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Important Limits

l. "mxx:a =na"", where n is integer and a > 0.
0 gmYxta=ya_ 1
' x—0 X 2\/5
1. Iim(1+£J =e.
n—0 n
1
IV. lim(1+x)* =e.
V. lim _~—Ina, where a>0.
VI, Iirgex_ =lne=1.
VII. If @ is measured in radian, then Iaingyzl.
Question # 1
(i) Iirrg(2x+4) =Iirr?](2x)+lirr?](4) =2Iin;(x)+4 =2(3)+4 =10.
(ii) |irq(3x2—2x+4) =3()%-2())+4 =3-2+4=5.
(iii) Iirr?]«/x2+x+ —J@)?+(Q)+4 =9+3+4 =16-4.
(iv) Iirr21x»\/x2—4 = 2J2*-4 =0.
) Iin;(\/x3+1—\/x2+5) =Iing(«/x3+l)—ling(\/x2+5)
- (J(2)3 +1) - (\/(2)2 ' 5)
=8+1-/4+5 =9-9 =0.
Vi) lim 2x’+5x _2(-2°+5(-2) -16-10 -26 13
x>-2 3X—2 3(-2) -2 —6-2 -8 4
Question # 2
0 Iimx3—x :"mx(xz—l) :"mx(x+1)(x—1)
x>-1 X+1 x>-1 x+1 x—>-1 X+1
:Iin_wlx(x—l) =(-D(-1-1) =2
3 2 2
Gy lim P o X&) X4 30)+4
x-0| X"+ X x>0 X(X+1) x-0 X +1 0+1
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x* -8

i) him

(i) x>2 X2 + X —6
_lim x> —(2)° _lim (x—2)(X* +2x+4)
x>2 X* +3X—2X—6 =2 X(X+3)—2(x+3)

3 im(x 2)(X* +2X + 4) _lim (X* +2x +4)

o2 (x+3)(x=2) 2 (Xx+3)
_@*+20+4) 12
 (2+3) 5

W) 1imX -

O I T G
-1 X(x° —1) -1 X(x =1)(x+1)

(X_l)2 —lim (1_1)2 —

=lim = -
oLX(X+1) ot (1) (L+1)
) Iim(x;r j i XD X
x>-1\ x° -1 x>-1(x+1)(x-1) x>-1 (X —1)
() 1
S (-1-1) 2
vy lim2X =32y 2(x ~16)
o4 X2 —4x2 xoh X (X—4)
_jim 20 AX=8) - 200 4)
X—4 X2 (X - 4) X—>4 X2
_ 204+4) 16 _,
2 16
oo Ax=N2  x=N2 [(x 2
(Vi leﬂg X—2 _legg X—2 \/;+\/§]
_ lim (&)Z_(ﬁ)z ~lim— X=2
w(x—z(\/hﬁ) 2 (x=2)(Vx++2)

1
=lim

1
2 x+J_ 22 22
\/F\/_ X +h =X Jx+h+yx

(vith) - fim L — Jih+dx

B ) e 0 R

"0 h(Jxrh+x)  "Oh($xrh K]

SommS
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. h i 1
“ﬁoh(\/x+h+\/§) -0 \/x +h ++/x
o 1
Ix+0+0x  2Ux
(ix) lim>—%
x—>a X —a

_(x- a)(x”‘1 +x"fa+x"at ...+ a”‘l)
- !("T; m-1 m-2 m-3,2 m-1
~a(x—a)(x"+x"Pa+x""at +...+a

i (x”‘l +xX"Pa+x"tat 4 a”‘l)
=lim
o2 (XM XM Fa X" 0al A"

_a"™+a"fa+a"tat +...+a™t
a™+a"fa+amla’ +...+a""

a"t +a" +a" " +...+a" (nterms)
a™+a™ +a" " +....+a™" (m terms)

_ n a;: _ 1 gm i m 1 "M
ma m m
Law of Sine
) ) ) . sin@
If @ is measured in radian, then |9In’(}—=l
See proof on book at page 25

Question # 3
(i) lim SIn’7X

Xx—0 X

t

Put t=7x = —=X
7

When x—0 then t—0,5s0

AR
x>0 X t-50 %
- 7@33't—”t —701) =7 By law of sine.
(i) 'Xiﬂ(]Sir:(XO
Since 180° =7 rad = 1="rad = x=2Z rad

inx’ sin 77X
So  lim>nX :limﬂ

x=>0 X x—0 X
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Nowput ”_X:t :@
180 T
When x—>0 then t—0,so0
IimSin”%go . sint
Xx—0 x—>0180
X 8ot
_ T gimSint T @ = by law of sine
180 x>0 t 180 180
. 1-cos@ . 1-cos@ 1+cosé
(i) lim=— =lim— :
6-0 sSing@ -0 sin@ 1+cosé
. 1-cos? 6 sin® @
= lim— Im
0-0sin@(1+cos b)) 9ﬁ03|n0(1+cos¢9)
_lim sin@ _ sin(0) _ 0 0
0-0(1+cosd)  1+cos(0) 1+1
(iv) lim>X
X=>7w 7 — X
Put t=7z-X = X=rx-t
When x—>~x then t—0,s0
lim sinx IimS|n(7r—t)
X=>7 7 — X t—0 t
= Iimﬂ sin(ﬂ—t):sin(z-z—tj:sint
t—>0 { 2
=1 By law of sine.
. sinax .
(V) lim= = limsinax.: —
x-0 Sin bx x>0 sinbx
L ax 1 . sinax 1
= Imgsmax- ~ b = |IFT3 'axsinbx
H X sinbx .| > A ——bx
bx bx
_ A ppSinax 1 :—()— - & bylawofsine
bx ax Iimsmbx ) b
x=0  pXx
i) lim——= lim——— lim—2—.cosx
x—0 tan X x—0 sm X x—0 SIN X
COS X
) 1 ) 1
= lim——-.cosx = ‘limcosx = =1=1
x—0 SIN X . n x—0 1
== lim——
X x=>0 X
(vii) limi=CsX
x>0 X .2 l-—cos2x
. 2sin®x e xXET
= lim—
x>0 X -, 2sin’ x =1—cos2x

Somm
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. 2 - 2
_ 2|in3(%j :2(|irrgﬂj — 21 = 2
X—> X—> X
(vii) Do yourself by rationalizing
a2
(viii) lim " 0 Igng% sin@
sin@
_Iel—rIgT I|msm¢9 = @0 =
) fip SECX —COS X
x—0 X
1 sy 1—cos” X
— lim COS X — lim COS X
x—0 X x—0 X
~ Iiml—coszx _ iim sin?x limSinX _sinx
x>0 XCOS X x>0 X COS X x>0 X COSX
. sinx .. _sinx sin(0) 0
= lim -lim = (1) =1~ =0
x>0 X x>0 COSX cos(0) 1
(xi) limi=S0sPd
x->01—cosqé
. 5 pé
. 2sin” =~ . X 1-cosx
= Iin 0 S
2sin2 Y 2
%)
_lim sin?P¢. 1 ~lim sin? 2212 > 1 -
x—0 sinZ% X—0 2 (pg) (qg)
2 2] in290 L2
2 (g0\
2
2
sinz P¢ o2 1 sin-22 1 p26’2
—lim ——2.(57). = lim | —2 X
x>0 (pd . o060 x—0 pé . g0 0
0 L o ) [y
%) ) 0
7 -
2
2
. po
2 SIn— 2
=P |lim —2 L 2() 1P
q° |0 po . qf (1) q
2 sin——
lim —2
x—0 %
2
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(xii) Iimtan¢9—sin9
00 sin®o
sin@ . sin@ —sindcosd
————8In@
= lim€s0 _____ _ |jm—C0S0
-0 SN @ 60 sin° @
. sin@—sin@cosd . sing(1—cosb)
= lim — = lim—-—
-0  sIn°&cosd 6-0 sin°@cosd
. 1-cosé . 1-cos@® 1+cosé
6-05In“ @cos @ 908N @cosd 1+coso
. 1—cos’ 0 . sin’ o
= lim— > = lim— >
9-0sin*@cosd(1+cosb) 9-0sin®@cosd(1+cosb)
) 1 )
0-0 c0s 6 (1+cos ) x>0 c0sO(1+cos6)
1 1 1

cos(1) (1+cos(1)) 1-(1+1) 2

Note:
a) lim (1+ ij =e
nN—o0 n
1
b) Iirr01(1+ X)x=e  where e=2.718281...
See proof of (a) and (b) on book at page 23
.at—
C) lim = log,a or Ina
x=0 X
Proof:
Put y=a*-1 ........(I)

When x—0 then y—0
Also from (i) l+y=a"
Taking log on both sides

In(1+y)=Ina* = In(l+y)=xIna o Inx" =mlnx
In(1
_ x=In@+y)
Ina
. a' -1 : y
Now lim = lim————
x>0 X y-0 In(1+y)
Ina
_ lim e iy na

~0in(1+y) HO§MQ+Y)
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: Ina Ina m
= Ilrrg—1 = : * Inx" =minx
y—> = . =
In(1+y)y Iylggln(l+ y)y
1
= Ina ~ = Ina - lim(1+x)x =e
In| lim(1+y)y In(e) 0
y—0
_Ina - Ine=1
1
Question # 4
2n n 2
@ lim (1+3j ={Iim (1+1H .
N—+0 n N—+o0 n
1
n 75 1
(i)  lim (1+£) ={Iim (1+£)} —e2 =i
n—+o n n—+o0 n
1 n -t
(iii)  lim (1——} ={Iim (1—Ej } =e' = 1
n—+ow n n—+o n e
(iv)  lim (1+ij
N—>-+o0 3n
3n 3n |3 1
= lim (1+i)3 = | lim (1+ij = el
N—>+o0 3n N—>-+00 3n
) an n 7
(v) lim (l+i] = lim (1+ﬂj4 = lim (1+ﬁj4 =e”.
N—+o0 n N—+o0 n N—+o0 n
) ) 2
(vi) IX|£1(1)(1+3X)X
_ 6 _ 7P .
= IX|L13(1+3x)3x = {leirg(1+3x)3x} = e
1 2 1
i i 2\ — i 2% — | i 2\ 2x2
(vii) IX|L13(1+2x ) !(I—r>TC}(1+ 2X ) {leirol(l+2x )
o . ENN ElN 1
(viii) LI_IIJI(l—Zh)hz Llﬂg(l—Zh)—th |:|hl_r)'lg(1—2h)—2h} =z

. . X Y
() 112(1+xj
C(1+x\ " .
:Ilm(—j =lim

X—>0 X

(1+§j :Iim(1+1j
X—00\ X X x—wo\ X
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X -1
{nm@zﬂ el
X—00 X e

% _
(x) nmey L. 0
X—)Oe X+1
Put x=-t where t>0

When x -0 then t >0, so

e%—l ef% -1 e%—l

lim = |lim

S0efy1 eyl e
e -1 0-1 . 1 1
= = — ‘e :—:—:0
e’ +1 0+1 e”
=-1
% _
(xi) Iimey ! ; x>0
X—)Oex_l_l

x—0 x—0
e% 1+ 1 1+ L
% %
e/x e/x
1 1 1
1-— _ _=
= e% = 1 eoo = 1 0 = 1_0 =
T T T
e% e o0
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