be any integer. Then for b = 3 > 0, the euclide theorem will be
a=3q+r where 0<r<3

Here 0 < r < 3 implies that r = 0,1,2

Case-1: whenr =0

Then,
a=3q+0
= a = 3q
= a=3n by replacing q by n

Case-2: whenr = 1

Then,
a=3q+1
= a=3n+1 by replacing q by n

Case-3: whenr = 2

Then,
a=3q+2
=a=3q+3-1 since2=3-1
=a=3(q+1)—-1
=a=3n-1 by replacing q + 1 byn
This completes the proof.
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Theorem 10: Every odd integer can be written in the formof 4n + 1 & 4n — 1.

Proof:
Let “a” be any odd integer. Then for b = 4 > 0, the euclide theorem will be

a=4q+r where 0<r<4
Here 0 < r < 4 implies for odd integer thatr = 1,3

Case-1: whenr =1

Then,
a=4q+1
=a=4n+1 by replacing q by n

Case-2: whenr = 3

Then,
a=4q+3
= a=4q+4-1 since 3=4-1
=a=4(q+1)—-1
=a=4n-1 by replacing q +1 by n

This completes the proof.

COMMON DIVISOR:

“”_ n
C

Suppose a and b be any two integers then a number “c” is called common divisor of a and b if

c/a & c/b

EXAMPLE:-

2 is common divisor of the set {4,8} because

2/4 & 2/8

MATHEMATICAL INDUCTION:

It is a method which is often used to prove the divisibility based result. It is most powerful tool to
prove the result in exponent form. To prove the result with the help of mathematical induction, we
have to follow the following steps

> First, we will check the result at n=1

» In the second step, we suppose that the result is true for n=k-1

» Now with the help of above supposition, we have to prove the result is true for n=k
Remark:

If a result fulfilled the above three steps, then that result is true mathematically.
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Theorem 11: If n is odd then a + b/a™ + b™.

Proof:-

We use mathematical induction in order to prove the result.
» Whenn =1
a+b/a' + bt
= a+b/a+b
Hence the result is true forn = 1.
» Now, we suppose that the result is true for n=k. That is,
a+ b/ak + b¥ (1)
» Now, we have to prove that the result is true forn = k + 2. That is,
a+b/akt? + pk+2 (to prove)
Consider that
ak*? + pk*2 = gk q? + p¥.p?
ak*? + p**2 = gk a? + a*b? — a*b? + bk. b2 (by adding and subtracting a*b?)
= ak*2 + bk+2 = gk (a2 — b?) + b%(a¥ + b¥) 2)
Since a + b/a? — b? (by division), and a + b/a* + b* (by 1)
Therefore,
a+ b/a®(a? — b?) + b%(a* + b*)  (by aresult)
= a+b/a**2 +bk*2  (by2)
It follows that the result is true forn = k + 2.

Hence, by principle of mathematical induction, it is proved that a + b/a™ + b™ .

Theorem 12: If n is odd then prove that 8/n*> — 1..

Proof:

Since n is an odd number. Then, we have
n=2%k+1 VkeZ
=n?=02k+1)? VkeZ
= n? =4k*+ 1+ 4k
=n?—-1=4k(k+1) VkeZ

Case -1:- When kis even. Thatis, k =2k, Vki€Z
n? —1=4Q2k)(2k, +1)
=n?-1=8.k;(2k; +1)
= 8/n? -1 Vk(k, +1)€Z
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Case -2:- When k is odd. Thatis, k = 2k, +1 VYV k, €Z
n?—1=4Qk, + 1)k, +1+1)
=n?—1=42k, + 1)(2k, + 2)
=>n?—-1=8.2k, + 1)(k, +1)
= 8/n? -1 V(2k, + DN(k,+1) € Z

Hence in both above cases
8/n?—1
This completes the proof.

Theorem 13: Show that the product of three consecutive natural number is divisible by 6.

Proof:-

Assume that n,n+1 and n+2 be three consecutive natural numbers.
We claim that

6/n(n+ 1)(n+2)
We use induction method in order to prove our claim

» When n=1
6/1(1+1)(1+2)
= 6/1(2)(3)
= 6/6

This implies that the result is true for n=1

» Now, we suppose that the result is true for n=k. That is,
6/k(k+ 1)(k+2)

» Now, we have to prove that the result is true for n=k+1. That is,
6/(k+1D)(k+1+1D)(k+1+2)
=6/(k+1)(k+2)(k+3)
=6/(k+1)(k+2)k+3k+1)(k+2)
=6/(k+1)(k+2)(k+3)=6/(k+1)(k+2)k+6/3(k+1)(k+2)

Since 6/(k + 1)(k + 2)k is true by supposition.
Now, we prove that
6/3(k + 1)(k + 2) is true.
Case -1:- When kis even. Thatis, k =2k, Vki€Z
6/3(k +1)(k+2)=6/32k; +1)(2k, +2)
= 6/3(k+1)(k+2)=6/6(2ky + 1)(k; + 1)
The right hand side of above equation is true by division. Hence 6 /3(k + 1)(k + 2) is true.
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Case -2:- When kis odd. Thatis, k =2k, +1 Vk, €EZ

6/3(k + Dk +2) = 6/3Q2ky + 1+ 1)(2ky + 1+ 2)
= 6/3(k+ 1)(k+2) =6/312k, +2)(2k, + 3)
= 6/3(k+ 1)(k+2)=6/6(ky,+ 1)(2k, + 3)
The right hand side of above equation is true obviously. Hence 6/3(k + 1)(k + 2) is true.

Thus in both above cases, we proved
6/3(k + 1)(k + 2) is true
This implies that 6 /(k + 1)(k + 2)(k + 3).
It follows that the result is true for n=k+1.
Hence by principle of mathematical induction, it is proved that

“ Product of three consecutive natural numbers is divisible by 6”.

Theorem 14: Show that 14 /342 4 5Zn+1

Proof:-

We use induction method in order to prove our result.

» Whenn = 1. Then,
14/34D+2 4 52(1)+1
= 14/3° + 53
= 14/729 + 125
= 14/854
The result is true forn = 1.

» Now, we suppose that the result is true for n = k. That is,
14/3%+2 4 52k+1

» Now, we have to prove that the result is true for n = k + 1. That is,
14/34(k+10)+2 4 52(c+1)+1
— 14/3%k+6 4 52k+3
= 14/3%k+2+4 | 52k+1+2
= 14/34k+2 34 4 52k+1 52
= 14/3%+2 81 + 52k+1 25
= 14/3%+2 (56 + 25) + 52k*1 25
= 14/56.3%k*2 4 25 34k+2 4 52k+1 95
= 14/56.3*+2 4 25(3*K+2 4 5241y
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Here

14/56.34%+2 since by simple division
14/25(3*+2 4 52k+1)  gince by supposition
Therefore,
14/56.3%+2 4 25(3*+2 4 52k+1) g true
This implies that the result is true forn = k + 1.
Hence by principle of mathematical induction, it is proved that

14/34n+2 + 52n+1

Theorem 15: Show that 9/10™ + 3.4"*2 4+ 5,

Proof:-
We use induction method in order to prove our result.
> Whenn = 1. Then,
9/10' + 3.41*2 + 5
= 9/10 +3.43+5
= 9/10+3.64+5
= 9/10+ 192 +5
= 9/207
This implies that the result is true for n=1.
» Now, we suppose that the result is true for n = k. That is,
9/10% + 3.4¥*2 4+ 5
» Now, we have to prove that the result is true forn = k + 1. That is,
9/10%*1 4 3.4k+142 4 5
=9/10%*1 + 3.4%*3 + 5
=9/10%. 10" + 3.4%¥*2.4 + 5
=9/10%.10 + 12.4%*2 + 5
=9/10%.(1+9)+ (3+9).4%*%2 +5
= 9/10%.1 4+ 9.10% + 3.4%+2 4 9 4k+2 4 5
= 9/(10% + 3.4%%2 + 5) + 9(10%+4k+2)

Here
9/10% 4+ 3.4%*2 + 5 since by supposition
9/9(10%+4%+2) since by simple division
Therefore,

9/(10% + 3.4%%2 + 5) + 9(10%+4%+2) is true
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= 9/10k+1 4 3.4%+142 1 g

That is, the result is true forn = k + 1.
Hence by principle of mathematical induction, it is proved that

9/10™ + 3.4""%2 + 5

Theorem 16: Show that 24 /2.7" + 3.5™ — 5.

Proof:-

We use induction method in order to prove our result.
» Whenn = 1. Then,
24/2.7* + 351 -5
= 24/14+15-5
= 24/24
This implies that the result is true forn = 1
» Now, we suppose that the result is true for n = k. That is
24/2.7% + 3.5k -5
» Now, we have to prove that the result is true for n = k + 1. That is,
24/2.7%*1 35k —5
=24/2.7%.7 + 3.5%.51 -5
=24/14.7% + 155k — 5
=24/(2+12).7%*+ (3+12).5k -5
=24/2.7% +12.7% + 3.5¥ + 125k — 5
=24/(2.7% + 3.5 = 5) + 12(7% + 5%)
Here
24/2.7% + 3.5% —5 since by supposition
24/2.12(7% + 5%) since by division
Therefore,
24/(2.7% + 3.5% — 5) + 12(7% + 5%) s true.
This implies that the result is true forn = k + 1.
Hence by principle of mathematical induction, it is proved that

24/2.7"+3.5" -5
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Theorem 17: Show that 64/7?" + 16n — 1.

Proof:-

We use induction method in order to prove our result.
» Whenn = 1. Then,
64/7°M +16(1) — 1
= 64/49+16 -1
= 64/64
This implies that the result is true for n = 1.
» Now, we suppose that the result is true forn = k. That is
64/7%% + 16k — 1
» Now, we have to prove that the result is true for n = k + 1. That s,
64/7°*+D +16(k +1) — 1
= 64/7?¢D 1+ 16(k+1) -1
= 64/7?%*2 + 16k +16 -1
= 64/7%.72 + 16k + 16 — 1
= 64/7%.49 + 16k (49 — 48) + 16 — (49 — 48)
= 64/7%%.49 + 49.16k — 48.16k + 16 — 49 + 48
= 64/49(7%¢ + 16k — 1) — 768k + 64
= 64/49(7%F + 16k — 1) + 64(1 — 12k)
Here
64/49(7%% + 16k — 1) since by supposition
64/64(1 — 12k) since by division
Therefore,
64/49(7%% + 16k — 1) + 64(1 — 12k) is true
This implies that the result is true forn = k + 1.
Hence by principle of mathematical induction, it is proved that

64/7°" + 16n — 1
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GREATEST COMMON DIVISOR:

The largest positive integer that divides both a and b is called greatest common divisor of a and b. it

is denoted as (a, b).

EXAMPLE:-

Let us calculate the g.c.d of 42 and 48
Divisor of 42= {1,2,3,6,7,14,21,42}
Divisor of 48= {1,2,3,4,6,8,12,16,24,48}
Common Divisor of 42 & 48= {1,2,3,6}

Therefore,
(42,48) =6
LINEAR COMBINITION:-

Suppose a and b be any two integer then “m” is called linear combination of aand b if ¥V x,y € Z,
we have

m = ax + by
Remark:
The greatest common divisor of two numbers a and b is the smallest positive linear combination of a
and b. that is,

(a,b) = ax + by

RELATIVELY PRIME:

The integers a and b is called relatively prime if (a, b) = 1. More generally, it is defined as
“The integersmy, m,, ......., my, are relatively prime if every pair of m; is relatively prime i.e.

(mi,mj) = 1, whenever # j ”.

Remark: Any two consecutive numbers are relatively prime.

Proof:

Assume that n and n+1 are two consecutive integers. Then for allx,y € Z, we have
mn+1)=nx+(n+1y

Takex = —1 & y = 1, then we have
mn+1)=n-D+mn+1D1
= mnmhn+1)=1

This completes the proof.
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Theorem18: If c is any common divisor of a and b, then c divides(a, b).

Proof:

Suppose c is common divisor of a and b. Then by definition
c/a & c/b

Then by a result, we have
c/ax + by
= c/(a,b) Because (a,b) = ax + by

This proves the result.

Alternative Definition of G.C.D

In view of the previous result we can reformulate the definition of g.c.d.
Definition: A positive integer d is called g.c.d of a and b if
. d=0
Il.  dlaandd|b
Ill.  If some other integer e|a and e|b, then e|d.
Theorem 19: The greatest common divisor of a & b is unique.

Proof:-
Suppose (a,b) =d, &(a,b) =d,

Then, we have to show that

d, =d,

If"d," is G.C.D of a & b and “d,” is common divisor of a & b. Then, by definition of G.C.D, we have
dq/d; (4)

If"d,"is G.C.Dof a &b and “d,” is common divisor of a & b. Then, by definition of G.C.D, we have
d/dy (B)

From (A) & (B), we have
d, = td,

Since d; & d, are non-negative. Therefore.

d1=d2
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Theorem 20: If (a,b) = 1 then show that (a — b,a + b) =1 or 2.

Proof:-
Suppose that
(a—b,a+b)=d (4)

This implies by alternative definition of G.C.D, we have
d/a—b ,d/a+b
=d/a—b+a+b & d/a—b—a—b»b
= d/2a & d/-2b
=d/2a....(a) & d/2b.....(b)

Since it is given that (a,b) = 1
= 3 Two integers x & y such that
ax+by=1
= 2ax + 2by =2 .......(0)

From (a)& (b), we have
d/2a & d/2b
= d/2ax & d/2by
= d/2ax + 2by
=d/2 from (i)

Since 2 is a prime number. Therefore,
d=1or2

Using d = 1 or 2 in equation (A), we have
(a—b,a+b)=1or2

This completes the proof.

Theorem 21: Let a and b be integers. Then

(N (ca.cb) = c(a, b) for any positive integer c;

(II) (gg) =1ifd = (a b).

Proof:-

I. (ca.cb) = c(a,b) for any positive integer c;

As we know “The greatest common divisor of two numbers a and b is the smallest positive linear
combination of a and b”. Therefore,

(ca.cb) = ca(x) + cb(y) Vx,y€EZ

(ca.cb) =c(ax+by) Vx,y€Z
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Here ax + by is the smallest linear combination of a and b. therefore,

ax + by = (a, b)
It follows that,
(ca.cb) = c(a,b) for any integer c
b .
o (53)=1ifd=(ab).
Since d = (a, b). Then,% &Z both are integers.

Now consider that,

d(a b)_ dadb
d’ d = ( d’ 'd)

ab
:>d<5’5>:(a’b)
a b
ﬁd(a,a) =d since d = (a,b)
ab d
:$<EE>:E
a b
= (3a) =1

This completes the proof.

Theorem 22: If (a, b) = d then (ma.mb) = md.

Proof:-
Since it is given that (a,b) = 1

= 3 Two integers x & y such that

ax+by=d
= max + mby =md ... .... (i)
Let (ma.mb) = d; ... ... .... (A). Then, we have to show that d, = md

= dy/ma & d,/mb
= d,/max & d,/mby

= d,/max + mby

As (a, b) = d. This implies by definition
d/a & d/b

= md/ma & md/mb
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The above shows that “md” is common divisor of ma and mb. But from (A), d4 is G.C.D of ma and

mb. Then by definition of G.C.D, we have

Now from (*) & (*x), we have
d1 =md

It follows that
(ma.mb) = md

This completes the proof.

Theorem 23: If a/bc and(a,b) = 1, then a/c.

Proof:-
Since it is given (a,b) = 1

= 3 Two integers x & y such that

ax +by =1

= cax + cby =c (by multiplying c on both sides)
Since

a/cax (by division)

a/bcy ( by supposition)
Therefore,

a/cax + cby

=a/c (by 1)

This completes the proof.

Theorem 24: Let a, b and c be integers.

(1) If (a,b) = (a,c) =1, then (a,bc) = 1
(n) Ifalc, b|c and (a,b) = 1, then ab|c.

Proof:-
. (a,b) = (a,c) =1, then (a,bc) =1
Since (a,b) = (a,c) = 1. Then, there exists the integers s, t,x & y such that
as+ bt =1 = bt=1—as (i)
ax+cy=1 =cy=1—ax (ii)

Multiplying (i) & (ii), we have
(bt)(cy) = (1 —as)(1 — ax)

= bc(ty) =1—ax — as + a’sx
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= bc(ty) =1—a(x +s —asx)

= a(x+s—asx)+ bc(ty) =1
= (a,bc) =1 (by definition)
1. alc, b|cand (a,b) = 1, then ab|c.

Since a|c & b|c. This implies that there exists two integers c; & c, such that
c=ac ()
¢ =bc, (i)

Also it is given that (a,b) = 1

= 3 Two integers x & y such that
ax+by=1
= cax + cby =c¢ (by multiplying c on both sides)
= (bcy)ax + (acy)by =c¢ (by using (i) & (ii))
= abc,x + abcyy =c¢
= ab(c,x+c1y) =c¢
= ¢ = ab(cyx + 1Y)
= ab/c Vcx+cyEZ

This completes the proof

Theorem 25: If (d,,d,) =1,d{/a & d,/a thend.d,/a.

Proof:

Since dq|a & d,|a. This implies that there exists two integers c¢; & c, such that
a=dc ()
a=d,c, (i)

Also it is given that (d,,d,) = 1
= 3 Two integers x &y such that
dix+d,y=1
= adyx +ad,y =a (by multiplying c on both sides)
= (dyc2 )dix + (dic))dpy =a  (by using (i) & (ii))
= dqd,cx +didyciy = a
= didy(c;x +c1y) =a
= a = dq dy(cx + c1Y)
= d,dy,/a Vex+coy€eZ

This completes the proof
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Theorem 26: If (b,c) =1 & a/c, then (a,b) = 1.

Proof:-

If a/c, then there exist an integer c, such that

Also it is given that (b,c) = 1
= 3 Two integers x & y such that
bx+cy=1
=bx+acy=1.... (b) sincec=ac,
Let (a,b) =d ........(c)
Then we have to show that d = 1.
As (a,b) = d. Then, by definition of G.C.D, we have
d/a & d/b
= d/ac;y & d/bx
= d/ac;y + bx

=d/1 from (b)
= d =1 putin (c), we have
(a,b) =1

This completes the proof.

Theorem 27: If (a,c¢) = 1 then (a,bc) = (a, b).

Proof:-
Suppose that
(a,bc) = d; Q)
(a,b) = d, (i)
Then, we have to show that d; = d,.
From (ii), we have
(a,b) = d,
=d,/a & d,/b
=d,/a & d,/bc
Which shows that “d,” is common divisor of a & bc. But from (i), it is clear that “d,” is G.C.D
of a & bc. This implies by the definition
dy/dy e e (A)
Since (a,c) =1

— 3 Two integers x & y such that
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ax+cy=1

= bax + bcy = b (iii)
Now from (i), we have

(a,bc) =d,

=d,/a & d,/bc

= d,/bax & di/bcy

= d,/bax + bcy

=d,/b from (iii)
d,/a & d,/b Implies that “d,” is common divisor of a & b. But from (ii), G.C.D of a & b is “d,".
Then by definition of G.C.D, we have

di/dy oo e . (B)
From (A)& (B), we have

d, = d,.
Therefore,

(a,bc) = (a,b)
This completes the proof.

Theorem 28: If a = bq + r then show that (a,b) = (b, 7).

Proof:-

Suppose that
(@,b) =dy ————— Q)
(br)y=d,————-— (ii)
a=bq+r————— (iii)

From (ii), we have
(b,r) =d,
=d,/b & d,/r
=d,/bq & d,/r
= d,/bq+r
=d,/a from (iii)
d,/a and d,/b Shows that “d,” is common divisor of a & b. But from (i), G.C.Dof a & b is “d,".

Then by definition of G.C.D, we have
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From (i), we have
(a,b) = d,
=d,/a & di/b
=d,/a & d,/bgq
= d,/a—bq

=d,/r since r = a — bq from (iii)
d,/b & d,/r Shows that “d,” is common divisor of b & r. But from (ii), G.C.D of b & r is “d,".

Then by definition of G.C.D, we have

From (A)& (B), we have
d; = d,
Therefore,
(a,b) = (b,7)
This completes the proof.

Theorem 29: If (b,c) = 1 then show that (a, bc) = (a,b)(a, c).

Proof:-

Suppose that
(@,b)=dy————~ )
(a,c)=dy————— (i)
(a,bc)=d3 ——— — — (iii)

From (i), we have
(a,b) = d,

=d,/a & d/b
= d,/a & di/bc
This Shows that “d,” is common divisor of a & bc. But from (iii), G.C.D of a & bc is “d3”. Then by

definition of G.C.D, we have

di/dy————————~ (A)
From (ii), we have
(a! C) = d2

=d,/a & d,/c
=d,/a & d,/bc
This Shows that “d,” is common divisor of a & bc. But from (iii), G.C.D of a & bc is “d3”. Then by

definition of G.C.D, we have
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Since it is given that (b,¢) = 1
= 3 Two integer x & y such that
bx+cy=1—-———(iv)
From (i) & (ii), we have
di/b & d,/c
= 3 The integers m & nsuch thatb =dym & c =d,n
Put in (iv),we have
dimx +d,ny =1
= (dy,dy) =1.....(v) vmmnxy€Z
From (A) & (B), we have
d; =df ——— (i) &
d;=d,g———(vii) Vf,g€Z
From (v), we have
(di,dy) =1
=dix+d,y=1 Vx,yeZ
= d3dx + d3d,y = d; multiplying with d;
= (d2g)dix + (d1f)dzy = d3
= dydy(gx + fy) = d3

= dyd,/d3 ————(0)
From(i)  ax; + by, = d — — — (viii)
From(i) axo + Cy, = d2 oy (lX)

Multiplying (viii)& (ix),we have
(axy + by1)( ax; + cy,) = dqd,
= ax;x,a + ax;cy, + ax,by; + bcy,;y, = d,d,
= a(x;X,a + x1¢y, + x3by1) + be(y1y,) = did,
= (a, bc) = dqd,
= (a,bc) = (a,b)(a,c).

This completes the proof.
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Least Common Multiple

Definition(l.c.m):-

The smallest positive integer which is multiple of two numbers a and b is called the lease common

multiple of a and b and is denoted by < a, b >.

Alternative definition of L.C.M:-

“” 7

An integer “m” is called L.C.M of a & b if it satisfies the following axioms:
> m>0
» a/m,b/m
» Ifa/c ,b/c thenm/c

Theorem 30: L.C.M of two numbers a & b is unique.

Proof:-
Suppose that my =< a,b > &m, =< a,b >.

» If “‘my”is L.C.M of a, b then m, is common multiple of a, b. Then by definition of L.C.M, we

have
my/my; ————— (*)
» If “m,”is L.C.M of a, b then m; is common multiple of a, b. Then by definition of L.C.M, we
have
m2 /m1 ————— (* *)

From ()& (*%), we have
my =m,

This proves the uniqueness of the L.C.M.

Theorem 31: If (a,b) = d then show that m =< a,b >= laTbl.

Proof:-
" ”

To prove “m”is L.C.M of a, b we shall prove that “m” satisfies all the axioms of L.C.M
» As “d”is greatest common divisor of a & b. Then, d > 0

Also,|ab| > 0

__lab|

=m=— > 0.
=m>0
This is the 1°* axiom of L.C.M
» Sinceitis given (a,b) = d
d/a & d/b
If d/a, then 3 a point a, € Z such that
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a=d.a,
Ifd/b, then 3 a point b; € Z such that
b=d.b;

Therefore,

_|day.db,|
d
m = |a,b,d|
= m = |aby|,m = |a,b|
= a/m ,b/m
This is the 2™ axiom of L.C.M.
» Lleta/c & b/c. Then 3 two integers d, & d, such that
c=ad; &c=bhd,
Since (a, b) = d implies that
a=d.a; & b=d.b
Therefore, c = a;dd; — — — (i) & ¢ = b;dd, — — — (ii)
Comparing (i) & (ii), we have
a;dd, = b,dd,
= a;d; = bd,
= b;d, = a;.d;
= a,/b,d,
= a,/d,

The above last expression implies that 3 t € Z such that

Substituting d, = a4.t in (ii), we have
¢ = byd(a,.t)
= c =a,b;d.t
= c=m.t sincem = |a,b,d|
= m/c

This is the 3" axiom of L.C.M.

Since “m” satisfies all the axiom of L.C.M. So “m” is L.C.M of a, b and therefore,

—cab>=
m=<ab>=—
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