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Review:  
  Conditional law of total probability 
For any events 𝐴 and a partition of events {𝐵𝑘}, and for any condition 𝐶 with 𝑃(𝐶) > 0: 

𝑃(𝐴 ∣ 𝐶) = ∑ 𝑃(𝐴, 𝐵𝑘 ∣ 𝐶)

𝑘

. 

   Example: 
Suppose: 

• 𝐶: “Today is Monday.” 
• The day is divided into two possibilities: 

o 𝐵1: “It is sunny.” 
o 𝐵2: “It is cloudy.” 

• 𝐴: “The teacher comes to school.” 
Assume the following probabilities conditional on Monday: 

𝑃(𝐵1 ∣ 𝐶) = 0.6 ,          𝑃(𝐵2 ∣ 𝐶) = 0.4. 
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And: 
𝑃(𝐴 ∣ 𝐵1, 𝐶) = 0.8,   𝑃(𝐴 ∣ 𝐵2, 𝐶) = 0.3 

Then by the conditional law of total probability: 
𝑃(𝐴 ∣ 𝐶) = 𝑃(𝐴, 𝐵1 ∣ 𝐶) + 𝑃(𝐴, 𝐵2 ∣ 𝐶) 

Compute each term: 
𝑃(𝐴, 𝐵1 ∣ 𝐶) = 𝑃(𝐴 ∣ 𝐵1, 𝐶)𝑃(𝐵1 ∣ 𝐶) = 0.8 × 0.6 = 0.48 
𝑃(𝐴, 𝐵2 ∣ 𝐶) = 𝑃(𝐴 ∣ 𝐵2, 𝐶)𝑃(𝐵2 ∣ 𝐶) = 0.3 × 0.4 = 0.12 

Add then: 
𝑃(𝐴 ∣ 𝐶) = 0.48 + 0.12 = 0.60. 

 
  Matrix multiplication 
If  𝐴 = [𝑎𝑖𝑘]  and 𝐵 = [𝑏𝑘𝑗], then  

𝐶 = 𝐴𝐵 = [∑ 𝑎𝑖𝑘𝑏𝑘𝑗

𝑘

]. 
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Chapman-Kolmogorov Equation 
Let {𝑋𝑛 ∶  𝑛 ≥  0} be a Markov chain with a discrete state space 𝑆. Let 

𝑃𝑖𝑗
(𝑛)

 =  𝑃(𝑋𝑚+𝑛 =  𝑗 |𝑋𝑚  =  𝑖) 

denote the 𝑛-step transition probability from state 𝑖 to state 𝑗. 

The Chapman-Kolmogorov Equation states that for all 𝑖, 𝑗 ∈  𝑆 and for any non-negative 

integers 𝑚, 𝑛 ≥  0, the following holds: 

𝑃𝑖𝑗
(𝑚+𝑛)

 =  ∑ 𝑃𝑖𝑘
(𝑚)

 𝑃𝑘𝑗
(𝑛)

𝑘

 . 
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Proof 

The (𝑖, 𝑗) th entry of the matrix 𝑃(𝑚+𝑛) is given by 

𝑃𝑖𝑗
(𝑚+𝑛)

 = 𝑃(𝑋𝑚+𝑛 = 𝑗 ∣ 𝑋0 = 𝑖)

 = ∑ 𝑃( 𝑋𝑚+𝑛 = 𝑗, 𝑋𝑚 = 𝑘 ∣∣ 𝑋0 = 𝑖 )

𝑘

      𝑏𝑦 𝑡𝑜𝑡𝑎𝑙 𝑙𝑎𝑤 𝑜𝑓 𝑝𝑟𝑜𝑏.

 = ∑
𝑃(𝑋𝑚+𝑛 = 𝑗, 𝑋𝑚 = 𝑘, 𝑋0 = 𝑖)

𝑃(𝑋0 = 𝑖)
𝑘

           ∵ 𝑃(𝐴|𝐵) =
𝑃(𝐴 ∩ 𝐵)

𝑃(𝐵)

 = ∑
𝑃(𝑋𝑚+𝑛 = 𝑗, 𝑋𝑚 = 𝑘, 𝑋0 = 𝑖)

𝑃(𝑋𝑚 = 𝑘, 𝑋0 = 𝑖)
⋅

𝑃(𝑋𝑚 = 𝑘, 𝑋0 = 𝑖)

𝑃(𝑋0 = 𝑖)
𝑘

 =   ∑ 𝑃(𝑋𝑚+𝑛 = 𝑗 ∣ 𝑋𝑚 = 𝑘, 𝑋0 = 𝑖) ⋅ 𝑃(𝑋𝑚 = 𝑘 ∣ 𝑋0 = 𝑖)

𝑘

 = ∑  

𝑘

 𝑃(𝑋𝑚+𝑛 = 𝑗 ∣ 𝑋𝑚 = 𝑘) ⋅ 𝑃(𝑋𝑚 = 𝑘 ∣ 𝑋0 = 𝑖).
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Hence, we proved  

𝑃𝑖𝑗
(𝑚+𝑛)

 =  ∑ 𝑃𝑖𝑘
(𝑚)

 𝑃𝑘𝑗
(𝑛)

𝑘

 . 
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Chapman-Kolmogorov Differential Equation 

Take 𝑃𝑖𝑗
(𝑚+𝑛)

= 𝑃𝑖𝑗(𝑚 + 𝑛), then differentiating w.r.t. 𝑛, we get 

𝑃𝑖𝑗
′  (𝑚 + 𝑛) =

𝜕

𝜕𝑛
 𝑃𝑖𝑗  (𝑚 + 𝑛) … … (1) 

By Chapman-Kolmogorov equation, we have  

𝑃(𝑚+𝑛) = 𝑃(𝑚)𝑃(𝑛)  or   𝑃(𝑚 + 𝑛) = 𝑃(𝑚)𝑃(𝑛) 

Using it in (1), we have 

𝑃𝑖𝑗
′ (𝑚 + 𝑛) = ∑ 𝑃𝑖𝑘(𝑚)

𝑘

  
𝑑

𝑑𝑛
𝑃𝑘𝑗(𝑛) 
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At 𝑛 = 0, we have 

𝑃𝑖𝑗
′ (𝑚) = ∑  

𝑘

𝑃𝑖𝑘(𝑚)𝑎𝑘𝑗, 

where 𝑎𝑘𝑗 =
𝑑

𝑑𝑛
𝑝𝑘𝑗(𝑛) at 𝑛 = 0. 

This gives Chapman-Kolmogorov equation as differential equation. 

If 𝑃 represents the transition probability, that is square matrix, so in matrix notation, 

𝑑

𝑑𝑛
𝑃 = 𝑃𝐴. 
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Chapman-Kolmogorov Theorem 

Let {𝑋𝑛, 𝑛 ≥ 0} be Markov chain with TPM (transition probability matrix) 𝑃 = [𝑃𝑖𝑗] and 𝑛-

step TPM 𝑃(𝑛) = [𝑃𝑖𝑗
(𝑛)

],   where 

𝑃𝑖𝑗
(𝑛)

= 𝑃(𝑋𝑛 = 𝑗 ∣ 𝑋0 = 𝑖) and 𝑃𝑖𝑗
(1)

= 𝑃𝑖𝑗 . 

Then the following properties hold: 

1. 𝑃(𝑛+𝑚) = 𝑃(𝑛)𝑃(𝑚) 

2. 𝑃(𝑛) = 𝑃𝑛 
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Proof: (1) The (𝑖, 𝑗) th entry of the matrix 𝑃(𝑚+𝑛) is given by 

𝑃𝑖𝑗
(𝑚+𝑛)

 = 𝑃(𝑋𝑚+𝑛 = 𝑗 ∣ 𝑋0 = 𝑖)

 = ∑ 𝑃( 𝑋𝑚+𝑛 = 𝑗, 𝑋𝑚 = 𝑘 ∣∣ 𝑋0 = 𝑖 )

𝑘

      𝑏𝑦 𝑡𝑜𝑡𝑎𝑙 𝑙𝑎𝑤 𝑜𝑓 𝑝𝑟𝑜𝑏.

 = ∑
𝑃(𝑋𝑚+𝑛 = 𝑗, 𝑋𝑚 = 𝑘, 𝑋0 = 𝑖)

𝑃(𝑋0 = 𝑖)
𝑘

           ∵ 𝑃(𝐴|𝐵) =
𝑃(𝐴 ∩ 𝐵)

𝑃(𝐵)

 = ∑
𝑃(𝑋𝑚+𝑛 = 𝑗, 𝑋𝑚 = 𝑘, 𝑋0 = 𝑖)

𝑃(𝑋𝑚 = 𝑘, 𝑋0 = 𝑖)
⋅

𝑃(𝑋𝑚 = 𝑘, 𝑋0 = 𝑖)

𝑃(𝑋0 = 𝑖)
𝑘

 =   ∑ 𝑃(𝑋𝑚+𝑛 = 𝑗 ∣ 𝑋𝑚 = 𝑘, 𝑋0 = 𝑖) ⋅ 𝑃(𝑋𝑚 = 𝑘 ∣ 𝑋0 = 𝑖)

𝑘

 = ∑  

𝑘

 𝑃(𝑋𝑚+𝑛 = 𝑗 ∣ 𝑋𝑚 = 𝑘) ⋅ 𝑃(𝑋𝑚 = 𝑘 ∣ 𝑋0 = 𝑖).

 

Hence, we proved  
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𝑃𝑖𝑗
(𝑚+𝑛)

 =  ∑ 𝑃𝑖𝑘
(𝑚)

 𝑃𝑘𝑗
(𝑛)

𝑘

 . 

This ultimately gives us  

[𝑃𝑖𝑗
(𝑚+𝑛)

]  =  [∑ 𝑃𝑖𝑘
(𝑚)

 𝑃𝑘𝑗
(𝑛)

𝑘

] 

                   = [𝑃𝑖𝑘
(𝑚)

][𝑃𝑘𝑗
(𝑛)

] 

So, we have 

𝑃(𝑚+𝑛)  = 𝑃(𝑚)𝑃(𝑛) … . . . (2) 

(2) We prove this result by induction. 

By definition, we have 𝑃 = 𝑃(1). 
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Thus, the assertion 𝑃(𝑛) = 𝑃𝑛 is true for 𝑛 = 1 

Assume 𝑃(𝑚) = 𝑃𝑚 for some positive integer 𝑚. 

Then by using (2), we have  𝑃(𝑚+𝑛) = 𝑃(𝑚)𝑃(𝑛), that is, 

𝑃(𝑚+1) = 𝑃(𝑚)𝑃(1) = 𝑃𝑚𝑃 = 𝑃𝑚+1. 

Thus, the assertion 𝑃(𝑛) = 𝑃𝑛 is also true for 𝑚 + 1. 

Hence, by the principle of mathematical induction, 𝑃(𝑛) = 𝑃𝑛  is true for any positive 
integer 𝑛. 

 
 
 

Thank you so much 


