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¢ Derivative of a function:
Let f be defined and real valued on (a,b). For any point ce (a,b), form the
quotient
Jf(x) = f(c)
x—c
We fix point ¢ and study the behaviour of this quotient as x — c.

«» Definition
Let f be defined on an open interval (a,b), and assume thatce (a,b). Then fis said to
be differentiable at ¢ whenever the limit
i S0 f(©0)
X—C x —_ C
exists. This limit is denoted by f’(c¢) and is called the derivative of f at point c.

If x—c=h, then we have

f'(e)=lim

fle+h) - f(©o)
. :

< Example
(i) A function f:R — R defined by

Flx)= xzsin% ; x#0
0 ; x=0

This function is differentiable at x =0 because
_ 2eind —
lim f(x)— f(0) =1imx sin—0

x—0 x—() x—0 x—o
2 -]
. X“sin—+
=lim 2
x—0 X
=lim xsinl =0.
x—0
ii) Let x)=x" ; n=20 (nisinteger), xe R.
g
Then
n n
) x)— f(c . xX'—c
hm—f() S () =lim —
x—c xX—c x—=c xX—C
(=T A+ T
=1lim
x—c xX—c
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=lim (X" + "+ x+ T

s
implies that f is differentiable every where and f’(x)=nx"".
s Theorem
Let f be defined on (a,b), if f is differentiable at a point xe& (a,b), then f is
continuous at x. (Differentiability implies continuity)

Proof
We know that
lli_rg%m:f'(x) where t#x and a<r<b
Now '
lim(f (1)~ f(x))= 1%%) lim (7 - x)
=f(x)-0

=0
= lim f(1)= f(x).

This show that fis continuous at x.

** Remarks
(i) The converse of the above theorem does not hold.

' X l‘f XZO
Consider f(x)=|x|= —x if x<0

£7(0) does not exists but f(x) is continuous at x=0
(i1) If f1is discontinuous at ce D f then f’(c) does not exist.

e.g.
1 if x>0

f(x):{o if x<0

1s discontinuous at x =0 therefore it is not differentiable at x =0.

< Theorem
Suppose f and g are defined on [a,b] and are differentiable at a point x€ [a,b],

then f+ g, fg and A are differentiable at x and
8
@ (f+8))=[f(x)+g X
(i) (f8)Y(0)=f(0gx)+f(x)g'(x)

G [ f j ()= EDL )= F (')
g g’ (x)
The proof of this theorem can be get from any F.Sc or B.Sc text book.
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% Remark

As we know limw = f’(x), this gives
t—Xx —-X
FO=FD _ ) vuoy.
I—x

where u(t) is a function such that u(¢) >0 as t — x.

This gives us f(¢)— f(x)=(t - x)[f'(x) + u(t)], where u(r) >0 as r — x, as an
alternative definition of derivative.
¢ Theorem (Chain Rule)

Suppose f is continuous on [a,b], f'(x) exists at some point x€ [a,b]. A
function g is defined on an interval / which contains the range of f, and g is
differentiable at the point f(x).

If h)=g(f@®); a<r<b
Then £ is differentiable at x and 4'(x)=g"(f(x))- f'(x).

Proof
Let y= f(x)
By the definition of the derivative we have
f@)—f(x) =(t—x)[f'(x)+u(t)] ............ ()
and g(s)—g(y)=(s— y)[g'(y) + v(s)] ........... (i1)

where t€[a,b], se and u(r) >0 as t — x and v(s) >0 as s > y.
Let us suppose s= f(t) then
h(t)—h(x) =g (f () —g(f(0) = g(s)—g(y)
=[s=y][g’ () +v(s)] by (i)
=[fO) = f][&" () + ()]
=t =0 f () +u@®)][&(y)+v(s)] by (1)
or if t#x
PO [ 1)+ u][g'0)+ ()]
taking the limit as r — x we have
K (x)=[f(x)+0][&"(y)+0]
=8'(f(0) f(x) v oy=f)

which is the required result.

« Example
Let us find the derivative of sin(2x), One way to do that is through some trigonometric

identities. Indeed, we have
sin(2x) = 2sin(x)cos(x) -

So we will use the product formula to get
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(sin(2x)) = 2(sin’(x) cos(x) +sin(x) cos (x))
which implies
(sin(2x)) = 2(cos? (x) —sin®(x)) -
Using the trigonometric formula cos(2x) = cos’(x) —sin’(x), we have
(sin(2x)) =2cos(2x)-
Once this is done, you may ask about the derivative of sin(5x)? The answer can be
found using similar trigonometric identities, but the calculations are not as easy as

before. We will see how the Chain Rule formula will answer this question in an elegant

way.
Let us find the derivative of sin(5x)-

We have h(x)= f(g(x)),where g(x) = 5x and f(x)=sin(x) . Then the Chain rule

implies that 4'(x) exists and

H(x)=5-[cos(5x)] = 5cos(5x)-
«» Local Maximum ) Y4 Local Maxima @)
Let f be areal valued function defined
on aset Ec R, we say that f has a local /\ f(x)
maximum at a point pe€ E if there exist 0 >0
such that f(x)< f(p) V xe D with
[x=p|<d. f(b)
Local minimum is defined likewise.

Local Minimun

o
v

s Theorem

Let f be defined on [a,b], if f has a local maximum at a point xe [a,b] and if

f'(x) exist then f'(x)=0.
(The analogous for local minimum is of course also true)
Proof
Choose J such that
a<x—0<x<x+0<b

Now if x—d<t<x then fx)
fO-1() 3,
r—x
Taking limit as r = x we get
f(x)=20 ...l (1) Xt Y Y x5 b

If x<t<x+0
Then

fO-f(

I—x
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Again taking limit when ¢ — x we get

FO)E0 oo, (ii)
Combining (i) and (ii) we have f’(x)=0.

«» Lagrange’s Mean Value Theorem.
Let f be

1) continuous on [a,b]
i1) differentiable on (a,b).
Then there exists a point ce (a,b) such that
fO =@ _ s
b—a
We are skipping the proof as it is included in BSc calculus book.

** Generalized Mean Value Theorem
If f and g are continuous real valued functions on \

closed interval [a,b] and f is differentiable on (a,b), then .\
there is a point ce (a,b) at which /
[f(B) - f(@)]g'(©)=[gb)—g(@)]f(c) woso “f“’f‘\'f"”t\,\

The differentiability is not required at the end point. \ o100
We are skipping the proof as it is included in BSc calculus book. [F=——1 ’

< Theorem (Intermediate Value Theorem or Darboux’s Theorem)
Suppose f is a real differentiable function on some interval (a,b) and suppose
f’(a)< A< f(b) then there exist a point x€ (a,b) such that f'(x)=A1.
A similar result holds if f’(a)> f'(b).
Proof
Put g(t)=f(@t)—At
Then g'(tH)=f'(1)-A
If t=a we have
ga=f(a)-1
v fla)-A<0 - g(a)<0
implies that g is monotonically decreasing at a.
= 1 apoint ¢, € (a,b) such that g(a)> g(z,)).

Similarly, ¥

gb)=f(h)-2 )

w fB)-A>0 o g(B)>0 §
implies that g is monotonically increasing at b. J o) w Y=
= d apoint t, € (a,b) such that g(z,) < g(b) i :

— the function attain its minimum on (a,b) at / °

a point x (say)
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such that g'(x)=0 = f'(x)-1=0
= f(x)=4.

* Question
Let f be defined for all real x and suppose that

‘f(x)—f(y)‘S(x—y)2 V real x & y.Provethat f is constant.

Solution
Since | ()~ ()] (x—y)?
Therefore
—(x= )’ < f)-f(N<(x—y)
Dividing throughout by x—y, we get

_(x_y)gMS(x—y) when x>y
XY

and

—(x—-y)=2 >(x—y) when x<y

f)-f()
xX=y
Taking limitas x — y, we get

0< f'(y»)<0
0> f'(y)=0
which shows that function is constant.

} = f(»=0

** Question
Suppose f is defined and differentiable for every x>0 and f'(x) -0 as x — +oo

put g(x)=f(x+1)— f(x).Prove that g(x) >0 as x— +oo.

Solution
Since f is defined and differentiable for x>0 therefore we can apply the

Lagrange’s M.V. T. to have
fx+D)—f(x)=(x+1-x)f"(x,)) where x<ux,.
Since f(x)—>0 as x—>oo,
therefore f'(x,) >0 as x—>oo
= f(x+D)—f(x)>0 as x>
= g(x)>0 as x>,
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* Question (L’Hospital Rule)
Suppose  f'(x), g'(x) exist, g'(x)#0 and f(x)=g(x)=0.
Prove that lim——= f@) f ()

~eg(t) g(x)
Proof

p FO e fO=0 L f0) = f()

(=0
v g(f) v g(£)—0 lim 2(1)— (%) fx)=g(x)

L fO-f@) it

or I=x g()—(x)

e JO-fx)

ST Moo

l'_
o fO-f0 11 W
e lim 8 =) T ™ e

t—x I—Xx

** Question
Suppose f is defined in the neighborhood of a point x and f”(x) exists.
fx+h)+ f(x—h)-2f(x)

Show that lhlil(} P = f7(x).
Solution
By use of Lagrange’s Mean Value Theorem
fx+h)—f(x)=hf"(x) where x<x,<x+h ...cenn... (@)
and
—[f(x=h)— f(x)]=hf"(x,) where x—h<x,<X .....c..o..... (ii)

Subtract (ii) from (i) to get
J+m)+ f(x=h)=2f(x)=h[f'(x)~= f(x)]
N fx+)+ fx—h)-2f(x) _ f'(xl)—f'(XQ)'

h h
Since x,—x, -0 as h—>0,
therefore
f(X+h)+f(x h—-2f(x) _ — lim f )= f(x)
h_>0 h X=X X, — X,

= f7(x).

o Question
Ifc+ R B L)
2 3 n n+1
Where ¢,,c¢,,c,,...,c, arereal constants.

Prove that ¢, +cx+c,x* +...+¢,x" =0 has at least one real root between 0 and 1.
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Solution
CV[
n+l

+1
xn

Suppose f(x)= c0x+%x2 +...+

Then £(0)=0 and f(1)=c0+%+%+...+i—o

n+l
= fO)=7D=0
“* f(x) is apolynomial therefore we have
1) It 1s continuous on [0,1]
11) It is differentiable on (0,1)
iii) And f(a)=0=f(b)
— the function f has local maximum or a local minimum at some point xe (0,1)
= f(X)=c+ex+e,x’+...+¢,x"=0 for some xe (0,1)
—> the given equation has real root between 0 and 1.
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