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“The objective of this chapter is to learn about different kind of improper
integral. To learn the meaning of convergence and divergence of improper
integrals. Learn the theory to develop different tests and techniques to find

convergence or divergence of improper integrals”

We discussed Riemann’s integrals of the form Jb f(x)dx under the

restrictions that both f is defined and bounded on a finite interval [a,b]. To
extend the concept, we shall relax some condition on definite integral like f on
finite interval or boundedness of f on finite interval.

First of all we recall few things about symbol +oo (or o ) and —eo. These symbols
don’t behave like usual real numbers. Historically, with these concepts,
mathematicians were never very comfortable, and these were some sources of
much confusion and debate. Indeed, the concepts of infinite sets and infinity took
nearly a century for a definite implication. To get the idea of infinity one can read
the articles at following URLs:

» https://www.mathsisfun.com/numbers/infinity.html
» https://en.wikipedia.org/wiki/Infinity

An integral is said to be improper integral if either the function f is unbounded
on [a,b] or the interval of integration is unbounded. Now we are going to give
formal definitions of improper integrals.

» Definition
The integral Jb f(x)dx or Jb f dx1is called an improper integral of first kind

if a=—oc0 or b=c or both i.e. one or both integration limits are infinite.

» Definition \
The integral Ib fdx is called an improper integral of second kind if f(x) is

unbounded with infinite discontinuity at one or more points of a<x<b.

» Remark:

Some time we deal with an improper integral which involves both kinds of
integral at once. It is known as improper integral of mixed kind. It can be break
in to the sum of improper integrals of first and second kinds.
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» Examples

) dx, dx and | (x* +1)dx are
-(’;1+x2 _J;x—Z _J;( )

examples of improper integrals of first kind.

1 1
° J ldx and J ! dx are examples of
°X o 2x—1

improper integrals of second kind.

Shading 1

o J laix is an example of improper integral of
X

0

mixed kind and it can be written as follow:

T1 (1 T1
_([;dx=.([;dx+.!‘;dx

> MCQs
(i) Which of the following is an improper integral of 1% kind.

q)) j.%dx dmn T%dx (11I) T(2t+1)dt

A. T and III only B. IIT only
C. Il only D. I and III only
(ii) Which of the following is an improper integral of 2" kind.

1 Pl
I) | —dx II
()ix ()!xz_1
A. Tand III only B. IIT only
C. I only D. IT and III only

(iii) The integral I;%d Q1S .coiiiiiiii

1
dx am | tan%tdt
0

A. improper integral of 1% kind. B. improper integral of 2™ kind.

C. improper integral of mixed kind. D. none of these.

(iv) The integral I ldx IS v,
X
0

A. improper integral of 1% kind. B. improper integral of 2" kind.

C. improper integral of mixed kind. D. none of these.
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IMPROPER INTEGRAL OF THE FIRST KIND

» Definition
Assume that f € R[a,b] for every b>a. Define a function I on [a,o) as
follows:

b
I(b)zjf(x)dx for b>a.

The integral Jw f(x)dx is said to converge if the %im 1 (D) exists (finite).

Otherwise, Jw f dx 1is said to diverge.

If the }l)im I(b)exists and equals A, the number A is called the value of the

integral and we write Jm fdx=A.

> Remark

= If I f dx 1is convergent(divergent), then I f dx 1is convergent(divergent)

for ¢>a.

= If I f dx 1is convergent (divergent), then I f dx 1s convergent (divergent)

for a<c if f inbounded in [a,c].

> Example
Consider and integral T%dx . Discuss its convergence or divergence.
Solution |
Let I1(b)= j.%dx, where b>1.
|
Then I(b) = jﬁ dx = —x—l\f - —if =1—% .

Now limI(b) = lim(l—%j =1.

b—>o b—o

= 1 .
Hence .[1 — dx 1s convergent.
X

> Example
Consider and integral _[lmx_p dx, where p is any real number. Discuss its

convergence or divergence.
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Solution

b
Let 1(b) :Ix‘p dx , where b>1.
1

Then I(b)= j de— % blp if p#1.

If b—)oo,then
bl,,_){w if 1>p,
0 if 1I<p.
Thus, we have
o if p<l],

l-p

1-
1 I(b)=1

Now if p=1, we get J‘lbx_ldleogb—>oo as b—oo.

. diverges if p<l,
Hence, we concluded: Jx"’ dx = 1 .
1 — if p>1l
p—1
> Review
If lim f(x) =L, then for every sequence {x } such that x —a when n— o,

xX—a

one has lim f(x, )=L.
> Example

Is the integral J sin 27xdx converges or diverges?
0
Solution:

b
Consider I(b)= Isin 27xdx, where b>0.
0

b

b
) —Ccos?2 1—cos?2
We have jsm27£xdxz cos ﬂ-x| __C08 Eb.
0 2 ‘0 2

Consider b, =n and c, =n+%. Clearly b, =0 and ¢, =0 as n — .

But cos2zb, =1 and cos27wc, ——1 as n— oo.
Thus limcos27zb doesn’t exist and hence given integral is divergent.

b—oo
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» Exercises
= Show that J‘m%dx converges if p>1.
a x
O . . O
= Evaluate: (i) J._ sinxdx (i) _[ e" dx
> Note

If J_a fdx and Jm f dx are both convergent for some value of a, we say

that the integral r f dx is convergent and its value is defined to be the sum

j fdx= j fdx+jfdx_
The choice of the point a is clearly immaterial.
If the integral f fdx converges, its value is equal to the limit: blim J_bh fdx.

For improper integral of first kind we will discuss the results for integral of

the type J. f dx. The results for other cases can be derived in a similar manner.

> Exercises

Evaluate the improper integral J._w e dx.
>MCQ

(i) For what value of m the integral J-lw

— 1s convergent.

xm
A . m>1 B. m<1 C. m>0 D. m=0
(i) Which of the following integrals is divergent.

= dx = dt - 2 - 3
AL B.LIQT, >0  C ['z%dz D.[ xdr
(iii) If J.; fdx is convergent then .................. is convergent.

A. j: fdx  B. f fdx  C. j: fdx  D. jz fdx

> Review:
= A function f is said to be increasing, if for all x,,x, € Df (domain of f)

and x, <x, implies f(x)< f(x,).
= A function f is said to be bounded if there exist some positive number
M such that ‘f(t)‘ <u forall re D, .

= If f is define on [a,+o0) and lim f(x) exists then f is bounded on
[a,+o0).
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b c b
» If fe Rla,b] and ce [a,b], then _[ fdx=j fdx+J. fdx.
= If fe Rla,b] and f(x)=0 for all xe[a,b], then IbfdeO.

a

»= If f is monotonically increasing and bounded on [a,+o0), then
lim f(x)= sup f(x).

xela,»)

» If f,ge Rla,b] and f(x)< g(x) forall xe[a,b], then J.bfdeJ‘bgdx.

» Theorem
Suppose that f € R[a,b] for every b>a. Assume that f(x) =0 for each

x=a. Then Jw f(x)dx converges if, and only if, there exists a constant M >0

such that

b
~[f()c)dx < M forevery b2a.
Proof

b
Let I(b)=_[fdx forb>a.

First suppose that J‘m f(x)dx is convergent, then blim I(b) exists, that is, 1(b)

is bounded on [a,~+c).

So there exists a constant M >0 such that
‘ I(b)‘<M for every b=>a.

b
As f(x)=0 foreach x>a, therefore If(x) dx>0.

b
This gives I(b) = I f(x)dx £ M forevery b=a.

Conversely, suppose that there exists a constant M >0 such that

b
If(x)dx < M forevery b=a.

This give ‘ 1(b) ‘ < M for every b>a, thatis, I is bounded on [a,+).

Now for b, 2b, > a, we have

1) = [ f0de= [ £ (0dv+ [ fxds
a a b
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N

b b,
ij(x)dle(bl), jf(x)dxzo as f(x)20 forall x>a
a bl

This gives I is monotonically increasing on [a,+o°).
As I is monotonically increasing and bounded on [a,+o0), therefore 11)im I[(D)

exists, that is, j f da converges.

» Theorem: (Comparison Test)
Assume f € Rla,b] forevery b>a.If 0< f(x)< g(x) for every x>a and

r, g dx converges, then r, f dx converges and we have _[ ) fdx < _[ ) gdx.
Proof
b b
Let I,(b) =jfdx and Iz(b)zjga’x . b>a.
Since 0< f(x)<g(x) forevery x2>a, therefore
b b
j fdx < J gdx,

that is, I[D<SLMB), b2a .....c.cccoco.... (i)

oo

Since I g dx converges, there exists a constant M >0 such that

b
I gdx<M, b=a.
That is, ILL(b)sM, bza ..................... (iM)
From (i) and (ii), we have [, (b)<M forevery b2>a.
This implies Jm f dx converges, that is, })im I,(b) exists and is finite.

So we have %imll(b) < }17im12(b) <M,

this gives Tfa’xﬁ]iga’x.

> Remark

In comparison test, if r, f dx is divergent, then r, g dx is divergent.
» Example

sin’ x

dx convergent or divergent?

Is the improper integral J 5
X
1
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Solution:
Since sin” x<1 for all xe& [1,+e0),

2
nx 1
S
X X

therefore > for all xe [1,+).

) )
This gives I sz Yax< J iza’x .
1 X 1 X

! : Tsin®x .
Now I—2dx is convergent, therefore I s—dx 18 convergent.
X

1 1 X

> MCQs

(1) A function f is said to be bounded if there exist a positive number & such that
.............. for all 7€ D, (domain of 1)
A f<a B. |f(t)|£a C. |f(t)|>a D. f0)>«x
(i) If f:[a,b] — (0,) is a bounded function then

A. Ibf(t)dtZO B. rf(t)dIZO C. f(t)2 u for ue R D. None of these

> Review:
= Forall a,b,ce R,

» If lim f(x) =m, then for all real € >0, there exists N >0 such that

X—e0

a—b‘<c & b—c<a<b+cora—-c<b<a+c.

| f(x)—m| <& whenever x> N.

= If Jm f dx converges(diverges), then J.; f dx converges(diverges) if
N >a.
= If J.; f dx is convergent (divergent), then Jm f dx is convergent

(divergent) for a< N if f is bounded in [a, N].

» Theorem (Limit Comparison Test)
Suppose that [, g€ R[a,b] for every b>a, where f(x)=0 and g(x)=0
for x=a.If
A
== g(X)

b

oo

then dx and dx both converge, or both diverge.
8 g g

a

Proof

Suppose lim J Ex; =1, then for all real € >0, we can find some N >0, such
X—>o0 g X

that
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f(x)—l <€ Y x>N2>a.
g(x)
= 1—€<f(x)<l+€ Y x>N2>a.
g(x)

If we choose € = % , then we have

l<f(x)<§ V x>N2a.
2 g(x)
This implies g(x)<2f(x) .........(J) ~and 2f(x)<3g(x) ..........>I0)

From (i) ngx < Z]Ofdx,
N N

oo

so if J f dx converges, then J f dx converges and hence by comparison test
a N

we get I g dx is convergent, which implies J g dx is convergent.
N a

Now if J g dx diverges, then I g dx diverges and hence by comparison test
a N

we get I f dx 1is divergent, which implies I f dx 1is divergent.
N

a

From (ii), we have 2Ifdx < 3Igdx,
N N

so if Ig dx converges, then Ig dx converges and hence by comparison test
a N

we get dx 1s convergent, which implies dx 1S convergent.
g g p g
N a

Now if J f dx diverges, then I f dx diverges and hence by comparison test
a N

we get I g dx is divergent, which implies J g dx is divergent.

N a

= The integrals J fdx and J g dx converge or diverge together.
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> Note

The above theorem also holds if lim f Ex;
X—>o0 g x

=c, provided that ¢>0.1If ¢=0,

we can only conclude that convergence of _[ ) gdx implies convergence of

Jj fdx .

> Questions
(i)  Suppose f(x) and g(x) are positive integrable functions for x > a. If
limM: c, where ¢ >0, then Jf(x)dx and Ig(x)dx both
= g(x) . .

converge or both diverge.
(i)  Suppose f(x) and g(x) are positive integrable functions for x > a. If

lim £
= g(x)
J:O f(x)dx.

(iii)) Suppose f(x) and g(x) are positive integrable functions for x > a.. If
R AC))
= g(X)

I:g(x)dx.

=0, then convergence of _[ ) g(x)dx implies convergence of

= oo, then convergence of J ) f(x)dx implies convergence of

> Example

Prove that, for every real p, the integral J e “x” dx converges.
1

Solution:
Let f(x)=e "x” and g(x)= iz
X
xp

Now lim% = limel—x

X—>00 X X—>00

8 A 2
p+2
= lim f Ex; — lim ¢ ~*x"*? = lim & —=0. (find this limit yourself)
X—>00 g X X—>00 x> o

: 1 . : : T :
Since I—2dx is convergent, therefore the given integral Ie x"dx is also
X
1 1
convergent.
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> Remark

It is easy to show that if I fdx and I g dx are convergent, then

o Jm( f £ g)dx is convergent.

] J. cf dx, where ¢ is some constant, is convergent.
a

> Review
» If lim f(x) =m, then for all real € >0, there exists real N >0 such that

X—>o0

‘f(x)—m‘<8 whenever x> N ..
= A sequence {an} is said to be convergent if there exist a number [ such

that for all £ >0, there exists a positive integer 7, (depending on £ ) such

that
‘an —l‘<€ whenever n>n,.

The number [ is called limit of the sequence and we write lima, =/.

n—eo

= A sequence {a,} is said to be Cauchy if for all £ >0, there exists a

positive integer 7, such that
‘ a,—a, ‘ <& whenever n,m>n,.

= A sequence of real numbers is Cauchy if and only if it is convergent.
> Theorem (Cauchy condition for infinite integrals)

Assume that f € R[a,b] for every b > a. Then the integral I f dx converges
if, and only if, for every & >0 there exists a B >0 such that ¢>b > B implies

fra

<E€.

Proof

Let J f dx be convergent, that is, %1_{2]1 f dx exists and assume it to be A.
T henafor all £€>0, there exists B>a SflCh that

j.fdx—A <§ forevery b>B. ........... ()

Also for ¢>b> Bc,l

_C[fdx—A <Z (ii)
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c
o

b c
As we know | fdx= I fdx+ I f dx, this gives
a b

a

jfdx—A+A—jffdx

jfdx = jfdx—jfdx

A fax

a

IA

£ &€
+ < —+-=¢,
2

2

jfdx—A

= <& when ¢>b>B.

j:fdx

Conversely, assume that the Cauchy condition holds.
For a positive integer n = a, define

an:j‘fdx.
Consider n,m such that n>m > B,ihen
a,—a,|= :ffdx—dex = dex+:ffdx—ffdx
= j fdx|< & (by Cauchy condition).

This gives us that the sequence {a,} is a Cauchy sequence.

This implies {a,} is convergent and consider that lima, = A.

n—>00

Then for given &£ >0, choose B so that

£
an—A‘<E whenever n=B.

Also, for £ >0, we can have (by Cauchy condition)
_[ fdx
b

Now if n,a,b > B such that b> B+1, then we have

<§ if ¢>b>B.

jfdx—A = dex—A+jfdx
< an—A‘+ ifdx < §+§=8.

b )
This gives us %imj‘ fdx=A, thatis, J f dx 1is convergent.

This completes the proof.
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> Question:
Suppose f € Rla,b] for every b>a and for every £ >0 there exists a B>0

such that “1: f dx

< ¢ for b,c> B, then _[ ) f dx is convergent.

» Example:

x .
dx 1s convergent.

. T sin
Use Cauchy criterion to prove that j

Proof.
: 2 2
Let € >0 be an arbitrary and take B =— such that ¢>b> B =—_. Then
£ £
J‘?sinxdx _ —cos x|’ _j;coixdx ‘
. X X ‘b . X

This gives us

J-smxdx _ cosb cosc J- osx
b X b
< cosb T i .Coixdx‘ by triangular inequality
b c v X
c b
<| 08P | cose +j°°§x|dx (x)dx < [| £ ()| .
b C b ‘ a
Sl+l+JL2dx ‘cosx‘ﬁl YV xe R.
11 1 1.1 11
=—+———| =—F+—+———
b ¢ x|, b ¢ b c
2 & 1 €
=— < 2-—=€ V=< —.
b 2 b 2
That is, we have proved that for all £ >0, there exists B =g such that
£
J.Slnxdx <& whenever c>b>B.
X
b

.. . fsinx
Hence by Cauchy criterion J
X
1

dx is convergent.
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> Absolutely convergent

An improper integral I f dx is said to converge absolutely if ﬂ f ‘dx

converges.

> Conditionally convergent

An improper integral j f dx 1s said to be converge conditionally if J fdx

converges but ]2‘ f ‘a’x is divergent.

a

» Note: The definition of absolutely and conditionally convergence is the same
as above for other type of improper integrals.

> Theorem
If feR|a,b] for every b>a and if ﬂ f ‘a’x converges, then j f dx also

converges.
Proof

Let Jm fdx be absolutely convergent, i.e., Jm‘ f ‘dx 1s convergent.

It is easy to see that
0<| f(0)|= f(x)<2| f(x)] forall x>a.

Since we have given that _[ ‘ f ‘dx is convergent, therefore by comparison test,

we have J (‘ f ‘— f )dx converges.

a

Now difference of ]2‘ f ‘a’x and T(‘ f ‘ - f )a’x 1s convergent,

oo

that is, T‘ f‘dx—J(‘ f‘—f)dx:]ofdx is convergent.

a

» Note: The converse of the above theorem doesn’t hold in general.
sin x

For example: The integral j dx 1s convergent (prove yourself) but
1

X

oo

J

1

sin x

dx s divergent (it is hard to prove).
X
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> Remarks:
» The above theorem can be stated as “an absolutely convergent integral is
convergent”.

» Questions

» Use Cauchy criterion to prove that if an improper integral I: f(x)dx is
absolutely convergent then it is convergent.

= Show that Loo exp(—x)dx is convergent.

1+e™
X

= Show that Lw dx is divergent.

» Review
» A function f(x) is bounded for x> a if there exist some positive number

K such that ‘f(x)‘ <K forallx=>a.
* An integral Jm f(x)dx is said to be absolutely convergent if r‘ f (x)‘dx

is convergent.
» Let f€ R(a,b) for each b>a. An integral Jm f dx converges if, and

b
only if, there exists a constant M >0 such that J. fdx <M for every

b2a.

The following theorem provide useful test of convergence for product of
function.

» Theorem
If f(x) is bounded for all x> a, integrable on every closed subinterval of

[a,) (i.e. f€R|a,b] foreach b>a) and Jm g(x)dx is absolutely convergent,

then r f(x)g(x)dx is absolutely convergent.

Proof
Since f(x) is bounded for all x> a, there exists K >0 such that

|f()|<K forall x2a. ...... (i)
Since _[: g(x)dx is absolutely convergent, that is, 'm g(x)‘dx is convergent,
there exists M >0 such that
[gColdx<M forail b2a. ....... ()

Now



16 Ch O1: Improper Integrals of 1st and 2rd Kinds

b b
[lrg] dr=[|f(o]|go)] dx

< Kﬁ g()|dx  from (i)
< K]:l for all b= a by using (ii).
Hence j.‘ f(x) g(x)‘ dx 1s convergent, this implies j. f(x)g(x) dx is absolutely
convergenat. a

> Review
» Second Mean Value Theorem (Bonnet’s theorem): If f,ge Rla,b] and

f is monotonic on [a,b], then there exist point c€ [a,b] such that

b c b
= [fgdr= f(a)] g(x)de+ f(B)[ g(x)dx.
» A function f(x) is bounded for x> a if there exist some positive number
K such that ‘f(x)‘ <K forallx=a.
" An integral J ’ f(x)dx converges if, and only if, for every € >0 there
[ Fodx

» If lim f(x) =m, then for all real £ >0, there exists real N >0 such that

X—>e0

exists a B >0 such that <& when ¢>b > B.

‘f(x)—m‘<8 whenever x> N .

» Theorem (Abel)

If f(x) is bounded and monotone for all x>a and r, g(x)dx is convergent,

then Jm f(x)g(x)dx is convergent.

Proof
As f is bounded and monotone on [a,0), so it is integrable on [a,b], b>a.
Also g is integrable on [a,b] for b>a.
By using second mean value theorem, we have

[ fgdx= fb)[ g(r)de+ f(o)] gy, ... ()

where a<b<c,<c.
Since f is given to be bounded on [a,), there exists positive number K
such that
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‘f(x)‘ < K for x2a.

In particular:
| f(B)]| < K and |f(o)| < K. ........ (ii)

Also r, g(x)dx is convergent, by Cauchy criterion, for all € >0, there exist

positive number B such that

o £
x)dx |<— for b,c > B.
!g() %
In particular:
¢ £ C £
x)dx|<— and X)dx|<— ......... 111
!g() = C{g() = (iii)

From (i), (i1) and (ii1), if b,c > B, we have

= ‘ F®)[ gydx+ £ b)[ g(x)x

[ F(0)g(x)ax

< |f®)||] gdx+|£ @)

j;g(x)dx

< kL kL
2K 2K

Hence by Cauchy criterion, we have that Jm f(x)g(x)dx is convergent.

= E&.

» Theorem (Dirichlet)
If f(x) is bounded, monotone for all x>a and lim f(x)=0. Also

X—>00

IX g(x)dx is is bounded for all X >a, then Jm f(x)g(x)dx is convergent.

Proof
As f is bounded and monotone on [a,0), so it is integrable on [a,b], b>a.

Also g is integrable on [a,b] for b>a.
By using second mean value theorem, we have

[ fgdx= fb)[ g(r)de+ f(o)] gy, ... ()

where a<b<c,<c.
X
Since I g(x)dx is bounded for all X > a, there exists positive number K

such that
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“Xg(x)dx < K for X>a. ... (i)

Now for a<b<c,, we have

J.:O g(x)dx = Jj g(x)dx + J:O g(x)dx.

This gives
‘ LCO g(x)dx

= “:Og(x)dx—jjg(x)dx

< ‘J:Og(x)dx

+‘ Jjg(x)dx

< K+ K by using (ii) as b,c,>a.
J, s(0dx

J, g

Also we have lim f(x) =0, so for all € >0, there exist B> 0 such that

X—>00

That 1s,

<O2K. i, (iii)

Similarly, S2A. @v)

E
x)—0| < — for x> B.
| £(x)-0] i
In particular, for b,c > B, we have

‘f(b)‘<%and\f(c)\<%. ...... )

From (i), (i11), (iv) and (v), if b,c > B, we have

[ F(0g(x)ax

f®) | gdx+ f®) | g(xdx

< |f®] +| £ (D)

]gg(x)dx

j;g(x)dx

< i-2K+i-2K = &.
2K 2K

Hence by Cauchy criterion, we have that Jm f(x)g(x)dx is convergent.
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» Example
Prove that J Y gy s convergent;
X
0
Solution:
: sin x : : P
Since —1 as x—0, therefore O is not a point of infinite
X
discontinuity.
o . 1 . o . 1 .
We write Ismx dx = J SaLE J Y Jx and note that I Y i isa proper
5 X y X X y X
: .. Tsinx
integral. Therefore, it is enough to test the convergence of J dx .
X
1
1 .
Denote f(x)=— and g(x)=sinx, where x>1.
X
1 .. .
Clearly ‘ f (x)‘ =—<1 for x>1 implies f(x) is bounded.
X
I 1 : .
Now for x, 2 x, 21, we have — <—, thatis, f(x;) < f(x,). This gives us

X X5

f(x) is decreasing for all for all x>1.

Also lim f(x) = liml =0.

X—o0 X— ¥

Tg(x) dx

Now =| | sinxdx

— —y <

:‘—cosX+cos(1)‘S‘cosX‘+‘cos(1)‘<2

X
This gives j g(x) dx 1is bounded for every X >1.
1
. R Tsinx .
Hence by Dirichlet theorem J f(x)g(x)dx= J —— dx 1s convergent.
X
1 1

» Example

Discuss the convergence of J sinx” dx.
1

. ) ) 1 )
Solution: We write sinx” = 2— 2x-sinx?, i.e.
X

e ra| )
J31nx2dx=_[—-2x~31nx2dx
1 2x

1
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Take f(x)= Zi and g(x)=2xsinx’, where x>1.
X
Note that ‘ f (x)‘ S% and f(x) is decreasing for all for all x>1, it gives f(x)

is bounded and monotone for all x>1. Also lim f(x)= liml =0.

X—>00 X—>o0 x

Now :‘—cosX2+cos(1)‘<2.

Tg(x)dX‘=

X
J. 2xsin x* dx
1

X
This gives J g(x) dx 1is bounded for every X >1.

1
Hence by Dirichlet’s theorem J f(x)g(x)dx= J.ZL - 2xsin x” dx

X
1 1

1.e. Isin x* dx is convergent.
1

» Example
Discus the convergence of Ie‘x SIY
X
0
Solution:
Let f(x)=e¢" and g(x)= Sin v , Where x>0.

As x>0, then we have e¢* >1 (as exponential function is increasing).

f(x)‘Sl forall x>0.

This gives ix <1, that is,
e

Also f'(x)=—e* <0 forall x>0.Hence we conclude that f(x) is bounded
and monotonically decreasing for all x>0.

Also J g(x)dx= J %dx is convergent (by previous example).
0 0

[eS)

Hence by Abel’s theorem I f(x)g(x)dx= J eI gy s convergent.
X
0 0
» Question
sin x
1+ x)

—dx converges for a>0.

Show that I
0



Ch O1: Improper Integrals of 1st and 2rd Kinds 21

> Question

Show that Ie"‘ cos xdx is absolutely convergent.
0
Solution

‘e‘“‘cosx‘<e‘x and Je‘xdle
0

. the given integral is absolutely convergent. (comparison test).

> MCQs
1. An improper integral Jm f(x)dx is conditionally convergent if it is
................... butnot ..................
(A) convergent; divergent (B) convergent; absolutely convergent
(C) divergent, convergent (D) divergent; absolutely convergent

2.If f is continuous and decreasing for x> a and lim f(x) =0, then the

X—>00

integral Jm fX)dx oo

(A) 1s convergent. (B) 1s divergent.
(C) may convergent. (D) absolutely convergent.
3. The integral J / (f ) 7 b 1 if f is bounded on [1,o0).
X
1
(A) convergent (B) divergent

(C) conditionally convergent (D) None of these
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IMPROPER INTEGRAL OF THE SECOND KIND

> Definition
Let f be defined on the half open interval (a,b] (having point of infinite

discontinuity at a) and assume that f € R[x,b] for every xe (a,b]. Define a

function I on (a,b] as follows:

b
Ix)=[fdx if xe(a,b]

b
If lim I(x) exists then the integral J f dx is said to be convergent. Otherwise,
x—a+
a+

b
J f dx is said to be divergent.

If lim I(x)=A, the number A is called the value of the integral and we write

x—a+
b

jfdsz.

Similarly, if f is defined on [a,b) (having point of infinite discontinuity at b)

and f e Rla,x] forall x€[a,b) then define I(x)= j fdx if xela,b).If

b—
lim /(x) exists (finite) then we say j f dx is convergent.

x—b—

» Note

The tests developed to check the behaviour of the improper integrals of Ist
kind are applicable to improper integrals of IInd kind after making necessary
modifications.

a

> Example

b
Discuss the convergence or divergence of Ix_” dx forreal p.
0
Solution:

f(x)=x"" is defined on (0,b] and f,g e R[x,b] for every xe (0,b].

b
1(x)= j wldu if xe(0,b]

b b b

- . _ . u
Iu”du =lim | u?du =lim
£50 -0 l_p
0+ 0+¢&

1-p bl—p _ol-p

&
=lim——— #1
-0 l_p (p )

&£
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| finite , p<l1
- infinite , p>1
b
When p=1, we get Jldleogb—loggeoo as €—0.
© X

b

— J.x_l dx also diverges.
0+

Hence the integral converges when p <1 and diverges when p=>1.
> Note

c b—
If the two integrals I fdx and J f dx both converge, we write

bffdxzj;fdx;]:fdx

The definition can be extended to cover the case of any finite number of sums.
We can also consider mixed combinations such as

b oo oo
I fdx+ I f dx which can be written as I fdx.
a+ b a+

> Question:

b b
Prove that J.( dx )n and “[(b dx )n converges if n<1. (see [4, page 490])
(x—a 2 (b—x

> Question
Examine the convergence of
1 1 1
dx dx dx
O |\ (i) |7 (i) |\ ———7
ox%(1+x2) '([xz(l"'x)z '([x%(l—x)%
1
Solution: (i) | yL
0x”3 (1 + xz)
Here ‘0’ is the only point of infinite discontinuity of the integrand.
1
Let f(x)= and take g(x)=—-.
x% (1 + xz) x%

Then tfim £ =tim 1 =1
x—=0 g(x) x—=0 1-|-x

= _[; f(x)dx and J.; g(x)dx have identical behaviours.
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jﬁ converges . jL also converges
0 x% 0 x% (1 + xz)

(i) ; dx

" J 221+ x)*

0
Here ‘0’ is the only point of infinite discontinuity of the given integrand.

We have

1 1
=——— and take X)=—.
S(x) 2011 g(x) 7
Then 1imZ ® = lim —1

x—0 g(x) x—0 (1+X)2

= J.Ol f(x)dx and _[01 g(x)dx behave alike.

1
But n=2 being greater than 1, the integral J.O g(x)dx does not converge.

Hence the given integral also does not converge.

(iii) 1L
0 x% (1- x)%

Here ‘0’ and ‘1’ are the two points of infinite discontinuity of the integrand.
We have
1

f( )21—1
i xé(l—x)é

We take any number between 0 and 1, say y, and examine the convergence

b |
of the improper integrals j f(x)dx and j f(x)dx.
0 )}

P

P
. 1
To examine the convergence of I ﬁdx, we take g(x)= 7
0 x/2(1-x)"3 x'?
Then
tim £ gL

x—=0 g(x) x—=0 (1 _ X)%

1

P
de converges .. J. RPN dx is convergent.
o x2(1-x)"

)

o3

X
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1

25

(1 —x)é

1
To examine the convergence of J 1; dx, we take g(x)=———~
01— 5
o x2(1-x)
Then
tim £ —fim L =1
x—l g(x) x—l x%
1 1 1
. j 7 —— dx converges J 7 7 —— dx 1s convergent.
(1= x)’3 a2 (- x)3
Hence _[0 f(x)dx converges.
> Question
Show that the following improper integrals are convergent.
o o . )
(i) j sinzl dx (i | L
X
1
(iii) j “Og)x (iv) [log x - log(1+ x) dx
0

Solution: (i) Let f(x)=sin’ 1 and g(x)= iz
x x

2
.21 .
Then lim< )—nmsm1 X:nm(smy] ~1
X—>00 g(x) X—yo0 F y—0 y

= I f(x)dx and J.iz dx behave alike.
X
1

1
: J iz dx 1is convergent .. Isinzl dx 1s also convergent.
1 X 1 X
sin’ X
(i1) f
in” x 1
Take f(x): — and g(x)=—
X X
sinx _ 1
sin® x<1 —<— V xe(l)
X X

and J iz dx converges J-sm al

1 1

dx converges.
X
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> Note
(sin®x sin® x
I >— dx 1s a proper integral because ling -—=1 so that ‘0’ is not a
5 X =0 x
Tsin® x
point of infinite discontinuity. Therefore I >— dx 18 convergent.
X
0
(X log x
iii
() !(1+ x)’
v logx<x, xe(0D . xlogx < x*
x log x x°
(1+ x)2 (1+ x)2
S X log x
Now I > dx is a proper integral, therefore I - dx is convergent.
0 (1 + x) 0 (1 + x)

1
(iv) j log x - log(1 + x) dx
0

wlogx <x oo log(x+1) < x+1
= logx-log(1+x) < x(x+1)

x(x+1)dx 1is a proper integral

log x-log(1+ x)dx 1is convergent.

> Note

(i) Ixipdx diverges when p =1 and converges when p<I.
0

(ii) j xip dx converges iff p>1.

> Questions
Examine the convergence of
Tox ° 1 T dx
(i) dcx (i) |————=dx (i) |——F
!(1+x)3 !(1+x)& L (14 1)

Solution: (i) Let f(x)=—2>
(I+

x)’

and take g(x)= Lz
X
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As limf( X) =lim
x> g((X)

Therefore the two integrals J

3
X

x> (14 x)

oo

(1+x)

behaviour for convergence at oo.

I—za’x 1s convergent

1

oo

X
) !(1+x)3

dx 1s convergent.

dx and J dx have i1dentical

1
.. 1
i) Let —_— ~ _ andtake g(x)=
() S ) 1+ x)Vx XN x
We have lim S () = limi =1
xoe g(x) el x

oo

1 1
and |——dx is convergent. Thus | ———=dx is convergent.
-!. x% 8 '[ 1+x)\/_ s

(iii) Let f(x)=y;

x 3(1+x)%

1 1
we take g(x)= A %2 %

=1 and J

1 X

We have lim S (x)
1o g (X)

—/dx is divergent .. I f(x)dx is divergent.
1

> Question

Show that j ~dx 1s convergent.

Solution: We have

| t ‘1

j dx = lim dx+ j

_w1+x a—ee| < 1+ x° O1+x
I

=lim dx + =21lim I 12dx
a—seo 01+x 1+x ame| & 14 X

o :2(3]:”_

=2 lim|tan"' x

a—o

therefore the integral is convergent.
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> Question
Ttan"'x .
Show that I —-dx is convergent.
o 1+x
-1
tan x _ T -
Solution: °.* (1+x2)- 3 =tan 1)C—)— as X —ooo Here f(x)= tan 2x
1+x%) 2 1+x
Ttan ' x T o1 . and g(x)= 1
I —dx & I > dx behave alike. 14 4
o 1+x o 1+ x
Tl : . : : .
: _[1+ ~dx is convergent .'. A given integral is convergent.
X
0
> Question

1 —Xx
e
Show that | ——==dx is convergent.
‘([ V1—x*

Solution: -+ ¢ <1 and 1+x*>1 forall xe 0,1).

e 1 1
., < <
Ji-xt Ja=-2)+x%)  J1-2
1 1 1-¢ 1
Also |——dx=lim | ———dx
'([‘/1_x2 g—)Ov([ /1_x2

—limsin'(1—-g)=Z%
£-0 2

—X

= j- ¢ dx is convergent. (by comparison test)
— \% . (by
oV 1- X4
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