B.Sc. Mathematics (Mathematical Methods)

Chapter # 9: First-Order Differential Equations

EXERCISE # 9.2

X2
y(1+x3)

. d
< Question # 1: d—i =

Solution:

Given equation is

dy x?
dx  y(1+x3)
L ydy = 2, t
ydy = T30 (by separating var. )

Integrating both sides, we have

%2
fydy= J‘mdx

:yz_lf 3x2 q
2 3)1+3™

2

y 1
:?:§1n(1+x3)+c1

= 3y? = 2In(1 + x3) + 6¢,
=3y?-2In(1+x3)+c +~6c;=c

is required solution.

< Question # 2: % + y2sinx = 0

Solution: Qg“
R

Given equation is

= — = —(—cosx) + ¢

=>—+cosx=¢c¢
y

is required solution.

«» Question #3: % =1+x+y?+xy?
Solution:

Given equation is

dy

dx XTy Xy

dy )
:&—1(1+X)+y (1+x)

o
d
= 2

X2

= tan"1(y) —X——=c

is required solution.
% Question # 4:
(xy +2x +y + 2)dx + (x* + 2x)dy = 0
Solution:
Given equation is
(xy + 2x+y + 2)dx + (x? + 2x)dy = 0
= (xy +2x+y + 2)dx = —(x2 + 2x)dy
s y(x+1) +2(x + 1)dx = —(x? + 2x)dy
= (y+2)(x + 1dx = —(x% + 2x)dy

dy x+1
> =—
y+2 (x2 + 2x) X

Integrating both sides

dy x+1

y+2 (x2 + 2x) X
dy 1 2x+2
y-l-—2:_§fx2+2x X
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1
=>In(y+2) = —Eln(x2 +2x) +c

is required solution.

¢ Question #5:-

%=2x2+y+x2y+xy—2x—2

Solution:
Given equation is

d
d—y=2x2+y+x2y+xy—2x—2
X

d
=>—y=y(1—x2+x)+2(x2—x—1)
dx
d
:—y:y(l—x2+x)—2(1—x2+x)
dx
d
:d—i’:(y—z)(l—x2+x)

d
:—y:(l—x2+x)dx
y—2

Integrating both sides
d
—yzf(l—x2+x)dx
y—2

d
= —y=fdx—fx2dx+fxdx
y—2

3 XZ

=>1n(y—2)=x—?+?+c1

= 6ln(y — 2) = 6x — 2x3 + 3x? 1

= —6In(y — 2) = —6x + 2x3 J&Cl‘
= In(y—2)"¢=2x3— %
0275 2N N\
=(y—2)8=ce 3‘&

is required sol¢ %

%

% Question # 6: cosec ydx + secxdy = 0

SOIUY- w
Given equation is

cosec ydx + secxdy = 0

= cosecydx = —cosecydx
dx dy
= =—
secx cosecy

Integrating both sides

dx J‘ dy
> | —=-—
secx cosecy

=>fcosxdx = —fsinydy

= sinx = —(—cosx)
= sinx = cosx + C
= sinXx — coSX = C
is required solution.

A\

s Question#7:y(1 +x)dx + x(1 + y)dy

Solution: ° e
Given equation is \

y(1 + x)dx%.x dy
=>y(l+ x(+ y)dy
1+ +vy)
= = dy
y
oth sides
1+y)
=— d
| =

X
dx X d
:f—+f—dx=—f—y—fxdy
X X y y
> Inx+x=-lny—y+c
=>x+y+Inx+Iny=c

=>x+y+Inlxy| =c

is required solution.

% Question #8: y\/1 + x2dx + x{/1 + y?dy = 0
Solution:

Given equation is

yv1+x2dx+x/1+y?dy=0
= yy1+x%dx = —x/1 +y?dy

v1 1

+ x2 + y?
= dx = — dy
X y

Integrating both sides

V1 + x2 J1+y?
:f dx=—f v

dy ——— (1

X

Consider
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1+ x2

putx = tan0 _ 1+y2—1 o
dx = sec?0 - y y

dx

VIt VIT-1
11=f - () +

Therefore, te

sech.sec?0
1=f— > J1+x2+/1+y?

tan0
f sech. (1 + tan?0)d0 +n ((V 1+x2 = 1)(
Il =
tan6
L= sech f sech.tan?0 46 =
17 ] tano tan0 ~ -
1/cosb % Question #9: f _i’z
I, = f_—de +fsec6. tan6 d6
sin6/cos6 Solution: \
1 . .

Iy = fﬁde +fsec6.tan9 de Given equai

I, = f cosecBd6 + f secH.tan6 d6

I =1 -

1 = In(cosecO — cotB) + sech — dy (m)

X = tan0
1 ® dx dy
cotd =3 V1-—x2 \/1 —y2
cosecd = +/cot?0 + 1 Integrating both sides
dx dy
-
cosec = 1 1-x 1-y
= sin"1(x) = —sin"1(y) + ¢
-1 =100 —
cosec = sin”'(x) +sin"'(y) =c¢

is required solution.

Therefore, .
Question # 10: (e* + 1)ydy = (y + 1)e*dx

,,_\

+ X
2
y

1 .

Solution:

Given equation is
1+ \/1 + x? —

+ 1+ x? (e*+ Dydy = (y + 1)e*dx
X
y e

1

Simil = ——dy = cn 1dx
J1+y2—-1
dy—ln( Y )

y+1
y

eX
——dy = f dx
Therefore, (1) becomes f y+1 y eX+1

:Jy+1—1d _f eX d
y+1 VT e +1

+ Integrating both sides

1+y?

)
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y+1 dy
I dy- | ——=In(e*+1
y+1y 1+y n(e”+1)

=>fd —fi=ln(ex+1)
y 1+y
=y—In(y +1)=In(e*+1) +c

=c+y=In(y +1) +In(e*+1)
Is required solution.

% Question # 11: % = Zi:;ﬁ
Solution:
Given equation is
dy y®+2y
dx x2 + 3x
= (x* + 3x)dy = (y° + 2y)dx
dy dx
ﬁ(y3+2y):x2+3x
d dx
fy(yz}-,%Z) zfX(X+3) W
Consider
1 A B

x(x+ 3) - x+x+3

= 1=A(x+3)+B®X)

Put x = 0 in equation (1), we have
1=A03) )

1
3

Putx+3 =0>x= -3\ %Ve
1=0-3B ®

1 '\\\
:B=—3
1
x2 % +3)

X 1(dx 1 dx
3) 3J) x 3fx+3

=>f & - SinGe+3)
x(x+3) 3 XT3

dx 1
:fx(x+3) =§(lnx—ln(x+3))

dx 1 X
o e i e

Consider

1 C Dy+E
Y6712y yire
= 1 =C(y? + 2) + (Dy + E)(y)
= 1=C(y?+2)+D(y?) +E(y)
puty = 0 then

---®

1
>1=C(@2) =C=5

Now, Q\
Comparing the co-efficient of fit & y

y2: 0=C+D o ¢
=>0= ! +D \

=>D= —%

y: E %

T ation (2) will become

-1
1 7+0

ye¥2) 2y itz
tegrating both sides, we have

J‘ dy _ lj'dy IJ' ydy

yy2+2) 2)y 2)y*+2

J‘ dy 1 1 J'Zydy
y(y?+2) 2 2x2) y?+2

—11 11 242
=5Iny 4n(y )

—1(1 Linc 2+2))

()
=—| In
2 y2+2
Equation (1)becomes
1 y 1 X
=[1 =-1
> n< y2+2) 3n(x_}_g)+c

«» Question # 12:

(sinx + cosx)dy + (cosx — sinx)dx = 0

Solution:

Given equation is
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(sinx + cosx)dy + (cosx — sinx)dx = 0

(sinx + cosx)dy = —(cosx — sinx)dx

dy=—(

Integrating both sides

COSX — Sinx
Jor=-] e
Sinx + cosx

COSX — sinX)
sinx + cosx

=y = —In(sinx + cosx) + Inc
5y =In(c——)
Sinx + cosx
C
sinx + cosx

= eY(sinx + cosx) = ¢

is required solution.

i e WY _ eV
Question # 13: e (1 4F dx) = xe
Solution:

Given equation is
d

e* (1 + _y) =xe™¥
dx

e* d
=>—(1 +—y) =X
e ¥

dx
d
=>ex+y(1+—y)=x
dx
putx+y=z
)
1+
2 N
Z(dZ)_
e I =X

e?dz = xdx N %
Integratingepoth_si \
e’ =—+c
2

2
X
= ef y=?+c

Takinglog on both sides

<2
x+y=ln<7+c>

XZ
=>y=In 7+c —X

Question # 14: xe®* M dx = ydy
Solution:

Given equation is

xe®* Y dx = ydy

= xe¥’. e¥dx = ydy \%
d

= xe¥ dx = Yy Q
ey

Integrating both sides. &Q

f xeX’dx = f ye \\

%exz =-yeV —eV+c

is required solution.
¢ Question # 15:
(2xcosy)dx + x?(secy — siny)dy = 0
Solution:
Given equation is
(2xcosy)dx + x?(secy — siny)dy = 0
= (2xcosy)dx = —x?(secy — siny)dy

2xdx  secy — sinyd
x2  cosy
Integrating both sides

1 .
xdx —siny
) f (cosy ) dy
Ccosy

(1—sinycosy)

N _zfﬁz dey
X cosy
1 — sinycos
iy - [ Loy
cos?y

d f sinycosy
y cos?y

= —2Inx = f dy

cos?y
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siny
nx fsec ydy cosy y

= —2Inx =fsec2ydy—ftanydy

= —2Inx = tany — In|secy|
= 2Inx = In|secy| — tany + ¢ Ans

Solve the initial value problems:

% Question # 16:

2(y — Ddy = (3x% + 4x + 2)dx,y(0) = -1
Solution:

Given equation is

2(y — 1)dy = (3x? + 4x + 2)dx

Integrating both sides

fZ(y—l)dy= f(3x2+4x+2)dx
ﬁZf(y—l)dy=3fx2dx+4fxdx+2fdx

x3 x?2
ﬁnydy—Z dy=3.?+4.?+2x+c

2
:2.%—2y=x3+2x2+2x+c

>y2—2y=x34+2x2+4+2x+c ———
Applying y(0) = —1, we have )
(-1D)?-2(-1)=0+0+0+ \s
>1+2=c Q
=>c=3 ° &
Equation(i) be

is requiredsel
-

% Question # 17:
(3x + 8)(y? + 4)dx — 4y(x? + 5x + 6)dy = 0
y(1) =2

Solution:

Given equation is

(3x + 8)(y? + 4)dx — 4y(x%? + 5x + 6)dy = 0
= (3x+ 8)(y? + 4)dx = 4y(x? + 5x + 6)dy

(3x+8) 4y
> ——"dx=
x2+5x+6 y2+4

dy

Integrating both sides
3x+8 2
G Y

X2 +5x+6 y2+4

(3x+8)

22T dx=2In(y2+4) ——=o— (1
x2+5x+6dX n@y”+4) 1

Consider Q

putx+ 3 =0 = x = —2in (i), we have

—-9+8=A(-3+2)

=>—-1=-A

>A=1

Therefore,

L= (3x+ 8) dX=f1dX+2f dx
x2+5x+6 x+3 X+ 2

=In(x+3) + 2In(x + 2)
From equation (1)
2In(y?>+4) =In(x+3) +2In(x+2) +Inc
= In(y? + 4)? = In(x + 3) + In(x + 2)? + Inc
=>1In(y?+4)? =In[(x+3) x (x+2)? x ]
Taking Anti log on both sides
G2+4)?2=x+3)x+2)?2%xc ———— (2)
Atx=1y=2
(@D*4)2=(1+3)(1+2)*xc
=>64=4X9Xc
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16
=>64=36Xc =>c=?

Equation(2)becomes
2 +4)? = (x+3)(x+2)? x 16/,
=9(y?+4)2 =16(x+3)(x+ 2)?

is required solution.

»  Question # 18:
(1 + 2y?)dy = ycosxdx,y(0) = 1

Solution:

Given equation is

(1 + 2y?)dy = ycosxdx
1+ 2y?

N y

dy = cosxdx

Integrating both sides

1+ 2y?
:f y dy = fcosxdx

:>j1d +2fy2d f d
—dy —dy = | cosxdx
y y

1
:J;dy+2fydy=fcosxdx

y2
= lny + 2.7 = sinx

Iny +y? =sinx+¢c ————— 1y
Putx=0,y=1 ®
In(1) + 12 = sin(0) +

Equation (1)becomes

®
Iny + y? = sinfg 1 %
is the requi\dﬂ\
% Question # 19:

n
8cos?ydx + cosec’xdy = 0, y(

12)
SolutiN

Given equation is

8cos?ydx + cosec’xdy = 0

cosec?xdy = —8cos?ydx
dy g dx
cos?y cosec2x

T

4

= sec?ydy = —8sin%xdx

Integrating both sides

fseczydy = —8fsin2xdx

1 — cosZ2x
= fseczydy= —8f (T) dx
:fsecydy———fdx— - = 0%
= tany = —4f dx + 4 cos2xd \
sin2x

= tany = —4x + 4. Q
®
= tany = —4x + %Q\ - (1)

Using X = Sume

an (7) =S (3 e () -
25

ogquation (1) becomes

i
tany = —4x + 2sin2x + 3

i
= 4x — 2sin2x + tany = 3

is required solution.
¢ Question # 20:

dy x(x“+1

&y _xx"+1) Loy -

dx 4y3 \/f
Solution:

Given equation is
ﬂ _ x(x2 + 1)
dx 4y3
4y3dy = x(x? + 1)dx
Integrating both sides

4fy3dy = f(x3 + x)dx

A X4+X2+
54— =—4—
4 22 7¢

. x*  x?
=y =Z+?+C -————= (D
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1
Aty=—\/—§,X=0

4

( 1) 0+0+c = !
V2 4

putting the value of c in equation (1)
4 2 9
VTRt
Multiplying both sides by 4
4yt =x*+2x2 +1
= 4y* = (x% + 1)?
=2y?= (x2+1)

s 2_(x2+1)
Yy =77
4 x2+1
= =
Y== 172
x2+1
Sy=—
y 2

is the required solution.

>
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