Vector Analysis: Gradient, Divergence and Curl

B.Sc & BS Mathematics

GRADIANT DIVERGENCE AND CURL

Introduction:

In this chapter, we will discuss about partial derivatives, differential operators Like Gradientof)a scalar

,Directional derivative , curl and divergence of a vector .

Partial Derivative:

Let F be avector function of independent scalar variable x,y, z, as

F= Fi(xy,2)i+F,(xy,2)j] + F3(x,y,2) k
Then 1st Order partial derivatives w.r .t x,y,z are define as
F ok i+ LF,0f +2 B0 R beh tant
= o 1)1 P 2 (X)] P 3(x) (y,z behave as a constant)
a—ﬁ—iF()A+iF()“+iF()f< ( behave as a constant)
F _ 0 ()1 +2F,(2)] +2 Fa(2) k (x,y behave as a constant)
oz a9z 1 dz 2 ) oz 'y
Higher order partial derivatives of Fw.r.t X,y ,z are define in a similar way

The vector Differential Operator Del (V) :

A vector

v ——1 + —] Rl k is called Differential Operator Del (V)

Gradient of a scalar :

Let @ (x,¥2) is a scalar function in a space. Then Gradient of a scalar is define as ;

Grade=T o= (L1+2) + L&) =2014285 4 20§
Gradcp—V(p—(ax1+ay] +6Zk)(p 1+ ]+ P k

Properties of Gradient :

If @ and W are scalar function and c is constant then
i) Vicg)=c Vo

Proof: We know that V = ai

S)Iw
>

RN
a]
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Then V(ccp) (—1+—]+—k)(ccp)—c—1+c j+ a—ff(= (a(pi+a(p“ Z—ff()zc V(p
(i) V(p+¥)= Vo+V ¥

Proof: We know that 7=%i+ij + 2k

v 5 - 9t 0 N, 0 .9 ~
Then V((p+‘{')=(&1+a—y] +ak)((p+‘P)=&((p+‘P)1+a—y((p+‘P)]+£((p+‘P)k
09, , 9@, @ v, v, K ¥\ _ o —
=(Sei+55 + k) + (54 51+ k)= Ve +T W
(iii) V(e¥)= @VP+ ¥V @
= _ 0 . 0 . 0
Proof: We know that V =—1+--7 + —

Then V(@ W)= (—1 + =

j+ 5, k ) ) =5 @ W)+ (@ W) [+5,(0W) k

=[e T+ w220+ W) 5+ [0 % + 28 R

“P(_l+_1+—k) v (SE Tk ) = o TW+ ¥ T g

Proof: Let

VE) =T (e5)= eV ()

Laplacian Operator:

l—> N -1\ = i—> _—q)V‘P+‘P7q) _‘PV(p—(pV‘P
lPch—cp( )V‘P+WVq)— o =

w2

_ a a a 6 N 2 62 62 2 - .
If V= o LB 5y) T ~K=_Then Ve =— 5yz a2 1S called Laplacian Operator.

= = 0%, 0. 8 ) (0., 0. 0\ _ 02 0 02
{V2= V.V =(5;1+_]+_k)'(&1+6_y] 6_k) +6y +m}
Laplacian Equation:

. . . S 2 0% | 9% | 9% _
If f(x,y,2) isfunctionthen Laplacian Equation iswrittenas V<f=0 Or FFERTE 022_0'
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Theorem: Prove that the gradient is a vector perpendicular to the level surface. ¢ (x,y,z) =c

Proof: Let T =xi+yj+zk beaposition vector of any point P on the given surface. Then

dr = dx1+ dyj + dz k is a tangent vector to surface at point P (x,y, z).

We have to prove Gradg L dr
Now as ¢ (xy,2) =c
Then de=0
By using calculus dcp=6—‘pdx+6—“’dy + 2 4z=0
ox ay 0z

(205422 + 2 &), (dxi+dyj +dzk) = 0

Grad@idr =0
This show that Grad ¢ L1 dr

Hence , Show that the gradient is a vector perpendicular to level surface at point P(x,y, z).

Theorem: Prove that the gradient of a scalar function ¢(x,y,z) = c is a directional derivative of ¢

perpendicular to the level surface at point P.

Proof: Let P & Q be the two neighbaring points in a region of space.

Consider the level surfaces- (x,v,z) =c¢ & ¢ (x,y,z) = c+ &c through P & Q respectively. Let the
normal to the leyel surface'through P intersect the level surface through Q at point P. Let § & T unit

vectors along, PQ & PR .

We have to prove i—‘f =Grad . G

Llet PR =6 & PQ =83 then i:%:oose

. 8@ _ 8¢ 6r_ 8¢
Since 5s ~ or '35 or cos O

Applying limit whenP - Q then ér - 0

. S . S
limg, o e limg, ¢ w5 C0S 0
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do _ do do _do _

- ar cos 6 =i—f|§|lf|cose=i—f(§.f) =§.f; E—Grad(p@
Here Grad ¢ =Tt i—‘f It is clear that m lies in the directional of normal to the level surface 0]
Type equation here.and measure the rate of change of ¢ in that direction.
Let % =1
i—(p = V(p = i—‘: = m a

Hence proved that the gradient of a scalar function ¢(x,y,z) = c is a directional-derivative of ¢

perpendicular to the level surface at point P.

Example#01: If @ = x?z+ e¥/*.Find Vo & |Vl at (1,0,-2).

Solution: Given function @ = x’z+ eV/X
a_‘PA 99s L 09 - 9 y/x y/x 9 y/x
We know that ch— i+5,0+ 5, k= (x z+ e )1+ (x z+ e )]+ ~(x*z+ )k

V= (2xz+ ev/X, _—)1+(e3’/x 1)] + )k

~

AL(10,-2): Vo = (2()(-2) + e¥L2)i+( e .3)] + (1P k= —41+] + k

Now Vo| =92+ @2+ (1)? =V16+1+1=V18=3+2

Example#02: Prove that V ¢(r) = @

use above result to evaluate the following.

()V ™ (i) Vinr iy v2(3)

Solution: ketsrsXi+y] + zk then r?= x?+y? + 22 -—(i)

4 do() . , dom), , 0 () NG Iy
Vo) =221+ =51 + =~ k= e @S]+ [ ]1+[<p(r)a—;]k
N y 21 - From(i) Differentiate w.r.t x
—[(p (r);]1+[(p (r);]] + [(p (r);] Kogr & gy = 222 Similarly & =¥ 2&_%
ox 0x r ay r 0z r

_o'(n [xi+yj + zﬁ]
r

@' (T

V() = . Hence proved.
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ORA
Solution: Let @(r)=r" then  ¢'(r) = nr*71
Using given equation. Vo) = ‘p’(rr)? = (nrnr_l)? = V= n"2F
(i) Vinr
Solution: Let o(r)=Inr then  @'(r) = %
Using given equation. Vo) = “”(Tr)? = (FEF = Vinr= rlz r
(iii) V2 (1;)
Solution: Let @(r)===r"1  then @'(r) = (~Dr 7 =—x2
Using given equation
Vo) = (p(rr)r (_r_rz)?$V(l?)=—r_3F’= SMRy] +zk)=—r3xi-r3y-r3zk

Now

V2 (1?) =7V(£) = (ii+ij + 2 E) AP Xt —r 3y —r3zk)

=20+ 2 () L (i) = [2070 + 207 + 2 ()

=— :(—31'—4 or X I 1) ( 3r‘4g—; y+r73 _1) + (_31.—4%_2 +13 1)]

ax
= _[_n.—4a0r ~3 _ 5.-40r -3 4 _n.-40r —3]
= _31’ 7 X TT 3r 6y.y+r + —3r 5 2 tT
= s Me x5y Sz 3

_ < y 2 From(i) Differentiate w.r.t x
=-— —3r‘4{(—).x+(—) .y+(—).z}+3r‘3] ar ar oy o oz
| r r r 2r a——2x =>a——-51m11arly—=——=-
X X y

r oz r

=— [t S+ L 2 33 | = - [3rt (R g g3 |

r

[ 3r—4{ }+ 3r~3 ] —[=3r~*r+3r3]=—[-3r3 +3r3]=—[0]

"()-o
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Example#03:1f ¢ is afunction of u and u is a function of x,y,z then show that ch = Z—‘ﬁVu

ion: V=295 09 09
Solution: We know that V¢ = 1T oy ) + - k
By using chain rule of differentiation
% _2¢ o . 2@_0¢ u o dp_0¢ du
ax  ou 9x ! dy _ ou dy 9z du’ oz

e To- (32 2)i+ (2 2)1+ (2 8) £ (e 1)

Vo=227y Hence proved.

Example#04: Find the scalar function ¢ suchthat (i) V¢ =xi+2yj +zk (ii)Ve=2r*T

(i) ch =x1+2yj +zk

Solution: We know that V¢ —Z—‘p +Z—;‘:j + Z—‘Zp k then 'Z—‘:i+2—$i + 66—(; k=xi+2yj +zk
Comparing coefficients of 1,] &k

%zx = @= [x0x :>(pl=—);—2+ c1(y,z) -------- (i)

Z—;‘::Zy = @ =2 [yIx'=> @, =y% + c3(x%,2) -------- (ii)

Wz = eI N20x = 3=+ c5(x, 7))

Adding (i) ,(ii) & (i) :

2 2
QP+ @2+ @3 =+ ¥y + —+c1(,2) + (%, 2) + ¢3(x,2)
2 2
Mence ‘pz[XT+y2+ZT]+C

(i) Vo=2r*T

Solution: Let T =xi+y] + zk then r?= x%+y?+2z2%-(i)

We know that V¢ = ‘Z—‘p + Z‘pj a—‘p k  then

d9,  de. 2 *(xityi + 2k
aX1+ay] + aZk 2r*t =2r (X1+y] +Zk)

aa_(ii+3—(§i + 22k = (¢ +y? +2D)%2x0+ (& +y? +2D)%2y] + (P +y? +27)%. 22Kk
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Comparing coefficients of 1, j & k

2,52,.,2)3
2= (x2+y?+2?)22x = ¢ =[G +y? +2)R2dx = o= T4 ¢ g,2) )

2,92,.,2)3
(;—(;= (x2+y2+22)22y = ¢ =[(x2+y?+22)%2y0x = (p:—(x izt + cy(x,2) - (i)

2,02, .2)3
(Z—f= x2+y2+22)%2.2z = ¢ =[(x*+y?+22)%2z20x = (p:%+ c3 (%, y)----(iii)

From (i) ,(ii) & (iii) = (pz(xz++2+zz)3+ c

Example#05: If @ =r2e™" .Thenshowthat Vo =(2—-r)e™" .

Solution: Let T =x1+yj + z k  then r?2= x2 +y2 422 e (i)

We know that V(p:?)—ii{-(;_(;j 4+ % q

- 2 pna, O e O PN
ch=&(r2er)1+5(r2er)]+£(r2er)k

0z
V(p= [2—r ]re_rg—; i+ [2-r ]re_rg—;j + J2 1 ]re_r% k
Tos@-nrer[Zie 5142 LN hri J o 2k 2y x|
ax ax dy r’' 9z r
7¢=(2—r)re‘r[§ i+ % j+§ E]

V(p=(2—r)e‘r[xi+ N 2/ R]
Vo=(2-r) el ®

Hence provea:

Example #06: If V¢ = rr:s Then show that ¢(r) = %(1 —rls) at (1) =0.

Solution: Let T =xi+yj + zk then r=(x2+y?+2z2)Y2 (i)

We know that V¢ Z—‘}fi+a—‘pj + ‘Z—‘f k  then

dy
09, 005 L 00 L T s o L 00p 005 L 00 p_ s o g
aX1+ay]+ Zk—rs—r r = aX1+ay]+azk—r (X1+y]+zk)
200 +22) + 20 R=(x2 +y? +22) 52 x1+ (2 +y? +22) 52y ] + G +y? 4 20) 2k
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Comparing coefficients of 1, j & k

1 (x2+y2+zz)_3/2

a _ 1 _ .

0_1): x2+y?+29) 32 x= (p=5f(xz+y2+zz) 5/2 2x0x = ¢=7 2 + c4(y, z)------ (1)

99 2 2 2Y-5/2 1 2 2 2\-5/2 1 (X2+Y2+ZZ)_3/2

a—y=(X +y?+22) 52y = (p:Ef(X +y? +22)75/2 2y 0x = ®=3 Yy + cy(x,2) - (i)
2,.2,.2\73/2

'Z_‘; =(x*+y? 4232 72= ¢ = %f(xz +y% +22)75/2220x = (p=%%+ c3(%,y)------ (iii)

(x? +y2+zz)_3/2

—_ 102 2 2V1/27-3 £91 -3
ey = 3{(x +y*+z°)} P +¢c = @ I+

From (i) (ii) & (iii): @ =5

Hence (1) =—3—13+ o — (@)

1

+ c =0:>—§+c=0:>c=§

Hence equation (a) will become

[

1
) =—35+

= o=10-1)

Hence proved.

Example# 07: Show that Vr*2 = (n+2) r" .

Solution: Let ¥ =xi+yj + zk then 1% = x?+y? 422 - (i)
Now

a a d ~ a ~
V] I.n+2 -2 I.n+2 T4 _rn+2] + _rn+2 k
ox ay: 0z

= JLoor. _q Or]. 40
Vrit? = [(n+2)1‘n+2 1 6—;]1+[(n+2)rn+2 1 a_;]] + [(n+2)r‘r1+2 1 Z

ay] f(

Vrht2s [(n + 2)rntt %]i+ [(n + 2)ro+t Z—;]j + [(n + 2)rnt! ﬂ] k

ay
S or or or - From(i) Differentiate w.r.t x
n+2 — n+1[0r 5 Or 5 | Or
vr (n+2)r [6X1+6y]+az k] 2r & = 2x =:~£=§Similarly£=Z r_z
ax 0x r dy r 0z r
7rn+2=(n+2)rn+1[§ i+ 242 12]

V2= (m+ 21 x i+ y) +2z k]

Vr't2 = (n+ 2)r" ¥ Hence proved.
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Example#08: Find a unit vector perpendicular to the surface ¢ = x? +y? —z at (1,2,3).

Solution: Given function ¢ =x%2+y? —z
We know that V'¢ is perpendicular to the given surface. Therefore

V)(pza—(p“ a—‘pj+a—(pf<
——(x + y? —Z)1+ (x +y% —2)j +—(x +y?-2)k

V)(p=2xi+2yj— k
At (1,2,3):
Ve=2(1)i+22)j—3k=2i+4j- k

Now

—

. = _ Ve _ 2i+4j-k _ 2i+4j-k \\2i+4jrk
Unit vector of V. = V| 2Z+a2+(-1)2  Va+ieml \ W21

Example#09:Find the directional derivative of ¢ = 4xz3 — 3x?y? at (2, —1,2) in the direction of

21—-37+6k

Solution: Given ¢ = 4xz3 — 3x%y?

Then

grad ¢ = V(P— 1+a‘pi Z_(p =—(4XZ - 3x y2)1+—(4xz - 3x yz)i+%(4xz3—3x2y2)f<

grad ¢ = (423 — 6x92) WL (—6x2y)] + (12x22) k

At P(2,—1,2)
grad ¢ = [4(2)* — 6(2)(—1)?]1 + [-6(D*(-D)]j + [12(2)(2)*] k
grad @ = [32 — 12]1 + [24]] + [96] k

grad @ =201+ 247+ 96k

— R A = ~_ T 2i-3j+6Kk 2i-3j+6k _ 2i-3j+6k _21-3j+6K
Let w=21—3j+6k Then {i=—== ) =22k x_ zmeex c)
W] J(2)2+(=3)2+(6)2  V4+9+36 V49 7

Thus

Directional derivative of ¢ at Point P inthe of T = grad ¢ .0 =(201+24j+ 96Kk). Grajpes
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_ 40-72+576

Example #10: Find the Laplacian equation if f if f(x,y,z) = x?yz + xy?z + xyz?

Solution: Given function f(x,y, z) = x%yz + xy?z + xyz?

We know that Laplacian Equationis ~ V2f=0 Or ot + Lk + o - 0

0x2  9dy? 091z2
02
dx2

2 2
(x%yz + xy?z + xyz?) + aa_yz (x%yz + xy?z + xyz?) + %(Xzyz + xy?z + xyZ? )= 0
00 (2 2 2 0 [0 2 2 2 o9[a 2 2 2] =
aX[ax(x yZ + Xy“z + Xyz )]+ay[ay(x yZ + Xy“z + Xyz )]+6X[ax(x yz + Xy“Z\+ XyZ )] 0
% [2xyz + y?z + yz?] + aiy [x%z + 2xyz + xz?] + % [x%y + xy? + 2xyz] =0

2yz+2xz+2xy =0 or yz+xz+xy =10

This is required equation .
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Exercise# 4.1

Q#01: Find V)(p . (i) @ =sinxcoshy (i) @ =yz+zx+xy+xyz

(iii) @ = % at (1,0,1) (iv) ¢ =tan(x®+y?+2z2%) at(1,1,1)

(i) @ = sinxcoshy
Solution: Given function ¢ = sinxcoshy

We know that V' = a(p T+ Z‘;j Z—f k= % (sinxcoshy)i+ (% (sinx coshy)j + % (sinx coshy) k

V(p = sinxcoshyi+ sinxcoshyj + sinxcoshy k
(i) = yz + zx + xy + Xyz
Solution : Given function @ =yz+zX+ Xy + XyZ
We know that

= ap, 9o, , 0@ o
Vo= (p1+(p]+a—(gkx

- %(yz+zx+xy+xyZ)T+%(YZ+ZX+XY+XYZ)?+%(YZ+ZX+XY+XYZ)R
Vo= (z+y+yn)i+ @ +xHx2)j + (y+x+xy)k
(i) = ¥ at (1,0,1
¢

Solution : Given function (o= e**

We know that

V’@=6¢A+a—‘pj+a—‘p = 2 ()i+— (exyz)l+ () k

V @ =z e¥%1 + zxe¥% + xye®VZ k
Vo= exyz[yzi + xz] + xy R]
At (1,0,1):

Ve =e’[(0Mi+ (1)) +(DO)k]=01+1] +0k
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(iv) ¢ =tan(x?+y?+2z2) at(1,1,1)

Solution : Given function @ = tan(x? + y? + z?)

ap,. 0.

— 6(p ~
We know that Vo a1 T 5] + o, k x
V= %tan(x2 +y? +z9)1 +aiytan(x2 +y%2+23)] + %tan(x2 +y2+22) k

V= 2xsec?(x2 +y? + z2) i+ 2y sec?(x% + y2 + z2)j + 2zsec?(x2 +y2 +z2) k

Ve =2sec?(x*> +y? +z2)[xi+yj +zk]

At (L1,1): Vo=2sec?(12+12 +12)[1i+ 1) + 1k]=2sec?3)[11+ 15 HK]

Q#02: Find V' .Where ¢ = (x2 + y?2 + z2) e V¥ +y*+2?

Solution: Given function

@ = (XZ + y2 + ZZ) e VXP+y?+z?

T = 2914200 4 20 ¢
We know that V=71 ay]+ -k
-9

ax

(XZ + y2 + ZZ) e—‘/x2+y2+zzi+ aiy(xz + y2 + ZZ) e—‘/x2+y2+22j\ + %(XZ + y2 + ZZ) (3—1/x2+y2+z2 k

Ty — JxEry?+z2 2 4 02 4 o 2Y a—XEty2F R —ZX]A
Vo [2xe + & +y“+z°)e .Zml

SEAYHZ | g2 4 o2 o 28w\ AyeizE 2y ]
+[2ye + (x*+y*+z8)e '2m]

SREAYIHZE | (02 ey 2 a—yX2tyZizZ ___Z2Z ]A
+[Zze + (x* ¥y %z9)e .ka

7(p= [2xe*/m —x\/m e‘m]i + [Zye*/m —y\/m e‘\/m]j

+ (226 Dy T T y7 4 27 e
Vo =xd SR 2 - [ yT k24 ye VIR - e yT a2 )

R e PN o

Vo= e‘Vx2+y2+ZZ(2 —Jx2+y2+ zz)[xi+yj +zKk]

~let T=xi+y] +zk Then r=/x2+y2+22 & r?= x?+y?+2z? Thus

Vo=eT2-1)T
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Q#O3: If @ = 2xz* —x%y . FindVo & |Ve| at (2,-2,1)

Solution: Given function ¢ = 2xz* — x%y
We knowthat Vi =221+ 225 + 22 = % (2xz% — x2y) i+ = (2xz* — x%y)j + = (2xz* — x%y) k
ox | dy 9z . ox ay oz
V=2z%—2xy)1+ (—x2)] + (8xz3)k
At2,-21): Vo= [2)*-2@)()+[-@)%]] + B@@Wk=[2+8]i+[-4]] + [16]k

Ve=10i—4j + 16k

Now [Vo| =/(10)2 + (—=4)? + (16)2 =V100 + 16 + 256 = V372 = 2/93

Q#04: Find the Laplacian equation if f(x,y,z) = yzcosx + xzcos y + xy cos z

Solution: Given function f(x,y,z) = yzcosx + Xzcos y + Xy cos Z

a%f 9% 9%
0x2 Oy, ,0z2

We know that Laplacian Equationis ~ V2f=0 Or =0

(yzcosx + Xzcosy + Xy cos z ) +— (yzcosx + XZC0S y +XYyac0S\Z ) +t-— (yzcosx +xzcosy +xycosz ) =0
i[i( + + )|+ 2 [=¢ + + )]+ == + + )| =0
~ |5, (yzcosx + xzcos y + xy cos z 3y 3y (VZCOSX + X2€08.3 + Xy cOs 2 ~ |5; (yzcosx + xzcos y + xy cos z)| =
a i ] ) ] i
= [—yzsinx + zcosy + ycosz ] + Py [zcosx — xzsinyn xcos z | + = [ycosx + xcosy — xy sinz ] =0

—yzcosx+0+0+0—xzcosy+0+0+0—xy«cosz=0

—yzcosx — xzcosy —xy cosz =0 Qr’“yzcosx + xzcosy + xy cos z=0 This is required equation.

Q#05 : Find the scalar function ¢ suchthat (i) Vo =xi+yj (i) Vo =3x1—2yj +zk

i) Ve=xi+yj

Solution: e knowsthat Vq)—a—“’ +Z—$j a—“’l% then a‘)ff+a‘pi + —k—Xl+y1 +0k

Comparing coefficients of 1, j & k

Wox = o= [x0x= o=+ (7))
d 2 .
=Y = 0= [yox= g =+ cpx2) o (ii)
d
a—f— 0o = J00x = @, = c3(x,y)------------ (iii)
Adding (i) ,(i)) & (iii) : @1 + @y + @3 =—+=—4c1(y,2) + 2(x,2) + c3(x,y) = @ [ i + y72]+ C
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(i) Ve=3xi-2yj +zk

ion: T =297 4000 4 %0 000 L 095 L 00 R bt s L O
Solution: We know that V(p—axl+6y]+ azk then X1+0y]+ aZk xi+y] +0k
Comparing coefficients of 1, j & k

10 _ 3x? .

<. = 3% = @=3[x0x = @=——+ ¢(y,z) - (i)
Z—(;=—2y = @= -2 [yox= @, =—y*+ cy(X,2) ------mmm- (i)
] 2
L=y = @= [20x = @3=—+ c3(Xy)-me (iii)

Adding (i) (i) & (iii) : @1 + @2 + @3 =2 — y2 + 24, (v,2) + ¢ (6,2) +63(xY)

2

—y2+272]+c

Hence @ = [ 3;‘

—

Q#06 : Find the scalar function ¢ such that F=V @ where

xi1+yj
X2 +y?

(i) F=xi+2yj +zk (i) F = (iii) F = e*sinyi+ e*sinyj

(iv)F = at (1) =0 (V) F =(y%—2xyz3)1+ (3 + 2xy — x223)] + (623 — 3x2yz?) k

Tl

—

(i) F =xi+2y] +zk
Solution: Given F =xi+2yj +zk “suchthat F=V@ The V¢ =xi+2yj +zk
T 205 102, p 20 g
We know that V¢ = 6x1+6y] + 5,k
0@, 0@ . a_cpf\_ n n ~
Then El-'—a_y] + aZk—x1+2y] +zk

Comparing coefficiénts of 1, j & k

%: = o= [x0dx ﬁcp1=XTz+ c1(y, z) -------- (i)
Z_(;:=2y = @=2[ydy = @;=y*+ c3(x,2) - (i)
‘;_‘;’=Z = ¢o= [z0z = (p3=272+ c3(X,y)-------- (iii)
Adding (i) (i) & (i) : P1+@s +@3= 2t y2 + Lt (1,2) + 2 (x,2) + (%)
Hence <P=[X72+y2+272]+c
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. = _ Xityj
(i) = X21y2
. . — 14+vi —_ —
Solution: Given F ==>-2 suchthat F=V ¢
X“+y
= _ xi+ty] _ X N y n
Then Vo= Zry? e 1 tane

We know that V¢ = Z—‘)‘:i+3—;‘jj + g—f k

LTSN T IS T S TP S
Then it . K Zry7 1t Enge j+ 0k

Comparing coefficients of 1, j

G0 1 2 _1 .

ax = ij_(yz > P = P f Xz_:;z > P = ;ln(xz + y2) + Cl(yr A (I)

7] 1 2 1 ..

W wnr = 0 =3 gm0 = ¢ =7 +yDH ¢ 2) (i)
From (i) & (ii)

= @ =711n(x2 +y3) + c
(iii) F = e*sinyi+ e*sinyj
Solution: Given F =e*sinyi+e*siny] suchthat F=V¢
Then Vo = e*sinyi + e*sin yj
We know that ch = e*sinyis e*siny]

004 | 0% IO _ xgin v 4 eX cosyl 4+ O R
Then 6x1+6y] ) k=e*sinyi+e*cosyj+ 0k

Comparing coefficients ofii.)j

% = e¥siny = @ = siny[e¥dx = @=e¥siny+ c(y,z) -------- (i)
Z—‘;:excosy = @ = eX[cosydy = @ =eXsiny + c,(x,z) - (i)
From (i) & (ii)

= @=¢€e*siny+ ¢
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—

. = r
(iv) F = < at @(1) =0. (Example #06)
Solution: Let ¥ =xi+yj] + zk then r=(x%+y?+2z2)Y2 (i)
- o r o — 7
Given F = = such that F=Vo Then Vo= =

0p, 0@, dp ~_ T 5 — 0p, , 00, 0 —5 [ A ~
—_— —_ —_ === p—t e —_ —_ =
it T keE= T witol T k= (x1+y] + zk)

i +Z—$i + 22 R=(x? +y? +22) 52 x1+ (X2 +y2 +22) 52 y] + (2 +y? +22) 522k

Comparing coefficients of 1, j & k

1 (x2+y2+zz)_3/2

)+ o1y, ()

aa_i =x2+y?+22) 52 x= @ = %f(xz +y? +22)75/2.2x0x = @=

2, 2, .2\"3/2
’3_‘; =x2+y2+22) 5 y= o= %f(xz +y2+22)7522y0x = @ =%%+ cz(x,z) -----(ii)

(x2+y2+22)”

ap - 1 — r 1
S5, = & +y?+2%) 52,7 = o=2JC+y*+2?) 5/2.226x=>(p—5 =7z

(XZ +y2 "’ZZ)_S/2

32 +c

From (i) (ii) & (ii):  @=3
©= —%{(x2 +y2+23)M28 4+ ¢

1 _
= @=—3r’+g¢

Hence @(r) = — s 4G -eemmmms - @

1
3(1)3

At @(1)=0 =\ — +c=0=>—%+c=0=>c=§

Hence equation (a) wilhbecome

e=—35+; = e =5(1-5%)

3r
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(v) F = (y? - 2xyz® )i+ (3 + 2xy — x?2%)j + (623 — 3x%y z2) k

Solution: Given F = (y2 — 2xyz3 )i+ (3 + 2xy — x%z3)j + (623 — 3x%yz2) k suchthat F=V ¢

Then ¢ = (y? — 2xyz® )i+ (3 + 2xy — x%2%)] + (623 — 3x%yz?) k
We know that ch— a‘pi+a(‘)j % ¢

Then a(pi+a(pj + Z—fﬁ=(y2—2xyz3)i+(3+2xy—x z3)j + (6z° — 3x%’yz9) k

Comparing coefficients of 1, j & k

9 2 3 2 .
=027y =e= JOP-292) 0k = eyt - yzzx + ¢ y,2) r 0]

Z—‘; =GB+2xy—x2z3) = @ = [B+2xy —x%23) y = ¢ ,= 3y+ = —x2z3yt &,(% z) (i)

’2_‘; = (623 —3x%yz%) = @ = [(6z°>—3x%yz%) 0z = ;= 654 3t yZ Fics (X, y)-------- (iii)
Adding (i) ,(ii) & (i)

P1+@; + @3 =xy* —

32 2 4
ZyZZX + 3y + _2x2y —x%z3+ 6: e yz 4+ c1(v,2) + c,(x,2) + c3(%,2)

4
=[xy2—x2 yz3 +3y+xy2—xzyz3+izz——xzyz3]+ C

= 2,3 2, 37
(p—[—3x yz® + 3y + 2xy +T]+ c

Q#07: Evaluate the directional derivative of ¢ = x2 — y2 + 2z2 at (1,2,3) in the direction of PQ where Q

has coordinates (5,0,4)

Solution: Given @ = x? —y? +2z% Then

i+ Z—(p N (x —y?% +2z2 )1+ (X —y?% +2z2 )]+ (x —y2+2z2 )k

grad =V =221 +2°
gradgy= (2x)1+ (=2y )j+ (4z) k

At P(1,23) grad o = [2(D)]1+ [-2(2)]] + [4(3)] k
gradp=21—4j+ 12k

Let @ =PQ=Q(5,0,4) —P(1,2,3) =(5— 1)1+ (0 —2)j+ (4 —3) k=41 —2j+ 1k

Y 4i-2j+1K 41-2j+1k _ 41-2j+1k
Thenli=—== - -
[T J@)2+(-2)2+(1)2  Vi6+4+1 NeE
Thus

Directional derivative of ¢ at Point P inthe of W = grad o .1

—(oa _ ar ~y 4i-2j+1k _8+8+12 _ 28
=(21—4j+12k). - i S
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Q#08: Find the directional derivative of ¢ at P in the direction of U where

(i) @=x+2y—z atP(1,4,0)and o=j-k

(ii) @=x2+y%+2%2 atP(2,03) and  w=2i—J

(iii) @ = e?*V*2 atP(1,1,1) and u= —-31+5]+6k
()@ =x+2y—z atP(1,4,0) and w=j— k

Solution: Given @ =x+2y—z Then

grad(p V(p— 1+a<pj ?3_([) =—(x+2y—z)1+—(x+2y—z)]+—(x+2y—z)k
=11+2j—1k

At P (1,4,0): gradp=11+2j— 1k

Let =7~k Then ﬁzl% J(0)2+](1)1;+( 1)2 : \/:;11?“: jx_/if(

Thus

Directional derivative of ¢ at Point P in the direction of u = grad(p i=(1i+2/—1k) .—= E 0;2;1:%

(i@ =x*> +y?+2z? atP(2,0,3) and u= 2i—j

Solution: Given ¢ = x? +y? + z?2 Then

wcp=7<p=2—$i+g% 2—(9 =—(x +y? +22)1+—(x +y? + z2)j +—(X +y2+22)k

grad @ = (2x)1+ 2y )j ®(2z)k

At P (2,0,3): grad e = [2(2)]1+ [2(0)] + [2(3)] k= 41 + 0] + 6k

|’=l

21§ _ 21 _ 214§
T J(2)2+( 1)2+(0)2  V4+1+0 5

Let, =

—>
|
el

Then a=

Thus

Directional derivative of ¢ at Point P in the direction of U’ = grad ¢ .1

_ 4+440

= (21— 4

S

Gl
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B.Sc & BS Mathematics
(iii) = e2*7V*2 atP(1,1,1) and w= —3i+5j+ 6k

Solution: Given ¢ = e?X¥*2 Then

— = 09, 0@, 0@ ~_ 0 _ A, 0 _ o 5} - o
grad(p—V(p=—1+—]+6— k—a(e2X 3’+Z)1+%(ezx Ytz + £(eZX y*+zy k

grad @ = (2e2Y*2) 14 (—eBVH)j + (e2VH) &

grad @ = e V*2[21+]+Kk]

At P(2,03): grad =MW 2147+ k] =e? [21+]+K]

Let T=-31+51+6k Then i _u —31+5j+6k  _ —31+5]+6 k= —31+5)46 k
- ) W J(3)2+(5)24(6)2  V9+25+36 4, V70

Thus

Directional derivative of ¢ at Point P in the direction of U’ = grad ¢\

= 2 [21t ] 4 k], 216k

V70
- e?[=6+5+6]
V70
— 5¢?
V70
Q#09: Find the directional derivative of the function
(i) @ =xy?+yz? at(2,—1,1)inthedirectionof 1+ 2j+ 2k
(i) @ = xyz at (1,1,1) in the direction of 1+ +k
(iii) @ = 4xz3 — 3xyz? at(2,—1,1) along z-axis.
(i) @ = xy?+yz? at(2,—1,1)inthedirection of 1+ 2j+ 2k
Solution: Given, @ = xy? + yz? Then
grad o =T =51+ 207+ L k=2 (o2 + 2 1+ S (P +y2d)) + LGP 4y Kk grade

= (y») 1+ 2xy +z2)j + 2yz) k

At P@2-11):  grade=[(-1)?]1+ [2)(-1) + (D] + [2(-D(D] k=

2k Then U=

—3j—2k Let®

1
—>
_.>
=t

i+2j+2k _i+2+2k _ 142j+2k _ 1+2j+2Kk
| JO2+(2)2+(2)2  Vi+a+4d Vo 3

=l

Thus Directional derivative of ¢ at Point P in the direction of u" = grad ¢ .1

— (11 _ 3] _ Zk) 1+2]+2k _1-6-4 _ -9
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Vector Analysis: Gradient, Divergence and Curl
j+k

(i) @ =xyz at(1,1,1)inthedirectionof 1+j+
Solution: Given ¢ = xyz Then

—(Xyz)1+—(xyz)] + —(xyz)k

grad(pzv)(p=a—(p”+a—(pi+a—(p =
grad ¢ =yzi+xz +xyk
At P(1,1,1): grad @ = [(DMIT+ [(WDW]F+ (W] k=1+]+k
o i+j+k _ ik iH+k ik
T Vitirl V3 V3

Then YT J@O2+(1)2+(1)?
i+j+k

Thus Directional derivative of ¢ at Point P in the direction of u' = grad @ .G = (™ j+K) . NG

Let w=1+7+k

_1+141 g _
=R 3_\/§

(iii) ¢ = 4xz3 — 3xyz? at(2,-1,1) along z-axis.
Then

Solution: Given ¢ = 4xz3 — 3xyz
grad =V = Z—Xl + g‘;“ i;—w — (4xz — 3xyz?)1 +- (4xz =3xyz?)j + —(4XZ —3xyz?) k ﬁ(p
= (423 — 3yz?) 1 + (—3xz?)j + (12xz? — 6xyz) k
At P(2,—1,1):
grad @ = [4(1)% — 3(-=1)(1)?]1 + [-3(D)?]§ + [12(2)(1)? — 6()(-D(D] k
=[4+3]1+ [-6]] + 2%+ 12] k=121 - 6] + 36k
Let 0 = k (along z-axis) Then f=k
Thus
Directional defivative of ¢ at Point P in the direction of W = grad ¢ .G = (121 — 6] + 36K) . k =36
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Q#10: Prove that

B.Sc & BS Mathematics

() V" =n " 1 Ve (i) V2(e¥) =WYV2p+2V@.V¥ + @V2W (iii) V2r" = n(n + 1) r"2

(i) VoM =n "1 Ven
d . 8, 0 -~
Solution: We know that V —1+=] + — k--—--- Q)
a ady z
n _ n— n4 a n Y n
Then V(p [—1+—]+—k](p—a(p1+a—y(p]+£(pk
7,0 — n-1 9¢ n-1 9¢9]. n-1 99]
o= 2] ot 2+ o 2]
Toh = 00 4, 0 . 09 ¢
Vei=no [0x1+ dy a k]
Tl = n-1[0 +, 0~ 0
Vo"=no [6x1+6 j+ k](p
Vel=ne ! Vo = From(i) Hence proved.
(i) V(W) =WV +2V@.V¥ + @V2¥
lution: We know that V2 =2 + 24 & h
Solution: We know that V =tz t o then
02
V(W) = [ 25 + 5 + 7] (OW) = s (@) + 50 (9¥) + 20 (9¥)
9o o219 Ly 4
~ax [6X((plp)] + dy [ay ((_plp)] + 0z [az ("plp)]
_ 2o ow) | 2fae 0¥ av
~ axlox (pax]+6y[aylp ]+ azw+¢a]
_ 9 [9¢ ¥ , 9 [0¢ ER N oW
~ axlox lp]+ ax] ay lay lp] +6y[(p6y]+az[ IP]++ [‘paz]
= [Poy 20 0] (e e, 0MW) | [y, | 0o O¥] | [0 0% | 0] [0y, | O 0¥] . (09
- [axz +6x'6x] IXN0X (paxz +[6y2kp+6y'6y]+[6y'6y+(p6y2 +[az az az] [62
_00 00 M 00 0% 0N ey 09 9% 09 0% N | 0% | Oe 0¥ 0p 0¥
T axz + ox  9x ) 0x 0x 2+6y2Lp+6y'6y+6y'6y 6y2+622qj+62'62+62'62
_ [ i G0 0% L, 00 0¥ L, 0 0¥ O L SO
= |ox2 ay Lp]+[2 w253 ++262'az]+[q)6x T35z +(Paz2]
2¢ . 0% [a_cp ow a9 aw L) alp]_l_ [62 62 azly
dy? ax " ox 0y'0y 0z 0z 2 622
_ 92 82 00 4 09 o L 00 B (0¥, a_tp az 92w
_qj[axz ay? 62 ( ay J +62 k) ( T+ ]+ ) dy? 0z?

V(W) =WV2p+2V@.VY¥ + @V2W¥

Hence proved.
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(iii) V2r" = n(n+ 1) r"2

2 2 2
Solution: We know that V2 =% + X 40

ay? 322 then

2 2 2 2 2
2.0 _ 7] 7] ] n_ 0 n 7] n 3] n _i i ] 3] ] 6 n]
ver [axz y2+622 r 6x2r +6y2r +622 r 0x 0x +0y ay + 9z

ar a ar a ar
- Y n-19% v n—-19% v n-1
[nr 6x] + dy [nr ady ] + 0z [nr

R (e I S A )
n {ax(r 0x +6y r dy +Bz r 0z

- _ n-20r or n—1ﬁ} { _ n-20r or n-1_0°r
—n[{(n Dr Pl Sl e (n—Dr —4+r

a2 ) 0z r 9z2

2 2 2 2 2 2
=n [(n —1)r"2 (%) . % + (n—1)r"—2 (ﬁ) o a—yr + (n - 12 (E) + -1 2]

ay

=l ne {3 ) G} e e
=n [ - D2 {3+ () 4 () et (2 AP @

let T= xi+yj+zk then r?=x?+y?+2%-—-- (i)

- From(i) Differentiate w. r.t x ~ 2rX=2x= ? —% Similarly £=Y g -2

r dz 1
ar X r2-x2
A . r  r()-x- r-x (;) - x2+y?+z2—x?2 ’r _ y%+z?
. r. = = = = p—1 =
Again differentiate w. r. t X 7x2 — = 3 — 7x2 —
. 9’r  x%+z? ’r  x%+y?
Similarly oF = 73 o =3
x? _1 (v3+z® | x*+z?  x%+y?
Vzr“=n[(n—1)rn 2{2+y+ }+rn 1{y3 +—+ sy}]
r r r r
2.n n—z (%2 +y +z _1 (y2+22+x%+22+x%+y?
Ver —n[(n—l)r { } { =

Vs n [(n — Drh2 {:—z} +rnt {—2( x4y )}]

V2rt=n [(n —Dr*2(1) 4t {Zri}]
VZri=n [(n — 1r=2 40t {2?}]
VZri=n[(n—1r" 2 +2r"2]=n[(n— 1+ 2)r* 2]

V2r" = n(n+1) r*2 Hence proved.
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Q#11: Provethat ()Vr3 =3rF (i) Ve =2e”

(i) V3 =3rF
Solution: Let T = xi+yj+ zk then r?=x%+y?+ 2% - (i)

Weknowthat V= Zi+25 4+ 2 ¢

ay ay
X A - From(i) Differentiate w.r.t x
2[31‘2 —]i+[3r3_1 X]j+[3r2 —]k.'. or o x .. oy o z
r r r 2r — = 2x = —=-Similarly — ==, —=-
ax 0x r ady r 0z r
=[3rxi+ 3ryj +3rz k|
=3r[xi+ yj +zk]
vl =3t =~ From(i)
Hence proved.
(ii) Ve’ =2 T
Solution: Let T = xi+yj + zk then r? =x?+y? + 22 ----- (i)
= J . J . a%n
We know that V = &H'a_y] + gk
a2 — |2+, 9 0"] r2=6r,\ir2,\ 0 2 r
Then Ve [ 1+ 5, k| ef =--e 1+aye j+ ek
=[er2.2rz YT o 21271 2 4 [er 2021 2]
dy
. . From(i) Differentiate w.r.t x
=[2rer —] [Zre ]]+[2re —]k ar o x .. . oy oz
r r 2r — = 2x = —=-Similarly — ==, —=-
X ax r dy r oz r
= [Zerzxi+ 2er2yj +2e 2 R]
=2er2[xi+ yj +ZE]
= rZ_ rZ__, . .
Vel'=2e" 1 ~ From(i)

Hence proved.
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Q#12: Prove that (i)

(i) Vr =f

Solution: Let T = xi+yj]+ zk then r?=x?+y?+2z% - (i)

= 4 ., 0., 0
We know that V = 51+5] +£k

A LIPS I 10 NN LIPS SN
Then Vr_[&1+6_y]+£k]r_axl+ay]+azk
< ~ From(i) Differentiate w.r.t x
:—’1\+Zi+z—k or _ or _ X o, . or _y 0r _z
r r r Zr&—Zx =>£—;Slmllarly 0_y_;'£_;
_xi+yj+zk _T
- r _r
vrd =t ==
r
Hence proved.
o = (1) _ T
(i) V(F) T3
Solution: Let T = xi+yj+ zk then r*=x?+y? +z2% - (i)
= J . d . Jd <
Weknowthat V = —1+—=j + =%
ox ady 07z
()= [C74% 2 Ll 2 -1y 142 -1y + LoD |
Then V(1) =[5 i+40 + £ K™D 2 20D 142 7)) + 0Dk
— (=121 0T 7 N 11 OT s _1y-1-1 9t ¢
=(—Dr '6x1+( Dr 'ay]+( Dr 'azk
From(i) Differentiate w.r.t x
— -2 XA 2 Y 4 -2 Z
= -r =r“=J—1r“-k . o _ ar _ X . . ar _y or_z
r r 2r — = 2x = — == Similarly — ==, — ==
ax 0x r dy r’ o0z r
1 [Xi+yj+z§]__[xi+yj+zﬁ]
T2 r - r3
Vrd =—— Hence proved.
r
Page 24

Written & Composed by: Hameed Ullah, M.Sc Math (umermth2016@gmail.com) GC Naushera



Vector Analysis: Gradient, Divergence and Curl B.Sc & BS Mathematics

Q#13: Let a be a constant vector show that V' (a.T ) = @ where T is a position vector.

Solution: Leta =a; i+a,j +azk & T = xi+yj+ zk

Then a.r=(a; i+ayj + ask).(x1+y] + zk)=a; x+a,y + azz
= d . 0, , 0 ¢
We know that V = &1+%1 +£k
_)—>—>_i,\ i,\ i" —)—)_i — —\ A i—)—);\ i—)—)"
Then V(a'r)_[ax1+ay] + o, k] (a.r)—ax (a.r)1+ay(a.r)] + aZ(a.r)k

a . @ R d ~
= (a; x+ayy + a_a,z)1+%(a1 x+a,y + azz)j + £(31 X+ a, y.fasz) k

V@.r)=a;i+a, + azk

vV@.vt)=a Hence proved.

Q#14: Find  gradf(r) wheret =x1+yj + zk

Solution: Giventhat T = x1i+y] + zk then r? = x? ¥y2 $2z? - (i)

Then gradf(n) = V() = [= i+%j + 2 & f) $V= 2 i+a—ayj + 2k
0 N 0 .. @ ~
= f(r)1+a—yf(r)] + Ef(r) k
=0 ST+ + 405 K
, X o Y o From(i) Differentiate w.r.t x
=f (r)[; I+ A ;k] Zr% =2x = %=§Similarly Z—;=%,%=§

- [x i+yi +z E] (r)

grad f(r) =

= 8]

f'(r)
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—

Q#15: If g =2z—x3y and @ = 2x%2 i—3yzj +xz2k.Finda. Ve & @ x Veat(1,—-1,1)

Solution: : Giventhat If @ =2z—x%y and 2 = 2x? i—3yz +xz%k

We knowthat V = %i+%j+%f<
= 0 . 0 . 0 o _0@ ~ 0@, dp
Then V@=[51+51+£k ¢ =5 i+5, 0+ 5 K

= %(ZZ —-x3y) 1+ aiy (2z —x3y)j + % (2z - x3y) k
V=-3x%yi—x3] +2k

Now a. Vo = (2x? 1-3y7 +x22k). (-3x%yi—x*] +2K)

= (2x)(=3x%y) + (=3y2)(—x*) + (x2*)(2)

7. Vo = —6xty + 3x3yz + 2xz2

At1,—1,1):
7. Vo= —6(1)*(=1) + 313 (-2 =6-3+2 = 5
Now T X Ve = ziz ; Az _; |~3yz XZZ| | 2x* xz? % 2x*  =3yz
a ¢ = X2 — };Z XZ™| = —X3 5 _3X2y 2 _3X2y _X3
—-3x%y —x 2
a X Vo =1(-6yz+x*z2) — J (4%%.4 3x3yz2) + k(—2x° — 9x2y?z7)
At1,—1,1):

@ x Vo =1[-6(-1) MG @*(1)2] - [4(1)% + 3(1)*(-1)(1?] + K[-2(1)° - 9D (-1)*(1)]
=1[6 P %j4 — 3] + k[-2 — 9]

—

T x Vo =702~ 11k
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Q#16: If @ = x" +y"+z" .Showthat F. Vo =ne.

Solution: Giventhat @ =x" +y" +2z" Let T = xi+y] + zKk then r2 = x? +y? + 22 (i)
g Jd R aA
Weknowthat V. = —i+—J +
0x ady
Vo = iA iA iA n n n
Then V(p_[ax1+ay] +azk] " +y"+z")
V=2 (M +y" 2014 (0 +y" 420 + M+ y" 20 &
Vo=[nx""1]i+[ny"j + [nz"1k
Now T.Ve =(xi+y + zk).([nx"]i+ [y ']j + [nz"*]k)
=xnx" M +yny"t+z.nz" "t =n[x" +y" +2"]

F.Vo=n¢ Hence proved.

Q#LT: If @ =3x%y & Y =xz?—zy .Evaluate V (Vo. Vi)

Solution: Giventhat ¢ =3x%y & Y =xz2—zy Weknhowthat V = %i+aiyj + %f(
= d ., 0, , 0 o d ) ) -
Then Vo =[5 ]+ o k| 3x%y) =1 Gx&y) i +2 Bxy)j + 2 Bx2y) K
Ve=6xyi+3x4 +0k
& V= [—1+—]+—k](xz —-zy )

—

Vy=— (xz —Zy)1+—(xz —zy)j +—(xz —zy)k

V=221—% #(2xz—y)k

Now taking dotproduct of Vo & V.

2z

V. Vi = [ 6xyi+ 3x% + 0K].[221— 7] + (2xz —y) k|= 6xyz? — 3x
Now applying v operator
(G 9+, 0 ¢ 2 2
\Y (V(p. VL|J) v (6xyz? — 3x%z) = [a— 1+6_ P k] (6xyz* — 3x°z)

_ 9 2_ 2,24 0 2_ 24234 4 0 2_ 2,2\
= ax(6xyz 3x°7) 1+6y(6xyz 3x°z) ] + P (6xyz 3x“z) k

V(Vq) th) = (6yz? — 6xz) 1 + (6x22)] + (12xyz — 3x%) k
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Q#18: Show that Vf(r) xT = 0.

Solution: Let T = xi+yj+ zk then r2=x%+y?+22% - (i)

Then Vf(r):[%i+aiyj+%f<] £(r) WV = iHainzf(
_9 a0 o 0 ~
= f(r)1+ayf(r)] + aZf(r)k
e or . ’ or . , or ~
=f'(r) a—yl+f (r)a—y] + f (r)zk

< y 7 ~ From(i) Differentiate w.r.t x
— ! X A Ya z .
=f (r)[r I+ + 3 k] h Zr% =2x = %szimilarly %z%,%z%

—f! (I‘) [X i+yi+z§]

VE(r) =f'(r)

=

Now taking cross product with

Vi) xt= ') T xr== T2 (rxr)= T fg FXT=0
VE(r) xT =0 Hence proved:
Q#19: Show that (a’.V)F =a’. Wherea is a constant vector.
Solution: Let @ =a; i+a,j+azk & T= xi+y]+zk
We know that V = %i+%j + %f(
Then a.V=(ay 14 ag)t a3ﬁ).(%i+aiyj + % ﬁ):a1% +azaiy + a3 %

Now (3 .V)r = [a1% +azaiy +as %] (x1+yj + zk)
=a1% (x1+yj + zk) +azaiy(xi+yj + zk) +as %(Xi+yj + zk)
(@.V)F=a,i+a,f + azk
(K.V)F=§

Hence proved.
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Divergence of a Vector:

Le F (x,y,2) is a vector .Then Divergence of a vector F_ is definedas; Div F = V. F

Solenoid Vector:

Avector F_is said to be Solenoid, if ~ Div F = 0.

Properties of the Divergence:

If 2 &b are two vector & @ is a scalar function then
(i) Div@+b)=V.(a@ +b)=V.a+V.b

(i) Div(ea)=V.(pa)=@(V.a)+(Ve).a

Curl of a Vector:

Le F (x,y,z) isa vector .Then Curl of a vector F is defined as; Curl Foo= V x F .
Irrotational Vector:
Avector F is said to be Irrotational, if Curl F = 0.
Properties of the Curl:
If @ &b are two vector & @ is a scalar function then
(i) Curl@+Db)=V x(@ +b)=V xa+V xb
(i) Curl(@a)=VX(@a)=¢(V xa )+ (Vo)xa
(iii) Curl (grad@)=Curl Vo) =V x (V)= 0
(iv) Curl@ivay=Curl (V.2)=V x(V.a)=0
Theorems: If F &G are two vector functions. Then prove that
OV x(V x F)= (V.F)V- V?F
Provethat V x(V x F)= (V.F )V— V?F
Proof: We know that
ix(xc)= @T)b—(3ab)e
Then Vx@xF)= (V.F)V- @V)F
Vx@V x F)= (V.F)V- V?F Here V.V = V2
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X i+yj +zk
(XZ +y2 +ZZ)3/Z

Example#01: Find the divergence of F where F =

xi+yj+zk _ x 1 vi zk
(X2+y2+22)3/2 (X2+y2+22)3/2 (X2+y2+Z2)3/2 (X2+y2+Z2)3/2

Solution: Given F =

We know that DivF = V.F

_ (0 . Jd . J0 x i vj zk )
- (6x I+ 6y] + 0z k ) '((x2+y2+zz)3/2 + (x2+y2+22)3/2  (x2+y2+22)3/2

_ 0 X + a y 7] Z
~ ox (x2+y2+22)3/2 9y (x2+y2+22)3/2 0z (x2+y2+z72)3/2

3 1 3 1 3 1
_(P+y? +22)7(1)—x.§(x2+y2+zz)§(2x) (x2+y2+22)2(1) —y.%(x2 +y2+22)2(2y)  (x2+y? +zz)7(1)—x%(x2 $y?+2%)2(22)
B (x2+y?+22)3 (x2+y2+22)3 (x&+y?+22)3

1 1 1
_ (x%+y%+22)2[x2+y%+2%-3x?] n (x2+y2+22)2[x2 +y2 +22-3y?] n (x2+y2+22)2[x% +y? 42?2322

(x2+y2+22)3 (x%2+y2+22)3 (x2+y2+2z2)3
1
2,92..2)2
= —8;32:233 [x2 +y? + 22 —3x2 + x2 + y? + 22 — 3y? + x? + y°u 2% — 322]
1
_ (x2+y%+22)2
T (x2+y2+22)3

Hence DiVF =0

Example#02: If F=2yzi+x2yj + xz2k ; G =x% i+yz] + xyk and ¢ = 2x%yz3

Find (i) F. Ve (i) F x V) (i) Fx Ve (iv)(VXF)xG

Solution: Given F= 2yzi+ x2yj + xz2k ; G =x% 1+yzj + xyk and ¢ = 2x%yz3
(i) F.V) ¢
9 .

(F.¥) o ={(2y75 + x%y) + x22K). (5 1+ =+ 2 & )|@x?yz?)

9 d d
= (Zyz& + x%y T xz2 E) (2x2yz3)
=2yz> (2x%yz3) +x2 92 (2x%yz3) + xz? 2 (2x2yz3)
YZ34 y y ay y 92 y
= 2yz(4xyz3) + x%y (2x%z3) + xz? (6x%yz?)

(F.V) @ =8xy?z* + 2x*yz3 + 6x3yz*)
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(i) (F x V)@

! 2] k2 x%y  xz? 2yz xz?|  _|2yz x°y
(FxV)cp—ZYZ Xy Xfo=|i|la a|-J]|a o |+ kla a|le
9 o 9 ay oz x 0z ax oy
ax ady 0z
2,0 207 s 9 _ .20 i 9 _ (2,9
=1 _X yaz Xz 6y](p J [Zyzaz Xz 6x](p+k[2y26y X yax] ®

—o w202 0,29 ] _ 9 _ 29 N 9 _ 2,0
-1 _X yaz(p Xz ay(p] ][Zyzaz(p Xz ax(p]+k[2yzay(P X yax(p]

N ) ) . ] a
=1 _xzya (2x%yz3) — xz? 3y (2X2y23)] -] [Zyza (2x%yz3) — xz? p (2x2yz3)]

i 9 9920,3Y _ w200 (95203
+k[2yzay(2x yz°) — X an(ZX yZ )]
= i[x2y(6x2yz?) — xz22(2x2%23)] — ] [2yz(6x%yz?) — xz?(4xyz®)] + k[Ryz(2x%2°) — x%y(4xyz3)]
(F x V) =1[6x*y?z* — 2x325] — § [12x2y223 — 4x%yz5] + K[2x%yz?s 4x3y223]
(iii)F x V¢
= = N ~ ~ a n 0 . a =~
Fx Ve =[2yzi+x%y] + xz? k| x [&(p T+ 5,00 & Ecpk]

= [2yzi+ x%y] + xz? k] x [i(ZXZ z%) i+—a—(2x2 z3)] + i(2)(2 z3)ﬁ]
y y] = (2x%y 5.2x°yz) + 5 (2x%y

i j k

= [2yzi+ x2y ] + xz? K] x [4xyz3 + 2x%2%) + 6x%yz? k|=| 2yz  x%y xz?
4xyz3 2x%z3 6x%yz?
i

|

=[xy (6x2yz2)™xz2(2x2%23)] — | [2yz(6x%yz?) — xz%(4xyz®)] + k[2yz(2x?%Z3) — x%y(4xyz>)]

2 2

2yz x2%y
4xyz3  2x%z3

2y7 XZ

~
Al

x%y XZ
) 4xyz3 6x%yz?

2x%z3  6x%y7?

=1 [6x4y?2* % 2%%2%] — j [12x%y?z® — 4x%yz5] + k[2x%yz* — 4x3y?23]

(iv)(V xF) x G

A S o 2 o oy i o
VxF)xc=|L £ 2 x?:[i ay oz|—j|lox az|+Ek|ox v ||xG

0x dy 0z 2 2 2 2 5

X"y Xz VZ XZ Zyz X“y

2yz x%y xz?

= {i [aa—yx 2 %xzy] —j [% xz? — %Zyz] + R[%xzy—aiyZyz]} X G

={i[0—- 0] -j[2* — 2yl + K[2xy - 22]} x G
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={01+ [ 2y—z%]] + [2xy — 2z] k} x{x? 1 +yz] + xy k}

a

i j
0 2y—z? 2xy—2z|= [i
2

X yZ Xy

_ {T [(2y—z®)xy — (2xy — 2z)yz] - [0(xy) — (2xy — ZZ)XZ]}
+ k[0(yz) — (2y—2%)x?]

_ 52

0 2xy-—2z

x?2 Xy

0 2y—z?

x? yz

2xy —2z| .
yz Xy

|

= {1 [2xy?—xyz? — 2xy%z + 2yz?] —§ [0 — 2x3y — 2x?z] + k[0 — 2x%y + x?z?]}

=1[2xy?—xyz? — 2xy?z + 2yz?] —j [2x3y — 2x%z] + Kk[x?z% — 2x%y]

Example#03: If @ = 2x3y?z*, Find Div(grad @).

Solution: We know that

. dp . 00, Odo o~ _ 0 | -
gradp = Vo= a‘i 1+£] + a—(g k =£(2x 3y2z%) 1+—(2x y2zh)] % £(2X3y224)k
grad @ = 6x%y?z* 1+ 4x3yz% + 8x3y?z3 k

Now

Div(grad @) =V.V ¢ = (— 1+— + % E).(6x2yzz4’ i+ 4x3yz*) + 8x%y?z° k)

(6x2yzz4) + (6X 2yzh) + = (8X 3y223)

Div(grad @) =12xy?z* + 12x%yz* & 24x3y?z?

Example#04:Show that Div r’ ¥ =10r’

Solution: Let T =xal +yj"¥)zk Then r=|F| =/x2+y2+22 or r? =x? 4 y? + 2% —-mmmmmmmmv (i)

Now Div 7 F=94(]T) = (5 1+ 55 + 5 k). (7 [x 1+ + 2K])

(ii+ij+%l?).(r7xi+r7yj+r7z§)— (rx)+ (ry)+ (rz)
= 7(1)+x7r66r] [7(1)+y7r66r] [7(1)+z7r66r]
661"

=_r7+x.7r63—;+r7+y.7r —+r’ +z7r

—[2 .7 6(y 0" or a_r]
—_3r +7r (X'ax +y'ay+Z'az)

or X q. . or or _ z
=2x = — == Similarly —=%,Z =2
0x r dy r’ o0z r

] From(i) Differentiate w.r.t x
S[3r7 4700 (2 4yt 42D o
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_ 7 6 [ X2+y?+z?
—[3r +7r (—r )]

“forror(3)]

=[3r7 + 7ré.r]

=[3r7 +7r7]
Div r’ ¥ =10r’

Hence proved.

Example#05: Show that Divf—3 =0.

Solution: Let T =x1+yj + zk Then r=|F| =/x2+y2+22 or r? =x? +y? + 22 —-ememmmv (i)
Now
v 3o 3N _ (0 ., 0, , 0 VA Q) -
Dlvr—3=D|Vr3r—V (r3r)—(&1+—y]+£k).(r3[X1+y]+zk])
., 0., 9 ¢
=(&1+6—]+£k).(r3X1+r3y]+r3zk)

9 (.-3 9 -3 9 (-3
aX(r X)+ay(r Y)+az (r=>z)

=[r 3@ +x 3t |+ [ Ry (-3 g—;]+[r7(1)+z. -3 2]

—[-3 _ -4 0r | -3 -3 0r , -3 —33_r]
=1r X. 3r % 7T +y.3r ay+r +z.3r pe

=[3r3-3r*r]
=[3r3-3r3]
Divf—3 =0 Hence proved.
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Example#06: If 2 =xy i — 2xzj + 2yzk. Showthat Curl(curla’) =3j.

pork oy e oy o 2

Solution: arla= Vxa=|2 2% 9 (=1] oy az | —jlox oz |+ k|ox oy
ox 0y 0z —2xz  2yz Xy 2yz Xy —2Xz
Xy —2xz 2yz

~ [0 [3] ~ [0 a ~[ad a
=1 [EZyZ —a(—ZXZ)] -] [5 2yz —axy] + k[& (—2xz) — a—yxy]
=1[2z — (—=2x)] —{[0 — 0] + k[—2z —X]

curla’ = [2z 4+ 2x] 1+ 0f + [-2z—x] k

i j k
- _ 9 —_ 3 d 3
Now Curl(curla) =V x curla=| = o 9
ox ady 0z
2z+2x 0 —-2z—x
9 9 9 9 AR 9
=[i ay oz | —J| ox 0z |+ kN ax ay ]
0 —-2z—x 22+ 2x —2z—X 22+2x 0

i [;—y(—ZZ—X) —%0] —j [% (—22—x)—%(22+2x)] + E[%O—aiy(22+2x)]

if0] —j[-2—1]+ k[0]=01 =j{-3]+ 0k

Curl(curla) = 3] Hence proved.

1 —;
3 curl v, where 3’ is a constant vector.

Example#08: If v = a3’ x T then prove that a’

Solution: Leta’ = a; i+a,] +azk, & ¥=xi+yj+zk
i 7 k

Then V=% Xr=la; a, as =[i
X y VA

a; az| ,l|a; a ~ja; a,
Rl P L
y z X Z Xy

=1 [ayz — azy] —j[a;2 — asx] + k[a,y — a,7]

V= [a,z — azyli + [azx —a;z]] + [a;y — a,z] k

i j k
Now curlv=Vx v = 9 9 8
ax ay 0z
dpZ —dzy AadzX—aqZ a1y —azZ
9 9 0 9 9 9
:[i oy 0z - 0x az + k ox dy ]
AzX —A4Z A1y — AzZ AzZ —agy a1y — AxZ a,Z —agy azX— a;z

Page 34
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~ [0 a ~ [0 a
=1 [a_y (a1y —azz) — a(asx - 312)] —) [& (a1y —azz) — a(azz - asY)] +

R[5 @sx— a12) = 2 (apz — a3y)]
=i[a; + a;] —j[a, +a,] + k[az + a3]
=2a; 1+2a,] +2a3k

curl v’ =2(a; i+a,j +az k)

curlv =273
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Exercise# 4.2

Q#01: Fin the divergence & curl of the vector functions.

() F=(x2+y2)i+ (> +2zx)j + @2 +xy)k (ii) F=x—y)i+(y—-2)j + z—-xk

(1) F= (x2+y2) 1+ (y? + zx)] + (2% + xy) k

Solution: We know that

DivF = V’F:(ii+i“ + 2k ) [(x% +yz) 1+ (y2 + zx)] + (22 +xy) K]
' 0x 6y] oz ' y y ) y

_0 (2 ) 0 (2
=—(x +yz)+ay(y + zX) + 5 (z* + xy)

ax
Div F = 2x +2y+2z
! J k 2 o 0 0 ]
curlF= VX F = ai aa_ 03 :[i ay 0z =97 | ox oz |+ k| ox ay
X y z 2 2 2 2 2 2
+zx 72X X“+yz z°+X X“ +yzZ + zx
x2+yz y*+zx z%+xy y Y y Y yz.y

=1 [;—y(zz+xy) —%(y2 +ZX)] —j [% (z2 +Xy)—%(x2 +yz)] + ﬁ[%(yz +zx)—aiy(x2 +yz)]
=ix—x] =jly -yl + klz—2]

curlF=0 1+0j +0k

(i) F=(x—y)i+{y—-2)j +(z-xk

Solution: We know that

= o= N Ny, 8 - . . ~_ @ a a
DlvF=V.F=(&1+a—y]+£k).[(x—y)1+(y—z)]+(z—x)k]=&(x—y)+a—y(y—z)+a(z—x)

DivF=1 ®#1+1 = 3

I Y ] o a2 |2
& aurlF=VxF=| 2 & 2 =[i ay oz | —j | ax oz |+ k| ax oy ]
2 oy 0z y—z zZ—X X—y zZ—X X—y y—z
X—y y—zZ Z-—X
~ [0 a ~ [0 a ~[ad a
=1 |5 @-0-Z0-2| -] [ -0 -S|+ k[Z0 -2 - Z -y

=0 — (-] =j[(-1) —0]+ lA([O - (-1)]

curlF=1 i+1f +1k
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Q#02: Find DivF & curl F where

(i) F=x—y)i+ y—-2)] + (z—x) k

(i) F= grad(x3 + y3 + z3 — 3xyz)

Q) F= grad(x® + y3 + z3 — 3xyz)

Solution: Given F=_V)(x3 +y3 + 23— 3xyz) = (i i+ 25+ 2 ¢ )(x3 +y3 + 23 — 3xyz)
F= %(x3 +y3 + 23 — 3xyz) Y+%(X3 +y3+23—-3xyz)] + % 3 +y3+2% -3xy2) k
F= (3x? —3yz) i+ (3y?-3x2)] + (322 —3xy)k

We know that

. == J . 0 . J0 o A T
DivF = V.F :(&H_E] + -k ) [(3x% = 3yz) 1 + (3y? — 3x2)j + (3z2'< 3xy) k|
=2 (3x% — 3yz) + = (3y? — 3x2) + — (3z2 — 3xy)

0x y dy y 0z y

DivF = 6x + 6y + 62

i j k
=2_= = _ i i i
& curlF=Vx F = o % —
3x?2 —3yz 3y?—3xz 3z?-— 3%y
9 9 2 0 9 9
= [T dy oz — 9% 9z + R 0x ay l
3y? —3xz 3z? —3xy 3x? — 3yz 43z% = 3xy 3x2 —3yz 3y? —3xz

=1 [g—y (3z% — 3xy) — %(3y2 - 3xz)] 25 [g—x (3z% — 3xy) — %(3){2 - 3yz)] +k [% (3y? — 3xz) —aa—y(Bx2 - 3yz)]
=1[-3x — (=3x)] —][-3y.~(=8y)] + k[-3z— (-32)]
=i[—3x + 3x] —j[-3%+8y] + k[-3z + 3z]

= curlFSON{%0§ +0Kk

Written & Composed by: Hameed Ullah, M.Sc Math (umermth2016@gmail.com) GC Naushera Page 37



B.Sc & BS Mathematics

Vector Analysis: Gradient, Divergence and Curl

(ii) F = xyzi+ x?y?zj +yz3 k

Solution: We know that

P i+25+ 2k

— — — N N ~ 0 il
DivF = V.F =(& 1+ay P ) [ xyz1+x%y?z] +yz® k]=&(xyz)+a—y(xzyzz) + o (yz°)

DivF=yz + 2x%yz + 3yz2

1 ) k a a a a i} i
- — — 0 0 il R 6_ 6_ R _ —_— ~ | — 6_
curlF = VX F =|— — — =1 y z| —j|ox + k y
ox ay 0z 2.2 3 3 2.2
X°y“z yz XyZ YZ XyZ X°y°%

xyz x%y?z yz3
7] ~ [0 7] ~[o
v2%) = - Oy =7 |5 (v2®) = 5 ()| + R[5 (cy?2) = - (o)
= 1[z3 — x%y?] —j[0 —xy] + k[2xy?z — x7]

curl F = (z3 — x2y?) i+xyj + xy?z—x2) k
so that the vector(mxy — z3) i+ (m — 2)x%j + (1 — m)xz? k has its curl equal to zero

Q#03: Find m,
Solution: Let F = (mxy —z3) 14 (m — 2)x2] + (1 — )xz?k
i j k
. . - e ) a ]
Given condition: curlF=0 = VX F =0 = P — — =0
X ady 0z
mxy —z3 (m-—2)x? (1—m)xz?
9 9 9 9 9
[ ‘ 0z _’]‘ ax o9z + k 0x ay =0
(m— 2)x yz> mxy —z3  yz3 mxy —z3  (m — 2)x?
1 [:—y((l — m)xz?) — %((m A 2)x2)] - [ai ((1 — m)xz?) — g—z(mxy - 23)] + f([%((m - 2)x?) —aiy(mxy - 23)] 0
10 —0] —3[(1 —=m)z? — (=3z3)] + k[2(m—2)x— mx] =0

0 i+ [(1-m)z?+32z%]] +[2(m—2)x— mx] k=0

Putting coeffigients of k is equal to zero.
2m—2)x— mx= 0= 2mx-4x-mx = 0 = mx— 4x = 0 = mx = 4x

By using cancelation Property m= 4
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Vector Analysis: Gradient, Divergence and Curl B.Sc & BS Mathematics

Q#04: (i) Show that Div ™3 ¥ = n r"=3 (ii) show that V2r"~! = n(n — 1) r"3

(i) Show that Div r"3F =n "3

Solution: Let T =x1+y] + zk Then r=|r] =/x2+y2+22 or r? =x? +y? + 2% ~oreemm - (i)
- 3=_9v -3 =2 _ 0 . 0 . 0 ¢ _ ~ ~ ~

Now Div r* 3¢ =V.(r® 3r)—(&1+5] + ak).(r“ 3[x1+y] + zk])

_i n-3 i n-3 i n-3
—ax(r X)+ay(r y) + pe (r"=2z)

= :rn_3(1) +x.(n—3)r"* 3—; ] + [l‘n_3(1) +y.(n—3)r"* Z—;] + [r“‘3(1) 47, (n — 3)r"4 ‘;_FZ]

— [.n-3 _ 2y,.n-4 9 n-3 _ n-4 0r |, n-3 % 2\en=a4 Or
=T+ x(n—3)r podil y(n—3)r 3y +r%7° ¥z(n =3)t P
] From(i) Differentiate w.r.t x
_ n-3 _ 2ypn—4(, 9 or 3_r) )
—_31‘ +(n—=3)r (X'ax+y'ay+z'az ]"{Zrﬂ=2x zﬂzfﬁmilarlyi:}—’ ﬁzz}
0x 0x r ay r 0z r
- n-3 _ n—4 X y E)
=[3rm 2+ (m-3)r (x.r+yr+z.r ]
_ n—3 _ n—g [ X2+y*+z2 ]
=13+ (Mm-3)r ( . )
2
= [3 "3 4+ (n—3)r** (FT) ]
= [3r" 3+ (n—3)r**r]
=[3r"3 4+ 7r" 3]
=[(3 + n —3)p" 3]
Div r*=3 ¢ =nrsf Hence proved.
(i)v?r* 1= nn-1) r"3
on: 2O @
Solution: We know that V< =—— + 5yz T 3.2 then

92 92
4+ —
dy2  0z2

- 9? - 92 _ 9? - 92 —
Vzrl'l 1 — + rn 1 — rn 1 + rn 1 + rn 1
ax? ax?2

dy? dz?2

— i i n—l] i[i n—1] i [i n—1]
_6x[axr +6y 6yr +6z azr
or

— i _ n-2 ﬂ i _ n-2
T oox [(n Dr ox ] + dy [(n Dr dy

[ +5lo-nr2Z]
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Vector Analysis: Gradient, Divergence and Curl B.Sc & BS Mathematics
—(n O (n—20r\, 0 ( n20ry 0 ( np0r
B (1’1 1) {6)( (I‘ 6x) + dy (I‘ 6y) + 0z (I‘ 0z )}

(e _ n-3 or ar n—z 9%r _ _30r or n-1 9t
=(n 1)[{(n 2)r T T 6X2} {(n 2)r? y.ay+r 6y2}+

. n-30r Or n—pz 02 r}]
{(1‘1 Dr 9z ' + 0z?

— _ _ n3 nzar _ n—3ﬂ2 n—Za_2r —
=(n 1)[n 2)r X) +rT +(n—2)r (oy) +r ayz+(n

(E)Z_Frn Zar]

Z

2 2 2 2 2 2
- . n-3 6r ﬁ) (ﬁ) n-2 (0°r | 0°r 0k
(Il D [(n Z)F { 6x) +(6y + 0z tr {0x2+0y2+622}
2 2 2 2 2
2.n-1— (n _ — 9)yn-3 y z n-2 (97T )07, ﬂ} _______________
Vert™t = (n 1)[(n 2)r {r) +(r) +(r)}+r {6x2+6y2+622 ] (@
let T = xi+yj+ zk then r?=x?+y?+ 2% - (i)
- From(i) Differentiate w. r.t x =~ 2rZ=2x=2=% gimilarly Z=Y & or_z
Y ox ox r dy r oz r
2 ) () r2-xt 2 2,2
. . or  rl)=xor X)) _ & X“+y“+z°—x 0°r _ y“+z
Again differentiate w. r. t X iz Tz Tz T 3 = 3%z 13
.. 9%r _ x%+z? ’r _ x%+y
Slmllarly a_yz_r—3 & 92 13

Putting values in Equation (a)

_o (y?+z? | x%+4z2 | x%+y?
r3 + r3 + r3

Virml=(n-1) (n—2)rn 3{ + + }-{-

r3

_ r _ 2+2+2 _ 2+2+2+2+2+2
Vil =(n—1) [(n % 2)s2 3{—X 3;2 Z}+rn z{y z XX y}]

V2" l=(n-1) (n = 2)rh-3 {;_z} 42 {2( X2+r)3’2+22 )}]

v = (- 1) [ - 2 1)+ (2]

Vir*-l=(n-1) [(n —2)r"3 402 {2?}]
Vit l=(n—-D[m-=-2)r"3 +2r" 3= n=D[mn -2+ 2)r"3 ]
Vir"~l'= n(n—-1) r*3

Hence proved.
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Q#05: If 3=2x%2 1—3yz] +x22k & @ =2z—x3y.Find (i) 3.V (ii) 3 x V¢ atpoint (1,—1,1).

Solution: Given 3 =2x% 1—3yz] +xz°k & @ =2z-x% then
Vo=2217420: L0070 > 301+ 2 22— x3v) + 2 (22 — X3k
V(p—axl+ay]+azk ax(ZZ Xy)1+ay(22 XY)]+62(2Z x°y)k

v @=-3x%yi—x% + 2k
0] Q.V(p=(2xz 1—3yzj +xz2 k). (-3x%y1—x% + 2k )
= (2x*)(=3x%y) + (—3yz) (%) + (x2*)(2)

3.V @ = —6x*y + 3x3yz + 2xz2

-

At (1,-1,1): a.Vo=—6D*-1)+3(13-1DD +2(1)(1)*=6=3+2=5

-~
a

i )

N LD . |—3yz XZZ| ] 2x2 0 xz
= 2 — 2l = —

(iDaxVe 2X 3yz xz [1 3 ) j 302N\

—3x%y —x3 2

2 i 2x?  —3yz

3

|

=1[=3yz(2) — x2*(—x*)] = [2x* (2) — x2* (=3%%y)}t k[2x*(—x*) — (=3yz)(=3x%y)]

-3x%y —x

-

3 x Vo = i[—6yz +x*z2] —j[4x% + 3x3yz2] + K[ 2%° — 9x2y?z]
At (1,-1,1): 3 x Vg = i[-6(=1)(1) + (*(1A] ~F14(D)? + 3(1*(-D(D)?] + k[-2(1)° = 9((D*(-1)* (V)]

A xVe = i[6+1]—j[4—3] +k[-2 =9] ixVe = 71—7—11k

Q#06: If 3= (x+y+z) i+j—(x+yk .Showthat 3d.curla=0.

Solution: Givena = (x + y & z2), ¥4 — x + y)k

B Dk o 8 o o A
Now Curl3=Vxa= ai ai ai =[i ay z | - ox oz |+ &l oy l
¥ Y z 1 —-x+ x+y+z —(x+ x+y+z 1
kty+z 1 —(x+y) (x+y) y (x+y) y

=M GOy =S ] =7 [ CoHy) - S aHy D]+ R[5 -5 (x+y + )]
=i[-1-0] —j[-1—-1]+ k[o—1]
curla =— i+2j—k
Nowz.curld=[(x+y+2z) i+ j—x+yk].[- 1+2]- k]=G+y+2) (-1 +@DQ) - x+y)(-1)
=—X—y—z+2+xX+y

a.curla= 0
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B.Sc & BS Mathematics

Vector Analysis: Gradient, Divergence and Curl

X i+yj +zk o = N
= L . Show that (i) V. (HVx T =0
x2+y24z ,/x2+y2+zz
- — 2
[ V.u=———F——
(@) Vx2+y2+z2
. . - x i+yj+zKk x 1 \4] zk
Solution: Given u = =
Jx2+y2+z2  [x2+y2+z2 VX2 +y2+22 Vx2+y2+22
= — 0 . x 1 vi zk a X a y a z
Vo= (Zi+aj+ k). )L ot Lt
ox dy ay) VX2 +y2+22 Vx2+y2+z2 Jx2+y2+z2 0x [x2+y2+72 0y \/x2+y2+z2 0z \[x2+y2+72
1 1 1 1 1 1
VxZ+y2+2z2 (1)—X.E(X2+y2+Z2) 2(ZX)L,/XZ+y2+Z2 (1)—y.E(x2+y2+zz) 2(2y) + VxZ+y2+2z2 (1)—X.E(x2+y2+zz) 2(2z)
2 ! 2 2
(1/X2+y2+z2 ) (,/Xz+y2+z2 ) (‘/x2+y2+z2 )
[xZ+y2+22 2 [xZ+y2+22 v [x2+y2+22 o
x2+y2+4z2 x2+y2+2z2 x2+y2+z2
= + +
x2+y2+z? x2+y?+z? x2+y?+z?
[x2+y2+22—x?] [x2+y2+22-y?] [x2+y2+22-72]
Jx2+y2+zz Jx2+y2+zz \/x2+y2+zz
T xZ4y24z2 x%+y2+2z2 x2+y2+2z2
y2+z2 x2+z72 x3+y2
(x2+y2+22)‘/x2+y2+z2 (x2+y2+zz)‘/x2+y2+z2 (x2+yz+zz)1/x2+y2+z2
_ Vi+z22+xP+z24x%+y? 2x%+2y2+272 2(x2+y?+z2)
(x2+y2+22)[x24y2 422 (x2+y?2+22)\[xP+y? 422 (x2+y +22),/x2+y2+22
- — 2
VU =——7— Hence proved~
Vx%+y2+z2
(ii) Vx @ =0
PP - _ xi+yj+zﬁ_ x 1 vi zk
Solution: Given U = ——== == ——— ———
Jx2+y2+z JxZ+y2+z Jx2+y2+z JxZ+y2+z

i i k .. D
7] ; i) ! J k
= — — — — _ 1 a a a 1
VX T = = |2 2% 9% {— common from R }
5XX ayy aZZ [x2+y?+z2 |ox oy oz Vx2+y2+72 3
VX+y2+z2 ([x2+y2472  [xZ+yZ+z2 x ¥y 7z
2 2 9 9
- 9zl + klox o
xz+y2+z2 ] 6};{ aZZ X }}7, ]

W] -1 [% @ -5 0]+ kL0 -5 0]}

-t {A[i()_
= ez Uy

" N ~y_ 1

{01 + 0] +0k}_ﬁm {0}

=1 __ fjlo—0] —j[0— R[0— 0]} = ———
_W{l[o 0] —j[0— 0]+ k[0 - 0]} o

VxaT= 0
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Vector Analysis: Gradient, Divergence and Curl B.Sc & BS Mathematics

Q#08:1f @ = x? +y? +22 and = x 1+ yj + zk Then show that Div( ¢r) =5¢.

Solution: Given @ = x? +y?+z% and ¥ = x i +yj + zk
Div (o) = V.(or) =V.[® +y2 +22)(x i +y] + zk)]

J . J . J 1 A A i
=(&1+5] + 5.k ) Axx2 +y? +22) T4+ y(x% +y? + 2] + z(x® +y? +z2) K]

=(%i+—]+%f().[(X3+Xy2+xzz)i+(yx2+y3+yzz)j+ (zx? + zy* + z°) K]
_9 (.3 2 2y 1 9 (o2 4 3 2 9 (2 24,3
—ax(x +xy“ + xz )+ay(yx +y° +yz9) + P (zx* + zy* + z°)
=3x2+y?+z2+x2+3y? + 22 +x% +y? + 322
=5x2 + 5y? + 522

Div( @r) =5 (x2 + y2 + z2)

Div(@r) =5¢ Hence proved.

Q#09:If 3 is a constant vector and? = x 1+ yj + zk .Show that

MHVE.T)=3 (i)V.@xT)=0 (i)Curl[G.F)F] =daxT (iv) Div[@E.T)F]=4@E.T)

Solution: Given ¥= xi+yj + zk & Let a=a; i+a,] + azk

Then  3.F=(a;i+ay +ask ).(x1+yj) + zk)= a; x+a,y + a3z

! J _ 4428 a3 o
a3 =1 y VA _]

Ro

L)

X

=l

1

<)
[ury

QO
N

a; a ~1a1 Az
1 3|+k|
X Z X y

X

ax1 =1[ayza—"agy}—j[a;z — asx] + k[a;y — a,x]

=l

X

)

=h[ayz + azy] +7 [asx — a;z] + kl[a;y — a,x]

<l
o)

(i)

@.r)=
S oy [0 ., 0, =~

LetV(a.r)—(£1+6—y]+ak)(alx+a2y+a3z)

) .0 R ] ~

_5(31 X+ a,y + azz) 1+a—y(a1 x+a2y+a32)]+£(a1 x+a,y + azz) k

=a; T+a,] + azk

VE@.F)=3 Hence proved.
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Vector Analysis: Gradient, Divergence and Curl B.Sc & BS Mathematics

(ii) V.@xr)=0

S o I R R WA A ©
Let V.(aXr)z(&1+a—y]+gk).(1[azz—a3y]+][a3x—alz]+ k[aly—azx])

a a d
i [azz —agy] + oy [agx—asz] + e [a1y — azx]

= 0+0+0
V.BxT)=0 Hence proved
(iii)Curl [(@.T)r] =axr
Let @.T)F = (a; x+azy + az2)(x 1 +yj + zKk)
=x(a; Xx+ayy + a32z) i+y(a; x+ayy + a32)j + z(a; x+ay + azz) k

@.T)F = (a; X2 +a,xy + azxz) i+ (a; xy+a,y% + azyz)] + (a; xz+ayz+ azz2)k

Now
i j k
3 P =0 2 VPl = 9 9 9
Curl [@.T)T] =V x [@E.T)r] = ™ % p»
(a; x2 +axy + azxz) (81 xy +a,y® + azyz) (a; xz+ayyz+ asz?)
9 9 4 4
=1 ay 0z -7 0x 0z
(a; xy +ay? + azyz) (a; xz+ayyz+ .d;2%) (a; X2+ ayxy + azxz) (a; xz+ayyz+ asz?)

5  \
+k ax dy
(a; X +a,xy + a3xz) (apxy wa,y? + asyz)

~[9 9

=1 [g(al Xz +ay 2+ a3 ) 5e (ag xy +apy? + ag yz)]
~[9 o0 5

—j [5(a1 XZ +a,y 7% Az zZ )—E(a1 X“ + axxy + 33XZ)]
~[0 9

+ k[& (ayxy*hazy” + az yz) — oy @1 x% + a,xy + asx Z)]

=1[ayz —agy] +7 [agx —a;z] + kl[a;y — a,x]

Curl [@.T)T] =axT Hence proved.
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(iv) Div[@.T)r] =4@GE.T)

Let @E.T)F =(a; x+ayy + azz)(x i+yj + zk)
=x(a; x+ayy + azz) i1+y(a; x+ayy + azz)j + z(a; x+ay + a3z)f<

@.T)F = (a; x® +a,xy + azxz) i+ (a; xy+a,y? + azyz)j + (a; xz+ayz+ azz?)k

Now
Div[@E.F)F]=V . [E.T)TF]

:(6 i+%j + %f( ).[(a1 X2 +a,xy + azxz) 1+ (a; xy +azy? + azyz)j + (a, xz+a,yz+ asz?) k|

ax

d d d
= —(a x2 4+ a,xy + azxz) +a_y(al Xy + apy? + az yz) + o, (a1 xz fazy zet aj z?)

= 2a; x+ayy + azz+a; x+2a,y+ azz+a; x+ay + 2asz
=4a; x+4ay +4azz

=4(a; x+ayy +azz)

Div[(@.T)r]=4(d.1) Hence proved.

Q#10:1f3 = e 1 + sin(xy)J + cos (yz?) k then evaluate Curl3.

Solution: Given 3@ = e i + sin(xy)j + cos (y22) k

i j . a ? d d ) a

- = — a a a N . o ~ | = — ~| — —_

Then Curla =V x1r = P 7y P =1 dy 0z -] ox 0z + k| ox dy
5 sin(xy) cos (yz?) e  cos (yz?) e¥  sin(xy)

e¥  sihfxy) " cos (yz?)

I 2 0 N a
55 €OS (yz*) — aexy] +k [& sin(xy) — o exy]

. [0 0 . .
=1 [a—ycos (yz2) = Esm(xy)] =
=1 z%sin (yz2) — 0] +7 [0 — 0] + K[y cos(xy) — xe¥]
==z?sin (yz?) 1 + 0] + [y cos(xy) — xe¥] k

Curl @ = —z2%sin (yz?) i + [y cos(xy) — xe®¥] k
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Q#11: Evaluate V. [rV (%)]
Solution: Let f= xi+yj] + zk then r2=x?+y?+2%2 - (i)
From(i) Differentiate w.r.t x
— — i _ — — -3
Now V. [rv (r3)] =V [rv ™) [2r%=2x = % =% Similarly 5 = %%}

=V . [r {%(r‘3)i+aiy(r‘3)j + %(r‘3)ﬁ}]

=V [r {3+ (- 3)r‘4’6r j+ (-3)r 42 i}

=V [r{=3r i+ (=3)r Ly + (-3)r 2 i}

=V . [(-3)rtxi+(=3)rtyj + (-3)r *zk]

=(Zi+ i+ 2k )L [ rtx i+ @AY + (- hz k]
=%(—3)r‘4.x+%(—3)r_4.y + 2 (3

=(-3)[5- (r %) +%(r “hy) 4 =(r 7))

= (- 3)[{ ‘46X+( r —50 X}+{r_4g—;+(—4)r‘53 y} { ‘4az+( 4r ‘5ar z}]
= (-3) [{r 4 (yr 8.2 .x}+{r ~4 4 (=4r ‘5.§.y} + {r ~+ 4 (=Dr ‘?f.z}]
=(3)[{Ir™ GHre.x2 1+ {r 4+ (—Dr .y} + {r * + (—4)r%.z%}]
=(-)r ¢ =4rO.x2+r*—4r6.y? + r~* —4r ~6.2?]

(—3)[3r % — 4r °(x% + y? + z?)]

= (=3)[3r ~* — 4r ~°.r?]

= (=3)[3r ~* — 4r ~4]

= (=3)[-r 7]

=3r 4

Hence V. [rV (%)] =2
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Vector Analysis: Gradient, Divergence and Curl

Q#12:If t=x1i+yj + zk and a’ is a constant vector then show that

(iiii) Curl (@ x ) = 23" awﬁ*x(%)

()Curlt =0 (ii) Curl (r"r)=0

let a=a; i+a,j + a3k & P=xi+yf + zk

(i) Curlt=0
Solution: Let
L T T BT T TR T )
Curlt=V xr= |2 & 9)=1lay az| —j[ox a2+ klox ay
dx dy 0z y VA X 7 X y
X y Z
[0, 90 ] _+[2,_9 Ny (AN
=1 ByZ Bzy] ][OXZ azx] +k[6xy ay X]

Curlt =0
(i) Curl r"r) =0
Solution: ~r™F =r"(x 1+yj + ZR) =r"x {14 + r"zk
o4\ k i 7 k
n™ _ v n=> _ | 9 9, 9 — ~n|d o 0 . n
Now Curl (r™r)=V X (") = ® o 52 w3 % ~ (r™ common from R3)
r"xer"y r"z X y z
N> 2 9 9 9
:r“[i YN, 0z —i|& az| + k|ox ay]
Wz X Z X y

DR U i Rl e B A
=r™{i[0— 0] +7[0— 0]+ k[0—0]}

=r" {01 +0j + 0k}

=r" {0}

Curl (r®r) =0
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B.Sc & BS Mathematics

Vector Analysis: Gradient, Divergence and Curl
(iii) Curl (@ xr)=2a
i j k 1. a
A L oo _. |32 3] .31 as ~d1 Az
Solution: s~ aAXr=la; a, ag|= y Z| < Z|+ k|X y
X y z

i[azz —agy] —j[a;z — azx] + kla;y — a,x] =1[a,z — azy] +j[asx — a;z] + k[a;y — a,x]

axr=
i j k
Now Curl (@ XT1)=V X (@' XT1)=V X1 = = Z g
0x a 0z
dpZ —dgzy AdzX—adqZ a1y —adxX
o o : : ] 2
=1 ay 0z - ax 0z + k ox ay
dpZ —dgzy 41y —azX dpZ —aAdgzy agX—a9Z

a3X —_ a1Z aly —_ azx
0 ~ [0 0

=1 |5 (ay — a,%) — o (azx — a12)| -] [5- a1y — ;%) — 5- (22— agP]) £k

=1 [31 - (_31)] +j [32 - (_32)] + lA‘[a3 - (_33)]

=1[a; +a4] +][a; +a,] + k[az + as]

=2a1 i+ zazj + 233 R: 2(31 i+azj + a3 R)

Curl @ xTr)=2a

. = r
(iv) v x(ﬁ)
Solution: let¥ = x1+yj + zk
AT 72T =r 2 (x 1+ yjF 2k ) = x1+r72y) + r2zk
i j k i j k
T = a a il 2 la ) ) _
Now Vx( )—Vx(rz)— — Py = =r2a 5 ~ (r 72 common from R3)
r2x r7%y r7?z X y z
9 9 2 9 o 2
=r‘2[1 oy oz| —7J [ax az| + k|ox ay]
y z X z X 'y
2 ([0, _90 ] _~[0.,_9 9. _90
SR O et R Pt v B

=r2{[0— 0] +§[0— 0] + K[0—0]}=r =2 {0 1 +0j + 0K}

=r 2 {0}

X (—FZ) =0 Hence proved.
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Q#13: Show that F = r—rz is an Irrotational vector also find ¢ , when F= —V ¢ such that ¢ (a) = 0. (a>0)

Solution: : Lett= x1+y] + zk & r2= x2 +y? + 22
ar 2P =r2(x1+y] + zk) =r?xi+r"%j + r 2zk

For Irrotational vector, we have to prove Now CurlF =0

i j k i § k
— o = = P - P a a P _ _
CurlF =V XF =V X(—)zV X7 =| — — — |=r2|2 9 2| . (r2common fromR3)
r2 0x ay 0z ax dy 0z
r2x r7%y r?z X y z
5} d ) ) d d
:r_z['f dy —j ax ozl + k|ox 6y]
y z X z X y

= {i[Ge-5y] -1 [fe-a + Ky -5 4
=r2{i[0—0]+j[0—0]+ k[0 — 0]} =r~2 {05 +9j"+ Ok} =r~2 {0}
CurlF" =0

Hence prove that F = —rz is an Irrotational vector .

Now we have find ¢ for this given condition is F=-V ¢ Then Vo=-5
6cpA 6<pA ap ~ _ X i+¥2 K X N y N Z ~
e _] 0z k=- x2+y2+72 _X2+y2+zzl_ x2+y2 472 1= x2+y2 472
Comparing coefficients of v, j & k
(10 X 1 2x _ 1 .
o= ErmE = (p=_5fm6x=> @=—-In(x* +y* +2%) + ¢1(y,2)--- (i)
o _ ¥y N S22 _gx= p=—1In(x2+yi+2)) + cy(xz) (i)
dy x2+y2 472 ¢ 2 x%4y24z2 ¢ 2 y 2\
ap z 1 2z _ 1
= T EN (p:——fmaxch——zln(xz+y2+zz)+c3(x,z) ——————— (iii)
- - HHA W —_ 1 2 2 2
From (i) ,(ii) & (iii)): @ =— Eln(x +y“+z°)+c
(pZ—%ln(X2+y2+Zz) +c = (pz—%lnr2 +c Z—%.Zlnr +c¢c= @e)=—Inr+ c ----- (@)
At @@)=0= —Ilna+ c=0=c= Ina
Hence equation (a) will become @) =@(r) = — Inr+ lna = () = ln(ir)
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Q#14: Find a, b, c so that F= (x+2y+az)i+ (bx—3y —2z)j + (4x + cy + 2z) k is Irrotational

vector.

Solution: GivenF = (x+2y+az)i+ (bx—3y—2)j + (4x+cy+22)k
By using Given condition that F is an irrotational vector therefore

CulF=0 = V xF =0

i j k
N 2 2 2 _ 0
ax ay 0z
(x+2y+az) (bx—3y—1z) (4x+cy+2z)
9 9 9 9 4 9
i ay 0z —j ax az + k 9% ay =0

(bx —3y—12z) (4x+cy+ 2z) (x+2y+az) (4x+cy+2z) &' +2y+ az) (bx—3y—2z)

~ [0 i N ] ~T0
1[6—y(4x+cy+22)—£(bx—3y—z)]—][&(4x+cy+22)—E(X+2y+az)]+k[&(bx—
d
3y—z)—5(x+2y+az)]=0
i[c—(-1)]+j[4—al+ k[b—-2]=01+0j + 0k
ilc+1]+j[4—al+ k[b—-2]=01 +0j + 0k

Comparing coefficients of 7,7 &Kk .

c+1 =0 = c=-1
4—a=0 = a=4
b—2=0 = b=2
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Q#15: Prove that . V2f(r) =

.. 20 08 | 9%
Solution: We know that V =t itos then

d
i) = 2

V() =[5+

=l [5G0+ 5[5 o)

wlf 05 |+l o5 [+l oF]

RO A O e A O E R R M O E A PR O MO
=:f”(r)(%) +E (r)—+f”()(g_;) +f' (r) +f"()( ) +f,(r):_zr2

=[G + ) + (@)} + 0 o+ s+ i} | e @

Let T = xi+yj+zk then r2=x%+y?+2% - (i)

N . ] ] - d ]
~ From(i) Differentiate w. r.t x =~ 2r==2x= === Similarly ==Y ===
0x 0x r dy r 0z r
ar X r2—x2
S - 9r  r()—=xg- r-x (;) T x2+y?+z2-x? ’r _ yi+z?
.r. _— = = = f—1 —_—
Again differentiate w. r. t x Ix2 " e 2 3 9x2 3
. 9’r  x%+z? ’r  x%+y?
Similarly 3y = 13 92 13

Putting values.in Equation (a)

x% 472 n X2 +y2}
r3 r3

V2£(r) = f”(r){ +5 + }+f’(r){y2:322+

y2+z2+x? +22+x2+y2}

v4() = () ) () =
v = {5} + @ )
V() = £ (D) + ' () {25
V@) =17 (@) + {2} @)

2 2 o

2 - 2 ot
V4f(r) = 2t T o Hence proved.
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