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Principle of Mathematical Induction
A given statement S(n) istrue for each positive integer n if two below conditions hold

Condition I: S(2) istruei.e. S(n) istruefor n=1and

Condition Il: S(k +1) istrue whenever S(K) istrue for any positive integer k,
Then S(n) istrue for all positive integers

Question # 1
Suppose S(n): 1+5+9+.............. +(4n- 3)=n(2n- 1)
Puun=1
S@: 1=1(2)-1) P 1=1
Thus condition | is satisfied
Now suppose that S(n) istrue for n=k

S(K): 14549+ ..., +(4k-3)=K(2K-1) soerrrnnn, (i)
The statement for n=k +1 becomes
S(k+1): 1+5+9+............. +(4k+D-3)=(k+D)(2(k+D- 1)

P 1+5+9+............ +(4k+D) =(k+D)(2k+2- 1)
=(k+1)(2k +1)
=2k*+2k+k+1
=2k®+3k +1

Adding 4k +1 on both sides of equation (i)
1+5+9+.............. +(4k- 3)+(dk+1) =k(2k- 1) +4k +1

P 1+5+9+............. +(4k+1) =2k*- k+4k +1

=2k*+3k +1

Thus S(k +1) istrueif S(k) istrue, so condition Il is satisfied and S(n) istrue
for all positive integer n.

Question # 2
Suppose S(n): 1+3+5+.............. +(2n-1)=n’
Putn=1
s@:1=(1)° p 1=1
Thus condition | is satisfied
Now suppose that S(n) istrue for n=k

S(k): 1+3+5+.............. +(2k-D=k* ............. (i)
The statement for n=Kk +1 becomes
S(k+1): 1+3+5+.............. +(2(k+D -1 =(k+1)>
P 1+3+5+........ +(2k +1) = (k +1)?
Adding 2k +1 on both sides of equation (i)
1+3+5+........ +(2k-1)+(2k+1) =k*+2k+1
P 1+3+5+....... +(2k +1) = (k +1)?

Thus S(k +1) istrueif S(k) istrue, so condition Il is satisfied and S(n) istrue
for al positive integer n.

Question # 3
_ n(3n- 1)
Suppose S(n): 1+4+7+.............. +(3n- 2)=
Putn=1
SO: 1=

1(30) - 2) 2
2
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Thus condition | is satisfied
Now suppose that S(n) istrue for n=k

S(k): 1+4+7+.............. +((3k-2)= s (i)
The statement for n=Kk +1 becomes
S(K+1): 1+ 4+ T+ +(3(k+1)- 2):(k+1)(3(2k+1)' Y
b 1+4+7+.... +(3k+1):(k+1)(32k+3'1)
_(k+D)(3k+2)
2
Adding 3k +1 on both sides of equation (i)
144+ 7+ . +(3k - 2)+(3k+1)z@+3k+1
b 14447+ +(3k+1):k(3k'1);2(3k+1)
_3Kk*- k+6k+2
2
_3K*+5k+2
2
_3K*+3k+2k+2
2
_3k(k+D)+2(k+1
2
_(k+D)(3k+2)
2

Thus S(k +1) istrueif S(k) istrue, so condition Il is satisfied and S(n) istrue
for al positive integer n.

Question # 4
Suppose S(n): 1+2+4+.............. +2"=2"-1
Puun=1
SM):1=2"-1 b 1=1
Thus condition | is satisfied
Now suppose that S(n) istrue for n=k

S(k): 1+2+ 4+, +2t =21 (i)
The statement for n =k +1 becomes

S(k+1): 1+2+4+ ..., +2tt =g
P 1+2+4+...... +2=2¢1_1

Adding 2 on both sides of equation (i)
1+2+4+............. +2 2 =Ko 1+ 2"

b 1+2+4+......... +2¢=2(2%)-1 v 2+ 24=2(29
:2k+1_ 1

Thus S(k +1) istrueif S(k) istrue, so condition |l is satisfied and S(n) istrue
for all positive integer n.

Made by: Atiq ur Rehman ( atiq@mathcity.org ), http://www.mathcity.org
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Question #5
1 1 1 10
Suppose S(n): 1+=—+=—+.............. + :28?[-—;
ppose S(n): 1+2+7 P
Puun=1
106 &l o
s:1=28-=2p 1=28%p 1-1
@ & 2 &2
Thus condition | is satisfied
Now suppose that S(n) istrue for n=k
1 1 1 10 )
S(k): 1+ =+=—+.............. + — = a?[ i [
l: 145+ 1T TE g 0
The statement for n=k +1 becomes
1 1 1 106
SK+1): 1+ =+=+ ... + 2% =0
( ) 2 4 2k+11 8 2k+1g
S P 1., 2
2 4 2k 2k+1
=2- k2
2 X2
1
:2-?
Adding 2—1k on both sides of equation (i)
1 1 1 1 16,1
1+§+—+ .............. i ka_zgi-?;?
1 1 1 2 1
b 1+=+=—+.............. ST "k T
1
:2'?(2'1)
1 1
)=y

Thus S(k +1) istrueif S(k) istrue, so condition Il is satisfied and S(n) istrue
for al positive integer n.

Question # 6 Do yourself as Question # 1
Question #7
Suppose S(n): 2+6+18+.............. +2°3"1=3"-1
Pun=1

S(): 2=3-1p 2=2
Thus condition | is satisfied
Now suppose that S(n) istrue for n=k

S(k): 2+6+18+.............. +27 3 =31 (i)
The statement for n=k +1 becomes
S(k+1): 2+6+18+.............. +27 =311
Adding 2 3“ on both sides of equation (i)
2+6+18+.............. +2° 3T +27 F=3-1+2" 3
P 2+6+18+............ +27 3T =339-1 - 3427 3=3(39
=3 _q

Thus S(k +1) istrueif S(k) istrue, so condition Il is satisfied and S(n) istrue
for al positive integer n.




FSc-1/Ex 8.1 - 4

Question # 8
Suppose S(N): 1" 3+2° 543 T4 0’ (2n+1) = “(“+1)6(4“+5)
Puun=1

s: 1 3= 1B, 5 @O 5

Thus condition | is satisfied
Now suppose that S(n) istrue for n=k

S(K): 1 342 543 T vk’ (2k+1):k(k+1)é4k+5) ....... (i)

The statement for n =k +1 becomes
(k+D(k+1+D)(4k +1) +5)

6
(k+1)(k+2)(4k +9)

6

S(k+1):1 342 5+3 7+ +(k+1) (2(k+1) +1) =

P 1"3+2"5+3 7+.............. +(k+1) " (2k+3) =

Adding (k+1)" (2k +3) on both sides of equation (i)
, , , , . k(k+1)(4k +5) .
1"3+2 5+3 7+, +k” (2k+1) +(k+1)" (2k +3) = A +(k+1)" (2k +3)

b 1 3+2 5+3 74 r(k+1)’ (2k+3):(k+1)§@+(2k+3)9
2

:(k+1)§é<(4k+5);r6(2k+3)'2'
2

a1k? + 5k +12k +180
=(k+ 1)({ 5
2

atk? +17k +180
=(k+ 1)g 5
2

atk? +17k +180
=(k+ 1)g 5
2

a1k? + 8k + 9k +180
=(k+ 1)g 5
2

= (k +1) gedfk(k + 2)6+ 9k +2) 9
2

eyl A0
5
_ (k+D)(k+2)(4k +9)

6
Thus S(k +1) istrueif S(k) istrue, so condition Il is satisfied and S(n) istrue

for al positive integer n.

Question #9
Do yourself as Question # 8

Question # 10
Do yourself as Question # 8

Made by: Atig ur Rehman ( atig@mathcity.org ), http://www.mathcity.org
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Question # 11

Suppose S(n): ,1 + 1 + 1 Foerreeeen + ! =1- L
1’2 273 34 n(n+1) n+1
Pun=1
say: =1+ p 191 p 1.1
1 2 1+1 2 2 2 2

Thus condition | is satisfied
Now suppose that S(n) istrue for n=k

Sy 4t 4 L o R (i)
1 2 2°3 3 4 k(k +1) k+1
The statement for n=k +1 becomes
1 1 1 1
Sk+1D): 1+=+=—+........... + =1-
2 4 (k+1)(k+1+1) k+1+1
p 1+1+1+ .............. + L =1- L
(k+D)(k+2) k+2
) 1 ) ) )
Addin on both sides of equation (i
9 (k+D(k+2) ™ )
1 1 1 1 1 1 1
+ + F oeeeeeeeeeens + + =1- +
12 273 3 4 k(k+1) (k+1)(k+2) k+1 (k+1)(k+2)
1 1 1 1 1 1 O
+ + o, + =1- - -
12 273 34 (k+1)(k +2) k+18 (k+2) 4
_, 1 ak+2-16
k+1% k+2 g
1. 1 ak+16
k+1&k +2 5
B 1
k+2

Thus S(k +1) istrueif S(k) istrue, so condition Il is satisfied and S(n) istrue
for al positive integer n.

Question # 12

Suppose S(N): ——+ 2t . 41 _.n
13 35 5 7 (2n- D(2n+1) 2n+1
Puun=1
S : 1,11
1 3 oD+l 3 3

Thus condition | is satisfied
Now suppose that S(n) istrue for n=k

S(K): ! SIS + 1 K (i)
13 35 57 (2k- D(2k +1) 2k +1
The statement for n=k +1 becomes
Sk+1): 4t 4L o ¥ L o K+l
13 35 57 (2(k+1D)- 1)(2(k +1) +1) 2(k+1)+1
1 1 1 1 k+1
+ + F o + =
1’3 35 57 (2k +1)(2k +3) 2k +3

Adding on both sides of equation (i)

1
(2k +1)(2k +3)
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1 1 1 1 1 k 1
+ + to + + = +
1’3 35 57 (2k-D(2k+1) (2k+1)(2k+3) 2k+1 (2k+1)(2k+3)
1 1 1 1 1 & 1 O
—t——+——F . + = ck+ +
1’3 35 57 (2k+1)(2k +3) 2k+1& (2k+3),

1 ak(2k+3)+16
T 2k+1& 2k+3 g
1 ak*+3k+16
T2k+1§ 2k+3
1 a&k*+2k+k+10
T2k+1E  2k+3
1 a&2k(k+D)+Uk+Do
T 2k+1&  2k+3 g
1 aA2k+D)(k+Do
T 2k+1&  2k+3 g
_ek+10
T &2k +3p
Thus S(k +1) istrueif S(k) istrue, so condition Il is satisfied and S(n) istrue
for al positive integer n.

Question # 13 Do yourself as Question # 12
Question # 14

Suppose S(N): r+r2+ré+...... +r”:%
- r
Putn=1
r(l- rl)
SO:r= P r=r
1-r
Thus condition | is satisfied
Now suppose that S(n) istrue for n=k
k
S(K): r+r2+r3+......... +r":r(i_:) ............. (i)

The statement for n=k +1 becomes
S(k+D: r+r2+r3+....... +r

Adding r*** on both sides of equation (i)
k k+l — r(l' rk)

FHr2+r3 4, +ri+r +rkt
1-r
b or+r2+ri+. .. . r) +rd- r)
1-r
_ r- r.k+1_|_r.k+1_ r.k+2
1-r
r- r.k+2
1-r
(-
1-r

Thus S(k +1) istrueif S(k) istrue, so condition Il is satisfied and S(n) istrue
for al positive integer n.
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Question # 15
Suppose S(n): a+(a+d)+(a+2d) +...ce....... +[a+(n- 1)d] :g[2a+(n- 1)d]
Puun=1
1 1 1
SQ): a:§[2a+(1- Dd] p a:§[2a+(0)d] b a:E[Za] —a

Thus condition | is satisfied
Now suppose that S(n) istrue for n=k

S(k): a+(a+d)+(@a+2d) +..ceu..... +[a+ (k- Dd] :g[2a+(k- Dd] oo 0]
The statement for n=k +1 becomes
S(k+1): a+(a+d)+(a+2d)+........... +[a+ (k+1- 1)d] :kTﬂ[Za+(k+1- 1d]
P a+(a+d)+(a+2d)+........ +[a+kd]:k7+1[2a+kd]
Adding a+kd on both sides of equation (i)
a+(a+d)+(@+2d) +..oueenee. +[a+ (k- Dd]+[a+ kd]:g[2a+(k- Dd]+[a+kd]
P a+(a+d)+(a+2d)+........ +[a+kd]:g[2a+kd-d]+[a+kd]
_k[2a+kd - d]+2[a+kd]
2
:2ak+k2d- kd +2a+ 2kd
2
:2ak+k2d+kd+2a
2
:2ak+2a+k2d+kd
2
_2a(k+1) +kd(k+1)
2
_ (k+1)(2a+ kd)
2
:kTﬂ[Za+kd]

Thus S(k +1) istrueif S(k) istrue, so condition Il is satisfied and S(n) istrue
for al positive integer n.

Question # 16
Suppose S(n): 1¥1+2%2+3%3+.............. +n3n=|n+1-1
Putn=1
S@: 1¥41=1+1-1 b 1=[2-1 b 1=2-1 b 1=1
Thus condition | is satisfied
Now suppose that S(n) istrue for n=k

S(k): 141+2%42+3%43+.....o.c.e. +kxk=lk+1-1............. (i)
The statement for n=Kk +1 becomes
S(k+1): 141+ 2%2+3%43+......c...e. +(k+D)xk+1=|k+1+1-1
P 141+242+3%3+............. +(k+D)Hk+1=|k+2-1

Adding (k +2)%k +1 on both sides of equation (i)
141+2%2+3%43+.............. +kAk+(k+)%k+1=]k+1- 1+(k+1) 34k +1
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P 141+2%2+3%43+........c.... +(k+D) Rk +1=|k+1+|k+1(k+1)- 1
=k +1(1+k+1)-1
=|k+1(k+2)-1
=(k+2)k+1-1
=lk+2-1

Thus S(k +1) istrueif S(k) istrue, so condition Il is satisfied and S(n) istrue
for al positive integer n.

Question # 17
Suppose S(n): a, =a, +(n- Hd
Put n=1
S@:a=a+@-)d P a=a+0d=a
Thus condition | is satisfied
Now suppose that S(n) istrue for n=k
S(k): a, =a +(k-Dd ............. (i)
The statement for n =k +1 becomes
S(k+1): &, =a +(k+1- d

=a +(k)d
Adding d on both sides of equation (i)
a +d=a +(k-1d+d voa,=a +d
b a.,=a+(k-1+)d =2 +d

\ a, =a +d
P a.,=a+(d TS
Thus S(k +1) istrueif S(k) istrue, so condition Il is satisfied and S(n) istrue

for al positive integer n.

Question # 18
Suppose S(n): a, =ar™*
Put n=1
S@: a=ar* b a=ar’=a
Thus condition | is satisfied
Now suppose that S(n) istrue for n=k

S(k): a =ar' ............. (i)
The statement for n=k +1 becomes
S(k+1): a., =ar

:alrk
Multiplying r on both sides of equation (i)
X = rk—1>q.1 aZ:alr
ak — a1k-1+1 a3:a2r
P &, =ar \ a,=afr
b a,=ar"

Thus S(k +1) istrueif S(k) istrue, so condition Il is satisfied and S(n) istrue
for al positive integer n.

Question # 19

2—
Suppose S(): L2+ F 524 NOSFIBLCISE:
Puun=1
2_ -
S(l) 12:&31) b 1:M ®) 1:2:1

Thus condition | is satisfied
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Now suppose that S(n) istrue for n=k

S(K): P+3F +5 +......c, +(2k- 1) S e (i)

The statement for n =k +1 becomes

S(k+1): 2+ +5 4 . F(2(k+1)- 1)% = (k+1)(4(;<+1)2 - 1)

P 1+ +5 +. e, +(2k+1)2:(k+1)(4(k2;2k+1)'1)
_(k+D(4k*+8k+4-1)
B 3
_(k+1)(4k* +8k +3)
B 3
_4k®+8k* +3k +4k* +8k +3
B 3
4k +12k% +11k + 3

3

Adding (2k +1)* on both sides of equation (i)

k (4K? - 1)+(2

P+F+5 4 s +(2k- )% +(2k+1)" = k+1)°

b 1+3+5 4+ o, +(2k+1)2:k(4k2'1);:3(2k+1)2
K(4K? - 1) +3(4K? + 4k +1)
- 3

_4k%- k+12k*+12k +3

- 3

4k +12k* +11k + 3

3
Thus S(k +1) istrueif S(k) istrue, so condition Il is satisfied and S(n) istrue

for al positive integer n.

Question # 20
B0 A6 ad6 an+20_ am+30
Suppose S(N): ¢ =t =te =t + = -
&35 &35 63g §35¢&4 5,
Putn=1
S0 _
&35
aAB+306 a0
€45 &p
LHS=RH.S

Thus condition | is satisfied
Now suppose that S(n) istrue for n=k

L.H.S= 1

RH.S= 1

B0 Ao a8 aK+20 ak+30 .
S(K): ooata it ot oo, + o= S e, (i)
&8y &3y &3y €3 45 &4
The statement for n =k +1 becomes
80 o6 ad aK+1+20 ak+1+306

S(k+1):835+835+835+ ............... +g 3 5_8 4 E
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a@o aélo a@o aek+30 &k+49
g g gﬂ ............... g 3 ﬂ g 4 ﬂ
Adding gé( * 39 on both sides of equation (i)
a80 aélo a0 ,aK+20 ak+35_ak+35 ak+30
gsﬂg gsﬂ ............... 83ﬂ83ﬂ34ﬂ83ﬂ
a@o aélo a@o aek+30 a¢<+3+19
g g gﬂ ............... ggﬂg4a .w0&n0w+10
a@o a0 a0 aek+30 aK+46 grﬂ &-15 &1 g
ggﬂ g gﬂ ............... g 3 ﬂ g 4 ﬂ

Thus S(k +1) istrueif S(k) istrue, so condition Il is satisfied and S(n) istrue
for al positive integer n.

Question # 21(i)
Suppose S(n): n®*+n
Put n=1
S(): ¥ +1=2
S(2) isclearly divisible by 2, Thus condition | is satisfied
Now suppose that given statement is true for n=k
S(k): k*+k Q
Then there exists quotient Q such that 2\k2 + k
k?+k=20Q K2 +k
The statement for n=k +1 S
S(k+1): (k+1)"+k+1
=k*+2k+1+k+1
=k*+k+2k+2
=2Q+2k+2 kP +k=20Q
=2(Q+k+1)
Clearly S(k +1) isdivisible by 2.
Since the truth for n=k implies the truth for n=k +1 therefore the given statement
istruefor " nl Z*,

Question # 21 (ii)
Suppose S(n): 5" -
Put n=1
S(): 5'-2'=3
S(2) isclearly divisible by 3, Thus condition | is satisfied
Now suppose that given statement istrue for n=k
S(k): 5 -
Then there exists quotient Q such that
:3Q
The statement for n=k +1
S(k +1): g+l _ ok#l
= 55 - 2"
= 555 - 52" +5x2" - 20
= 5(5- 2)+2(5- 2)
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= 5(3Q) + 23 o BRo 2K =30

=3(5Q+2")
Clearly S(k +1) isdivisible by 3.
Since the truth for n=k implies the truth for n=k +1 therefore the given statement
istruefor " nl Z*,

Question # 21 (iii)

Same as Question # 21 (ii)
Hint: S(k+1): 5'-1
= 555 -1 =5%-5+5-1
= 5(5°-1)+4 =54Q)- 4 - 5-1=4Q

Question # 21 (iv)
Suppose S(n): 8 10" - 2
Put n=1
S(1): 8 10'- 2=80- 2=78=6" 13
S(2) isclearly divisible by 6, Thus condition | is satisfied
Now suppose that given statement is true for n=k

S(k): 8 10“- 2
Then there exists quotient Q such that
8 10- 2 =6Q

The statement for n=k +1
S(k+1): 8 10" - 2

=8 1040°- 2

= 8" 1040 - 2X10+2%0- 2 -ing & +ing 240
= 10(8" 10" - 2)+20- 2

= 10(6Q) +18 + 8710~ 2=6Q
= 6(10Q +3)

Clearly S(k +1) isdivisible by 6.
Since the truth for n=k implies the truth for n=k +1 therefore the given statement
istruefor " nl Z*,

Question # 21 (v)
Suppose S(n): n®- n
Put n=1
S(: *-1=0
S(2) i.e. Oisclearly divisible by 6, Thus condition | is satisfied
Now suppose that given statement istrue for n=k
S(k): k*- k
Then there exists quotient Q such that
k®- k=6Q
The statement for n=k +1
S(k+1): (k+12)°%- (k+1)

— 1,3 2
SN rA rRkrl kel Since n? +n is divisible by 2
= (K3 - K)+3(K? +K) Therefore n® +n=2Q(

=6Q +3(2Q9 Or k*+k=20Q¢
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=6Q+6Q¢
Clearly S(k +1) isdivisible by 6.
Since the truth for n=k implies the truth for n=k +1 therefore the given statement
istruefor " nl Z*,

Question # 22

1 1 1 1 16
Suppose S(N): —+—=+...cevvvuee. + — = —ai —-
ppose S(n): 5+ = 3 28 3'p
Puun=1
1 1 106 1 1a26 1 1
) —_—a?t b === b ===
@: 2&8 34 3 2&35 3 3
Thus condltlon | is satisfied
Now suppose that S(n) istrue for n=k
1 1 1 1 16 )
S(k —+—+ .............. += ==K =0 L |
l: 3+ ¥ 28 Fp 0
The statement for n=k +1 becomes
1 1 1 1 1606
Sk +1 —+—+ .............. +— == =
( ) 3 3k+1 28 3k+1b
Adding ? on both sides of equation (i)
1,1 J L, 1 _leg 16, 1
3 32 .............. 3k 3k 1 28 3k B 3k 1
p 1+i+ + 1 _1 1 + L
g T 15 g g
_1 1lad 16
2 3&2 3p

21 1a8-26 _1 1&6

2 ¥E 6 5 2 3E6j

_1 1460
“28 &5
_1 _ 106
"2 7,

Thus S(k +1) istrueif S(k) istrue, so condition Il is satisfied and S(n) istrue
for al positive integer n.

Question # 23

Suppose S(n): 1°- 2°+3%- 4% +.............. +(-D"in® = >
Puun=1
s(l)'lzz('l)l_l’q(“l) p 1=L92 by
' 2

Thus condition | is satisfied
Now suppose that S(n) istrue for n=k

S(K): 2- 22+ - A2+, +(- D2 = S e (i)

The statement for n=k +1 becomes

k+1-1
S(k+1): 12- 22 +3 - £+ e s rixqiapz =D XKD (KA1+D)

2
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b 12-2243- A4 ... + (1 +1 = Y "(k;l)(k”)

Adding (- 1)* Xk +1)? on both sides of equation (i)

+(- D Xk +1)’

k-1
20243 M2t £ (D)< 4+ (- )<k +7)2 =D ’;k(k”)

b 12- 2243 A4 ... f (D)< xk+1)2 =L 1)k_1"k(k+1);2(' DXk +1y°
DM (k+DE- Dk +2(k +)g
- 2
_( D (k +D[- k + 2k + 2]
2
_ (D (k+D(k+2)

2
Thus S(k +1) istrueif S(k) istrue, so condition Il is satisfied and S(n) istrue

for al positive integer n.

Question # 24
Suppose S(n): P+ +5°+.............. +(2n-1)°*=n*(2n*- 1)
Putn=1
S@: =1(2)?*-1) p 1=1(2-1) b 1=1
Thus condition | is satisfied
Now suppose that S(n) istrue for n=k

S(k): B+3+5 +.............. +(2k-D°=K*(2k*- 1) ....cenn.n. (i)
The statement for n =k +1 becomes
S(k+1): P+3F+5+.............. +(2(k+D-D°=(k+D*(2(k+1)*- 1)
P 1P+3+5+...... +(2k+1)°=(k*+2k+1) (2(k* + 2k +1) - 1)
=(k*+2k+1)(2k* +4k +2- 1)
= (k®+ 2k +1) (2k* + 4k +1)
= 2k* +4K> + 2k? + 4k> +8k* + 4k + k* + 2k +1
=2k* +8k® +11k* + 6k +1
Adding (2k +1)° on both sides of equation (i)
S(k): B+3+5 +.............. +(2k- 1%+ (2k +1)° =k*(2k*- 1) + (2k +1)°
P P+3+5+......... +(2k +1)° =k*(2k?* - 1) + (2k)* + 3(2k)*(2) + 3(2k) (1)* + (1)°
P P+3+5+......... +(2k +1)° = 2k* - k* +8k® +12k* + 6k +1
=2k* +8k® +11k* + 6k +1

Thus S(k +1) istrueif S(k) istrue, so condition Il is satisfied and S(n) istrue
for all positive integer n.

Made by: Atig ur Rehman ( atig@mathcity.org), http://www.mathcity.org
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Question # 25
Suppose S(n): x*" - 1
Put n=1
S(): x*M-1=x%-1=(x- 1) (x+1)
x+1isclearly factor of S(1), Thus condition | is satisfied
Now suppose that given statement istrue for n=k
S(k): x*-1
Then there exists quotient Q such that
x* - 1=(x+1)Q
The statement for n=k +1
S(k+1): x** .1

— X2k+2 _ 1

=X X e x -1 +ing and —ing x*
- X2k(X2 _ 1) +(X2k _ 1)

=x*(x- D(x+D +(x+1DQ o x*-1=(x+1Q

= (x+D)(x*(x- ) +Q)
Clearly x+1 isafactor of S(k+1).
Since the truth for n=k implies the truth for n=k +1 therefore the given statement
istruefor " nl Z*,

Question # 26
Suppose S(n): x"-y
Put n=1

S(): x'- y'=x-y
X -y isclearly factor of S(1), Thus condition | is satisfied
Now suppose that given statement istrue for n=k

S(k): x*- y*
Then there exists quotient Q such that

X -y =(x- y)Q

The statement for n=k +1

S(k +1): Xk yk+1

n

= XX -y

= XK= XXy XXy -y —ing & +ing xy*
=X(X- Y)+y*(x- y)

= X(x- Y)Q+y*(x-y) Xy =(x- y)Q

Clearly x- y isafactor of S(k+1).
Since the truth for n=k implies the truth for n=k +1 therefore the given statement
istruefor " nl Z*,

Question # 27
Suppose S(n): X
Put n=1

S(l) : X2(1)-1 + y2(1)-1 — X1 + y1 =X+Yy
x+ Yy isclearly factor of S(1), Thus condition | is satisfied
Now suppose that given statement is true for n=k

S(K): %21 4 y2k—1
Then there exists quotient Q such that

2n-1 + 2n-1

y
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2k 1+y2k 1 _(X+y)Q
The statement for n=k +1

S(k+1)' K21y 201
2k 21 | 2kr21

+y
— X2k+2 1 X2k 1y2 + X2k 1,,2 + 2k+2-1 +ing and —i ng X2k—1y2
- X2k 1( )+ y (X2k 1 2k 1)
X*Hx- y)(x+y)+y° (X+ y)Q Xty =(x+y)Q

:(x+y>( *x- y)+y° Q)
Clearly x+y isafactor of S(k+1).
Since the truth for n=k impliesthe truth for n=k +1 therefore the given statement
istruefor " nl Z*,

Principle of Extended Mathematical Induction
A given statement S(n) istrue for n3 i if the following two conditions hold

Condition I: S(i) istruei.e. S(n) istruefor n=1i and
Condition Il: S(k +1) istrue whenever S(k) istrue for any positive integer k,
Then S(n) istrue for all positive integers

Question # 28

Suppose S(N): 1+2+2% +.............. +2"=2"-1
Putn=0 Note: Non- negative number are
S():1=2"-1= b 1=2-1 b 1=1 0123 .

Thus condition | is satisfied
Now suppose that S(n) istrue for n=k

S(k): 1+2+ 2%+, +26 =21 (i)
The statement for n=k +1 becomes
S(k+1): 1+2+ 2%+ ..o, +2 =g
— 2k+2 _ 1
Adding 2" on both sides of equation (i)
142+ 2%+ e, + 244 2 =2 L 14 2
P 1+2+4+ ..., + 2 =2(2¢1) - 1 e 294 2 = (24

— 2k+1+1 _ 1
— 2k+1+1 _ 1

Thus S(k +1) istrueif S(k) istrue, so condition Il is satisfied and S(n) istrue
for al non-negative integers n.

Question # 29

Suppose S(n): AB"=B"A
Put n=1

S(I): AB'=B'A b AB=BA
S(1) istrue as we have given AB = BA, Thus condition | is satisfied
Now suppose that given statement is true for n=k

S(k): AB*=B*A................ (i)
The statement for n=k +1

S(k+1): AB¥'=B"'A
Post-multiplying equation (i) by B.

(AB*)B=(B*A)B
b A(B*B)=B*(AB) by associative law



FSc-1/Ex 8.1 - 16

p  AB*! =B*(BA) > AB=BA (given)
=(B*B)A

=B"'A
Thus S(k +1) istrueif S(k) istrue, so condition Il is satisfied and S(n) istrue
for al positive integers n.

Question # 30
Suppose S(n): n®- 1
Put n=1
S(): M?*-1=0
S(2) isclearly divisible by 8, Thus condition | is satisfied
Now suppose that given statement istrue for n=k where k is odd.
S(k): k*-1
Then there exists quotient Q such that
k*-1=80Q
As k + 2 isthe next odd integer after k The statement for n=k +1
S(k+2): (k+2)°-1
=k*+4k+4-1
=k*-1+4k+4
=8Q+4(k +1) - kP +k=2Q
Since k is odd therefore k +1 is even so their exists integer t such that k +1=2t
P S(k+2):=8Q+4(2t)
=8Q +8t
Clearly S(k +2) isdivisible by 8 so condition Il is satisfied.
Therefore the given statement is true for odd positive integers.

Question # 31
Suppose S(n): Inx" =nlnx
Put n=1
S(): Inx' =()Inx P Inx=Inx
S(2) istrue so condition | is satisfied.
Now suppose that given statement istrue for n=k
S(K): InX* =KINX ..cvvvieennnee, (i)
The statement for n=k +1
Sk +1): Inx“*t=(k+12)Inx
Now adding In x on both sides of equation (i)
Inx“ +Inx =kInx +Inx
P Inx*xx=(k+1)Inx wInx+Iny=Inxy
P Inx*'=(k+1)Inx
Thus S(k +1) istrueif S(k) istrue, so condition Il is satisfied and S(n) istrue

foral nl Z*.

Question # 32
Suppose S(n): n!>2"-1 ;N34
Put n=4
S(4): 41>2*-1 b 24>16-1 b 24>15
S(4) istrue so condition | is satisfied.
Now suppose that given statement is true for n=k
S(k): kI>2%-1..o.cooeveennnl. (i)
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The statement for n=k +1
Sk+1): (k+D!I>2"-1
Multiplying both sides of equation (i) by k +1
(kK+Dk!>(k+1)(2"- 1

b (k+1)!>(k+1+2- 2)(2“- 1) o (k+1)k! = (k+1)!

P (k+D!>(k-1+2)(2"- 1)

P (k+D!>kx2*- k- 2+1+2x"- 2

P (k+D!>(kx"- 2“- k) +2“"- 1

b (k+D)!>2"-1 k- 2-k30 " k34
Thus S(k +1) istrueif S(k) istrue, so condition Il is satisfied and S(n) istrue
for al integers n3 4.

Question # 33
Suppose S(n): n*>n+3 'n3 3
Put n=3
S@@): ¥>3+3 b 9>6
S(3) istrue so condition | is satisfied.
Now suppose that given statement istrue for n=k
S(k): k®>Kk+3...cceeennnnnn, (i)
The statement for n=k +1
S(k+1): (k+1)*>k+1+3 b (k+1)*>k+4
Adding 2k +1 on both sides of equation (i)
k*+2k+1>k+3+2k+1
P (k+1)*>k+4+2k
P (k+1)*°>k+4 ignoring 2k as 2k >0
Thus S(k +1) istrueif S(k) istrue, so condition Il is satisfied and S(n) istrue
for al integers n3 3.

Question # 34
Suppose S(n): 4" >3"+2™* :ns 2
Put n=2
S(2): #>3+2°" b 16>9+2 b 16>11
S(2) istrue so condition | is satisfied.
Now suppose that given statement istrue for n=k
S(k): 4>3+2¢t (i)
The statement for n=k +1
S(k +1) . 4k+1 > 3k+1 + 2k+1—1
D 4k+1 > 3k+1 + 2k
Multiplying both sides of equation (i) by 4.
4(49>4(3 +2¢Y
4k+1 >4>Gk +4>Qk—1
47 > (3412) 58 +(2+2) 1
4k+1 >3>Gk +3k + 2>Qk—1 + 2>Qk—1
4k+1 > 3k+1 + 2k + (3k + 2k)
b 4 >3 42k ignoring 3 +2* as3* + 2 >0
Thus S(k +1) istrueif S(k) istrue, so condition Il is satisfied and S(n) istrue
for al integers n3 3.

U U U T
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Question # 35
Suppose S(n): 3"<n! ; N>6
Putn=7
S(7): 3'<7! b 2187<5040
S(2) istrue so condition | is satisfied.
Now suppose that given statement istrue for n=k
S(K): 3<kl.overineennn. (i)
The statement for n=k +1
S(k+1): 3 <(k+1!
Multiplying both sides of equation (i) by k +1.
(k+D)3 <(k+Dk!
b ((k-2)+3)3 < (k+1)!
b (k- 2)3+3*"<(k+1!
b 3 <(k+1)! v (k- 23>0 " k>6
Thus S(k +1) istrueif S(k) istrue, so condition Il is satisfied and S(n) istrue
for al integers n>6.

Question # 36
Suppose S(n): n!>n’ 'n3 4
Putn=4
S(4): 41>4 b 24>16
S(4) istrue so condition | is satisfied.
Now suppose that given statement is true for n=k
S(k): KI'>K*.ooiiinnn, (i)
The statement for n=k +1
S(k+1): (k+1)! > (k+1)?
Multiplying both sides of equation (i) by k +1.
(k+1k! > (k +1)k?
P (k+D! > (k+1(k+1) o k+1<k® " k34
P (k+1)! > (k+1)?
Thus S(k +1) istrueif S(k) istrue, so condition Il is satisfied and S(n) istrue
for al integers n3 4.

Question # 37
Suppose S(n): 3+5+7+.............. +(2n+5) =(n+2)(n+4) ;n3 -1

Putn=-1

S(-D:3=(-1+2)(-1+4) b 3= Pb 3=3
Thus condition | is satisfied
Now suppose that S(n) istrue for n=k

S(K): 345+ 7+ o, +(2K+5)=(K+2)(K+4) vvverenr... (i)
The statement for n=k +1 becomes
S(k+1): 3+5+7+.............. +(2(k+1) +5) =((k+D +2)((k +1) +4)
P 3+5+7+..eeee. +(2k+7) =(k +3)(k +5)
Adding (2k +7) on both sides of equation (i)
S(K): 345+ 7+, +(2k +5)+(2k +7) = (k+ 2) (K + 4) + (2k + 7)
P 3+5+7+.., +(2k+7)=k*+2k +4k +8+ 2k +7
=k*+8k+15

=k?+5k +3k +15
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=k(k+5)+3(k +5)
=(k+5)(k+3)
Thus S(k +1) istrueif S(k) istrue, so condition Il is satisfied and S(n) istrue
for all integers n3 - 1.

Question # 38
Suppose S(n): 1+nx£ (1+ x)" ;N3 2
Put n=2
S(2): 1+2XE£(1+X)*> P 1+2xE1+2x+X
S(2) istrue so condition | is satisfied.
Now suppose that given statement istrue for n=k
S(K): 1T+kxE@+X) i, (i)
The statement for n=k +1
S(k+1): 1+ (K+DxE (L+ x)**
Multiplying both sides of equation (i) by 1+ x.
(L+kx) (L+ X) £ 1+ X)*(L+ X)
P 1+kx+x+kd £ 1L+ x)
P 1+kx+x£(L+x)*? k>0
P 1+(k+1)x£ (1+x)
Thus S(k +1) istrueif S(k) istrue, so condition Il is satisfied and S(n) istrue
for al integers n3 2
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