Vector Analysis: Chap # 1. Vector Algebra B.Sc & BS Mathematics

VECTOR ALGEBRA

Introduction:

In this chapter, we will discuss about the basic concepts of vectors.

Scalars:

Scalars are physical quantities, which are described completely by its magnitude and. tnits.
Examples: Mass, length, time, density, energy, work, temperature, charge etc.

Scalar can be added, subtracted and multiplied by the ordinary rule of algebra:

Vectors:

Vectors are the physical quantities which are described completelyyby its magnitude, unit and its direction.
Examples: Force, velocity, acceleration, momentum, torque,electric field, magnetic field etc.

Vectors are added, subtracted, multiplied by using vector-algebra.

Representation of vector:

A vector quantity is represented by two.mays.
1. Symbolically 2. Graphically
1. Symbolic Representation:
A vector quantity is-represented by a bold letter such as F, a, d. or

a,d

It is represented by a bar or an arrow over their symbols. Such as F, 3, cTorF_:a ;

2. Graphieal Representation:

A.vector can be represented by a line segment with an arrow head as shown in figure.

A —>B

Let a line AB with arrow head at B represent a vector v. The length of line AB gives the magnitude of

vector v on a selected scale. While the direction of the line A to B gives the direction of vector v.
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Position vector:

A vector, whose initial point is origin O and whose terminal point is P, is called position vector of point P

and it is written as OP.

Vector representation in two and three dimensions coordinate system:

Let R be set of real numbers.

The Cartesian plane is define as R ={ (x,y) : x,y € R} and it is written as OP=x i+ Vi

Similarly, in three dimension coordinate system. It is define as R® = { (x,y,2) : X,y.z € R}

And it is written as OP = x i+ yj + zk

Magnitude ( length or norm):

Magnitude ( length or norm) of a vector OP is its absolute value and,it iswritten as |W|

As |ﬁ>’|=w/x2 +y2 + 72

Null or zero vector:

A vector having zero magnitude is called Null or zero“vectors.

Unit vector:

A vector having unit magnitude and having.direction along the given vector is called unit vector. These are

~

usually represented by 4a,b,¢ ord,j, k.

| >

If we consider a vector K, ther'its unit vector can be written as A =

=l

Direction cosines:

Let A= AxA +AWj+AZk &

If avector A'thakes angles a, B and y with x,y and z-axis. Then Direction cosines are define as

A A A
XI ; Cosﬁ=ﬁ ; Cosy=|z|

Cos =

>|
>|

Vector addition:

A process in which two or more vectors can be added in the form of single vector is called vectors addition.

For vector addition, we use a graphical method called Head To Tail Rule.
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Resultant vector:

It is the sum of two or more than two vectors called resultant vector.

Rectangular components:

The components of a vector perpendicular to each other are called rectangular components.

Collinear vectors:

Let 3 and b be the two vectors. They are said to be collinear if a =4b .where Zis a scalar numbér:
(@) If 4>0then aand b are said to be parallel vectors.
(b) If <0 then aand b are said to be anti-parallel vectors.

(c) If 4=0 then 3 and b are said to be equal vectors. In this case 3 = b.

Free vectors:

A vector whose position is not fixed in the space is called free Vector.

Example: displacement

Localized vector:

A vector which can’t be shifted to parallel to itself and whose line of action is fixed is called localized vector
(bounded vector).

Examples: Force and Momentum.

Parallel vectors:

If two or more than two vectors having same direction are called parallel vectors.
Let a’=a,i +a, jras K & b =b,i+b, j+ bs k

They are said.to be parallel if their directional component are proportional to each other as

a; _ dp _ as
b; by b

Perpendicular vector:

If two or more than two vectors making an angle of 90° with each other are called perpendicular vectors.
Let a=a,i +a, j+az K & b= byi + b, j+ bs k
They are said to be perpendicular if the sum of product of their directional component is equal to zero.

a;b; +a, by+az b =0
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Properties of vectors addition:

Q) Commutative property:

ol
I
ol
+
i

_|_

)

If 3, b be the two vectors. Then is called commutative property.

(i) Associative property:

If 3,Dband & be thethree vectors. Then (3 + b) + ¢ =3 + (b + ) is called associative property.

(iii)  Scalar multiplication with vectors:

Let a be a vector and be a scalar number then Z3a is called Scalar multiplication with vector
If 3 and b be the vectors and .Z and 1 be the two scalar numbers then

(@) A+W)3= 3+p3 (b) A(3+b)=A43+Ab

Theorem#01: If 3, band ¢ are three given non coplanar vectors ,then any vector r can be expressed

uniquely as linear combinationof a,band¢ie. F=xa+yb+z¢ whereX,yandzare scalars.

- — —

Proof: Let 0OA=3 ,0B=b ,0C=¢ and OP =t as shown in the figure.
Let us complete the parallelepiped with OP as its diagonal whose edges OL ,0M and ON are along the

vectors OA , OB and OC.

OLand OA, OM and OB, ON and .0G N
Te
are coplanar and parallel. Then there exist
N R
Three scalars x, y and z respectively. ¢ /
OL =x OA ;OM =y OB & ON =z OC /,/
L_.— - M b

By using head to,tailyrule l;/é = —_ > 0
L T ":—-..'\ V l
In AABC // &
[

6 00 7 = (01 + 1) + 0P 0=
oL+ LQ
OP=0L+OM +ON but LQ=OM and QP = ON

OP=x OA+y OB +z OC
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Unigueness

I R R U A N S U — (ii)
Comparing (i) and (ii)
xd+yb+zé=x'3+y’'b+z'

[ =4 !

X3+y b+z a-y

o
|
>

b-z'¢=0
(x—x’)§+(y—y’)l_))+(z—z’)E=O

Since, d, b and ¢ are non coplanar Therefore

Hence, uniqueness proved.

Theorem#02: Find the position vector of a point which divides the join of two given points whose position

vectors are 3 and b in the given ratio : .

Proof: Let 3 and b be the position vector of point Acand B referred to point O and let T be the position

vector of point P which divide AB internally in«atio Z: p.

As AP:PE=:p  or %_3 — W AP=A PB eeoeeeen 0

Now AP =p.v’sof P—p v'siof A=T —

]

PB =p.v’s of B=pwsof P=b -t

A Ea
Using values in equation (') >
~ P
W(# -3) =A (b 1) 5l
Ut —pu3d =Ab-A% 0 H
-
UP+AT=pE+AD b

Special Case:

If A=p

Then P is the mid-point of AB and its position vector ¥ = ath
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Example # 01- Find the sum of vectors 371+7j —4k; 1 —5735 —8 k and 61 — 2j+12k

Also calculate the magnitude and direction cosines of each.

Solution: Let 3=31+7 ] —4k ; b=1 —5) —8k and ¢=61 — 2j+12k

Let I be the sum of given vectors .
F=3+b+¢=31+7] —4k + -5 -8k +61 — 2j+12k=101+0j + 0k=101

Magnitude of vector @, b and ¢ are

1A =/(3)? + (D2 + (—4)> =V9+49+16 =74

Bl =/(DZ + (=5)2 + (-8)?=V1 + 25 + 64 =90

IC|=V/(6)2 + (=2)2 + (12)2=+/36 + 4 + 144 = /184

Direction cosines of vector a are — Z —*
V74 ' 78 V74

Direction cosines of vector b are  — = X
V90 T Voot NED)

Direction cosines of vector ¢ are o (2 12
Visdi '4Visi® ' Vies

Example #02: Find the value of m .if the vector 51+4j—3k and2i+2j—mk have the same direction.

Solution: Let 3=5i+4] — 3k & b=2i+2] —mk

According to given condition i=b
T_b
a b
5i+47-3k _ 2i+2j-mk 5i+4j-3k _ 2i+2j-mk
VEZ+@2+(=3)2  J@2+@%+(-m)?  V25+16+9  Vé+4+m?
5i1+4j-3k _ 21+2j-mk
V50 - V8+m?
5 . 4 =~ 3 =~ 2 n 2 B m =~
— i+ =) ——=k= i - k
V50 + V50! T V5o V8+m? + Vermz ) Varm?

Comparing coefficients of k unit vector

_3 _-__m
V50 8+m?
- 3 -_m
V50  V8+m2
. . 9 m?
Taking square on both sides —=—
50 8+m
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9( +m? ) = 50m?

72+ 9m?= 50m?

72 =50m? — 9m?

72 = 41 m?
72 - m?
41

Taking square root on both sides

m—i\/; or m—im

Example# 03: The unit vector i, j ,k are represented respectively by the three edges OA,O0B and OC of a unit

cube , write down the expression for the vector represented by the diagonals AA’ BB’ and CC’ of the cube ,

find the length of and direction cosines of these diagonals also.

Solution: Let a unit cube whose origin is at point O as shown in figure. Point of each corner of a cube are

represented in the figure as 0(0,0,0) ,P(1,1,1) , A( 1,0,0), B(9,1,0) ,C (0,0,1),A" (0,1,1) ,B’ (1,0, 1) and C’

(1,1,0). Required diagonals of a unit cube are AA’,_\, BB’ and CC’' . Then

AA"=P.v’s of A —P.v’sof A=A (0,1,1) -AL,00) = —1+j+k

e

B'=P.v’sof B — P.v’sof B=B' (LOW)+-B(0,1,0) = i— j+k

oo}

CC’ =Pv’sofC' —Pvsof C=L' (141,00-C(0,0,1) = i+j—k

(_0 ’g)ﬁ
/
- A7 N 2 ‘
Lengths of above diagonals:are={AA’|=|BB’|=|CC'|= VT + 1 + 1 =V3 ( o
l]ﬁ —— P
¢ 1,92 ¢
Now ( E /Jf")
Direction cosines of vector AA’ are - = = ‘
V3’ V3’ V3 [ } J
N ) ) RN 1 -1 1 o(_olo;c.’ BC°,1,O) A"g
Direction cosines of vector BB’ are —, —, — g
3 V3 V3 a f
{150,0) €C1,150)
Direction cosines of vector CC’ are = , = , -2
3 3 V3 x
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Example#04: Given the vectors 3 = 31 —2 j +4k and b= 2i+§+3k find the magnitude and direction cosines

of (i) 3-b and  (ii)33—2b .

Solution: Given 3 =31 —2j +4k and b= 2i+j+3k

F-b= (31—2] +4k) - (21+] +3k) =31—2] +4k— 21— ] -3k

Magnitude: [3- b |=/(1)2 + (=3)2 + ()2 =vI+9 + 1 =V11

Direction Cosines: — = =
ToV1T T V11 ! Vi1

(i) 33-2b= 3(31—2] +4Kk)- 2(2i+j+3k) = 91— 6] + 12k — 4§=2]% 6k

= 51—8j + 6k

Magnitude: |33 — 2b |=/(5)2 + (—8)% + (6)2 = V25 + 64 + 36=V125 =515

5 -8 6 1 ] 6
Oor .—

Direction Cosines: e 5 ' SE Twd) 5V ' 55

Example#05: Prove that the points —2a+ 3b+5c,a+ 2b+ 3cand 7a— c are collinear.

Solution: LetA(—4a+ 6b+10c¢),B(2a+ 4b %+ 6¢c)and C(14a— 2¢)

be three points. Take A be the initial point\of B and C

Now AB = P.vsofB- P.vsofA = (2a+ 4b+ 6¢)- (—4a+ 6b+10¢)
= 2a+ 4b 4,66 +4a— 6b—10cC
= 6a =2b% 4c

ACA= B V's0of C- P.v'sof A = (14a- 2¢)- (= 4a+ 6b+10¢)

14a-2c + 4a-6b-10c
=18a — 6b - 12c

AC = 3(6a — 2b— 4c)

AC = 3AB

According to above condition , this shows that the given points are collinear .
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EXERCISE: 1.1

Q#01: Find magnitude ( length or norm) of vectors (i) 21+7 — 2 k (ii) (?)f - (_—54) j+ 6k

(i) 2i+5- 2k

Solution: Let T¥=21+7j-2k

Magnitude of ¥ = [F|=/(2)% + (1)2 + (=2)?2=V4 + 1 + 4 =V/9 = |F|=3
@ (D)= (Dot

Solution: Let r =(_—53)i - (_—54) i+ 6k = (_—53)1 + (is)j + 6k

Magnitude of ¥ = |F| :\/(‘—3)2 + (i)2 + (6)2:J(i) +(5) +4=\["+16+1°°: 125 \pi=vE

5 5 25 25 25

Q#02: Given the points A (1,2,- 1) : B(-3, 1, 2) and C (0, -4, 3)

()Find AB, BC ,AC,BA,CB,BA (ii) Provethat ~ AB+BC=AC

()Find AB’, BC ,AC,BA, CB,BA’

Solution: .. AB'=P.v’s of B— P.v’s of A ~ BA=P.v’sof A— P.v’s of B
= B(-3,1,2) - A(1,2,—-1) = A(12,-1)- B(-3,1,2)
=(-3-1Di+ 1-2)j+(2+ Dk =(1+3)i+ 2-1Dj+ (-1-2)
=—471-j+3k =41+7-3k

~BC =P.v’s of C— Py’s.of B ~ CB=Pv’s of B—P.v’s of
= C(0,—4,3) — B(—3,1,2) = B(-3,1,2) — C(0,—4,3)
=03+ (—4-1)j+ (3—-2)k =(-3-0i+ Q+4)j+ (2-3)k
= 31—5)+k =-3i+5]—k

~AC=Py’s of C—P.v’sof A ~CA=Pv’s of A—Pv’s of C
=C(0,-43)— A(12,-1) =A(12,-1)—- C(0,—4,3)
=(0-1i+ (—4-2)j+ (3+1)k =(1-0i+ 2+4)j+ (-1-3)k
= —1— 6]+ 4k = 1+ 6] — 4k
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(ii)Prove that AB+BC=AC
Solution: <. AB=P.v’sof B—P.v’sof A=B(-3,1,2) — A(1,2,— 1)
=(1+3)i + @+ Dj+ (-1-2)k
=—41-7+3k
BC=Pv’sof C—P.v’sof B =C(0,—4,3) — B(=3,1,2)
=(-3-0)i + 1+4)j+ (2-3)k
=3i-5j+k
AC =P.V’sof C—P.v’sofA =C(0,—-4,3) — A(1,2,— 1)
=(0-Di+ 2+4)j+ (-1-3)k
=—1— 6] + 4k
Now AB+BC= —4i—j+ 3k+31— 5]+ k= —1— 6] £4K

AB+BC=AC Hence proved

Q#03: Given 1y =31 — 2] + k ; 1,=21 — 4§ — 3k and 3= —i + 2] + 2k then find the magnitude of

(@) T3 (b)ri+r;+T; (¢)2r; —3Tr; —573

(@ T3
Solution: Let ;3 = —i+2j4 2k
Magnitude of T5=[r3] =/ (E1)2+ (2)2+ (2)2=V1+4+4 =9 = |3 =3

(b) r{+ 717 + T3

—
+
N
)

1
N
—

I
N

—>
+
(=]
)

Solution: Let LT+, +13 =31—2]+k +2i—4j—3k—1+2

Magnitude ofir = [7']= /()2 + (4)2 + (0)2 =V16 + 16 + 0=V/32 = [F] =42

(c)2r{ —3r; 573

Solution: Let T =2r; —3T, =513 =2(31—2j + k) — 3(21 — 4j — 3k) — 5(-1+ 2j + 2k )
= 61— 4§ + 2k — 61+ 12§ + 9k + 51 — 10§ — 10k

r =51—-2j+k

—

Magnitude of F = [F| = /(5)2 + (=27 + ()’ =VZE¥4+1 = [F|=V30
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Q#04: if Givent; =21 —j + k ; T,=1+ 3) — 2kand 13=—21+j— 3kand T, =31+ 2j + 5k

Find scalar a, b, csuch thatr, =ar;+br, +cr3

SOlution: Since given condition r,=ar;+br, +crs
Putting values 3i+2j+ 5k=ai —j+ k)+ b +3j —2k)+c(—2i +j —3k)
3i+2j+ 5k=2ai —aj +ak+ bi +3bj —2bk—2ci +cj —3ck
3i+2j+ 5k= (2a+ b— 2c)i+ (—a+3b+c)j+ (@a—2b— 30)k

Comparing coefficients of i, j, k from both sides

2a+ b—2c=3 —————— 6))

-a+3b+c=2 —————— (ii)

a—2b— 3c =5 — ————(iii)
Adding equation (ii) and (iii) —a+3b+c=2

a—2b—3c =5

b— 2c =7 ¥——(iv)
Multiplying equation (ii) by 2 and adding in equation(i)
—2a+.6b+ 2c= 4

224“b— 2c = 3

7b =7 = |b=1
Putting b=1 in equation (iv) 1-2c =7
1-7 = 2c
—6=2 = -2=c —=k==3
Putting ,b = 1'and c= —3 in equation (i)
2a+1-2(-3)=3
2a+1+6=3
2a+7=3
2a=3-7
2a=—-4=
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Q#05: Find a unit vector parallel to the resultant of vectors ry =2 i +4j — 5k ;r,=1i+2j+3k

Solution: let T be resultantof r; & 1, . Then
r=r,+r, =2i +4j — 5k+i +2j +3k
r=3i +6j— 2k

Let £ be unit vector in the direction of resultant vector T . since

sl et

_ 3i +6j—2k _ 3i+6j—2k _ 3i+6j—2k _ 3i+6j—2k
J3)2+(6)2+(-2)2  V9+36+4 V49 7

=
1

“_3.,6. 2
= =i+ -j—c-k
7 7° 7

Q#06: Ifa = 3i—j—4k,b = 2i+ 4j —3kand c =i+ 2j — k .Find unit vector parallel to 3a—2b+ 4c.

Solution: Let r=3a—2b+ 4c
=3@3i—j—4Kk) — 2(-2i+ 4j —3Kk) +4(i+2j — k)
=9i—3j— 12k + 4i — 8j + 6k + 4i + 8] — 4k
r=17i — 3j — 10k

Let £ be unit vector in the direction of vector 1 . Since

o T _ 17i-3j-10k _ 17i-3j—10Kk, _ ©7i-3j-10k
r  JA7D2+(-3)2+(-10)2 V289+9+100 /398

17 i 3 . 10
V398 V398 J V398

t k

Q#07: The position vectors of four points P, Q, R and S are a, b, 2a + 3b and a — 2b respectively. Express

PQ,SQ ,QR and PR in terms of a and b.

Solution: Given P xnof'P= a
PyofQ=hb

P.vof R=2a+3b

PvofS=a—-2b
Now.
PQ =PvofQ—P.vofP = PQ=b- a

SQ =PvofQ—PvofS=b-(a—2b)=b-a+2b = SQ =3b-a

QR =P.vof R — P.vof Q = 2a+3b —b =2a+2b = QR = 2(a +b)
PR=P.vof R — P.vof P = 2a+3b —a =a+3b = PR = a+ 3b
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Q#08:Find the value of m and n so that the vector 9i + 7j — 9m kand 9i — nj + 18k have same

magnitude and direction.

Solution: Let a=9i+7— 9mk & b=9i — nj + 18k

According to given condition a’ and b are parallel vectors.

9 7 -9
Thus —=— =
9 —-n 18
= 1= __723
n 2
_7 —
=>1== =n= -7 & :>1=7m > m= -2

Q#09 : Three edges of a unit cube through the origin O represent the vector i, j, k respectively. Write the
diagonal expression for the vectors represented by
(i) The diagonal of the cube, through O.

(ii) The diagonals of the three faces passes through O.

Solution: Let a unit cube whose origin is at point O as shown_in figure.
Point of each corner of a cube are represented in thefigure

as 0(0,0,0) ,P(1,1,1) , A(1,0,0), B(0,1,0) ,C (0:0:2), c (5501

o —— ML°";‘)

L(1,0,1),M(0,1,1) and N(1,1,0). RINES ‘./’
|

(1) The diagonal of the unit céibe is OP

Then

e ——— e
(o, o,0) ? ”
L)

OP =P.v’s of P=Pvs.0f O =P(1,1,1)-0(0,00) =i+j+k ,
A(ho_,o) N

_— — — (1,9
(i) The diagenabof three faces of a cube are OL, OM and ON .

Then
OL=P.v’sof L—Pv’sof O =L(1,0,1)—0(0,0,0) =i+0j+k
OM =P.v’s of M— P.v’s of O =L(0,1,1) —0(0,0,0) =0i+j+k

ON=P.v’s of N-P.v’s of O =N(1,1,0) - 0(0,0,0) =i+j+ 0k
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Q#10:Find the lengths of the sides of a triangle , whose vertices areA(2,4, —1), B(4,5,1)and C( 3,6, —3).

and show that the triangle is a right angle triangle.

Solution: Let AABC whose corner points are A(2,4,—1),B(4,5,1)and C( 3,6, —3)

The length of sides of AABC are :

AB =P.v’s of B— P.v’s of A = B(4,5,1)- A(2,4,—1)

=@-2i+ G-+ @+ Dk e
=2i +j+2k
|AB| = /27 + (12 + P =&+ 1+4 =9 perp
[AB] = 3 oo (i)
BC=Py’sof C—P.v’sof B= C(3,6,-3) — B(4,5,1) 8 P .

=B-4)i+(6-5j+(-3-1)k

= —i +j— 4k

|BC| =/ (-1 + (1)2+ (-4)? =VI+1+16

|BC| =v18 (ii)
CA=Pv’sof A~ P.v’s of C= AQ24=1) — C(3,6,—3)
=(2-3)i+(@-6)j+(-1+3)k

=—i —2j+2k

ICAl =V (=1D% (=D + (2)?=V1 + 4 +4=V9

|CA|=3 (iii)
From equq(i)y(if) and (iii)
[AB|? +|CA|%= (3)%+ (3)?=9+9 = 18 = (v18 )2 = |BC|?
|AB|? +|CA|*= [BC|?

This show that given triangle is a right angle triangle at point A. because zA = 90°.
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Q#11:Find a vector whose magnitude is 5 and is in the direction of vector 4i — 3j + k.

Solution: Let A be a vector whose magnitude is 5.

& let T =4i—-3j+k

According to given condition, A be a vector whose magnitude is 5 in the direction of T vector is written

as, A=|a|.¢
S T . T
=|A| .= L o=—
r r
_ 4i-3j+k
V@72 +(-3)2+(1)?
4i-3j+k
V16+9+1
_ 20i-15j+5k
V26
ry 20 . 15 . 5
A=Zmi-Fitzk

Q#12:Find a vector whose magnitude is 2 and is parallel to vector 5i+3j+2k.

Solution: Let A be a vector whose magnitudedis 2

& let T =5i+3j+ 2K

According to given condition; A be a vector whose magnitude is 2 is parallel to T vector is written as,

A =|A].¢
=|a| .E .f =L
r r
=(2) 5i+3j+2k

(5)% +(3)2+(2)?

5i+3j+2k

=(2) 75en

_ 10i+6j+4k
V38
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Vector Analysis: Chap # 1. Vector Algebra B.Sc & BS Mathematics

Q#13:Find a vector whose magnitude is that of the vector i—3j+9k and is in the direction of vector

4i—3j+k.

Solution: Let A = i-3j+9k : B=4i-3j+k

Let R be the required vector whose magnitude is that of the vector A in the direction of B.

ss)]

R =[A.

W | ™

Al .2 “B =

4i-3j+k

VWP T+ O

_ 4i-3j+k
=+v1+9+ 81. Terori

i—3j+k . .
=91, % =\/% (4i—3j +k)

=\E(4i—3j+k)
= _ 7. 7. 7
R-4\E1—3\/;]+\/;k

Q#14: (i) if vectors 3i +j — k and A4 — 4j + 4k are parallel , find the value of 4

(i) If vectors 3i+6j +kandi—mj + gk are parallel , find the value of m.

(i) if vectors 3i + | — k and A4i —4] + 4k are parallel , find the value of 4

Solution: Let d=3i+j-k & b=A-4j+4k
Since 3andb are parallel,, therefore their directional components are proportional as

S=AST S St = 3424 =[i=-12

(i) If vectors 3+ 6j+kandi—mj+ %k are parallel , find the value of m.

Solution\leta = 3i + 6j + k & b=i-mj+k

Since @ and b are parallel , therefore their directional components are proportional as

3_6 _ 1

1o-m (3)

32023 53285 5 m=(-6)/3 =m=-2
1 -m 1 1 -m
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Vector Analysis: Chap # 1. Vector Algebra B.Sc & BS Mathematics

Q#15: Show that the vectors 4i — 6j +9kand-6i + 9j- %k are collinear.

—

Solution: Let d=4i — 6j +9k &  b=-6i+ 9- 2k

Multiplying b with =

?2 ——( 61+9]——k)
Zb=4i —6) + 9%k

Zb=3 or T=2b
3 3

This shows that vectors 3@ and b are collinear. (3=Ab)

Q#16:Three vectors of magnitude a, 2a, 3a, meet in point and their direction are along the diagonals of

adjacent faces of a cube . Determine their resultant and direction cosines.

Solution: Let i, j ,k be the unit vectors represented by along OA , OB and.0OC and given vectors 3, 23,33

acting along the diagonal of faces of a cube ON, OM and OL

making an angle of 45° with x,y,z —axis. N
d=acos 45%j+asin 45k = %j+%k ----------- (i)
2a=2acos 45%i+2asin 45° kz% i+j—;k ———————————— (ii)
3a’=3acos 45%i+3asin 45° J_T 1+?j ———————————— (iii)

Let ¥ be the resultant of d, 2a<and33 .then

r =a+2d+3a

2a 2a 3a . 3a

r \/_]+\/_k 7 +\/_k+ﬁl+ﬁj
F 53.

NN
3 [[ 522 4a \2 3a \2 _ [25a2 16a2  9a%2 _ [25a%+16a?+9a? _ |50a% _ >
() () () = 0 [ - [ -
|F| = 5a

Direction cosines of vector t are

)

() ) G i s s
5a ' 5a ' 5a V2! 52! 5v2
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Vector Analysis: Chap # 1. Vector Algebra B.Sc & BS Mathematics

Q#17: Find the angles which the vector @ = 3i — 6j + 2k makes with the coordinate axes.

Solution: Let vector @ makes makes an angle o,  and y with x, y and z-axes.

Given vector a =3i—6j+2k z
3l =/(3)2 +(—6)2+(2)? =V9+36+4 =49 [ .
]3] =7 anday, =3, ay=—6, a,=2

By using direction cosines

¥
Cosa = = =%:>oc=cos_1(37) = a=71.8° 2 g)

Cosp =t == f=cos ' (=) = (=149

[EX| 7
_ay _2 _ -1,2 — 0 ool
Cosy &l "7 = Y= cos (7) = y=733 ¥

Q#18: Prove that the sum of three vectors determined by the diagonal of the three faces of a cube passing
through the same corner, the vector being directed from the corner ,is twice the vector determined by the

diagonal of the cube passing through the same corner.

Solution: Let a cube whose length of each side is ‘a’ . OL , OM =
and ON" are the diagonal of the faces of cube and QP be’the R
0’&\ ¢ M (0,0,a)
diagonal of cube passing through point O. ‘5"_
We have to prove OL + OM + ON =2 OP
From figure P(a,a,a) , A( a,0,0), B(0,a,0);C (0,0,a), 5
0 (0,0, 0 /5(5 9
L(a,0,a), M (0,a,a) and N(a,a;0). BT "S5
n(R,o’c) NC&.Q,,)
The diagonal of the unit cube«is'OP
x
Then  OP=P.yofP-P.vof O=P(a,a,a)—0(0,0,0) = ai+aj+ak -------m- (i)
The diagonalofithree faces of a cube are OL, OM and ON .
Then OL=PvofL-PvofO= L(a,0,a) - O(0,0,0) =ai+0j+ak =ai+ak ---(iii)
OM=P.vof M-P.vof O = M(0,a,a) - O0(0,0,0) =0Oi+aj+ak=aj+ak (iii)
ON =P.v of N — P.v of O= N(a,a,0) - 0(0,0,0) = a i+ a j+Ok = a i+ a j (iv)

According to given condition, adding (ii),(iii) and (iv)
OL+OM+ON =zai+ak+aj+ak+ai+aj=2ai+2aj+2ak =2(ai+aj+ak)

—

OL+0OM +ON =2 0P Hence proved.
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Vector Analysis: Chap # 1. Vector Algebra B.Sc & BS Mathematics

Q#19: (i) Find direction cosines of line joining the points (3,2, —4) and (1,—-1,2) .

(if)Prove that the points-4a+ 6b+ 10 c,2a+ 4b+ 6cand 14a — 2c are collinear .

(i) Find direction cosines of line joining the points (3,2, —4) and (1,—1,2) .

Solution: Given points A(3,2,—4)and B (1,—1,2).

Let vectora makes an angle a, $ and y with x, y and z-axes.

—3 N

3= AB =P.v’sof B— Pv’s of A=B(1,—1,2)- A(3,2,—4)

=(1-3)i+(-1-2)j+ (2 + 4k

¥
a=-2i —3j+6k A ,8)
& 3= /(=2)2 + (—=3)% + (6)2 =V& + 9 + 36 =V/49
lal =7 and a,=-2 , a,=—3, a,=6 *
Direction cosines:
= -2 : =% -3 : =2 -8
Cosa=gr =7 o Cosp = = A TCosy = =7

(ii)Prove that the points-4a+ 6b + 10c,2a + 4bt\6¢c and 14a — 2c are collinear.

Solution: Let A(—4a+ 6b+10c),B(2a+ 4b+ 6c)and C(14a — 2c) be three points.
Take A be the initial point of B and C.
Now AB=P.v'sofB- P.vsofA
= (2a+ 4b+ 60)- (—4a+ 6b+10c)=2a+ 4b+ 6¢c +4a— 6b—10c
= 6a — 2b —4c
AC =PwsefC- P.v'sof
=, (14a —2¢)- (—4a+ 6b+10c)= 14a — 2c+ 4a— 6b— 10c
=18a —6b—12c
AC =3(6a—2b — 4c)
AC =3 AB

According to above condition , this shows that the given points are collinear .
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Vector Analysis: Chap # 1. Vector Algebra B.Sc & BS Mathematics

Q#20: Find the value of xand y. If xa -5 b=33F+ y b.where 3 and b are two collinear vectors.

Solution: Given statement xa -5b =33 +yb
Comparing coefficients of vector @ and b from both sides

x=3 and y= -5

Q#21: Under what condition do the vectors 5xi — yj + z k and xi — 6j + k have same magnitude ?

Solution: Let 3=5xi— yj+zk & b=xi —6] +k
According to given condition @ and b have same magnitude

lal = [b|

VE? + ()% + (2)? V2 +(=6)? + (D?
J25x% +y2+72 = Vx2 +36+1

J25x2 +y2+22 = x2 +37
Taking square on both sides
25x2 +y? +z2= x2.4 37
25x2 +y? +22-x2-37=0

24x% +y? +4%237=0 This is the required condition.

For Skype Tuition, Contact Us at Skype ID: sp15mmth06678
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