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Review:
+ Conditional law of total probability
For any events A and a partition of events { B, }, and for any condition C with P(C) > 0:

P(AIC)=ZP(A,BkIC).
k

¢ ¢ Example:
Suppose:
e (:"“Today is Monday.”
e The day is divided into two possibilities:
o Bjy:“Itissunny.”
o By:“ltiscloudy.”
e A:“The teacher comes to school.”
Assume the following probabilities conditional on Monday:
P(B;1C)=0.6, P(B, | C) = 0.4.




And:
P(A|B,C)=08, P(AI|B,C)=0.3
Then by the conditional law of total probability:
P(AIC)=P(A,B,1C)+P(4,B,10)

Compute each term:
P(A,B; 1 C)=P(A|IB,C)P(B;1C)=0.8x%x0.6=0.48
P(A,B, 1 C)=P(A 1B, C)P(B,1C)=03%x04=0.12

Add then:
P(A|C)=0.48+0.12 = 0.60.

¢ Matrix multiplication
If A= [ay] and B = [by;], then

C=AB = Zaikbkj].
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Chapman-Kolmogorov Equation
lLet{X,: n > 0}be a Markov chain with adiscrete state spaceS. Let

PiS'n) = P(Xppin = lem = 1)
denote the n-step transition probability from state i to state j.

The Chapman-Kolmogorov Equation states that for all ,j € S and for any non-negative
integersm,n = 0, the following holds:

pamm = Z pem R




Proof
The (i, j) th entry of the matrix P(™*™ is given by

PS™™ = P(Xpan = | Xo = )

= Z P(Xpsn=J, Xm =k | Xy =1) by total law of prob.

k
_ P(Xm+n=j’Xm=k:X0=i) .. _P(AﬂB)
Z P(Xy = 1) * P(AIB) = P(B)
_ P(Xm+n _]' =k, XO i) P(Xm = k:Xo = i)
- Z P(X,, = k,XO =1) T P(X, =0)

=ZP(Xm+n=j|Xm=k,X0=i)-P(Xm=k|X0=i)
k

= Pn = 1 X = ) - Py = ke | Xg = ).
k




Hence, we proved

(m+n) _
P = )
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Chapman-Kolmogorov Differential Equation

Take Pig.mm)

= P;j(m + n), then differentiating w.r.t. n, we get
Pjj(m+n) = 9
on
By Chapman-Kolmogorov equation, we have
pm+n) = pmp(M or P(m +n) = P(m)P(n)

Usingitin (1), we have

d
Pijm+m) = > Pye(im) = Piy(m)
k




Atn = 0, we have

Pjj(m) = z Py (m)ay;,
K

d
where a;; = apkj(n) atn =0.
This gives Chapman-Kolmogorov equation as differential equation.
If P represents the transition probability, that is square matrix, so in matrix notation,

2 p = pA.
dn




Chapman-Kolmogorov Theorem
Let {X,,,n = 0} be Markov chain with TPM (transition probability matrix) P = [P;;] and n-

step TPM P(M) = p™ , where
ij

Pig'n) =PX,=j1X,=1)and Pig'l) = P;.

Then the following properties hold:
1. p+m) — p(m)p(m)
2. pW =pn




Proof: (1) The (i, ) th entry of the matrix P(™*™ is given by

P = Py = J 1 Xo = )
= Z P(Xpsn=J, Xm =k | Xy =1) bytotal law of prob.

k
_ZP(Xm+n=j,Xm=k,X0 = i) . _P(ANB)

P(Xo = D) “PUIB) = =5y

=ZP(Xm+n—], n=lXo =) PG = ko =D

= PCmin =) 1 X = Ko = D) PO = 1 Xo = D)
k

= Pn = 1 X = ) - Py = ke | Xg = ).
k

Hence, we proved




(m+n) _ (m) p(m)
RN
k

This ultimately gives us

(m+n)| _ (m) p(n)
[P >R Pk,-]

k
_[pm) (D]
[Pik ][ij
So, we have
pim+n) = pmpMm) (2)

(2) We prove this result by induction.
By definition, we have P = P(D,




Thus, the assertion P™ = P™is true forn = 1
Assume P(™) = P™ for some positive integer m.
Then by using (2), we have P = p(Mp®) that is,

P(m+1) — P(m)P(l) — pmp = pm+1

Thus, the assertion P(™ = P js also true for m + 1.

Hence, by the principle of mathematical induction, P(™ = P™ is true for any positive
integer n.

Thank you so much




