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Moment of Inertia

Mechanics Made Easy Moment of Inertia

Definition: Moment of inertia of a particle of mass m about a line (called axis of rotation) is defined as

Where, r is the perpendicular distance of particle from line.

Definition: Moment of inertia of a system of a number of particles with masses m;, ‘about a line (called axis of
rotation) is defined as
) |
= Z m;r; i
i

Where, 1; is the perpendicular distance of i-th particle from line,

Definition: Moment of inertia of a continuous:distribution of mass; such as the solid
rigid body (shown in"the*figure), having mass'M and constant density p, about a line ;
is defined as

Izjrzdm:pfrde |
i M

Where, r is the perpendicular distancesof point mass element’ dm of the body‘and dV is its elementary
volume.

Moments of inertia with respect to Cartesian.coordinate axes are defined in the following table:

Moment of inertia 'of a | Moment of inertia of a set of | Moment | of inertia of a
Moment of inertia | particle with respect-to-| particles with~respect to | continuous rigid body with
3-dimensioal Cartesian | 3-dimensioal Cartesian | respect to 3-dimensioal
coordinate system coordinate system Cartesian coordinate system
About x-axis 2 2
(v : 24,2
Ly = 111 m(y? + z2) Zml(yl +zi) f(y + z%)dm
4 M
About y-axis 25
. (% ¢ 2 2
Iyy =1y, ’m(xz + ZZ) Zml(xl i ) f(x Ll
¢ M
About z-axis 3 b
Izz T 133 m(xz + yz) Zmi(xi 2] Vi ) IZZ T 133 T f(xz I yZ)dm
L M
Products of inertia with respect to Cartesian coordinate axes are defined in the following table:
Product of inertia of a | Product of inertia of a set of | Product of “inertia of a
Product of inertia particle with respect to | particles with respect to | continuous rigid body
3-dimensioal Cartesian | 3-dimensioal Cartesian | with respect to
coordinate system coordinate system 3-dimensioal - Cartesian
coordinate system
Ixyz Iyxz 112 = 121 _mxy _Zmixiyi _fxydm
‘ M
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Mechanics Made Easy Moment of Inertia
Ly, =lpy = Iz = I3 —myz _Zmiini i fyz iie
l M
Ixz = sz = 113 = [31 — mxz _Zmi'xizi - fxz dm
. M

Definition: Radius of gyratien k of a rigid bodyof mass M with respect to a line [ is defined as

k_1
M

where, I is the moment of inertia of the body with respectto [.
Problem: Prove in matrix notation that [L] = [ I ][w], where, all the notations used have their usual meanings.

Proof: The angular momentum of a rigid body, in the form of'a 'set of particles, about an instantaneous axis
through a fixed point;is-given by

L= Zri X (mivi) = Zmi(ri X Vi) = Zmi(ri X ((1) X l"i)) YV =W XTI
i i i

= > iy X (0 x 1) = ¥ ml(r; - 1o — (1 w)xi]

Let, L=L,i+Lyj+ LK, W =Wyl + wyj + o,k and r,=xi+yj+zk

> nor=xt+yf+z7 and ;-0 =x0, + Y0, + z0,
= o dgd Hlyd 6 L k2 z mi[(x? + y? +22)(wri+ )i + w0, K) = (xiwy + 0y +2:0,) (1 + yij +z:K)]
i

Comparing corresponding components on both sides of above vector.equation, we get

Ly = Z m[(xf + Y7 + 27 )= (X wy + Yiwy + Ziw ;| - == == mmm Wil
i

Ly = Z mi[(xiz +yf + Ziz)a)y =0, + Yiwy, + Ziwz)yi] ________ A\ ey
i

b= Z mi[(xiz +yi o+ Ziz)wz p- (xiwx +yiwy + Ziwz)Zi] ———————— PIVIE)
i

From Eq. (1), we get

L. = Z mi[(xiz & yiz + Ziz)a)x = (Xiwx tYyiwy + ZiC"Z)xi]
i

= Z m; [xizwx == (ylz + Ziz)wx o xizwx e xiyiwy L xiziwz]
i
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= Wy Z mi()’iz it Zzz) — Wy z miXx;y; — Wy Z m;X;z;
7 7 7

S Ly = Ly + Lyywy + [0,  —————> (4)

Mechanics Made Easy Moment of Inertia

Similarly, from (2) and/(3), we get
Ly = Ly @y D lyywy + Ly, (- — > (5)

"NatNG - Ly = Lo Re Bl 0, + L0, Ao =523, (6)
Writing Egs. (4), (5) and (6) in matrix form;we get

L E AT I xx I xy I Xz wx
Ly |= 1y Ly Iy (wy>
Lz - 1 Xz 1 yz Izz &z

: = [E={1][o] Henceproved. |
For your information:
Rotational-Linear Parallels
Linear Motien RotatiopaFMotion
Position X 6 Angular position
Velocity vV a Angular.yelocity
Acceleration ad o Angularacceleration
Maotion equations X = ?3‘ B: (’T}f Mation equations
| B I 5
2 2
v =i+ 2a% o’ = o+ 206 :
Mass (linear inertia) 1 1' Moment of inertia
Newton's second law F — mda T= [ o Newton's second law
Momentum pP=my [-To® Angular momentum
Work F d TQ Work
_ I 2 Iy .5 :
Kinetic energy —my —Ilw Kinetic energy
2 2
Power Fv T Power
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T 1 . - |
Problem: Prove that T = EMVZ + S . L, where all the notations used have their usual meanings.

(or) provethat T = Ty + Tpror

1
where; Ty = EMVZ =.total translational kinetic energy of the.system

1
andyd . T = Ew. L = total rotational kinetic energy of the system

Proof: Consider a rigid body, in the form of a sét of particles, which'is in general state of‘ motion (i.e, having both
translation and rotation) with respect to a fixed, (inertial) frame of reference Oxyz.

Let, M = total mass of the:body zZ ®

I; = position vector of i-th particle of mass mywith respect to origin#0”
r; = position vector ofi-th'particle of massm;with respect to centre'of mass “C”
r = position vector of‘centre of mass “C” 'withrespect to origin “0”

v; = velocity of i-th particle of mass m; with-respect to origin “0”

v; = velocity of i-th particle of mass m; with respect to centre of mass “C”
v = velocity of centre of mass “C” with respect.to origin “0” X
w = instantaneous angularvelocity of body about instantaneous axis through centre of mass “C”
From figure, r,=r+r;

Differentiating both sides with respect to time “t”, we get

=T+
Vi=v+y,
Vi=v+wxr/ v VEoxr
Kinetic energy of the i-th particle is Ti= %miviz
Kinetic energy of the whole body is
1 1 1
le ZTi = 'Z'Zmiviz = Ezmi (Vi v;) = EZmi{(v+m xr) - (v+oxr)} v v =viexr
i i i i

1
ZEZmi{v-v+v-(wxri’)+(wXri’)-v+(wxrl-’)-(wxri’)}

1
=52mi V24 2v- (0 x )+ w1} x (0 x T)IF
i

= %(Z mi)v2 + Zmiv' (@ x 1)+ %Z mi{® -1 x (o x 1)}

1
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1 1
T =§MV2 +v-<m x Zmir{>+§w-zmil‘i’ x (% 1{)

i i

Mechanics Made Easy Moment of Inertia

where, M = Z m; = total mass of the body
i

Also, Z m;r; = 0, as Ij is the position yector of ith particle of mass m; with respect to centre of mass “C”
i

1 1 1 :
= T=§Mv2+§w'2miri x(wxp) ———————+ €5)
i

But, angular momentum L of the body with respect to centre of mass™ " is given by

L= z r; x(m;v;) = Z r; x {m;(w x 1))} = Zmiri’ x(Wxr/) ————m——— (2)

L

Using(2) in (1), we get

T—lM 2+1 L
—2 A" 2(0.

T =T+ Trot

1
where, Ty = EMVZ = total translational kinetic energy of the system

1
and ' T,o = 5. L = total rotational kinetic energy of the system

Problem: Find moment of inertia of a rigid body about a given.line passing through the origin and having
direction cosines are (#; &, v).

Solution: Consider a rigid body, in the form of a set of particles. And let us take given line as z-axis, as shown in

the figure. 4 4— Given line/
d; L

Let, .- ! -. ®
m,;

M = total mass of the body o
®

1; = X;i + y;j + z;K = position vector of i-th particle of mass m; w.r.t. origin “0” Y

d; = perpendicular distance of i-th particle of mass m; from givenlinel

0; = angle between position vector r; and given line [
e = unit vector in the/direction of given line. [

Then, e =i + uj + vk, where, (4, 4, v) are direction cosines of the given line [.
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The required moment of inertia /; is given by

d;
I, = Zml = Zm (Ir;] sin@;)? = Zmi(le xr)?——=——— (L. .w18in0; = ﬁ and |r;|sinf; = |e x rj]
7 T l
L
i j k
Now, exr; =1 u v|=(uz; —vy)i+ (vx; =1z)j + (Ay; — ux))K
Xi Yi Zi
el = (uzi vy @i 4202 + Wmbta)’ — - — 7 —ma (2)

Using (2) in (1), we get
I = Z m[(uz; —vy)? + (v — Az)* + (Ay; — px)?
i

= Z ml(?z;2 +v2y® = 2uvyz) + (vix® 4 %27 — 2vxzy) + (A2pi2 + wPx;® — 22ux;y;)]

_Azzml(yl +ZLZ)+.U Zml(xl +ZLZ)+V Zm(xl +y12)+21ﬂ< melyl>
H 2,uv< z m;y; Zl> + 2/11/( Z m; xlzl>

Iy= Pl + P2l V2, + 20y, + 2uvl,, + 241,

This is the required moment of inertia.

Problem: Find the equation of “ellipsoid of inertia” or “momental ellipsoid” of a rigid body.

Solution: As we know that moment of inertia of a rigid body about a given line [ having direction cosines (4, i, v)
with respect to a coordinate system Oxyz, whose origin “0” lies on the line [, is given by

bm Bl H 2 By ¥ VAl ek 220l + 20V 15y 24V, == = (D

On the line [, choose a point P such that |ﬁ| = 1/\/1_1. If coordinates of P are (x, y, z), then

X 1 y VA
e W s A G —_— =V
0P [0F] " ¢ Jop|

S A=l =yl v=zfl- - - - 2)

Eliminating A, 4 and v from (1) and (2), we get

o =L (L2 A L gw St 1,22 + 215 xysb ], 2+ 2Lemxz)

| Lox? + Ly y? ®lgz? + 2Lyxy + 2hyyz + 21,xz = 1 |

Sinee; Ly, I,y and I ~are:all positive, therefore, above equation-represents an ellipsoid called “ellipsoid of
inertia” or “momental ellipsoid” of the rigid body.
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Note:
(i) The momental ellipsoid of a rigid body contains information about moments and product of inertia of that
body.

(ii) The centre of momental ellipsoid lies at the origin of the coordinate system.

(i) If P is any point on momental ellipsoid, then

= 1
|QPLE —= = I =53
VI 0P|
showing that moment of-inertia about line 0P is equal to the reciprocal of square of:distance of point P from
origin 0,

Problem: State and prove perpendicular axis theorem for a set of particles.

Statement: The moment of inertia of a plane rigid body in the form of a set of particles about a given axis
perpendicular to-the=plane of the bodywis~equal to the sum=ofi moments of inertia about two mutually
perpendicular axes lying.in the plane of the body and meeting at a,common point on the given axis.

Proof: We choose Cartesian coordinate system Oxyz such that xy-plane lies in the plane of the body, while z-axis
lies perpendicular to it, which is assumed to'the given axis.

Let, r; = x;i 4+ y;j be the position vector of i-th particle of mass m; w.r.t. origin “0”. Then moment of inertia of

the body about z-axis is Y

LI d .

mi

[ ] '

I, :Zmilrilz :Zmi(xiz +3’i2) :Zmixiz‘l'zmi}’iz :Ixx‘l'lyy r : P

i i i i * .y

| SN, Hence proved. | o ' X
xi
z

Problem: State and prove perpendicular axis theorem for a continuous mass distribution.

Statement: The moment_ of inertia of a plane.xigid body in the form of continuous mass distribution about a
given axis perpendicular to the plane of the body is equal to the sum of moments of inertia of same body about
two mutually perpendicular axes lying in the plane of body and meeting at a common point on the given axis.

Proof: We choose Cartesian coordinate system Oxyz such that xy-plane lies in the plane of the body having mass
M, while z-axis lies perpendicular to it, which is'assumed to the given axis.

Let, r = xi + yj be the position vector of elementary particle of body-of mass dm w.r.trorigin “0”.

Then moment of inertia of the body about z-axis is

I, = _[Irlzdm = J(x2 +y*)dm = fxzdm + jyzdm =l t 1y
M M M M

> L,=lx+1, Hence proved. |
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Mechanics Made Easy fLage 8.1 29 Moment of Inertia
Problem: State and prove parallel axis theorem for the case of moment of inertia for a set of particles.

Statement: The moment of inertia of a rigid body in the form of a set of particles about a given axis is equal to the
sum of moment of inertia of same body about a parallel axis (to the given axis) through the centre of mass of the
body and the moment of inertia due to the total mass of the body placed at its centre of mass, about given axis.

Proof: Consider a rigid bedy, in the form of a'set of particles. Let Iibe the given and !’ besan axis which is parallel
to [ and passing through centre of mass of the body.

Let, M = total mass of the body
I; = position vector of i-th particle of mass m; with respect to origin.“0”

r; = position vector of i-th-particle of mass m;with respect to centre.of mass “C”

r. = position vector of:centre of mass “C ” withrespect to origin“0” z °
8; = angle between position vector r; and given'line [ * ®
d; = perpendicular distance of i-th particle of mass m; from given‘axis [ ' *
Given
d;= perpendicular distance of i-th particle of mass m; from parallelaxis I"  axijs ¢
.

d. = perpendicular distance of centre of mass C from given axis [

= perpendicular distance between [ and [’
e = unit vector in-the direction of given line [
i

] . d ;
From figure, sin@; = il d; = |ri|sin6; =1e x r;
i

Similarly, d; = |e x rj| and d. = |e x r]

Moment of inertia of the body about given axis Lis given by
=) md?= Y mile x 1S ) myle x 1) (eXry)
i i i

* Z m;le x (r; +1))] - [e x (r; + 17)] “T; =1, + 1; (from figure)
i

=Zmi(exrc+exrl-’)-(exrc+exri’)
i

= D mile ¥ r)k(ex 1)+ 2(e X r)e (e X ) + (e X (e x 1))
i

d Zmi[(le x T2 2(e x 1) - (e x £+ (le x 1/ ])?]

= <Z mi) (le xT.D? +2(e xr.) -Zmi (e xr))+ Zmi(le x 1/[)?

i i

[3
=Md +2(exr)- (e x zmi r{) +Zmid{2
7 i
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where, M = Z m; = total mass of the body
i
Also, Z m;r; = 0, asry is the position vector of ith particle of mass m; with respect to centre of mass “C” and
i

Iy = Z mid{2 = momentof inertia of the body axis '
i

Therefore,

I =1+ Md 2 Hence proved.

Problem: State and provesparallel axis theorem for the case of.moment of inertia.for a continuous mass
distribution.

Statement: The moment of inertia of a rigid body in the form of a-continuous mass distribution about a given
axis is equal to the sum of moment of inertia of same body about a parallel axis (to the given axis) through the
centre of mass of the body and the moment of inertia due to the total mass of the body placed at its centre of
mass, about given axis.

Proof: Consider a rigid—body, in the form" of a continuous=mass
distribution. Let [ be the given and [’ be an axis which is parallel to I and
passing through centre of mass of the body:

Let, M = total mass of the body

r = position vector of i-thparticle of mass m; Wwith respect to origin™“0”

r’ = position vector.of i-th particle of mass m; with respect to

centre of mass “C”

r.= position vector of centre of mass “C ” with respect to origin “0”

6 = angle between position vector r; and given line [

d = perpendicular distance of i-th particle of mass m; from given axis [

d' = perpendicular distance of i-th particle of mass m; from parallel axis [’

d. = perpendicular distance of centre of mass C from given axis L = perpendicular distance between l and !’

e = unit vector in the direction of given linel

. . d .
From figure, sin@ = i =\ d = |r|sinf = |exr|

Similarly,d’ = |e x r'| _and d, = |e x r|

Moment of inertia of the body about given/axis [ is given by
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= fdzdm:ilﬂexr|)2dm=i\[(exr)~(exr)dm

M

Moment of Inertia

= f[e x(r.+r")]-[ex (r, +r")]dm “r=r.+r" (from figure)
M

ll:f(eer+exr’)-(eer+exr’)dm
M

f(exrc) (exr) +2(e xr) (exr)+(exr) (exr)|dm
M

f (lexr.)2+2(e xr.):(exr")+ (lexr'|)?]dm
M

A

dm> (lexr:D?+2(exr,)- f(e x r')dm + f(le x r'|)2dm
M

=Md. 2+ 2(exrg) - <eXI ’dm) fd’zdm

M

where, M= f dm = total mass of the body

Also, f r'dm = 0, as¥'is the position vector of mass elementdm with respect to centre of mass “C” and
M

Pir= Z m;d'> = momentof inertia of the body-axis I’

‘ = L =1p+ Md.* =~ Hence proved.

Problem: Prove in matrix.notation that [L] =
meanings.

[w x L] + [I][®],” where, all the notations used have their usual

Proof: As we know that the angular momentum,of a system of particles is given by

L= Zrl- X (m;v;) = Zmiri X V;
i 7

Differentiating both sides with respect to time “t”, we get

L= Zmlrlxvl+2mlrlxvl valxvl+2mlrlxvl

. dVl' d
Zmlrl (oo X L) v VX v =0 and v; =

E=&(wxﬁ)

Zmlrl (wXT)+ (0 X1;)] Z m;1; X (@ X 1;) + Z m;r; X (o X 1;)
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Writing in matrix form, we get

+

[L] = [Z m;r; X (@ X ;)

Zmiri X ((.l) X ri)] -~ (1)

We also know that, [L] =[I][w]

[Z I X (mivi)] = [1][w] TLe= 2 I % (m;v;)
[Z mir; X vi] = [1[w]

[Zmirix(mxri)] = [1][®] v, =X
Replace o by 6 on both Sides, we get
[Zmiri x.(6 rl-)‘ = [1][o]==——(2)
Now consider,
Z Ik, % (@ X &) = Z I (@ XV = Z mar, X [0 X-(00 X FD] = Z X [T ) = (00 - )]
l = Zmli[(w ) X @) - ((.i @)k X 1)) = oy (- lrixrl- X @) mm (3) TrXr=0

Further consider that

WX (G XVv)=oX[nRpX(wXrn)]=0x; r)o-= (1 o)r=(r n(eXxXow) (- o)(oXr;)
= —(mrow)(wxr) = (o HXew) - ———==— - (4) cWXo=0

Using (4) in (3), we get

l

Zmiri X ((A)Xf'i) =2miw>< (rl- XVl') = wari X (ml'Vi) =wXL o =Zri X (mivi)
i i i
Writing in matrix form,we get
[Z m;r; X (w.X f'i)] =[wXL]—==——— - (5)
i

Using (2) and (5) in (1), we get

‘ [L] = [0 x-L] + [1][e] Hence proved.

Problem: Show that inertia matrix [ I ] is a Cartesian tensor of rank 2.
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Proof: As we know that the angular momentum of a system of particles is given by

Moment of Inertia

L= Z g X (MgVe) = Zma(ra X Vg) = Zma(ra X (@ X 1)) Vg =@ XTI,
a a a
L= mlie 1) = (W - 0Nl = Y Mo (! rdrg] — — = == - - - (M
a a
Let, L= (Lq, Ly, L), o = (w1, Wy, ®3) and ry = (%1, Xa2, Xa3)
3
Then, W Ty = WXg1 +WyXgo + W3Xg3 = Z WjXg,j
j=1

So, (1) can be written as

3
(L, Lay L3) = 2 My ra%(wp W,, W3) — Z WjXj o (xa,1: Xa,2, xa,s)
a

Jj=1
[ 3
gl 2 2 .
= L= Z M | T Wi — Z WjXg i Xai| i =1,2,3
a | j=1
i 3 3 3
¥ 4 = |
= Z my |y 2 a)]5l] o z a)jxa,j Xa,i S Wi = Z (l.)15U
« A, [l j=1 j=1

3

1361 — o j0a,i|w; = Z Wj ) M1z 81 = XX ]
a

S
18]
1M

a j=1
3 3
= 2 e 2 =
2 Z Ma ) [¥36i) = XejXaiw; = Z wj Z Ma[15 63 = X% ;] = Z Wrilv/tahmnmo ~(2)
a j=1 j=1 a j=1
where, I = Z m, [rozcc?ij £ xa'ixa,j] = ij'th component of inertia tensor
a

Since, both the angular velocity @ = (w;) and the angular momentum L = (L;) are known to be vectors
(i.e., Cartesian tensors of rank 1), it follows from equation (2) and quotient theorem that the inertia tensor
[1]= (I;;) is a Cartesian tensor of rank 2.

Problem: Express angular momentum in tensor notation.

Solution: As we know thatthe angular momentum of a system of particles is given by

L= Z r, X(Mmyv,) = Zma(ra XV,) = Zma(ra X (w X 1)) YW, =@ XTI,
a a a
L= Z ma[(ra ; ra)w F: (ra i w)ra] = z ma[rc%‘l) = (‘1) i ra)ra] ________ A (1)
a a
Let, L= (Ll' Lz, L3), w = (0)1, woy, 0)3) and I‘a = (xarl, xayz, xa'3)
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3

Then, W Ty = WXg1 + WaXgp+ W3Xg3 = Z WjXg,j
j=1

Mechanics Made Easy Moment of Inertia

So, (1) can be written as

3
(L1 Ly L3) = Z My |15 (@1, Wy, w3) — Z WjXj o (xoc,l' Xa,25 xa,3)
a

j=1

rawl Zw]xa] arls D =3l 3

3
2 on -
Z wjdij il Z a)jxa']- Xa,i Wi = Z wj(gij
| J=1 Jj=1 j=1
3
2
Z My Z[ra5ij [T xa,jxa,i]wj Z wjzma[ra ij xalxa]] = Z il TSRS = (2)
~ .

J=1

U

Ly

I
ibg

QE

I
D
3
5}

where, Lj = Z my, [rﬁ&-i —~ xa'ixa'j] =-ijth component ofinertia tensor
a

Equation (2) is required tensor form of angular momentum.
Problem: Express rotational kinetic energy in tensor notation.
Solution: As we know that the rotational kinetic’energy of a system is given by

Let, w = ((1)1, W3y, w3): L= (Ll' Ly, L3)

1 1
= | Tror= 5(‘”1111 +wyL, + wilg) = Ez w;L;

3 3 3
1
= EZ Z o3 Z M ¥88;; — Xa,i%a, ] Ry Z & Z a0 = Xai%a]
j a

i=1 = ]=1
3 3
1
T “’l wj Zma[ra i = XaiXa] | = z wwjljj === —= - (1)
i= j=1 a
where, Ijj = Z ma|r28;; = x4,:%4 j| = jth component of inértia‘tensor

a

Equation (1) is required tensor form of rotational kinetic energy:
Problem: Express parallel axis theorem in tensor notation.

Solution: Consider a rigid body, in the form of a set of particles. Let, € be the centre of mass of the body. We
consider two parallel coordinate systems Oxyz and Cx'y’z’, as shown in the figure.
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Let, M = total mass of the body

r, = position vector of a-th particle of mass m, with respect to origin “0”

r, = position vector of a-th particle of mass m, with respect to centre of mass “C”

. z
z
r. = position vector of centre of mass “C” with respect to origin “0”
L}
From figure, T, = Lyt Il i —— — = — - (1) [
y
! ! ! !
Let, Ty =(Xg1 Xaz Xaz), Ye= (Xcu Xaes) and 1= (Xad, Xap Xo3)
3
Equation (1) becomes

(xa,ll Xa,2 xa,3) = (xc,l: Xc,2s xc,3) o (xc’z,l' xz’x,z' xc’z,3) %
= Xgi =XeitXgp 1=1,23 ——————= > (2)
As we know that
o 2
Ij = Z Mg 126, — x4i%0 )]
a

= Z M (e +15) - (e +15))8;; — (% + x0,1) (g i+ x07)] (by using (1) and (2))

e ’ , . , s n — . v — . L — . 4 o — ’ . i .
= Z my [(rc T+ 2r. Tt r, ra)(su Xc,iXej— XciXa,j — Xc,jXai xa,an,j]
a

— 2 ’ 2 ! ! ! !
= Z ma[(rc 2T Lo+ Ty )6ij T XciXe,j — XeiXa,j T Xe,jXa,i T xa,ixa,j]

a
= Z ma[rc'f&-j — x('x,ix('x'j] + 2 | (Z mar(;> 511 + <Z ma> I'Cl-z(sij — (Z ma> xc,ixc’j
a a a

[24
=F (Z Mg x(’x,j) Xe,i ™ (2 Mg xc,r,i) Yeljatd— T M@ M= iy =i I (3)
a a
Now, z Mg [rZ 8= xt’l'ix"x,j] = I;j = ijth component of inertia‘tensor with respeetto Cx'y’z’ system

a

Also, z m,T, = 0, asry is the position vector of a-th particle/of'mass m, with respect to centre of mass “C”

a

Zmarg,:o = Zma(xc'm, a3, 0 5) (010, )\ Zmax"x,izo, 1,23
a a a

And, Z m, = M = total mass of the body
a

So equation (3) becomes

A xS 12
Iij = Il] H- Ml'c 6” - ch,ixc,j
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This is required tensor form of parallel axis theorem.

Problem: State and prove parallel axis theorem for the case of products of inertia for a set of particles.

Statement: Consider a rigid body, in the form of a set of particles. Let, C be the centre of mass of the body. If
Oxyz and Cx'y'z" be twoparallel coordinate'systems as showninthe figure, then we-have , ° J

Iy =1 = Mxc;x.;, i#j, 4j€{1,23}

I;j = product of inertia'with respect to Oxyz-system

[N &

Il-’j = product of inertia‘with respectto Cx'y!z'-system

(xc,l, X2 xci3) = |position vector of centrejof'mass “C” with respeet to origin “0”

M = total mass of thesbody

Proof: Consider a rigid body, in the form of'a:set of particles.

Let, r, = position vector of a-th particle of mass m, with respect to origin “0”

r,, = position vector of a-th particle of mass'm, with respect to centre of mass “C”
r. = position vector of centre of mass “C” with respect to origin “0”

From figure, T P T - (1

Let, Ty = (xa,lJ X, 20 xa,s)» D4 (xc,p X2 xc,3) and r, = (x('z,p X2 x(’x,s)
So, equation (1) becomes  (xg1, Xa2, Xa3).= (Xc1, Xe2r Xc3) F(Xb 1) X2 Xi3)

= Xqi T Xcit x:x,i; i=1,23 ———————— 5 (2)

Now consider fori # j, I[;j=— Z M X, i i E = Z My (i + x5 ) (% j+ xéw-)
a a

~ 1 1 A
= - (Z ma) XciXe,j — <z Mg xa,j) Xei— <z Mgy xa,i) Xcj— Z My XgiXeq,j —— — —7 3)
a a i

a

where, z m, = M_= total mass of the body,

a

[N

Also, — z mg x(’z_ixc’x,j = Ii’]- = product of inertia with respect to.Cx'y’z’-system

15
z:marc’r (=5 Zma(x(’z_l, X5 2, xc’w) =(0,0,0) > z MaXg; =0, 1=1,2,3
04 a a

So equation (3) gives

b= ] M| | lemait 1,2 4,7 € { Theiholledh Hence proved.
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Problem: State and prove parallel axis theorem for the case of products of inertia for a continuous mass

distribution.

Statement: Consider a rigid body, in the form of a continuous mass distribution. Let, € be the centre of mass of
the body. If Oxyz and Cx'y'z’ be two parallel coordinate systems as shown in the figure, then we have

lyp= Ifj = MXcixe j, wid % j, i,j € {1,2,3}

I;j = product of inertia with respect to Oxyz-System H dm
Ij; = product of inertia with respect to Cx'y’z"-system r r
I c y
(xc,l' Xc2, xci3) = position vector of centre of mass “C ” with respect to origin “0” o
M = total mass of the'body 0
y

Proof: Consider a rigid body, in the form of a set of particles.

r = position vector of elementary mass dm with respect to origin-“0”

r’ = position vector of elementary mass dmwith respect to centre of mass “C”
r. = position vector of centre of mass “C” with-respect to origin “0”

From figure, r=r.+r' ——=——-——- - (1)

Let, r= (x1, X3, x3), “Fe.= (Xc1, Xc2, Xc3)-and 1’ = (xi, x5,%5)

So, equation (1) becomes = (x4, X, x3) = (X1, Xc20 Xez) + (X1, x5, x5)

D - Xy =N X | DAL 20N oo o P =(2)

Now consider fori #j, [;; = — fxl-xjdm =5 f(xcjl- +x;)(xc,; + x{)dm
M

M
== (f dm)xc,ixc,j - (ijdm)xc,i - <f x{dm)xc,j - fxl-’x]fdm
M M M M
where, j dm = M ='total mass of the body,
M
Also, - fxl-’xj'dm =1j; = product of inertia with respect to'Cx"y’z’-system

M

And fr’dm =0= J-(x{, x5, x5)dm = (fx{dm, fxédm, fxédm) = (0,0,0) = fxi’dm =0, i=123
Y M

M M M M

So equation (3) gives

Li'=1; —Mxcxcj, “t#j, ij€{1,23} Hence proved.
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Example 1: Find the moment of inertia of a (uniform) rigid rod of length [ about an axis
perpendicular to the rod and passing through one of its end points.
Solution: Let M, [ and A, respectively,

be the mass, length and linear mass density

of the rod. We choose x-axis and y-axis 4.

as shown in (the figure, so that we have to
find moment ~of«inertia of the. rod about y-
axis. We divide rod into large”number of

elements of infinitesimal width! One typical g

element of mass. dm and length dz, at dis- i | xaris
tance z from the origin, is shown-in the fig- oo~ mam

ure.

Moment of inertia of typical mass element about y-axis-is given by
dl,, = z2dm

Thus, moment-of inertia of rod abeut y-axis is

]yy:/ 22dm
Rod

= / r*dx A= ([11—’; = constant
Rod
M [ M. 1
= — ridr == ( = | = = M? o A=A (for rod)‘
U J.—o [ \3 3
Example 2: Find the moment of inertia of a (uniform) rigid rod of length | about an axis
perpendicular to the rod and passing through its centre.

Solution: Let M, [ and M\, respectively,
be the mass, length and linear mass den-

sity of the rod. Choose y-axis as axis
of rotation, as .shown in the figure.  We - -a>-<is
divide rod into large number-.of elements d
of infinitesimal width. One typical ele- /
. Fi %
ment of mass dm and length dz, at dis- s 2 i
tance x from the origin, is shown in the fig- X F
ure. dm
. )

Moment of inertia of typical element about y- _!jxu_ K HN
axis is given by

dl,, = z°dm
Thus, moment ofiinertia of rod about y-axis is

I, E / z?dm
Rod
S /\/ r2dx A= ‘3—? = constant
Rod
M [1? M (P 1
= —/ e = — | —= | = =M o A=2" (for rod)

[ — [\ 12 12

Prepared by: Dr. Amir Mahmood Page 1
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Topic: Moment of Inertia

Example 3: Find the moment of inertia of a (uni-
form) circular ring of radius a about

(7) an axis passing through its centre and perpendicular to
its plane,

(77) its diameter.

Solution: (i).Moment of inertia'about central axis:
Let M, a and X, respectively, be the mass, radius and
linear mass density of the ring. “Choose coordinate axes
as shown in the figure. We divide ring into large num-
ber of elements-of infinitesimal-width. One typieal- el-
ement of mass~dm and length ds"is shown in the-fig-
ure.

Moment of inertia of typical elementr about z-axis is.given by

dl,, = a*dm

Thus, moment of inertia of ring-about z-axis is

Ly=a® / dm
Ring

y-axis

=\a? / ds A= C(li—’: =-constant
Ring
M 2mwa M
= 2—: /so ds = 2—: (27a) = Ma? A = 5= (for ring)
(i1) Moment of inertia about diameter:
By perpendicular axis theorem
I,=1I,+ Iyy = 2Ixr7 o = Iyy (by Symmetry)
Ly
= [xz = §Ma

Example 4: Find the moment of inertia of a (uniform) circular disc of Mass M and

radius a about

(1) an axis passing through its centre and perpendicular to its plane,

(i) its diameter.

Solution: (i) Moment of inertia about central axis: Let M, a ‘and o, respectively, be
the mass, radius and surface (areal) mass density of the disc. Choose axis of rotation as z-axis,

as shown in figure.
We divide dise¢ into large number of concen-

tric circular rings of infinitesimal width. One
typical elementary ring of mass.dm, radius r,
width dr and.area dA is shown.in the fig-
ure.

<_ :’D > d'7':<

( r — ! y-axis
Moment of “inertia of typical ‘elementary ring g — .
e

about z-axis is given by

dr,, = r?dm

Prepared by: Dr. Amir Mahmood
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Thus, moment of inertia of disc about z-axis is

=270 /D‘ r3dr 0= g—;’; = (2‘73# = constant
2M (¢ 2M 4 1
= ? L T3d7" = ? <az> = §M6L2 R ﬂ_—]\gg (for diSC) (1)

(71) Moment of inertia about diameter:
By perpendicular-axis theorem

Iip=lyy + Iyy = 2I:mc7 Nl e Iyy (by symmetry)

1
= Ixm = ZMG,z (2)

Example 5: Find the moment of inertia
of a (uniform) elliptical plate with semi-major
axis and semi-minor axis a and b, respectively
about

(1) major axis;

(74) minor axis,

(7i1) an axis passing through centreof plate
and perpendicular to its plane.

Solution: Consider an ellipticalplate in xy-
plane whose boundary curve is given by

22 2

;4‘%21, a > Z-axis
Let M and g, respectively, be the mass and surface (areal) mass density of the elliptical plate.
To find moment of inertia about major axis (z-axis), we proceed as follows. We divide plate
into large number of elementary rectangular pieces of infinitesimal area with sides parallel to
x and y axis. «One typical area element having mass.dm, area d.S, length dz and width dy is

shown in the figure at point (z, y):

Moment of inertia of typical area element about x-axis'is given by
dl,, = y*dm

Thus, moment-of.inertia of elliptical. plate about x-axis.is

1. = / yzdm
Elliptical plate

— U/EH' . y? d.dy o= _‘j;g = d%y — constant
1ptical plate
ab 2 M N,
~ rab ydzdy 1 o=~ (for elliptical plate)
T

Elliptical plate

b /a2— 12
M a o a“—x
= (/ yZdy> dx
Wb J oo \ Jy=—bfam=s2

M [2b @
= _b <ﬁ) / (CL2 — fL’2)3/2dI
Ta a T=—a

Prepared by: Dr. Amir Mahmood Page 3
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AMb?
I:m: =

e— / (a? — %)% 2dx ’ integrand is even
Ta =0

Put z = asinf = dx =acosfdf, t=0=0=0, r=a=0=17/2

AMY* [T
- / at cos* 0d6

4
3ma -0

Using Wallis cosine formula, we get

i £ () () - o

Similarly, moment of inertia about-minor axis is

1
I, = ZMa2

By perpendicular axis theorem, thesmoment of inertiasabout the axis passing through centre
of the elliptical'plate and perpéndicular to its plane;-is

1
L= Lo + 1y = 3 M (a® +b*) (4)

Corollary: The moment of inertia of a (uniform) circular disc of radius a about (i) its
diameter and (77) an axis passing through its centre and perpendicular to its plane can be
obtained by putting b = @ in (3) and (4), to give (respectively)

1

]:mv = ZMCLQ (5)
and .
Izz = §MCL2 (6)

Note that, the results obtained in (5) and (6) are in accordance (as they should be) with the
results, obtained:in (2) and (1), respectively.

Example 6: Find the moment of inertia

of a (uniform) triangular lamina (i.e., two di- [, ___________
mensional triangular plate) of massd about -
one of its sides:

Solution: Let M and o, respectively, be the
mass and surface (areal) mass density of the
triangular laminasin xy-plane. Choose x-axis
and y-axis as shown in figure. We.divide lam-
ina into large number of strips ©f infinitesi-
mal width parallel to the base AB of Tamina.
One typical elementary strip DE'of mass dm,
width dy and area dS is shown in the fig- |,
ure.

x-axis

Moment of inertia of typical elementary strip about side AB (z-axis) is given by

dl,, = y*dm

Prepared by: Dr. Amir Mahmood Page 4
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Thus, moment of inertia of triangular lamina about z-axis is

Iow = / y2dm
Triangular lamina

_ 2 .. _dm _ _dm ___
= a‘/ y°|DE|dy Y 0 =145 = D = constant
Triangular lamina
2M DE \ .
=7 Y [P Yy o= ll/]%‘élh (for tiangular lamina)
h Triangular lamina ‘AB| 2

From equivalent-triangles ABC and"DEC, we have are‘equivalent triangles, therefore

IDE}~  height of DECG~ h —y
|AB|"  height of ABC™ h

2M he~y

h Triangular lamina h
oM [, M- bt R |
2 yzoy( y)dy h2(3 4) 2

Example 7: Calculate the inertia ma-

triz of a (uniform solid) rectangular box
(rectangular parallelopiped or cuboid) of mass
M at one of its corners, by taking coordinate
axes along its edges.

Solution: Let+M and p, respectively, be the
mass and volume mass density of the rectan- %d:
gular box. Let the lengths of adjacent edges c
be a, b and c. Choose coordinate axis along
the edges of box, as shown in figure. We \

divide lamina into large number of elemen- -
tary rectangular boxes of infinitesimal vol- e

y-a xisk

A

ume. One typical elementary volume element
of mass dm, velume dV and dimensions dz, dy and-dz, is shown in thefigure.

Moment of inertia of typical elementary volume element about z-axis'is given by
dl,, = (y* + 23 dm

Thus, moment ofiinertia of triangular lamina about z-axis is

Ly = / (v + 2°)dm
Rectangular box

= P/ (y* + 2°)ydzdy dz h‘.' p= ?1—"7} = ﬁ = constant
Rectangular box Y

— M 2 2 ) . M f lar b

= — (y* +2°)drdydz o p= =3 (for rectangular box)

abe Rectangular box

M c b a
_ _/ / / (3 42%)de dy d=
abe z=0 Jy=0 J2=0
M a c b
(][ v
abc =0 2=0 Jy=0

Prepared by: Dr. Amir Mahmood Page 5
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M c b
be J.—o y=0
M 3

€ b
= — —+b22) d
be Z:o(3+z> :

M (V¢ b M, .,
—%(?+?)—?(b“’)

Similarly,
I —

vy

% (a2 T+ 02) and L, = % (a2 + 62)

For product of.inrtia
[zy = / Ty dm
Rectangular box

M c b a Wi CL2 b2 1
S 9 Brich dzdyde === (=) (= )e=—-Mab
abc/zzo/yzo/mzoxyxyz abc(2>(2>c T

Similarly,
1 1
I, =— ZMbC and I, =— ZMQC
The required inertia matrix is given.by
(1/3)M B>+ %)  —(1/4)Mab —(1/4)Mac
o] = —(1/4)Mab  (1/3)M(a2+c*)  —(1/4)Mbc
—(1/4)Mac —(1/4)Mbc  (1/3)M (a>+1?)
4(0* + 2) —3ab —3ac
=| [lo] = 5M —3ab  4(@*+c*)  —3be
—3ac =3bc  4(a® +1?)
‘z-axis
=K
_____ dz
—
- dV it
y-axis.
[*]
a
X-axis

Example 8: 'Calculate the inertia matrix of a (uniform solid) cube of mass M at one of

its corners, by taking coordinate axes along its edges.
Solution: Repeat example 7 for'a = b = ¢ and get

1 8 -3 -3
[Io] = EMQQ -3 8 -3
-3 -3 8
Prepared by: Dr. Amir Mahmood Page 6
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Example 9: Find the moment of inertia
of a (uniform solid) hemisphere of mass M z-axis
about

(1) its axis of symmetry

(7i) an axis..perpendicular to..the axis of sym-
metry and passing through the  centre of the
base.

Solution:

(1) Moment of inertia about axis of symmetry:
Let M, a and pyrespectively, be the-mass, radius and
volume mass density of the hemisphere. Choose co-
ordinate axes as shown in figure.

Moment of inertia of typical volume element of hemisphere, with mass dm and volume dV/,
about z-axis is-given by

dl,, = (2* + y¥dm

Thus, moment of inertia of hemisphere about z-axis is

L. = / («® + y?)dm
Hemisphere

= p/H . (2% + o*) dedydz op= 3_7‘7} — dxtggdz — constant
emisphere
3M 9 3 - i .
= orad (y* + 2)dw dy dz - p= 7. 3 (for hemisphere)
Ta Hemisphere 3

To make the computation simpler, we transform the problem from Cartesian coordinates to
spherical coordinates (r, 6, ¢) by, using

x = rsinfcos g, y = rsinfsing, z=rcosf
dV = dzdydz = dr (rdf) (rsinf dg) = r*sin 6 dr df d¢
2% + y* = r*(sin® § cos® ¢ + sin® fsin® ¢) = 1 sin® f(cos® ¢ + sin® @) = r? sin* @
For ‘'hemisphere : = 0<r<a, 0<0<7/2, 0<¢<2rm

3IM 2m
3/ / / r*sin 9drd9d¢— / r dr/ sin® 6 df do (7)
" 2ma r=0 Jo=0 Jop= 6=0 $=0

/2 1 w/2
/ sin?’GdH:Z/ (3sinf# — sin 30) ’ sin30:3sin9—4sin30‘
0 0

=0 =0

Where,

1 1 1 1 2
:1(—3COSQ+§COS39> ‘QZO:Z(S—§>:§ (8)

Using (8) in (7), we get
3M [(a® 2 2
I, = — ) @2n) = ZMad?
27m3<5>(3)(7r) 50

(i1) Moment-of-inertia about-a-diameter through the base:

3M
Im:/ y? + 2%)dm y? + 22)dV
Hemisphere ( ) 27TCL Hemisphere ( )

Prepared by: Dr. Amir Mahmood Page 7
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Transforming problem in spherical coordinates (r, 0, ¢), we get
I, / / / (sin® @ sin? ¢ + cos? fsin A)dr df do
27“1 r=0.J6=0 J¢=0

IM /2 2m w/2 27
= 5 r4 dr / sin® 4 dé / sin%¢ d¢ + / cos® f'sinh do / do 9)
2ras J,—o 6=0 ¢=0 0=0 ¢=0

Where,

us s 2
/: sin2¢d¢:%/: (1—0052¢)d¢:%(¢—%sin2¢) ’¢7T:0:%(27r):7r (10)

=0 =0

and 5
7T/ 1 )

w/2
/ cos>@'sin 6 dh =
0

Using (8), (10).and (11), (9;g1ves

5 5 4 2
[= M (a2, 2y SMefan) (AT 2
2ma’® \ 5 3 3 2mwa’ \ 5 3 5

Example 10: _Find three products of inertia of a_(uniform) solid hemisphere of mass M
with respect to.coordinate axes.as.in figure of example 9.

Solution:
3M
Ixy:—/ rydm = 3 xydV
Hemisphere 2ma Hemisphere
w/2
/ / / 4 sin? § sin ¢ cos ¢ dr d6.d¢
27@ r=0.J6=0 Jp=0
w/2 ™
= r dr/ sin 6’d9/ sin ¢ cos ¢ do
27m3 o _
But
27 ' F 1 9 ‘ 27T 0 7 )
— — = e o =
Los1n¢cos¢ [0 23111 10) $=0 »
Now,
M
]m:—/ rzdm = 5 2 rxydV
Hemisphere 27a Hemisphere
w/2 27
/ / / r4 sinf.cos 6 cos ¢ dr ddde
27ra =00 $=0
/2 2m
= / / SmQCostH/ cos ¢pdop
277_@3 0 =0
But
27 27‘(‘
/ cos ¢ d¢= sin ¢ =0 = 0y = [, =0=1,, o Igy=1, (by symmetry)
¢=0
Thus,
]xy = I, = Iyz =0
Prepared by: Dr. Amir Mahmood Page 8
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Example 11: Find the moments and products >
of inertia of a (uniform solid) sphere of mass M A
and radius a with respect to its axes of symme-
try.

Solution: (i) Moment of inertia.about axis of symmet}
Let M, a and p,respectively, be .the mass, radius and vol-
ume mass density of the sphere. Choose coordinate axes as
shown in figure:

Moment of inertia of typical volume-element of sphere;with
mass dm and volume dV, about z=axis is given by

dl., = (2* +&%)dm

Thus, moment of inertia of sphere about z-axis is

I.= / (z* + y*)dm
Sphere

= p/s N (352 + yz) dz dydz op= 3—?} = #’Zdz = constant
phere
3IM
= Ands (?/2 + 22) da-dy dz NNES 3%13 (for-sphere)
wa Sphere 3

To make the.computation simpler, we transform ‘the problem from ‘Cartesian coordinates to
spherical coordinates (r, 6, ¢) by using

x = rsinf ¢os ¢, y = rsin#sin ¢, z = rcosd
dV = da dydz =dr (rdf) (rsin 0 dp) = r? sin 6 drdd d¢
x? + y* = r?(sin® § cos® ¢ + sin® fsin® ¢) = r? sin® f(cos® ¢ + sin® @) = r? sin*

For sphere : 0<r<a, 0 <8<, 0< ¢ =<2

M a s 2 M a s 2m
I.= ) / / / rtsin® 0 dr df d¢ = ) rtdr / sin® 6 d¢ de
r=0J6=0 J =0 0 9=0

2mwa’ 2ra® J,._ $=0
Where,
s 1 s
/ sin® @ df = —/ (3sin @ — sin 30) ‘ sin 30 = 3sin 6§ — 4sin39‘
6=0 4 Jo=o
1 1 ‘W 1 1 1 4
:Z(—3COSQ+§COS39) QIO:ZKB—g)—(—i’)—i—g)] =3
Thus,
3M [(a®\ (4 2
I.= — ) (= )(27) = =Ma?
Arad (5) (3)( m) = gMa
Similarly,
2009
Ly =1, = gMa o Iy =1y, = 1., (by symmetry)
Prepared by: Dr. Amir Mahmood Page 9
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(it) Products of inertia with respect to axes of symmetry:

3M
I, :—/ rydm = / xydV
Y Sphere dra’ Sphere

= / / / rt sinBisin ¢ cos ¢ dr d@de
47ra r=0 J =0 J =0

2
= r dr/ sin 9d0/ sin ¢ cos ¢pd¢
0=0 b=

27ra3 0
But
sin ¢ cos = —sin A= = A=
#=0 2 o= -
Similarly,

Lyy=1,,=0 o Lyy=Ady, = I, (by symmetry)

Example 12:-Find the moments and products of inertia of a (uniform) solid ellipsoid

2 2 2
N TR
; + b_2 —|— —=1
of mass M wath-respect to its-axes of symmetry.
Solution: (i) Moment of inertia about axis of symmetry:
Let M and p, respectively, be the mass and volume mass density of the ellipsoid. Choose

coordinate axes-as shown in figure.

Moment of inertia of typical volume-element of ellipseid, with mass dm and volume dV', about
z-axis is given by
dl.. = (z* + y*)dm

Thus, moment-of inertia of ellipsoid-about z-axis is

L. = / (ZL‘2 + yQ)dm
Ellipsoid

= p/Elhpsmd(mz +y%) dedydz op= j—? = #’Zdz = constant
= i (y* + 2%) dedydz op =22 (for ellipsoid)
4rabe Sphere . smabe
Prepared by: Dr. Amir Mahmood Page 10
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I, = / (2% + y*)dm (12)
Ellipsoid

Let us substitute
r/a=2z', yla=vy', z/a=2z'
= (drfa=dx', dy/a=dy’, dz/a=dz',, dxdydz=abcdx’dy’ dz’

Under the abegve transformation,the given ellipsoid/is transformed inte the unit sphere

S 4y 447 =1.

3SM
2 = (a®z" + b*y/*)(abcda’ dy d2)
nabe g
3M.
:4_ (an'2+b2y'2)dx’dy'dz'
T Js
/ x?da’ dy dzh= / y?dz’ dy’ d% (by symmeétry)
s S
3M(a® + b?
= L.= 3M(a” + ) /x’zda:’ dy’ dz2’
471' S

To make the ¢omputation simpler, we transform the problem from Cartesian coordinates (z’,

y’', z') to spherical coordinates (1, 0, ¢) by using
x' =rsinfcoso, y' =rsinfsing, =z’ =recosh
dV =dz'dy’dz’ = dr (rdf) (rsinfdo) = r*sinf dr df do

For unit sphere,
0<r<, 0<6<m, 0<op<2r

M 2 2 1 T 2
- IZZZM/ / / w sin® 0 cos? ¢ dr df.do
4 r=0 J0=0 J ¢=0

M 2 2 1 s 2w
_ M@ ) / 4 dr / sin® 6 d6 / o5
4T r=0 0=-0 $=0

w 1 s
Where, / Sin30d0:Z/ (3sin 6 — sin 36) "+ sin30 =.38in 6 — 4sin® 0
6=0 0=0
— L cost+ L eos3s |7T ~ (s L 34 )| =2
=1 Ccos 5 €08 0=0= 7 3 5| =3
and
/% 2¢d¢>—1/%<1+ 26)ds = (% Lein2o) |5 L(2m) =
¢:0cos =2/ cos =3 5 Sin L4053 (2n) =7
3M(a? +12) (1) (4 1,
=228 20 (20 () = M (a? £
= =P () (e - v £
Similarly,
1 1
I, = gM(b2 + ) and I, = EM(a2 + )
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(it) Products of inertia with respect to axes of symmetry:

3M
= Izy:—/ rydm = — rxydV
Ellipsoid drabe Ellipsoid
3M
=~ s S(abx'y')(abcdx’dy’dz’)
M
__ 3e8 x'y'de’ dy d2
47 S
3 b M 1 s 2
__ 2 / / / rdsin’ 0 sin ¢ cos ¢ dr-dé do
4z r=0 J0=0 J =0

M 1 T 21
Ly = — 3ab / r4dr/ sin20d9/ sin ¢ cos ¢ d¢
4T r=0 6=0 $=0

But
i ingcosgpde = —1 .112 (b‘ =0 I,=0
/¢ S1 COS 9 S1 — Yy

=0
Similarly, it isnot difficult to showthat

Corollary: “The moment and._product of inértia of a (uniform).solid sphere of mass M
and radius a with respect to its axis of symmetry can be obtained by putting a = b = ¢ in
results of above example 12. The obtained results are in accordance (as they should be) with

the results of example 11.

Example 13: Find the moment of inertia of‘a (uniform) right circular solid cone about

(7) its axis of.symmetry and
(74) any diameter of the base.

Solution: (i) Moement of inertia‘about axis of symmetry:

Let M, h,~aand p, respectively, be the mass,
height, radius of base and volume mass density
of a (uniform) right circular solid cone.  Choose
coordinate axes as shown in figure. Let us di-
vide cone into | large number of elementary solid
discs parallel. to the base of the cone. One
such elementary disc of radius’r, mass dm, thick-
ness dz and-volume dV is shown in the fig-
ure, at a distance 2z from" the base of the
cone.

Moment of inertia of elementary.disc about z-axis.is

given by

1 - — G
dl,, = = r’dm 5
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Thus, moment of inertia of cone about z-axis is

1
1. = —/ r?dm
2 Cone
= g/ r? (7r?)dz p = 3—73 = —(ﬂ;};gbdz = constant
Cone
3M 4 . M
S . rtdz P= Tramh (for  cone)
From similar triangles AOC and "DBC
r o =z a(h — z)
- = or r=
a h h
3 a(h =2)]"
I,=—
= 1, 2a2h Cone|: h :‘ dz
3M a® /h
= (h —2)*dz
2 h? z=0
3M a? 5| h 3 9
~ o (=0 = g Ma

(1) Moment of inertia about diameter of the base:
In this case, the.moment of inertia.of the elementary.disc of mass dm about a diameter, along
DB, is given_by

—r2dm

dl, =

We note that the diameter passes through the center (which is also the centroid) of the elemen-
tary disc. Hence, by parallel axis theorem, the moment of inertia of the elementary disc about
a parallel axis along AO (through the centre of the base of cone) is given by

dl,, = dI, + (dm) 2*
1 1
- ZTQdm—i—(dm) D= <1 T2+22) dm
3M (1
=7 (—r +7‘z)dz, o dm = pdV =35(r? dz)

Therefore, the moment of inertia of whole cone about diameter of the base is given by

1 a h = 2) 4 a(h—2)\" ,
o D [ (0 (5

a(h—z)

= -

_ 2,2 3. 4
a2h - ﬂ(h—z) h2(h —2h 2% 2 )} dz

SM.T a a2 53 A5 h

= £ ) — h — Z)° A N
ah’| 2ot~ AL 5 ( 3 2t 5)] z=0
ﬂ-(ﬁ_h+ h_5_h_5+h_5 —ﬂ @+a2h3 —10_15+6

Ta?h [ 20 A2\3 2 5)| la%h |2 30
3M [a*h = a®h3 3M [3a*h + 2a* h? 1

= = = —M(3a® + 2h*
ah | 20 30} th{ 60 ] p0 M (Ba” +27)
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