
 

 

Objectives 

The main aim of the lecture is to discuss 

▪ Types of relations. 

▪ Reflexive, symmetric and antisymmetric. 
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Types of Relations: 

Here we discusses a number of important types of relations defined on a set A. 

Reflexive Relations 

A relation R on a set A is reflexive if aRa for every a ∈ A, that is, if (a, a) ∈ R for every a ∈ A. 

Thus R is not reflexive if there exists a ∈ A such that (a, a)   R. 

Example 1 

Consider the following five relations on the set A = {1, 2, 3, 4}: 

R1 = {(1, 1), (1, 2), (2, 3), (1, 3), (4, 4)} 

R2 = {(1, 1)(1, 2), (2, 1), (2, 2), (3, 3), (4, 4)} 

R3 = {(1, 3), (2, 1)} 

R4 = ∅, the empty relation 

R5 = A×A, the universal relation 

Since A contains the four elements 1, 2, 3, and 4, a relation R on A is reflexive if it contains the four 

pairs (1, 1), (2, 2), (3, 3), and (4, 4). Thus only R2 and the universal relation R5 = A×A are reflexive. 

Note that R1, R3, and R4 are not reflexive since, for example, (2, 2) does not belong to any of them. 
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Example 2 

Consider the following five relations: 

(1) Relation ≤ (less than or equal) on the set   of integers. 

(2) Set inclusion ⊆ on a collection C of sets. 

(3) Relation ⊥ (perpendicular) on the set L of lines in the plane. 

(4) Relation ∥ (parallel) on the set L of lines in the plane. 

(5) Relation | of divisibility on the set  of positive integers.  

     (Recall x | y if there exists z such that xz = y.) 

 

The relation (3) is not reflexive since no line is perpendicular to itself. Also (4) is not reflexive since 

no line is parallel to itself. The other relations are reflexive; that is, x ≤ x for every x ∈ , A ⊆ A for 

any set A ∈ C, and n | n for every positive integer n ∈ . 
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Symmetric Relations 

A relation R on a set A is symmetric if whenever aRb then bRa, that is, if whenever (a, b) ∈ R then 

(b, a) ∈ R. 

 

A relation R is not symmetric if there exists a, b ∈ A such that (a, b) ∈ R but (b, a)   R. 

Example 3 

Consider the following five relations on the set A = {1, 2, 3, 4}: 

R1 = {(1, 1), (1, 2), (2, 3), (1, 3), (4, 4)} 

R2 = {(1, 1)(1, 2), (2, 1), (2, 2), (3, 3), (4, 4)} 

R3 = {(1, 3), (2, 1)} 

R4 = ∅, the empty relation 

R5 = A×A, the universal relation 

A relation R1 is not symmetric since (1, 2) ∈ R1 but (2, 1)   R1. R3 is not symmetric since  

(1, 3) ∈ R3 but (3, 1)   R3. 

The other relations are symmetric. 
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Example 4 

Consider the following five relations: 

(1) Relation ≤ (less than or equal) on the set  of integers. 

(2) Set inclusion ⊆ on a collection C of sets. 

(3) Relation ⊥ (perpendicular) on the set L of lines in the plane. 

(4) Relation ∥ (parallel) on the set L of lines in the plane. 

(5) Relation | of divisibility on the set  of positive integers.  

     (Recall x | y if there exists z such that xz = y.) 

 

The relation ⊥ is symmetric since if line a is perpendicular to line b then b is perpendicular to a. 

Also, ∥ is symmetric since if line a is parallel to line b then b is parallel to line a.  

The other relations are not symmetric.  

For example: 

3 ≤ 4 but 4    3;  {1, 2} ⊆ {1, 2, 3} but {1, 2, 3}   {1, 2}; and 2 | 6 but 6 |  2. 
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Antisymmetric Relations 

A relation R on a set A is antisymmetric if whenever aRb and bRa then a = b, that is, if a b  and 

aRb then b R a. 

Thus, R is not antisymmetric if there exist distinct elements a and b in A such that aRb and bRa. 

 

Example 5 

Consider the following five relations on the set A = {1, 2, 3, 4}: 

R1 = {(1, 1), (1, 2), (2, 3), (1, 3), (4, 4)} 

R2 = {(1, 1)(1, 2), (2, 1), (2, 2), (3, 3), (4, 4)} 

R3 = {(1, 3), (2, 1)} 

R4 = ∅, the empty relation 

R5 = A×A, the universal relation 

A relation R2 is not antisymmetric since (1, 2) and (2, 1) belong to R2, but 1 2. Similarly, the 

universal relation R3 is not antisymmetric. All the other relations are antisymmetric. 
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Example 6 

Consider the following five relations: 

(1) Relation ≤ (less than or equal) on the set  of integers. 

(2) Set inclusion ⊆ on a collection C of sets. 

(3) Relation ⊥ (perpendicular) on the set L of lines in the plane. 

(4) Relation ∥ (parallel) on the set L of lines in the plane. 

(5) Relation | of divisibility on the set  of positive integers.  

     (Recall x | y if there exists z such that xz = y.) 

 

The relation ≤ is antisymmetric since whenever a ≤ b and b ≤ a then a = b.  

Set inclusion ⊆ is antisymmetric since whenever A ⊆ B and B ⊆ A then A = B.  

Also, divisibility on  is antisymmetric since whenever m | n and n | m then m = n. (Note that 

divisibility on  is not antisymmetric since 3 | −3 and −3 | 3 but 3   −3.)  

The relations ⊥ and ∥ are not antisymmetric. 
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Remark 

The properties of being symmetric and being antisymmetric are not negatives of each other. For 

example, the relation R = {(1, 3), (3, 1), (2, 3)} is neither symmetric nor antisymmetric. On the other 

hand, the relation R′ = {(1, 1), (2, 2)} is both symmetric and antisymmetric. 
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