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D Binomial Theorem
If a and x are two real number and n is a positive integer then

(a+x)" =200 %‘Qa” et 8022y +&N Ogyn1, 80
goﬂ 1y &2y 8 -1y nﬂ
PROOF

We will use mathematical induction to provethisso let S(n) be the given statement.
Put n=1

s@):(a+x)' =2 %!

20 +§° At =(Ma+@@Dx b a+tx=a+x
Og a
S(2) istrue so condition | is satisfied.

Now suppose that S(n) istruefor n=Kk.

_akO_ et KO k2.2 aeko &(Ok :
S(k): (a+ x) 8O%a +81ﬂ X+ ZEIa X2 F s Sk 1-ax L+ kg ()
The statement for n=k +1
S(k+1): (a+x)<t =@ 10501 K10 e @A L0 oo,
&0 5 &1l 5 2 g
aek +1 O k+11 aek 10 k+1
ek +1- 1‘ax T+
+ 10k+16é(10k16é(10k12
b a+x“a¢( at+ Tasx + 22N + e,
(@+X) &0 5 &1l 5 &2 5
&(+1o ak +10_ k+1
N R
Multiplying both sides of equation (i) by (a+ x)
K KO,k KO k1.1, KO k2,2 L&k o aé(oko
(a+x)‘(a+x) = ggo_a + _a x+82%a X e Sk 1_ax L+ kg =(a+x)
k+1 %Ok &(Ok11 KO k2.2 aek('j kKo kO
P (a+Xx) 880 -a X + 2§a Xt e, Sk 1-ax +8 =X _(a)
k o]
é?éo Za gga" 1x1+§2(ga" B Gk gf( 19ax +aé(o K (x)
b (a+x)* aé(o ke adi(Qa"xl+ad3(9a"lx2+ ............... L2k 0 _azx“+ Qg x¢
A N s i TEE i
&(ok KO k1.2 , KO k2.3 ek o &(okﬂ
go—a X+8 Ta“ X+ ZEIa Xt e, +8k 1_ax +8k
b (a+x)= g%(); 22t + %i; a%gga"xl+m(° ioga" G T
Ko, ek 00 aé(o kel
ggkﬂ &k - 155 ~-ax' +8kz
Since ao_am+10 amd een O_an+lo ano_an+16
05 §0 5 Srg&r-15 &1 5°C &g Sn+1y
b (a+x)= gé(O Qg aé(llga"xl+aé(219a“x2+ ...............
%) %) %)
+10 &( 10 k+1
8 K %aX +8k 1 =X

Thus S(k +1) istrue when S(K) istrue so condition Il is satisfied and S(n) istrue for all
positive integral value of n.
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B Question # 1 (i)
(a+2b)° = (5) s+ (i’) 2> (2b) + (g) a%2(20)? + (g) a>3(20)° + (2) a>*(2)* + (g) a>5(2b)°

0
= () a° + (5)a*(2b) + (10) a®(4b?) + (10) a2(8b°) + (5) a“(16b*) + (1) a°(32b°)
=a° +10a’b + 40a°b? + 80a’h® + 80ab* + 32b° -a’=1

B Question # 1 (ii)
aX 20 _a80aXy 86Xy e 2§ aBbax
%
o 8

82 X* g 8022& 8122& _ é

@0@(0 2 . 65$£05 @bw(_QGG&iEQG
8422!5 8522!5 X% @ 86%2@ X @
ae<oae20 ae<oae20 ae<oae20
=Dc= 6)c—= c— =+ (15 — 0
-05: “s 560 ”sgs (e gl
ae<oae20 aXB a2 & ae20

+(15)8 ﬂg s ()8— 8_ +(1)(1)8 5+

_a&x 6 6ae< an29 1566( an49_2 o 0eeB &
864 g ZBSX o g:1 BSX C’858x @
+1588( Qaé_69_ X 032 0 a@4o
4505 528y X
_x° 3x3+15 20 60 96+64

6484x3x6x9x12

Question # 1 (iii), (iv) and (v)
Do yourself

B Question # 1 (vi)

aeﬁ_\an@oaeaoa@\Foae\f \/ane\f
& ag 80% 81% aﬂ 82% aﬂ
\Foae[o @088_. [o a@oaeaqae\fo a@oae_. \f
83rae ag 84rae o ag 85% : 86% o ag
&/al xXla0ce/x0 xXa
=D \/:+' (6) \/:+ \/:++(15) \/: \/7
g Xg g Xﬂg ag g X a g
(20)aeﬁ (-jaae\ﬁ . (15)aeﬁ 0 ae\ﬁ °. (@ae\/é (-)lae\ﬁ °, (1)ae\ﬁ Sae\ﬁ ;
Vxg&lay  &xg&lag  &xg&lay &Vxgelag
& a(')'6 6Ea(')'569 aﬁl aea64ae a('j_2
=c ;+'6g ;+g —+ +15g —+g —+
e 4] e ge
®fade[ad &[x0 ®&x0
'ZOQ\/:+ g\/:+ \/7 \/7 \/:+ +1(1)Q\/:+
aﬂe a g aﬂ ag
ao 51 42 33 15 %XGG
=¢ ;—'69 + 5@ Py
e 4]
220 aaeﬁfj +1588ﬁ9 zoaeﬁm;eﬁ?-aaeﬁ [
g Vxp ey &gy &ap Wag
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%000 Zand Zagl om0 2,00 5,
ngﬂ - ngﬂ - ngﬂ - anﬂ - anﬂ - anﬂ -
e g e 7} e 7} e g e g e g
3 2 . y 2 3
e R e RT a1l B JO-ci
&xy  &xg X g gap &ag &ag
a a’ _a X X X
=—3- 6—2+15—- 20+15—- 6—2+—3
X X X a a a

B Question # 2 (i)
(0.97)° =(1- 0.03)°

- g%%(lf " g%(l)z(- 0.03) + +§%(1)1(- 0.03)° + +§g(- 0.03)°
- (1)(1) + 3(1) (- 0.03) + 3(1) (0.0009) + +(1) (- 0.000024)
~1- 0.09+0.0027 - 0.000027 = 0.912673

B Question # 2 (ii)
(2.02)* =(2+0.02)* Now do yourself.

B Question # 2 (iii)
(9.98)* =(10- 0.02)"

- gg %(10)4 " gg(lof(- 0.02) + g‘;g@m2 (- 0.02)% + g%(lo)l(- 0.02)% + gﬁg(lo)o(- 0.02)*
= (1) (10000) + 4(1000) (- 0.02) + 6(100)(0.0004) + 4(10)(- 0.000008) + (1) (1) (0.00000016)
=10000- 80+0.24- 0.00032 +0.00000016 = 9920.23968

B Question # 2 (iv)
(2.2 =(2+0.1)°

B Question # 3(i)
(a3 +(a-
We take

B b L )

=(1)a*+(4) a3(\/§x) +(6)a* (2x2) + (4)a(2\/§x3) +(1) (1)(4x4)
p (a+ \/§X)4 =a* +4/2a% +12a%% +8V2ax +4xt ... (i)
Replacing +/2 by - /2 ineq. (i)
(a- \/Ex)4 =a* +4(- \/§)a3x+12a2x2 +8(- \/§)ax3 +4x°
=a'- 4/2ax+12a%2 - 8J2axd +4x* ..., (ii)
Adding (i) & (ii)
(a+\/§x)4 + (a- \/§x)4 = 2a*+24a*¢ +8x*

B Question # 3 (ii)
Do yourself.
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B Question # 3 (iii)

Since
. 0,5 , ®0~51. , B052:2 , 3045-3:3 , 3D0~54.4 , 30555
(2+I)5:8++ 27 Ao 27T E2T N+ 227 T o L2277
0y &lg &2y &35 oy &5
=(1)2° +(5) 2"i +(10) 2°%i* +(10) 2%i® + (5) 2'i* +(1) 2°i°
=32+80i +80i° +40i° +10i* +i° ........... (i)

Replacing i by -i ineq. (i)
(2+i)°=32+80(-i)+80(-i)" +40(-i)* +10(-i)" +(-i)
=32- 80i +80i%- 40i®+10i - i®
Subtracting (i) & (ii)
(2+i)°- (2-1)° =160i +80i° +2°
=160i +80(- 1) % + 2(- 1)* ¥
=160i - 80i +2i = 82i

5

B Question # 3 (iv)
(x+\/x2 - 1)3 +(x+\/x2 - 1)3
Suppose t =+/x* - 1 then
(x+\/x2 - 1)3 +(X+\/X2 - 1)3 :(X+t)3 +(X+t)3
=((0°+3007() + 3 (0" + )+ ((0° + 30 (- D +309 (- )" + (- 1)°)
= x> +3x% +3xt* +t° + x° - 3%t +3xt? - t°
= 2X° + 6xt?

=2x3 +6x(\/x2 - 1)2 ct=AXe-1

:2x3+6x(x2- 1) =2x°+6x3- 6x =8x3- 6x

B Question # 4 (i)
(2+x- x*)*
Put t =2+ x then
(2+x- X' =(t- x*)*
, 0o 3, A0

=500 + & %07 )+ H20° 0+ EA0 0 + E A0

(4] (4]
=(1)@)* - (4))°(<%) +(6) (X" - (4) ) (x°) +(1) @) (x°)
=t*- AP+t - A+ (i)
Now
th=(2+%)" = g%g(zr + gi‘g(zﬂx) + g‘z‘g(z)z(x)z + gﬁg(al(xf + §§(2>°(x>4
=(1)(@6) +(4) (8) () +(6) (D (x*) +(4)(2) (x°) + (1) @) (x)
=16+ 32x + 24x* +8x° + x*
Also

t*=(2+x)°=(2° +(3)(2*(¥) +(3) ()" (%)* + (x)°
=8+12x+6X° + X
t?=(2+X)°=4+4x+X°
Putting values of t*,t3,t* and t in equation (i)
(2+x- X°)* =(16+32x + 24x* +8x> + X*) - 4(8+12x+6X° + X°)X*
+6(4 + 4x+ x2)X* - 42+ X)x° + X°
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=16+ 32X+ 24x> +8x3 + x* - 32x% - 48x° - 24x* - 4x°

+24x* +24x° +6x° - 8x° +4x" + X°
=16+32- 8x*- 403+ x* +20x° - 2x°- 4x' - X®

B Question # 4 (ii)
Suppose t =1- x Do yourself

B Question # 4 (iii)
Suppose t =1- x Do yourself

B Question # 5 (i)
Suppose t =x- 1 Do yourself

B Question # 5 (ii)

.3
& 1. 10
& X3

Suppose t =x- 1 then

e 10 aelo aelo
g?-—_—(n F30°E SHAOE L
S G =N ST (i)

X X X

Now
t*=(x- 1) =(0°+3(0°(- D +309 (- I +(- I’
=x>- 3x*+3x-1
=(x- 1)2 =x?- 2x+1
Putting values of t%,t* and t in equation (i)
1

3

K 1- 19 =(x*- 3x*+3x- 1) - 3(x*- 2x+1)><—+3(x 1)><i
g x* X

X g
:x3-3x2+3x-1-3x+6-3—+3—-3—2-i3
X X X X

3 1
=x3- 3X2+5' F' F

B Question # 6 (i)
Since
Tr+1 %lgan I’XI’
&5

Here a=3, x—-2x, n=7 so
r+1 8 _(3)7 r(_ 2X)r :éﬁr%(g)?—r(_ 2)r (X)r
For term involving x* we must have
X=x*pb r=4
So
_50 7-40 4 4
T4+1 _84E(3) ( 2) (X)
P T,=(35)(3)%C- 2" ()" =(35)(27) (16) (x)*
=15120x"

Made By: Atiq ur Rehman, (atiq@mathcity.org) http://www.mathcit
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B Question # 6 (ii)
_am0_ nror

Since T,=¢c. +a"'X
TR G
2
Here a=x, x=-—, n=13s0
X
aé30 ®e 20 _a30

( )13r8_ X_ _8r _( )13r (_ 2)r (X)-Zr

é30 r-2r r égo r
- 8 _(X)13 2 ( ) — 8 _(X)13 3 ( )
For term involving x * we must have
xX¥¥=x?p 13-3r=-2 b -3r=-2-13
P -3r=-15 b r=5

?59(»13 (-2

= (1287)(x)** (- 32) = - 41184x*

B Question # 6 (iii)
Since
_am0_ nror
T,=¢c., = X
L&

Here azg, X=-a, n=9 so
X

g?g’?; (-a) —fﬁ?ﬂ - (@
For term involving a* we must have
a' =a* D r=4

a@oae?o 44
So 4+1 84% ( 1) (a)

4
b T, =(126) 53 ()a* = (126)?3—29614 . 4032%

B Question # 6 (iii)
Here a=x, x:-\/§, n=11 so

Since
T.,= aailga” X'
o
éaé;‘lo( )11 r( \/*)r éaé;‘l;( )11 r (_ y;)

LY

For term involving y® we must have

yLZ:y3 p %:3 P r=6
1 6
S T ?604 X))

b T,=(462)(x)’()(y?)=462x°y°
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B Question # 7 (i)

Here a=x?, x:-i, n=10 so

2X
Since
Tr+1—%]9an I'XI'
g
aéOO( )10rae_>io aéOQ( X)) (- 1y ©)
1TEr 5 & 2xp &'p (Z)r(X)r
800 _a00

—gr )7 Y@@ =g 0T Y@
—gr U )@@

For term involving x> we must have
xX¥=x> b 20-3r=5 b -3r=5-20
P -3r=-15 b r=5

So T5+1=§é50 x> (- D3P (2)°

b T,=252(x)" " (- 1)5(3)5% =- 252(x)’ (243)3—12

32 8

Hence coefficient of x° = - %

B Question # 7 (ii)
Here a=x°, x:-%, n=2n so
Since
T, _wgan ™
g
BT

_8 ; g( )4n 2r( )r o :éaé_?rng(x)mzr-r(_ 1
:8 ; g(x)m-sr (_ 1)r

For term involving x" we must have
¥ =x" P 4n-3r=n P -3r=n-4n
P -3r=-3n P r=n

o T :éaéznng(x)m-sn(_ 1)n

n+l

(4]
_ (Zn)l n( oa\n :@ n( o a\n
~(2n- n)!m!(x) (-1) n!m!(x) (-9
(. n(zn)l n
_( 1) (n!)z
n(zn)l

Hence coefficient of x" :(- )

(n!)*




B Question # 8

Here a=x?, x:-i, n=10 and r+1=6 P r=5s0

2X
Since
Tr+1 _wgan I’XI’
ﬂ
a80¢ ,\052 3 65
T = = X - =
- 855u( ) & 2xp
p T, =252(x )Sge F 0 _ypp,0e 2430
€ (29° 4 & 32¢
__ 61236 5 __ 15300
32 8
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B Question # 9 (i)
Do yourself as Q # 9 (ii)

B Question # 9 (ii)

Here a=+/x, x:iz, n=10 so
2X
Since
Tr+1 _wgan I’XI’
r'g
a0 0wrgel 0 _a0s 1\*ae 1l 6
grz(&) &2y &r @(2) 2% 5
800/ o000 1 o _ 2806, 50 1 o
_grﬂ( ) 10 > X2 _8VE(X)5 Z?Xz
_ 5552 1 _a800 \s 2 1
S O T U
For term independent of x we must have

5r
X 2=x p 5-5—r—0 p -E:-S
2 2

P 2°
b T,=45(x)"° % =45%0 =
4 4
45
=45() = ==
D=7
B Question # 9 (iii)
areyEe L8 Sex )3aEX 16
& Xp o

:(1+x2)3(xz+41) = (1+x%)° —(1 )
(<) d
- X—8(1+ X2)3+4 — X—8(1+ X2)7
8%‘0 n-rr

Now T, = 8r aa X
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Where n=7, a=1, x=x°
T aaé’o(l)m( ) sago(l)x

r+ = 8 8
6@0 2r 8
rﬂ
For term independent of x we must have
x*8=x"p 2r-8=0 b 2r=8 b r=4
So
T, = éii 0X2(4) 8

b T.=35x*°=35x° =35

B Question # 10

2 .42

d_x0
EX 24
+ +
Since n=12 isan even so middleterms is n22 :122 2 =
Thereforer +1=7b r=7-1=6
2
And azl, S and n=12
X 2
Now
Tr+1—%]9a.n I’XI’
g

@26 o 8§X_2('?6
6+1 86£Xﬂ g 2@

b T,=oo4 L X -4
x° 64 64

b

_ 2L,
16

Thus the middle terms of the given expansion is 2%1 x°.

B Question # 10 (ii)

+
Since n=11 |soddsothem|ddletermsarenT1 1121 6 and
n+3_11+3 _
2 2
So for first middle term
a:§x, x:-i, n=11andr+1=6 b r=5
2 3X
Now
J11-5
T _%lgan rXr élw 0 e 10
TRl Tsa 85582 5 & 3xg

Now simplify your self.

Now for second middle term
r+l1=7 b r=6

L11-6

_a81oa3 o e 1 o .
S0) - Now simplify your self.
Teu 86582 5 8 3Xﬂ plify y
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B Question # 10 (iii)
Since n=2m+1 is odd so there are two middle terms
n+l 2m+1+1 2m+2

First middle term = > = > = > =m+1
Second middle terms = n+3:2m+1+3:2m+4:m+2
2 2 2
Here a =2x, x:-%and n=2m+1
For first middleterm r +1=m+1P r=m.
Since
Tr+1 _%lgan I’XI’
r'g
_a@m+1g, yemimee 16 (2m+1)! mige 1§
b T, 2 2x)" e — =
1T ;'a( ) & 2xy (2m+1- m)'>m!( ) & 2xg
_ (2m+1)' m+l m+1 mﬁo ﬂo
_(m+1)!>m!(2) (- )Szg &x g
_ (2m+1)' m+ m+ m -m -m
—m(z) ()™-9"(2)"(x)
_W(Z) 9™ (- 1) —m(z)l(x)l('l)
(2m+1)' m
—(m+1)|>ml 2x(- 1)

For second middle term
r+1=m+2 P r=m+2-1 P r=m+l1

_at0_nrr
As T,=c. +a X
"y
+ 10 +1)- (m+ 1 5
b T —2&m 10(2X)(2m p-mnee 10

m+1+1_8m+15 8 2Xé

Now simplify yourself

B Question # 11 (Submitted by Wagas Ahmad - FAZMIC Sargodha — 2004-06)
1
Here a=x, X=-—,
2X
Number of term fromtheend = 2n+ 1

To make it from beginning we take a:-i, x=x and r+1=2n+1 b r=2n

2X
As T = oarx
g
_ a3nopee 1 o3n o (3n)! e 1 o
P T, ., = =
2l T Eon gk ox g () T (3n- 2n)I2n)1& 2x X
— (Bn)l (_ 1)” 1 X2n — (Bn)l ( 1)niX2n—n
(N)!42n)! 2" n!x(2n)! 2"
- EDT G Answer
2" nIxq2n)!

Note: If there are p term in some expansion and gth term is from the end then the term
from the beginning will be = p- q+1.
So in above you can use term fromtheend = (3n+1)- (2n+1)+1=n+1
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B Question # 12

+
2:n+1 and

Since 2n iseven so the middletermis 2n

a=1 x=x, n=2n, r+1=n+1b r=n

Now T, = %‘Qa” Y
I'g
éno 2n-n X"
p =1
15¢n o (1)
p - — (2n) (1) n Xn — (Zn)l Xn
(2n- n)xn! nixn!
_2n(2n-1)(2n- 2)(2n- 3)(2n- 4)................ HXAX3XRA
- nixn! X
_[2n(2n- 2)(2n- 4)................ x4%2|[(2n- 1 (2n- 3)..ovevvreneeee 5384
- nixn! X
2 [n(n-D(N- 2o A[(2n- ) (2n- J)..ccccveenneee 534
- nixn! X
_2'n[(2n- D(2n- I 534
- nin! X
_ 2 188X X2n-1)] ,
n!
_ DB X2n- 1) o0
n!
B Question # 13
Consider
_0_ am0,  a®0.. 0. a0 .4 a0, s LN 0.n1 380, n
@a+x)" 8 81_X+82_X +83_X +84_X +85éx F o gn l—X +8nﬂx
.......... (i)
Put x=1
amo, amo 30 s , O 5 + &N Oppyn1 SOy
(1+1D" _80_+81 (1)+82_(1) +83_(1) +8 =<2 +85B(1) F o gn l—(1) 8 B(l)
n_%lo a0, a®0, oo and, a0 Len 6 and
80 81 82 83 84 85 ............... gn 1 gnﬂ
-%‘0 &EO a®9+ ............... Ou %‘0 a@o 86510+ ............... L2 o
%0 2g &g %1 3g &g &n- 14
.......... (i)

Now put x=-11in equation (i)
6@0+%‘9 + + + 3095 4
@-2" _80_ 81 -1+ 82 ( 1)? 83 ( 1° 84 ( 1 8 (- D+,

LN O qyn1 30 gy
.......... gn (1) 85(1)

If we consider n is even then

b (0)"= _amo %10 ano %10 ano %10 a&en 0 ano
goﬂ 81 gzﬂ 83 84ﬂ 85 ................. gn 1ﬂ gnﬂ
= o O L S A 120 O
%O b %4y 8”% %Ma &35 %55 &n- 1
€, a@o a@o Len ol_emo, ano, a®o, Langu

%1 + ................. gn 1% %Og 82 84ﬂ ................. gnaé
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Using it in equation (i)

2 =20, 280,20, . +BN U, om0 @b, @0, LB
s &35 &g Ten- 10" 81y 3 %55 &n- 1
aaélo aaflo aaflo a&n ou
P + .................... + =
% 15 %35 & &n- 154
2" _éamo, aaflo ano @en ol
P —= _+ ZH e + =
2 %1 S5g &n- 154
=} 2”‘1—%6510 o a®9+ .................... +&0 Ou
&1y T35 &5 &n- 154
a0, afno, ano &en O0_ 1
p R U e + =2
&ly &35 &5 &n- 1y
b Question # 1 4
80 81 82 83 .................... n+18nﬂ
émpy lae n 0 lee n!olae n!o 1 amed
=Nttt o st o e T ot T S o e +———
20z 2&(n- Yl 3&(- 1R, 4&(n- 318l 4 n+1%ngH
n+1e 1ae n! olae n! olae n! 6 1 U
g— g— g— .................... +—>g.u
n+1e 2 a(n- 1)'>§_g 3&(n- 2)'>Q'g 4&(n- )8l 4 n+l g
lae(n+l)n|0 lee(n+n! 0 1ae(n+1)n! 0 n+l U
——e(n D+ A i L i T +—xy,
n+1e 28(n- D 38(n 2)12! 5 48(n 3)18! n+l g
+ +1)! +)! 0 u
—e(n 1)+ge (n+1): 2+ge (n+1): 2+ge (n+1): 2+ .................... +1y
n+1e g(n- YAl &(n- 2)18BXR! 5 &(n- 43! 4 0
—e(”+1 x_(n+l) e (n+1) e (n+1)! ot e +1g
n+1§ Q(n+1- 22 S(n+1- 1Bl &(n+1- 4)bdl Y
__1 ém+1p an+10 aw+10 aa§1+1o+ Laa+lou
n+1% 1 ﬂ 8 2 ﬂ 8 3 ﬂ 8 4 ﬂ .................... 8n+1%
_ 1 ¢é,,,8+10 an+1p an+10 an+10, Lan+1gu
T n+1§ $1 5825635845 8“+15J""
_le, an+lo am+l0 an+10 an+16 a0 +10, Laa+lou
n+1§ 80581 5825835843 8“+15J""
1
=———@1+2™
n+18_ .
n+l
—2 1—R.H.S
n+1

Made By: Atiq wr Rehman, (atiq@mathcity.org) http://www.mathcity.org
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