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The objective of this chapter is to
= |earn about different kinds of improper integrals.
= |earn the meaning of convergence and divergence of improper
integrals.
= learn the theory to develop different tests and techniques to find
convergence or divergence of improper integrals.

b
We discussed Riemann’s integrals of the form J f (x)dx under the

restrictions that both f is defined and bounded on a finite interval [a,b]. To
extend the concept, we shall relax some condition on definite integral like f on
finite interval or boundedness of f on finite interval.

First of all we recall few things about symbol +oo (or co) and —oo. These symbols
don’t behave like usual real numbers. Historically, with these concepts,
mathematicians were never very comfortable, and these were some sources of
much confusion and debate. Indeed, the concepts of infinite sets and infinity took
nearly a century for a definite implication. To get the idea of infinity one can read
the articles at following URLS:

> https://www.mathsisfun.com/numbers/infinity.html
> https://en.wikipedia.org/wiki/Infinity

An integral is said to be improper integral if either the function f is unbounded
on [a,b] or the interval of integration is unbounded. Now we are going to give
formal definitions of improper integrals.

» Definition
The integral Ib f(x)dx or jb f dxis called an improper integral of first kind

if a=—o or b=ow or both i.e. one or both integration limits are infinite.

> Definition
The integral Ib f dx is called an improper integral of second kind if f(x) is

unbounded with infinite discontinuity at one or more points of a<x<b.

» Remark:

Some time we deal with an improper integral which involves both kinds of
integral at once. It is known as improper integral of mixed kind. It can be break
into the sum of improper integrals of first and second kinds.
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» Examples
. T ! dx, _lfidx and T(x2+1)dx are
< 1+ X2 Jox=2 .

examples of improper integrals of first kind.

1 1 1
. I —dx and j
—1X 0
improper integrals of second kind.

1 | =

dx are examples of -
2x -1 7 W i

00

o Ildx is an example of improper integral of .
X
0 -

mixed kind and it can be written as follow:
o) 1 0
Jidx:jldx+jldx
0 X 0 X 1 X

.

» MCQs
(i) Which of the following is an improper integral of 1% kind.

(I)j&dx (II)T%dx (III)T(2t+l)dt

A. 1and 111 only B. 111 only
C. ll only D. Il and 111 only
(i) Which of the following is an improper integral of 2" kind.

01 : 1 t ot

) | =dx I dx 1) | tan—dt

()jlx ()sz_1 ()! .

A. land Il only B. Il only

C.lonly D. Il and 111 only

(iii) The integral j(:%de S o

A. improper integral of 1% kind. B. improper integral of 2" kind.
C. improper integral of mixed kind. D. none of these.

(iv) The integral Il (0 D G TR
X
0

A. improper integral of 1% kind. B. improper integral of 2" kind.
C. improper integral of mixed kind. D. none of these.
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IMPROPER INTEGRAL OF THE FIRST KIND

» Definition
Assume that f € R[a,b] for every b>a. Define a function | on [a,x) as

follows:

I(b)=if(x)dx for b>a.

The integral I:f(x)dx is said to converge if the !)Lr[‘o'(b) exists (finite).
Otherwise, J': f dx is said to diverge.

If the LT; I (b) exists and equals A, the number A is called the value of the
integral and we write J': fdx=A.
For the integral Ji f (x)dx, we define I(b):fbf(x)dx and for the integral

[” f(0dx, we define 1(b)=" f(x)dx.
> Example

1
X2

Consider and integral dx . Discuss its convergence or divergence.

B8

Solution

b
Let 1(b) :J'izdx , Where b>1.
X
1

b
Then I(b):jx‘zdx:—x‘lf == =1—%.
1

1

b—o0

Now lim 1 (b) =Iim(1—%j:1.
Pl

Hence I —dx is convergent.
1 X

> Example
Consider and integral LOO X" dx, where p is any real number. Discuss its

convergence or divergence.
Solution

b
Let I(b)=J'x‘pdx,where b>1.
1
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b 1p |° _phtr
Then I(b):jx‘pdx:x 170 e pel
1 1-pj, p-1
If b— oo, then
RENN o If 1>p,
0 if 1<p.
Thus, we have
1 b if p<1,
lim1(b) =Ilim =< 1 .
b—w b—o p— — if p>1
p-1

Now if p=1, we get be_ldX=|Ogb—>oo as b .

. diverges if p<l,
Hence, we concluded: Ix‘p dx = 1 )
1 — if p>1
p-1
> Review
If lim f (x) =L, then for every sequence {x, } such that x, —a when n— oo,
onehas limf(x )=L.
> Example

Is the integral Jsin 2z xdx converges or diverges?
0
Solution:

b
Consider 1(b) = jsin 2zxdx, where b>0.
0

—C0S 27X
27

’ _1-cos2zb

b
We have jsin 27xdx =
5 0 2

: 1
Consider b, =n and c, =n+§. Clearly b, —> o0 and ¢, — o as n—oo.

But cos2zb, —1 and cos2zCc, - -1 as n— .
Thus limcos2zb doesn’t exist and hence given integral is divergent.

b—w

>» Remark

= If .[ f dx is convergent(divergent), then If dx is convergent(divergent)

for c>a.
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= |f .[ f dx is convergent (divergent), then If dx is convergent (divergent)

for a<c if f inbounded in [a,c].

> Exercises
= Show that wipdx converges if p>1.
a X
N0 (0
= Evaluate: (i) j_ sinxdx (i) j_ e’ dx

> Note
If J._a f dx and J: f dx are both convergent for some value of a, we say

that the integral I_w f dx is convergent and its value is defined to be the sum
[ fox=] fax+[fdx.

The choice of the point a is clearly immaterial.
0 . b
If the integral j_ fdx converges, its value is equal to the limit:  lim | f dx.

b+ d-b

For improper integral of first kind we will discuss the results for integral of
the type r f dx. The results for other cases can be derived in a similar manner.

> Exercises
Evaluate the improper integral Jm e’ dx.
> MCQ
(i) For what value of m the integral r ?n)il
1 X
A m>1 B. m<1 C.m>0 D.m>0
(if) Which of the following integrals is divergent.

is convergent.

= dX - gt o -3 o 3
I - 2 2
1, 3 B. L P a>0 C. J.l z 2dz D. .[1 x2dx
iii) If “ fdx is convergent then .................. is convergent.
) g g

A j: fax  B. jl‘” fdx  C. j: fax  D. j"’; fdx

> Review:
= A function f is said to be increasing, if for all x,,x, e D, (domain of f)

and x, <X, implies f(x)< f(x,).
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= A function f is said to be bounded if there exist some positive number
such that | f (t)|< « forall te D, .

= |f f isdefine on [a,+%) and lim f (x) exists then f is bounded on
[a,+).
b c b
= If feR[ab]and ce[ab], then [ fdx=| fdx+[ fdx.
= If f eR[a,b] and f(x)>0 forall xe[a,b], then '[:fdxzo.

= |If f is monotonically increasing and bounded on [a,+x), then
lim £ (x) = sup f(x).

xe[a,»)

= If f,geR[a,b] and f(x)<g(x) forall x<[a,b], then j:fdxsj:gdx.

» Theorem
Suppose that f € R[a,b] for every b >a. Assume that f(Xx)>0 for each

X>a. Then jw f (x)dx converges if, and only if, there exists a constant M >0
such that

b
jf(x)dx < M forevery b>a.
Proof

b
Letl(b):jfdxforbza.

First suppose that j : f (x)dx is convergent, then bIim I (b) exists, that is, 1(b)

is bounded on [a,+®).

So there exists a constant M > 0 such that
|1(b)|<M forevery b>a.

b
As f(x)>0 foreach x>a, therefore jf(x)dxzo.

b
This gives I(b):j f(x)dx < M forevery b>a.
Conversely, suppose that there exists a constant M >0 such that

b
jf(x)dx < M forevery b>a.

This give | 1(b)| <M for every b>a, that is, | is bounded on [a,+).
Now for b, >b, > a, we have
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N

I(bz):T f(x)dx:T f (x)dx+T f (x)dx
a a by

by b,
> [ £ (dx=1(by), jf(x)dxzo as f(x)=0 forall x>a
a by

This gives | is monotonically increasing on [a,+®).
As | is monotonically increasing and bounded on [a,+), therefore !)im I (b)

exists, that is, .[w f (x)dx converges.
a

» Theorem: (Comparison Test)
Assume f e R[a,b] forevery b>a.If 0< f(X)<g(x) forevery x>a and

Jwg dx converges, then j: f dx converges and we have J'OO fdx < J'wg dx.

Proof
Let Il(b):jlfdx and Iz(b)zjlgdx , b>a.
Since Osf(ax)£g(x) for every >?Za,therefore
j'fdx < igdx,
that is, il(b)ﬁlz(;)), b>a ..o (i)

Since jg dx converges, there exists a constant M >0 such that

b

jg dx<M, b2>a.
That is, L(b)<M, b>a ...........oeeeaee. (ii)
From (i) and (ii), we have 1,(b)<M forevery b>a.
This implies _[: f dx converges, that is, |!’im I,(b) exists and is finite.
So we have Ml I,(b) < M]o I,(b)<M,

this gives T f dxg]og dx.

» Remark
In comparison test, if j: f dx is divergent, then J:g dx is divergent.
» Example
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sin’ x

X2

Is the improper integral I dx convergent or divergent?
1

Solution:
Since sin?x <1 forall x e[1,+wx),

=2

sin“x 1

— < — forall Xe[l,+oo).
X X

=2 0
sin® x

> dxsj
X 1

therefore

1
X2

This gives j dx.
1

sin’ x
X2

Now j izdx Is convergent, therefore I dx is convergent.
1 X 1

> MCQs

(i) A function f is said to be bounded if there exist a positive number o such that
.............. for all te D, (domain of f)

A f)<a B.|f(t)<a C.|fM®)|>a D. f(t)>«
(i) If f :[a,b] — (0,) is a bounded function then

A. j:f(t)dtzo B. J:O f(t)dt>0 C. f(t)>u for xR D. None of these

> Review:
= Forall a,b,ceR, [a—b|<c < b-c<a<b+cora-c<b<a+c.

= If lim f (x) =m, then for all real £ >0, there exists N >0 such that

X—>0

| f(x)—m| <& whenever x> N,

= |f j:fdx converges(diverges), then j:fdx converges(diverges) if
N > a.
= |f j: f dx is convergent (divergent), then Lw f dx is convergent
(divergent) for a< N if f isbounded in [a,N].
» Theorem (Limit Comparison Test)

Suppose that f,g e R[a,b] forevery b>a, where f(x)>0 and g(x)=>0
for x>a. If

then jfdx and jgdx both converge, or both diverge.

Proof
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f(x)

Suppose Iimﬁzl, then for all real £ >0, we can find some N >0, such
X—)oog X
that
‘w—la*; vV x>N >a.
g(x)
= l—g<w<l+g vV x>N2>a.
g(x)

If we choose ¢ = % then we have
E<w<§ vV x>N2>a.
2 9(x)
This implies g(x)<2f(x) .........(i) and 2f(x)<3g(x) .........(i0)
From (i) jgdx < ijdx,
N N
so if I f dx converges, then j f dx converges and hence by comparison test
a N
we get .[g dx is convergent, which implies Ig dx is convergent.
N a
Now if j g dx diverges, then Ig dx diverges and hence by comparison test
a N
we get j f dx is divergent, which implies jfdx Is divergent.
N a
From (ii), we have Zj fdx < 3Igdx,
N N
50 if J'g dx converges, then J'g dx converges and hence by comparison test
a N
we get j f dx is convergent, which implies Ifdx IS convergent.
N a
Now if I f dx diverges, then _[ f dx diverges and hence by comparison test
a N

we get J'g dx is divergent, which implies Ig dx is divergent.
N a

= The integrals j fdx and I g dx converge or diverge together.
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> Note
The above theorem also holds if Ixm ggx; =c, providedthat ¢c>0.I1f c=0,
we can only conclude that convergence of J': gdx implies convergence of
[~ fax.
2 Questions

(i)  Suppose f(x) and g(x) are positive integrable functions for x >a. If

lim F(x )_c,where c >0, then jf(x)dx and jg(x)dx both
X—>00 g(x) A A

converge or both diverge.
(i)  Suppose f(x) and g(x) are positive integrable functions for x > a. If

lim fE ; 0, then convergence of ng(x)dx implies convergence of
X—>00 g X a

j“’ f (x)dx.

(iii) Suppose f(x) and g(x) are positive integrable functions for x > a..

Iflim fE ; = o0, then convergence of Jmo f (x)dx implies convergence
X—>00 g X a

of j:g(x)dx.
> Example

Prove that, for every real p, the integral je‘xxpdx converges.

Solution:
Let f(x)=e*x" and g(x)=i2.
X
xup
Now lim 8_|ime X
X—>00 X X—0
g %2

fOX) . oo . XPPP :
= lim——==Ilime*x"* =lim ——=0. (find this limit yourself)

X—»00 g(x) X—>00 x—o @

: Tl : . . r i
Since I—de Is convergent, therefore the given integral je‘xxp dx isalso

convergent.

> Remark
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It is easy to show that if J f dx and j g dx are convergent, then

. j:(f + g)dx is convergent.

o '[ cf dx, where ¢ is some constant, is convergent.
a

> Review
= |f lim f(x)=m, then for all real ¢ >0, there exists real N >0 such that

X—00

| f(x) —m|<& whenever x> N .
= Asequence {a,} is said to be convergent if there exist a number | such

that for all & >0, there exists a positive integer n, (depending on &) such
that
|a, — 1| <& whenever n>nj.

The number | is called limit of the sequence and we write lima, =1.

n—o0

= Asequence {a,} is said to be Cauchy if for all &> 0, there exists a
positive integer n, such that
|a, —a, | <& whenever n,m>n,.
= A sequence of real numbers is Cauchy if and only if it is convergent.

2 Theorem (Cauchy condition for infinite integrals)
Assume that f € R[a,b] for every b >a. Then the integral I f dx converges
if, and only if, for every & >0 there exists a B >0 such that ¢ >b > B implies

<¢&.

jfdx
b

Proof
b

Let I f dx be convergent, that is, Lim f dx exists and assume it to be A.

a

Then for all ¢ >0, there exists B > a such that

b
_[fdx—A <§ forevery b>B. ........... ()

Alsofor c>b>B,
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c b c
As we know fdx=J' f dx+jfdx, this gives
a b

a

jfdx—A+A—dex

jfdx :jfdx—ifdx
b a a

& &
+ < —+—=-=g,
2

2

IA

b
A—jfdx

_c[fdx—A

= <¢ when c>b>B.

[ ax
b
Conversely, assume that the Cauchy condition holds.
For a positive integer n>a, define

a =|fdx.

n

D ey S

Consider n,m such that n>m > B, then

dex—dex dex+jfdx—dex

la, —a,|=

n

<& (by Cauchy condition).

j‘fdx

This gives us that the sequence {a,} is a Cauchy sequence.
This implies {a,} is convergent and consider that lima, = A.

n—o0

Then for given & >0, choose B so that
\an—A\<§ whenever n>B.

Also, for £ >0, we can have (by Cauchy condition)

jfdx <£ if c>b>B.
" 2

Now if n,a,b> B such that b>B +1, then we have

dex—A = jlfdx—A+j'fdx
<la,—Al+ ifdx <fifog,
n 2 2
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b )
This gives us !imj fdx=A, thatis, I f dx Is convergent.

This completes the proof.
> Question:
Suppose f € R[a,b] for every b>a and for every & >0 there existsa B >0

such that ‘ J:f dx

< ¢ for b,c> B, then jw f dx is convergent.
a

> Example:

Use Cauchy criterion to prove that dex IS convergent.
X

Proof.
Consider
jsinx _ —cosx| jcosx
b X b
This gives us
Ismx ‘_ cosh cosc josx
b
< cosb i -coszxdx by triangular inequality
b c £ X
cosb| |cosc| §|cosx " "
<51 +£ X .!f(x)dxs£|f(x)|dx.
<E+E+J‘ dx "+ |[cosx| <1V xeR.
b ¢ ;X
1 1 1 1 1 1 1 2
=—4+Z-2 =Z4+4+-Z ==
b ¢ x, b c¢c b c b
Now let £ >0 be an arbitrary and take B:E suchthatc>b>B:E.Then
& &
UL P sl
> X 2 b 2

.. rsinx .
Hence by Cauchy criterion dex IS convergent.
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> Absolutely convergent

An improper integral jf dx is said to converge absolutely if ﬂ f \dx

converges.

> Conditionally convergent

An improper integral I f dx is said to be converge conditionally if I f dx

converges but ﬂ f |dx is divergent.

» Note: The definition of absolutely and conditionally convergence is the same
as above for other type of improper integrals.

> Theorem

If feR[a,b] forevery b>a and if J f dx is absolutely converges, then it is

convergent.
Proof

Let ro fdx be absolutely convergent, i.e., jw\ f|dx is convergent.

It is easy to see that
0<|f(x)|-f(x)<2| f(x)| forall x>a.

Since we have given that J'OO\ f \dx Is convergent, therefore by comparison

test, we have T(\ f |- f)dx converges.
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Now difference of [| f |dx and [(| f |- f)dx is convergent,

0

that is, T\ fax—[(| f]- f)dx:T f dx is convergent.

a

» Note: The converse of the above theorem doesn’t hold in general.

For example: The integral I smx dx is convergent (prove yourself) but
X
1

o0

J

1

sin x

” dx is divergent (it is hard to prove).

> Remarks:

= The above theorem can be stated as “an absolutely convergent integral is
convergent”.

» Questions

= Use Cauchy criterion to prove that if an improper integral J:O f(x)dx is
absolutely convergent then it is convergent.

= Show that Looexp(—xz)dx is convergent.

o]l4+e "
10X

= Show that dx is divergent.

> Review
= A function f(X) is bounded for x>a if there exist some positive number
K such that | f (x)| <K forallx>a.
= Anintegral '[OO f (x)dx is said to be absolutely convergent if Iw\ f(x)|dx is

convergent.
= Let f €R(a,b) foreach b>a. Anintegral Iw f dx converges if, and

only if, there exists a constant M >0 such that jb fdx <M for every
b>a.

The following theorem provide useful test of convergence for product of
function.

>» Theorem
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If f(X) is bounded for all x>a, integrable on every closed subinterval of

[a,0) (i.e. f €R[a,b] for each b>a) and I:g(x)dx is absolutely convergent,

then j: f (x)g(x)dx is absolutely convergent.

Proof
Since f(X) is bounded for all x>a, there exists K >0 such that

[f(x)|<K forall x>a. ...... (i)

Since J':g(x)dx is absolutely convergent, that is, j:\g(x)\dx IS convergent,

there exists M >0 such that
I:\g(x)\dXSM forallb>a. ....... (ii)

Now

J1F 09909 dx= | f (9]|g ()] dx

< Kj‘\g(x)\ dx  from (i)
< Kl\a/l for all b>a by using (ii).
Hence T| f (x)g(x)| dx is convergent, this implies Tf(x)g(x) dx is absolutely
convergenat. a

> Review
= Second Mean Value Theorem (Bonnet’s theorem): |f f g€ R[a,b] and

f is monotonic on [a,b], then there exist point ¢ [a,b] such that
b c b
j f (x)g(x)dx = f(a) j g(x)dx + f (b) j g(x)dx.

= A function f(X) is bounded for x>a if there exist some positive number
K such that | f (x)| <K forallx>a.

= An integral J': f (x)dx converges if, and only if, for every ¢ > o there

jb" f (x)dx
= If lim f (x) =m, then for all real & >0, there exists real N >0 such that

X—>0

exists a B >0 such that <& when c>b > B.

| f(x)—m|<& whenever x> N,

» Theorem (Abel)
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If f(X) is bounded and monotone for all x>a and Iwg(x)dx is convergent,

then J’oo f (x)g(x)dx is convergent.

Proof
As T isbounded and monotone on [a,%), so it is integrable on [a,b], b>a.
Also g is integrable on [a,b] for b>a.
By using second mean value theorem, we have

[ 109000k = ()] 909+ £(©)f g, ... i)

where a<b<c, <C.

Since f is given to be bounded on [@,%), there exists positive number K
such that
| f(x)| < K for x>a.
In particular:
| f()|<Kand |[f(c)] < K. ........ (ii)
Also J'OO g(x)dx is convergent, by Cauchy criterion, for all ¢ >0, there exist
positive number B such that

jg(x)dx

<% for b,c>B.
2K

In particular:

From (i), (ii) and (iii), if b,c > B, we have

j f (x)g(x)dx

f (b)J9 g(x)dx + f (c)j g(x)dx

< |t ()]

fg(x)dx +|f(c)|

jg(x)dx

< K- d +K- i = &.
2K 2K

Hence by Cauchy criterion, we have that Lw f (x)g(x)dx is convergent.

» Theorem (Dirichlet)
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If f(X) is bounded, monotone for all x>a and lim f (x) = 0. Also LX g(x)dx

X—>00

Is is bounded for all X >a, then J.OO f (x)g(x)dx is convergent.

Proof
As T isbounded and monotone on [a,%), so it is integrable on [a,b], b>a.

Also g is integrable on [a,b] for b>a.
By using second mean value theorem, we have

[ 1099098 = 1 0) [ g00dx+ 1 (©) [ 900, ... )

where a<b<c, <c.
Since Lx g(x)dx is bounded for all X > a, there exists positive number K
such that
“: g(X)dx‘ < K for X >a. ...... (i)

Now for a<b <c,, we have
Co b Co
L g(x)dx = L g(x)dx+‘[b g(x)dx.
This gives

“:0 g(x)dx‘ = “:0 g(x)dx—j:g(x)dx‘

< Eog(x)dx‘+“:g(x)dx‘

< K+K by using (ii) as b,c, >a.

<S2K. (iii)

That is, ‘ jb g(x)dx

c

[, g
Co

Also we have lim f (x) =0, so for all £>0, there exist B > 0 such that

X—>00

S2K. (1v)

Similarly,

| £(x)=0] < = for x>B.
4K
In particular, for b,c > B, we have

\f(b)\<ﬁand\f(c)\<ﬁ. ...... (V)

From (i), (iii), (iv) and (v), if b,c > B, we have
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f (b)j') g(x)dx + f (c)j g(x)dx

jg(x)dx

< Lok+ Lk —g
4K 4K

Hence by Cauchy criterion, we have that ro f (x)g(x)dx is convergent.

» Example

esinx | .
Prove that Ide IS convergent;

Solution:

Since sinx —1 as x— 0, therefore 0 is not a point of infinite

X
discontinuity.

We write j—d —jSIH X

jsm dx and note that _[—dx isa

proper integral. Therefore, it is enough to test the convergence of dex :

Denote f(x):E and g(X)=sinX, where x>1.
X

Clearly \f(x)\:iﬂ for x>1 implies f(X) is bounded.
X

Now for % > X, >1 we have = <L thatis, f(x)< f(X,). This gives us
X%

f(X) is decreasing for all for all x>1.
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Also lim f (x) = Iim1 =0.

X—00 X—0 ¥

Jatdx|=

Now

X
Isin X dx
1

=|-cos X +cos(l) | <|cos X |+|cos(l)| < 2

X
This gives .[g(x) dx is bounded for every X >1.
1

Hence by Dirichlet theorem j f(x)g(x) dx= j% dx is convergent.
1

» Example

Discuss the convergence of J.sin X% dx .
1

Solution: We write sin x2:2i 2X-sinx?, i.e.
o0 0 1
Ismx dx:j— 2x-sin x% dx
1 2X
Take f(x):2i and g(x)=2xsinx*, where x >1.
X

Note that |f(x)|£% and f(X) is decreasing for all for all x>1, it gives f(X)

Is bounded and monotone for all x>1. Also lim f (x) = Iim1 =0.

X—>00 X—>00 X

Now (x) dx :‘—cosX2+cos(1)‘<2.

X
= _[szin x? dx
1

X
This gives Ig(x) dx is bounded for every X >1.
1
Hence by Dirichlet’s theorem I f(x)g(x)dx = I% 2xsin x? dx
1 1

jsin x?dx is convergent.

» Example
sin x

Discus the convergence of je . —ax.

Solution:
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Let f(x)=e" and g(x) :w, where x>0.
X
As x>0, then we have & >1 (as exponential function is increasing).
This gives ix <1, that is, \f (x)\ <1 forall x>0.
e

Also f'(x)=—e* <0 forall x>0. Hence, we conclude that f(X) is bounded
and monotonically decreasing for all x>0.

Also _[g(x) dx = j%dx Is convergent (by previous example).
0 0

° " in .
Hence by Abel’s theorem I f(x)g(x)dx = je‘x %dx is convergent.
0 0

» Question
sin X
1+ x)“

Show that T

0

dx converges for a > 0.

> Question

Show that j e “cosxdx is absolutely convergent.
0
Solution

z~‘e‘xcosx‘<:e”‘ and Ie_XdX::l
0

". the given integral is absolutely convergent. (comparison test).

> MCQs
1. An improper integral r f (x)dx is conditionally convergent if it is
................... butnot ..................

(A) convergent; divergent (B) convergent; absolutely convergent

(C) divergent, convergent (D) divergent; absolutely convergent
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2.1f T is continuous and decreasing for x> a and lim f (x) =0, then the

X—>0

integral r F)OX e

(A) is convergent. (B) is divergent.
(C) may convergent. (D) absolutely convergent.
. TE(X) . o
3. The mtegralj v AX 38 oeeiieei if f isbounded on [1).
1
(A) convergent (B) divergent

(C) conditionally convergent (D) None of these

IMPROPER INTEGRAL OF THE SECOND KIND

> Definition

Let f be defined on the half open interval (a,b] (having point of infinite
discontinuity at @) and assume that f € R[t,b] for every te(a,b]. Define a
function | on (a,b] as follows:

Ia)zifdx if te(ab]

b
If lim 1(t) exists then the integral I f dx is said to be convergent. Otherwise,
a+

t—>a+

b
I f dx is said to be divergent.

a+

If 1lim 1(t) = A, the number A is called the value of the integral and we write

X—a+

b
jfdx:A
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Similarly, if f is defined on [8,b) (having point of infinite discontinuity at b)

and f e R[a,t] forall Xe[a,b) then define 1(t) = j fdx if te[ab).If

[
lim 1 (t) exists (finite) then we sayj f dx is convergent.
t—>b—
> Note

The tests developed to check the behaviour of the improper integrals of Ist
kind are applicable to improper integrals of lind kind after making necessary
modifications.

> Example

b
Discuss the convergence or divergence of Ix‘p dx forreal p.
0

Solution:
f(x) =x " is defined on (0,b] and f,g € R[X,b] for every x€(0,b].

I (x) :Tu-r’ du if xe(0,b]

b

b b

_[u‘pdu =lim | u™Pdu=Ilim
£—0 e—0

0+ O+¢

I-p

1-p

im——_ %
B e-0 1_p
| finite , p<1

| infinite, p>1

b
When P=1, we get I%dx:logb—logg%oo as ¢—0.

b
= jx‘l dx also diverges.
0+

Hence the integral converges when P <1 and diverges when p21.

> Note

c b-
If the two integrals j f dx and Ifdx both converge, we write

dex:jfdx+t]_fdx

The definition can be extended to cover the case of any finite number of sums.
We can also consider mixed combinations such as

00

b 0
_[ f dx+J. f dx which can be written as j f dx.

a+ b a+
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2 Question:
b
Prove that j and j d _ converges if n<1. (see [4, page 490])
(x- a) 2 (b—X)
2 Question
Examine the convergence of
1 1 1
. dx N dx dx
D) | (i) |z ) |7
!x%(1+ x2) !XZ(“X)Z J;x%(l—x)%
1
dx
Solution: (i) —
2.)‘ X3 (1+ xz)
Here ‘0’ is the only point of infinite discontinuity of the integrand.
1 1
Let f(x)= and take 9(X)=—.
x/3 (1+ x2) X%

Then 1im ~ &) _jim
x—0 g(x) x—0 1+ X

= Iolf(x)dx and Jjg(x)dx have identical behaviours.

X Jl.ﬁ converges . Jl-L also converges
0 X3 0 x% (l+ x2)

1
. dx
i -
(i £x2(1+ X)?
Here ‘0’ is the only point of infinite discontinuity of the given integrand.

We have

1 1
=~ _ and take =
f) x? (L+ x)* 9(x) X’
Then Ilim Fx )—|I 1 =1
x—0 g()() x—0 (1+ X)

= [f()dx and [ g(x)dx behave alike.

. . 1
But n=2 being greater than 1, the integral jo g(x)dx does not converge.
Hence the given integral also does not converge.

j dx
w ox%(l—x)%

Here ‘0’ and ‘1’ are the two points of infinite discontinuity of the integrand.
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We have
1

X2 (1- x)%
We take any number between 0 and 1, say }/ , and examine the convergence

% 1
of the improper integrals jf(x)dx and Jf(x)dx.

0

f(x)=

2

%

1
To examine the convergence of I ;dx, we take 9(X) = A
> X/2(L—x)? X’?
Then
lim F(x )_Ilm L =1
x—0 g(x) x—0 (1 X)}/
% 1 b

_[ 7dx converges dx is convergent.
0 X2

. 1
. ! x%(l— x)}/3

1
1
To examine the convergence of Jﬁdx,we take g(x)= L 7
i X2(1-x) (1-x)’3
Then
lim A )_Iimizl
x—1 g(x) x—1 X%
1 1
y j 7 dx converges - jﬁdx is convergent.
B (1=x)"° I x?(1-X)
Hence I: f (x)dx converges.
2 Question
Show that the following improper integrals are convergent.
I .. Fsin®x
i) [sin®= dx i dx
() Jsin*3 (i) [
1 1
... Xxlogx :
(iii) dx (iv) | log x - log(1+ x) dx
-([ 1+ x)? ;[

Solution: (i) Let f(x):sin21 and g(x):iz.
X X

2
. 21 .
Then lim X IimsmlleimEM] _1
X—>0 g(x) X—>® ) y—0 y
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- j f(x) dx and jiz dx behave alike.
X
1
Tl Tl
I? dx is convergent .. jsm ;dx Is also convergent.
1
sin’ X 4
(if) j
2
Take f(x):SmZX and g(x):i2
X X
f2
sin?x<1 5'”2X£i2 vV xe(lo)
X X
1 Tsin® x
and J—Z dx converges .. _[ >— dx converges.
1X 1 X

> Note
=2

sin’ x sin® x
j dx is a proper integral because lim

> =1 so that ‘0’ is not a
0 )( Xx—0 X

o = 2
point of infinite discontinuity. Therefore J'Slnz

X .
dx is convergent.

Iog X 4

D) '[

Iogx <x, xe€(0) - xlogx < x?
x log X X

2 < 2
(1+x)"  (1+x)

1 2 1
Now '[(1+ ) dx is a proper integral, therefore I(1+x) dx is convergent.
0 0

(iv) jlog X-log(1+ x) dx

“logx < x  .olog(x+1) < x+1
= logx-log(l+Xx) < x(x+1)
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'[x(x +1)dx is a proper integral

" Ilog x-log(l+ x)dx is convergent.
0

> Note

ip dx diverges when p>1 and converges when p <1,

0
(i) Iip dx converges iff p>1.

> Questions
Examine the convergence of

R ¢ 1 T dx
(1) J;de (i1) {mdx (i) !W

Solution: (i) Let f(x)=—— and take g(x)—i
(@ +><)

As lim—= f(x) =lim X =
=ng() o (LX)

o0

Therefore the two integrals j
L1+ x)*

behaviour for convergence at oo.

L

~dx have identical

dx and T
1

>

0 o]

1 . .
.+ | =dx isconvergent .. dx is convergent.
-!‘xz J '1[(1+ X)°* :
(ii) Let f(x)=—~ _ and take g(X)=i=i
@+ x)Vx xJx x
We have lim (X )—Iimizl
X—>o0 g(x) x—0] 4+ X
and T%dx is convergent. Thus T#dx is convergent.
% 3 (L VX
1
(i) Let f(X)=———
X3 (1+ x)%

take 900 = =
we take AN
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28
We have |im—==~ FO) _ 1 and T%dx Is divergent .. Tf(x) dx is divergent.
Seg(x)  3x6
2 Question
Show that j dx 1s convergent.

Solution: We have
0 1 . 0
j > dx = Ilml
c1+x a0

a
=lim
a—oo

0

=2 lim

a—w

dx+j

1+ x° 1+x

=21lim

a—»o0

dx+_[1+x

91+ X2

tan™ x‘ = 2(—) =7
0 2

therefore the integral is convergent.

2 Question

ttantx o
Show that -[1 " dx is convergent.
+

0

1 de}
1+x

O ey

. tan™
Solution: (1+X ) _t — as X—>® Here f(x)=
(L+x7)

e} -1 o)

J-tan Xix & | ——5dx behave alike. and  g(x)=

5 1+ X o1+ X

Il 2 dx isconvergent .. A given integral is convergent.

_|_
0

2 Question

dx is convergent.

1 _
e
Show that
‘([\/1— x*
Solution: - e *<1 and 1+Xx*>1forall xe(0,1).
e 1 1

) JA=x3)@+x3) ) J1-%2

tan~' x

1+ x°

1+ %2
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1 o
———dx=Ilim | ——— dx
V1-x° &0 ! V1-x°
—limsint(1—-2 ="
_!JESQn (1-¢) >

1
Also I
0

dx is convergent. (by comparison test)

1 e—x
- !xll— x*

29
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