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< Metric Spaces

Let X be anon-empty set and R denotes the set of real numbers. A function
d: Xx X —> R issaid to be metric if it satisfies the following axiomsV X,y,ze X.

[Mi] d(xy) >0 i.e disfiniteand non-negative real valued function.
[Mo] d(x,y)=0ifandonlyif x=y.
[M3] d(x,y)=d(y,X) (Symmetric property)
[M4] d(x,2) <d(x,y)+d(y,2) (Triangular inequality)
The pair (X, d) isthen called metric space.
disaso called distance function and d(X, y) isthe distance from x to y.
NOTE: If (X, d) be ametric space then X is called underlying set.

< Examples:
1) Let X be anon-empty set. Then d: X x X — R defined by
e
if x=y
isametricon X and is called trivial metric or discrete metric.
i) Let R bethe set of real number. Then d: RxR — R defined by
d(x,y) =|x—y| isametricon R.
The space (R,d) iscalled real lineand d is called usual metricon R.

lii) Let Xbeanon-empty setand d: X x X - R beametricon X. Thend': X x X > R
defined by d'(x,y) =min(1 d(x,y)) isaso ametric on X.

Pr oof:
[M,] Sincedisametricso d(x,y)>0

as d'(x,y) isether 1 or d(x,y) so d'(x,y)>0.
[M2] If x=y then d(x,y) =0 and then d'(x,y) whichis min(1,d(x,y)) will be

zero.

Conversely, suppose that d'(x,y)=0 = min(1, d(x,y))=0

=d(x,y)=0 = x=y asdismeltric.

[Mg] d'(x,y) =min(1, d(x,y)) = min(1, d(y,x)) = d'(y,x) 2 d(x,y) = d(y,%)
[M4] Wehave d'(x,z)=min(1d(x,z))

= d'(x,2)<1lor d'(x,2)<d(x,2)

We wish to prove d'(x,2) < d'(x,y) + d'(y,2)

now if d(x,z) >1, d(x,y)>1 and d(y,2) >1

then d'(x,2) =1, d'(x,y)=1and d'(y,z) =1

and d'(x,y) +d'(y,2) =1+1=2
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therefore = d'(x,2) < d'(x,y) + d'(y,2)
Now if d(x,2) <1, d(x,y) <1 and d(y,2) <1
Then d'(x,2) =d(x,2), d'(x,y) =d(x,y) and d'(y,z) = d(y,2)
Asdismetric therefore d(x,2) < d(x,y) + d(y,2)
= d'(x,2) < d'(x,y)+d'(y,2)
Q.E.D

iv) Let d: X x X > R beametric space. Then d’: X x X — R defined by

d'(x,y) = _dxy) isalso ametric.

1+d(x,y)
Pr oof.
[M,] Since d(x, y) > 0 therefore —20Y)__ gr(x y) > 0
1+d(x,y)
: d(xy)
M Letd y :O —:0 d , :O =
M7 Let d(xy) =0 = 750 255=0 = d(xy) =0 = x=y
Now conversely suppose x = y then d(x,y) =0.
Then d'(x,y) = —3X¥) _ 0 _
1+d(x,y) 1+0
' dX, d , X ,
M d'(xy) =) GO gy

1+d(xy) 1+d(y,x)
[M4] Sinced is metric therefore d(x,z) < d(x,y) + d(y,2)
Now by using inequality a<b = i<L.
l+a 1+b
d(x,2 __d(xy)+d(y.2)

We get <
1+d(x,2) 1+d(xy)+d(y,2)
= dxg)s—axy)_d.2
1+d(x,y)+d(y,2 1+d(xy)+d(y,2)
= d(xzg <y, 4.2

1+d(x,y) 1+d(y,2)
= d'(x,2) < d'(x,y) +d'(y,2)
Q.E.D
V) The space C[a, b] is ametric space and the metric d is defined by
d(x,y) =max | x(t) - y(t)
where J=[a, b] and x, y are continuous real valued function defined on [a, b].
Proof.
[M4] Since | x(t) - y(t)| >0 therefore d(x,y)>0.
[Mz] Let d(x,y) =0 = |x(t)-y(t)[=0 = x(t) = y(t)
Conversely suppose X =y
Then d(x,y) = max | X(t) - y(t)| = max | X(t) - x(t)|=0
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[M3] d(x,y) =max | x(t) - y(t) |= max | y(t) - x(t) | = d(y.X)
[Ma] d(x,2) =max | x(t) - z(t) | = max | x(t) - y(t) + y(t) - (1)
< max | x(t) - y(t) | + max| y(t) - z(t)|

= d(xy) +d(y.2)
Q.ED

vi) d:RxR— R isametric, where R isthe set of real number and d defined by
d(x,y) = | x-Y]|
vii) Let x=(x,V,) , Y=(X,,Y,) wedefine

d(x,y):\/(xl—x2)2+(yl—y2) isametricon R
and called Euclidean metric on R? or usual metric on R2.

2

viii) d: RxR — R isnot ametric, where R isthe set of real number and d defined by

d(x,y) = (x-y)’
Pr oof.
[M4] Square is always positive therefore (x— y)* = d(x,y) >0
[MJ] Let d(X,y)=0 = (x—y)’=0 = Xx-y=0 = x=y
Conversely supposethat x=y
then d(x,y) = (x-y)*=(x-x)*’=0
[Ma] d(x,y)=(x=Yy)*=(y-x)*=d(y,%)
[M4] Suppose that triangular inequality holdsin d. then for any x,y,ze R
d(x,2)<d(x—-y)+d(y,2)
= (X=2°<(x-y)’+(y-2)°
Since x,Y,ze R thereforeconsider x=0, y=1and z=2.
= (0-2)°<(0-2)%+(1-2)*
= 4<1+1 = 4<L2
which is not true so triangular inequality does not hold and d is not metric.

iX) Let x=(X,%),Y=(y,Y,) €R* Wedefine
d06Y) =% =, [+ %~ ¥, |
isametric on R?, called Taxi-Cab metric on R?.
X) Let R" bethe set of dl rea n-tuples. For
X=X, % %) AN Y =(Yy, ¥yoeen V) N R

wedefine d(x,y) = /(% — ¥)2 + (% = ¥,)* + e (X, — ¥,)’
then dismetricon R", called Euclidean metric on R" or usual metricon R".

xi) The space |”. As points we take bounded sequence
X=(X,,X,,...), alSOwritten as x=(x), of complex numbers such that
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Ix|<C, Vi=123..
where C_ isfixed real number. The metric is defined as

d(xy)=sup|x —y|  where y=(y)
xii) Thespace |?, p>1 isareal number, we take as member of |*, all sequence
o p
x=(&;) of complex number such that 2‘51‘ <.

=1
1

The metric is defined by d(x,y) (Z‘i 77,‘ )

Where y=(n, ) such that i"h ‘p <o
=

Pr oof.
1

. © b |P
[Ml]Snce‘éj—nj‘ZOtherefore (Z“:j_”j‘ ) =d(xy)=0
j=1

[My] If x=1y then

1

origsentf g -(gorf
Conversely, if d(x,y)=0

= (i\éj—m\ ) =0 = [g-n[=0 = (§)=(n) = x=y

[Md] d(x) (2\5 n,\j :@\n,-—:,-\pjid(yx)

[MJ] Let z=(¢;), such that i\gj\p@o

then d(x,2) [Z\g g\j

1
_(i“;‘ U _gj‘p]p
=t
Using "Minkowski’s Inequality
1
(ol (gner

d(x y)+d(y.2)
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Q.E.D

« Pseudometric
Let X be anon-empty set. A function d: X x X — R is called pseudometric
if and only if
1) d(x,x)=0 foral xeX.
i) d(x,y)=d(y,x) foral x,yeX.
i) d(x,2) <d(x,y)+d(y,z) foral x,y,ze X.
OR
A pseudometric satisfies al axioms of a metric except d(x,y) =0

may not imply x =y but x =y implies d(x,y) = 0.

Example
Let x,y e R® and x=(%,%,) , Y= (¥, ¥>)
Then d(x,y) =| % — Y, | isapseudometric on R?.
Let x=(2,3) and y=(2,5)
Then d(x,y) =|2-2|=0 but x =y
NOTE: Every metric is a pseudometric, but pseudometric is not metric.

* Minkowski’ s | nequality
If & =(&.8,0-&,) and m; = (

(Sl

i=1

MMrnM,) @ein R" and p>1, then
1
p

. s (e Ve
{3l ()
+ Distance between sets

Let (X,d) beametric spaceand A, B — X . The distance between A and B denoted
by d(A,B) isdefined as d(A B)=inf {d(a,b)Jac A be B}

If A={x} isasingleton subset of X, then d(A, B) iswritten as d(x,B) and iscalled
distance of point x from the set B.

< Theorem
Let (X,d) beametric space. Thenfor any x, y € X
|d(x, A)—d(y, A)|<d(x,y)
Proof.
Let ze A then d(X,2) <d(X,y)+d(Y,2)
then d(x,A):in}:d(x,z)gd(x,y)+im;d(y,z)
=d(x,y)+d(y, A)
= d(%A) —d(y,A) SA(X, ) -eeeeeeeee (i)
Next

Available at http.//ivww.MathCity.org


http://www.MathCity.org

6 Metric Spaces

d(y,A) :in}:d(y,z) Sd(y,x)+im;d(x,z)

=d(y,x)+d(x,A)
= —d(x,A)+d(y,A <d(y,X)

= —(d(x,A)=d(y,A) <d(X,y) -eeeeeeeeees (i) wd(xy)=d(y.%)
Combining equation (i) and (ii)
[d(x,A) —d(y,A)| < d(x,y) QED

+ Diameter of a set
Let (X,d) beametric spaceand Ac X, we define diameter of A denoted by
d(A) = sup d(a,b)

a,beA
NOTE: For an empty set ¢, following convention are adopted
(i) d(p) = —, some authorstake d(¢) also asO.
(i1) d(p,p) = o i.edistanceof apoint p from empty set is «.
(ii1) d(A, @) =0, where Aisany non-empty set.

% Bounded Set
Let (X,d) beametric spaceand Ac X, wesay Aisbounded if diameter of Ais
finitei.e. d(A) < «.

< Theorem

The union of two bounded set is bounded.
Pr oof.
Let (X,d) beametric spaceand A, B < X be bounded. We wish to prove Au B

is bounded.
Let x,ye AUB

If X, y € A thensince A isbounded therefore d(x, y) <«
and hence d(AuB) = sup d(Xx,y)<oo then AU B isbounded.

X, ye AUB

Similarity if X, y € B then AU B is bounded.
Now if xe A and y € B then
d(x,y) <d(x,a)+d(ab)+d(b,y) where ac A, be B.
Since d(x,a), d(a,b) and d(b,y) arefinite
Therefore d(x,y) <o i.e Au B isbounded. Q.E.D

< Open Ball
Let (X,d) beametric space. An open bal in (X,d) isdenoted by

B(Xo;r) = {xe X |d(x,X) <r}
X, iscalled centre of the ball andr is called radius of ball and r > 0.
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+ Closed Ball
Theset B(x,;r) = {xe X |d(%,,X) <r} iscaled closed ball in (X,d).

< Sphere
Theset S(x,;r) ={xe X |d(x,X)=r} iscalled spherein (X,d).

< Examples
Consider the set of real numbers with usual metric d =|x—y| V x,yeR
then B(x;r) = {xeR|d(x,X)<r}
ie B(x;r)={xeR:ix-x|<r}
8 X =TI <X<X+Tr=(X—I,X%X+TI)
I.e. open ball isthereal line with usua metric is an open interval.
And B(x;r) ={xeR:|x—x|<r}
e Xy — I SXSX +F=[X—r,%+r]
i.e. closed ball inareal lineisaclosed interval.
And S(x;r) = {xeR:|x—X|=r}={%—r,% +r}
i.e. twopoint x,—r and x,+r only.

< Open Set
Let (X,d) beametric space and set Giscaled openin X if for every xe G, there
existsan open ball B(x;r)cG.

« Theorem
An open ball in metric space X is open.
Proof.
Let B(X,; r) beanopenbal in (X,d).
Let ye B(X,; r) then d(x,,y)=r<r
Let r, <r —r;, then B(y;r,) < B(x,;r)
Hence B(x,; ) isan open set.
ALTERNATIVE:
Let B(X,; r) beanopenbal in (X,d).
Let xe B(X,;r) then d(x,,X)=r,<r
Take r, =r —r, and consider the open ball B(x; r,)
we show that B(x; r,) = B(x;r).
For thislet ye B(x;r,) then d(x,y)<r,
and d(x,,y) <d(x,x) +d(x,y)
<r+r, =r
hence y e B(x,;r) sothat B(x;r,) = B(x,;r). Thus B(x,;r) isan open.
Q.E.D
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NOTE: Let (X,d)beametric space then
1) Xand ¢ areopen sets.

i) Union of any number of open setsis open.
1) Intersection of afinite number of open setsis open.

« Limit point of a set
Let (X,d) beametric spaceand Ac X, then xe X iscalled alimit point or
accumulation point of A if for every open ball B(x;r) with centre x,
BO;r)n{A-{x}}=o.
I.e. every open ball contain apoint of A other than x.

< Closed Set

A subset A of metric space X isclosed if it contains every limit point of itself.
The set of al limit points of Ais called the derived set of A and denoted by A'.

« Theorem

A subset A of ametric spaceis closed if and only if its complement A° isopen.
Pr oof.

Suppose A is closed, we prove A° is open.

Let xe A° then x¢ A.
= x isnot alimit point of A.

then by definition of alimit point there exists an open ball B(x;r) such that
B(x;r)mA=0p.

Thisimplies B(x;r) c A°. Since x isan arbitrary point of A°. So A°® isopen.
Conversaly, assumethat A° isan open then we prove Ais closed.

I.e. Acontainall of itslimit points.

Let X be an accumulation point of A. and suppose xe A°.

then thereexistsan open bal B(x;r)c A° = B(X;r)nA=9.

This shows that x is not alimit point of A. thisisa contradiction to our assumption.

Hence xe A. Accordingly Ais closed.
The proof is complete.

< Theorem

A closed ball isaclosed set.
Pr oof .

Let B(x:r) beaclosed ball. We prove B (x;r)=C (say) isan open ball.
Let yeC then d(x,y)>r.
Let ,=d(x,y) then r,>r.Andtaker,=r—r

Consider the open ball B(y;r—zzj we prove B(y;%jcc.
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For thislet ze B(y;%) then d(z, y)<r—22

By the triangular inequality
d(x,y)<d(x,2)+d(zy)

= d(x,y)<d(z,x)+d(zY) ~d(y,2=d(zy)
= d(z,x)>d(x,y)—d(z V)
r 2r, —r 2r — I, +r r+r
= d(z,x)>r1—52: 12 2 = —1 21 = 12 Cr=r T
= d(z,x)>%:r wr=r=r>0 r>r

z¢ B(x;r) Thisshowsthat zeC

= B(y;%jcc

Hence C is an open set and consequently B(x;r) is closed. QED

U

« Theorem
Let (X,d) beametric spaceand Ac X . If xe X isalimit point of A. then every
open ball B(x;r)with centre x contain an infinite numbers of point of A.

Pr oof.
Suppose B(x;r)contain only afinite number of points of A.

Let a,a,,...,a, bethose points.

andlet d(x,a)=r. wherei=12,...,n.

also consider r' =min(r,,r,,...,r,)

Then the open ball B(x;r") contain no point of A other than x. then x isnot limit point of
A. Thisisacontradiction therefore B(x;r) must contain infinite numbers of point of A.

+ Closure of a Set
Let (X,d) beametric spaceand M — X . Then closure of M is denoted by

M =M UM’ where M' isthe set of all limit points of M. It isthe smallest closed
superset of M.

+ Dense Set
Let (X, d) be ametric spacetheaset M = X iscaled densein Xif M = X .

< Countable Set
A set Aiscountableif it isfinite or there existsafunction f : A— N which isone-

one and onto, where N isthe set of natural numbers.
e.g. N,Q and Z are countable sets . The set of real numbers, the set of irrational

numbers and any interval are not countable sets.

< Separable Space

A space X issaid to be separableif it contains a countable dense subsets.
Available at http.//ivww.MathCity.org
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e.g. thereal line R is separable since it contain the set Q of rational numbers, whichis
denseis R.

< Theorem

Let (X, d) beametric space, Ac X isdenseif and only if A has non-empty
intersection with any open subset of X.
Proof.

Assumethat A isdensein X. then A= X .
Suppose thereisan openset G X suchthat AnG=¢.

Thenif xeG then An(G—{x})=¢
which show that xis not alimit point of A.
Thisimplies x¢ A but xe X = Az X

Thisis acontradiction.
Consequently AnG = ¢ forany open G X.

Conversely supposethat AnG = ¢ forany open Gc X .

Weprove A= X, for thislet xe X .

If xe Athen xe AUA =Athen X = A.

If x¢ Athenlet {G} bethefamily of all the open subset of X such that xe G, for everyi.
Then by hypothesis AnG = ¢ for anyi.i.e G contain point of A other then x.
Thisimpliesthat x isan accumulation point of A.i.e. xe A

Accordingly xe AUA =A and X = A.

The proof is complete.

% Neighbourhood of a Point

Let (X, d) beametric spaceand x,e X andasubset N c X iscaled a
neighbourhood of X, if there exists an open ball B(x,;¢) with centre x, such that
B(x;e)=N.

Shortly “neighbourhood ” iswritten as “nhood ”.

< Interior Point
Let (X, d) beametric spaceand Ac X, apoint x, € X iscalled aninterior point of
Aif thereisan open ball B(x,;r) with centre x, such that B(x,;r) c A.

The set of al interior points of Aiscaled interior of A and is denoted by int(A) or A’.
It isthe largest open set containinA.i.e. A" c A.

< Continuity
A function f:(X,d)—(Y,d") iscalled continuous at apoint x, € X if for any

¢ >0 thereisa 6 >0 suchthat d'(f(x), f(x,))<e forall xsatisfying d(x,%,) <5 .

ALTERNATIVE!
f:X —>Y iscontinuousat x, € X if for any € >0, thereisa o >0 such that

xeB(x;8) = f(x)eB(f(x);€).
Available at http.//ivww.MathCity.org
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« Theorem
f:(X,d) - (Y,d’) iscontinuous a x, € X if andonly if f*(G) isopenisX.
wherever Gisopenin.
NOTE : Before proving thistheorem notethat if f: X -»Y , f*:Y > X and Ac X,
BcY then f'f(AAoAand f f(B)c B
Pr oof.
Assumethat f : X =Y iscontinuousand G c Y isopen. Wewill prove f *(G) is
openin X.
Let xe fH(G) = f(X)ef f(G)c=G
When G is open, thereisan open ball B( f(x);¢)<G.
Since f : X =Y iscontinuous, thereforefor ¢ >0 thereisa 6 >0 such that
yeB(x;6) = f(y)eB(f(X);¢)cG then ye f*f(G)c f (G)
Sinceyisan arbitrary point of B(x;8) < f (G). Also x was arbitrary, this show that
f (G) isopenin X.
Conversely, forany Gc Y weprove f : X =Y iscontinuous.
For thislet xe X and ¢ >0 begiven. Now f(x)eY andlet B( f(x);¢) bean open ball

inY. then by hypothesis f*(B( f(x);¢)) isopeninX and xe f *(B( f(X);¢))
As yeB(x;8)c f(B(f(X);¢))

= f(y)ef fH(B(f(x);e))=B(f(x);¢) i.e f(y)eB(f(X);e)
Consequently f : X =Y iscontinuous.

The proof is complete.

< Convergence of Sequence:
Let (x,)=(x,X,,...) beasequencein ametric space (X,d), wesay (x,) converges
to xe X if limd(x,,x)=0.

Wewrite lim x, =x or simply x, > X as n—o.

Nn—oo

Alternatively, we say x, — X if for every ¢ >0 thereisan n, €N, such that
vV n>n,, d(x,X)<e.

< Theorem
If (x,) isconvergesthen limit of (x ) isunique.
Proof.
Suppose x, —a and x, > b,
Then 0<d(a,b)<d(a,x,)+d(x,b) >0+0 asn—»>x» = d(ab)=0 = a=b
Hence the limit is unique. ®
ALTERNATIVE
Suppose that a sequence (x,) converges to two distinct limits aand b.
and d(a,b)=r>0
Since x, — a, given any ¢ >0, thereisanatura number n, depending on ¢
Available at http.//ivww.MathCity.org
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such that
d(xn,a)<% whenever n>n,

Also x. —> b, givenany ¢ >0, thereis anatura number n, depending on ¢
such that

&
d(xn,b)<§ whenever n>n,

Take n, = max(n,n,) then
d(xn,a)<% and d(xn,b)<% whenever n> n,
Since ¢ isarbitrary, take ¢ =r then
r=d(ab)<d(a,x,)+d(x,,b)
ror

&g
<§+E—I’ . d(a,Xn)—d(Xn,a)<E

Which isacontradiction, Hence a=Db i.e. limit isunique.

< Theorem

1) A convergent sequence is bounded.
i) If x ->xandy —y then d(x,y,) —>d(XYy).
Proof.
(i) Suppose x, — X, therefore for any ¢ >0 thereis n, e N such that

v n>n,, d(x,X)<e
Let a=max{d(x,%),d(%,X),...ccccc.... ,d(x,,x)} and k=max{e,aj
Then by using triangular inequality for arbitrary x,x; €(x,)
Ogd(x,xj)gd(x,xhd(x,xj)

<k+k=2k
Hence (x,) isbounded.

(if) By using triangular inequality

d(X, ¥a) <d(%, %)+ d(xy)+d(Y. )
= d(x,Y,)-d(xy)<d(x,x)+d(y,y,)>0+0 & n—ow ... 0)

Next d(x,y)<d(x,x,)+d(x,,y,)+d(V,y)
= d(xy)-d(X,,¥,)<d(%x,)+d(Y,,y)>0+0 & n—>owo ... (ii)

From (i) and (ii)
|d(%,,¥,)-d(xy)| >0 asn—o

Hence
limd(x, y,)=d(xy) QE.D

« Cauchy Sequence
A sequence (x,) inametric space (X,d) iscaled Cauchy if any ¢ >0 thereisa
N, €N suchthat Vv mn>n,, d(x,X)<e.
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% Theorem
A convergent sequence in ametric space (X,d) is Cauchy.
Proof.

Let x, — xe X, thereforeany ¢ >0 thereis n, e N such that
v mn>n,, d(xn,x)<% and d(xm,x)<%.
Then by using triangular inequality
d (X %,) < d (%, X) +d(x,x,)
<d (X, X)+d(x,,X) o d(x,y)=d(y,Xx)

£ €
<—+—==¢
2 2

Thus every convergent sequence in ametric space is Cauchy.
< Example
Let (x,) beasequencein the discrete space (X,d). If (x,) beaCauchy sequence, then
for e = }é thereisanatural number n, depending on ¢ such that
d(X,.%,) < % v mn>n,
Sincein discrete space d is either O or 1 therefore d(x,,X,) =0 = X, =X, = X(say)
Thus a Cauchy sequencein (X,d) become constant after afinite number of terms,

i.e. (xn):(xlxzx%xxx)

< Subsequence
Let (a,a,,a,,...) beasequence (X,d) andlet (i,i,,i,,...) beaseguence of

positive integers such that i, <i, <i, <... then (311131215\31"-) is called subsequence of
(a,:neN).
« Theorem

(i) Let (x,) beaCauchy sequencein (X,d), then (x,) convergesto apoint xe X if
and only if (x,) hasaconvergent subsequence (xnk) which convergesto xe X.

(ii) If (x,) convergesto xe X , then every subsequence (xnk) also convergesto xe X.
Pr oof.
(i) Suppose x, — xe X then (x,) itself is a subsequence which convergesto xe X .

Conversely, assume that (xnk ) is a subsequence of (x,) which convergesto x.

Thenforany ¢ >0 thereisn, e N suchthat vV n, >n,, d(xnk,x)<%.

Further more (x,) is Cauchy sequence

Then for the ¢ > 0 thereis n e N suchthat V. m,n>n,, d(xm,xn)<%.

Suppose n, = max(n,,n;) then by using the triangular inequality we have
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d(x,,X)<d(%,%, )+d(x,.X)

<%+%:g v n,n>n,
This show that x, — X.

(i) x,—>x impliesforany ¢>0 3 n,eN suchthat d(x,,Xx)<¢
Then in particular d(xnk,x)<g v n >n

Hencex, — xe X.

< Example

Let X =(0,1) then (X,)=(%, %, Xss-..) =(%,%.%,...) isasequencein X.
Then x, — 0 but Oisnot apoint of X.

< Theorem
Let (X,d) beametric spaceand M < X .

(i) Then xeM if and only if thereis a sequence (x,) in M such that x, — X.

(i)  If for any sequence (x,) inM, x. > X = xe M, then M isclosed.
Proof.
(i) Suppose xeM =M UM’
If xe M, then there is asequence (X, X, X,...) in M which convergesto x.
If x¢g M ,then xe M’ i.e. xisan accumulation point of M, therefore each ne N the

open ball B(x;%) contain infinite number of point of M.

We choose x, € M from each B(x;%)

Then we obtain a sequence (x,) of points of M and since 1—>0 as n— w.
n

Then x, > X as n— .

Conversely, suppose (x,) suchthat x — X.

Weprove xe M

If xeM then xeM. w M=MUM’

If x¢ M , then every neighbourhood of x contain infinite number of terms of (x.).

Thenxisalimit pointof M i.e. xe M’

Hence xeM =M UM'.

(i) If (x) isinMand x. - x, then xeM then by hypothesis M =M , then M is
closed.

< Complete Space

A metric space (X,d) iscalled completeif every Cauchy sequence in X converges
to apoint of X.
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< Subspace
Let (X,d) beametric spaceand Y — X thenYiscalled subspaceif Yisitself a
metric space under the metric d.

< Theorem

A subspace of a complete metric space (X,d) iscompleteif and only if Y'is closed
inX.
Proof.

Assumethat Y is complete we prove Y is closed.

Let xeY then thereis asequence (x,) inY suchthat x, — X.
Since convergent sequence is a Cauchy and Y is complete then x, —» xeY..

Since x was arbitrary pointof Y = YcY
Therefore Y =Y wYcY

Consequently Y is closed.
Conversely, suppose Y is closed and (x,) isaCauchy sequence. Then (x,) isCauchy in

X and since X iscompleteso x, — xe X.

Also xeY and Yc X.

SinceYisclosed i.e. Y=Y therefore xeV.
HenceYiscomplete. ©

+ Nested Sequence:
A sequence sets A, A, A,,... iscaled nested if A DA DA D..

< Theorem (Cantor’s Intersection Theorem)
A metric space (X,d) iscompleteif and only if every nested sequence of non-

empty closed subset of X, whose diameter tends to zero, has a non-empty intersection.
Pr oof.
Suppose (X,d) iscompleteand let A oA, o A > ... be anested sequence of

closed subsets of X.
Since A isnon-empty we choose apoint a, fromeach A . And then we will prove

(a,a,,8,,...) isCauchyinX.
Let €>0 begiven, since limd(A)=0 thenthereis n,eN such that d(Ab)<O

Thenfor mn>n,, d(a,a)<e.
Thisshowsthat (a,) is Cauchy in X.
Since Xiscompleteso a, — pe X (say)

Weprove pe()A,,
Suppose the contrary that pgﬂﬂh then 3 a keN suchthat peg A .
Since A isclosed, d(p,A) =0 >0.

Available at http.//ivww.MathCity.org


http://www.MathCity.org

16 Metric Spaces
: 0 0 -
Consider the open ball B p,E then A and B p,E aredigoint

Now a,a,,,,a,,,,... al belongto A then al these points do not belong to B(p;%)

Thisisacontradiction as p isthe limit point of (a, ).
Hence pe()A,.
Conversely, assume that every nested sequence of closed subset of X has a non-empty

intersection. Let (x,) be Cauchy in X, where (X.) = (X, X, Xs,...)
Consider the sets

A ={x,: n>k}
Thenwehave A DA DA D..
Weprove limd(A)=0
Since (x,) is Cauchy, therefore 3 n, e N such that
vV mn>n,, d(x,x)<e, ie limd(A)=0.

Now d(A,)=d(A,) then limd(A,) = limd(A)) =0
Also ASASADS..
Then by hypothesis (|A,#¢.Let pe[)A,

We prove X, > pe X
Since limd(A,) =0 therefore 3 k,eN suchthat d(A )<e

Thenfor n>k,, x,peA = d(x,p)<e V n>k,
Thisprovesthat x, > pe X.
The proof is complete.

< Complete Space (Examples)

(i) The discrete space is compl ete.
Sincein discrete space a Cauchy sequence becomes constant after finite terms
I.e. (x,) isCauchy in discrete space if it is of the form

(X11X21X31"'1Xn :b,b,b,...)
(i) Theset Z={0,+1,%2,...} of integerswith usual metric is complete.

(ii1) The set of rational numbers with usual metric is not complete.
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~ (1.1,1.41,1.412,...) isaCauchy sequence of rational numbers but itslimit is J2,
which isnot rational.

(iv) The space of irrational number with usual metric is not complete.

Wetake (-11),(-%.%).(-%.%)...(-%. %)
We choose one irrational number from each interval and theseirrational tendsto zero as
we goes toward infinity, as zero is arational so space of irrational is not complete.

< Theorem

Thereal lineis complete.
Pr oof.
Let (x,) beany Cauchy sequence of real numbers.

Wefirst prove that (x,) isbounded.

Let 6 =1>0 then 3 n,eN suchthat v mnxn,, d(x,.X,)=|%,—x,|<1
In particular for n>n, we have

‘xrb—xn‘gl = X, ~1sx <x +1

Let o = max{xl,xz,...,xrb +1} and = min{xl,xz,...,xrb —1}

then B<x <a Vn.

this showsthat (x,) isbounded with 8 aslower bound and o0 as upper bound.

Secondly we prove (x,) has convergent subsequence (X, ).

If the range of the sequenceis {x,} ={x,%,,X,,...} isfinite, then one of thetermisthe

sequence say b will repeat infinitely i.e. b,b,b,..........
Then (b,b,b,...) isaconvergent subsequence which convergesto b.

If the range isinfinite then by the Bolzano Weirestrass theorem, the bounded infinite set
{x,} hasalimit point, say b.

Then each of theopeninterval S =(b-1b+1), S,=(b-%,b+ %),
S, =(b-%,b+%), ... hasan infinite numbers of points of the set {x.}.

i.e. there are infinite numbers of terms of the sequence (x,) in every openinterval S, .
We chooseapoint x from §, then we chooseapoint x_from S, such that i, <i,

i.e. theterms x_ comes after x_inthe original sequence (X,) . Then we choose aterm x_
such that i, <i,, continuing in this manner we obtain a subsequence
(%, )=(%,%,%,---)-

It is always possible to choose a term because every interval contain an infinite numbers
of terms of the sequence (X,) .

Sinceb-%,—-band b+% —b as n— . Hence we have convergent subsequence
()gn) whose limitis b.

Lastly we provethat x, »>beR.
Since (x,) isaCauchy therefore for any & >0 thereis n,e N such that
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&
v mn>n, |xm—xn|<§
Also since x_— b thereisanatural number i, suchthat i, >n,
Then V mn,i_>n,
d(x:b) =[x, =b| =[x, =, +x, ~b]

E &
S‘)(n—xm‘+‘>gm—b‘<§+§:e
Hence x, >beR and the proof iscomplete.

< Theorem

The Euclidean space R" is complete.
Proof.

Let (x.) beany Cauchy sequencein R".
Thenfor any ¢ >0, thereis n, e N suchthat V m,r >n,

m (1) %2 _
d(xm,xr):[Z(éj—é;j)] <E wrrrernnns (i)

(m) (m) (m) (m)  (m) (r) (N (MM ()
wherexm:(éjj{él,éz,ég,...,énj andK=(§j)=(§1,52,§3w-,5n)
Squaring both sided of (i) we obtain

m )
Z(é“ﬁjj <&

(m) ()

= §j—§j <e¢ V j=123...,n

(m) ® @ @
Thisimplies (éjj:(éj,g‘j,g‘j,...j Is a Cauchy sequence of real numbersfor every

1=123,...,n.

Since R is complete therefore %T —&; eR (say)
Using these n limits we define
x=(§j)=(51,52,§3,...,§n) then clearly xe R".
We prove X, = X
In(i) as r—>o, d(x,X)<e V m>n, whichshow that x, > xeR"
And the proof is complete.

NOTE: In the above theorem if we take n = 2 then we see complex plane C =R? is
complete. Moreover the unitary space C" is complete.

< Theorem

The space | is complete.
Pr oof.
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Let (x,) beany Cauchy sequencein |”.
Then for any ¢ >0 thereis n;> N suchthat v m,n>n,

(m) n

d(Xm,Xn):Sup iéj_gj <&

(m) (m) (m) (m) () (n) (n) (n)
Where Xm:(éj (‘51’521‘531 j and x, = (‘gj (‘511521‘53’ j
Then from (i)

(m) ()

E—E|<E (i) Vv j=123..and V mn>n,

(m) ® @ @
It means (g‘jj:(é],é],é],...) is a Cauchy sequence of real or complex numbers for
every |=123,...

(m)

Andsince R and C are completetherefore &, — &, eR or C (say).
Using these infinitely many limits we define x = (5 ) (£1,85.85,--).

We prove xel” and x, — X.

(m)
In (i) a h— o« we obtain <E wrvrnnns (i) Vv m>n,
We prove x is bounded.
By using the triangular inequality
(m) (m) (m) (m)
|&]=|& & +¢, ‘é (&5 <e+k,

(m)

5
Hence (&;) = x is bounded.

Thisshowsthat x, - xel”.
And the proof is compl ete.

Where <k, as x, isbounded.

< Theorem
The space C of al convergent sequence of complex number is complete.
Not e: Itissubspaceof |”.
Pr oof.
First we prove C isclosedin |”.

Let x=(¢,)eC, thenthereisasequence (x,) inC suchthat x, — X,
MY (O
where x, = (5 ] (51,52753, ]
Thenfor any ¢ >0, thereis n, e N suchthat V n>n,
()

d(x,,X)=sup
|

19
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Thenin particular for n=ny,and vV j=123,...........
(no) &

éj_éj <§

Now x, €C then x, isaconvergent sequence therefore 3 n e N
suchthat v j,k>n

(ng) (o) e
éj_ék <§

Then by using triangular inequality we have
() () (o) (ng)

‘gj_gk‘:éj_§j+§j_€k+§k_€k

(o) (ng) (ng) (o)
< éj_éj + éj_ék + 5k_‘§k

E € ¢ .
<—+—+—= vV oj,k>
37373 ° PR

Hence x is Cauchy in | and x is convergent
Therefore xeC and = C=C.

i.e. Cisclosedin|” and I iscomplete.

Since we know that a subspace of complete spaceis complete if and only if it isclosed
in the space.

Consequently C is complete.

< Theorem
The space I?, p>1isarea number, is complete.
Pr oof.
Let (x,) beany Cauchy sequencein I°.
Then for every ¢ >0, thereis n, e N suchthat Vv mn>n,

1
= [m (m|P P _
d(%n%,)=| D_|& =&, <E vivrriainnnn, (i)
j=1
(m) (m) (m) (m)
Wherexm:(éj):(épgwésv“
(m  (n)
Then from (i) Ei—& <€ innnn (i) V¥V m,n>n, and for any fixed j.

(m)

This shows that (cg j ) isa Cauchy sequence of numbers for the fixed j.

(m)

Since R and C are complete therefore &, - &, eR or C (say) as m— .
Using these infinite many limits we define x=(5j)=(§1,§2,§3,...).
Weprove xel® and x, >X asm— o,

From (i) we have
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1

K |m m]|P)p
(Z E-¢&, ] <g
I.e Zk: (g]) é‘nj) p<g'° ............. (iii)

Taking as n — o, we get
(m) P

k
MlE-& | <&, k=1,2,3, .......

j=1
Now takingk — oo, we obtain

(m) P
2

N T L (iv) v =123

This showsthat (x, —x)e!?
Now I” isavector spaceand x,€l”, x—x_ €l”? then x +(x—x,)=xel".
Also from (iv) we see that
(d(x,,¥))" <" v m>n,
e d(x,X)<e v m>n,
Thisshowsthat X, — xel®” as x— .
And the proof is compl ete.

< Theorem
The space C[a, b] is complete.
Proof.
Let (x,) beaCauchy sequencein C[a, b].

Therefore for every ¢ >0, thereis n, e N suchthat ¥V mn>n,
d(xm,xn)zrrtlefj\x|xm(t)—xn(t)|<g ............ (i) where J=[a,b].
Thenforany fix t=t, e J
|Xm(to)_xn(to)|<5 v.-m,n>n,
It means (x,(t,), % (t,), %;(t,)...) isaCauchy sequence of real numbers. And since R is
complete therefore x_(t,) = x(t,) eR (say) a m— .
In thisway for every te J, we can associate a unique real number x(t) with x (t).
This defines afunction x(t) on J.
We prove x(t) eCla, b] and x_(t) > X(t) as m— .
From (i) we see that
| %, () —x,(t)|<e foreveryted and V mn>n;.
Letting n— oo, weobtainforal teJ
| %, -x(t)|<e V¥V m<n,.
Since the convergence is uniform and the x_’s are continuous, the limit function x(t) is

continuous, asit iswell known from the calculus.
Then x(t) iscontinuous.
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Hence x(t)eCl[a,b], aso |x,(t)-xX(t)|<e as m—oo
Therefore x_(t) - x(t) e C[a,b].
The proof is complete.

% Theorem
If (X,d,) and (Y,d,) arecompletethen X xY iscomplete.
NoTE: The metric d (say) on X xY isdefined as d(x,y) = max(d,(&,.&,),d,(m,.1,))
where X:(élﬂh)v Y=(52ﬂ72) and &,,§, e X, nm, €Y.

Pr oof.
Let (x,) beaCauchy sequencein X xY.

Thenfor any ¢ >0, thereis n, e N suchthat V¥ mn>n,
(m) (n) (m) (n)
d (X, X, ) = max d{é,éj,dz(n,nj <g
(m) (n) (m) (n)
= d1(§,<§)<e and dz(n,n)<g vV mn>n,
. () ® (2 @ _ _
Th|5|mpI|es(§ j:(é,ég,é,...j Isa Cauchy sequencein X.
(m) @ (2 O
and (nj:(n,n,n,...j isa Cauchy sequencein .

(m) (m)
Since X and Y are complete therefore £ > & e X(say) and n > neY(say)
Let X:(é‘,u) then xe X xY.

(m) (m)
Also d(xm,x):max(dl(é,éj,dz(n,nD—m as n—> oo,

Hence x, - xe X xY.
This proves completenessof X xY .

% Theorem
f:(X,d)—>(Y,d") iscontinuousat x,e X if andonlyif x,— x implies

F(x%) = %)
Proof.
Assumethat f iscontinuousat x, € X thenfor given ¢ >0 thereisa s >0
such that

d(x,%) <6 = d'(f(x),f(x))<e.
Let x, > X,, thenforour 6 >0 thereis n,eN such that
d(x,%)<8, ¥V n>n,
Then by hypothesis d'( f(x,), f(x))<e, V¥V n>n,
e f(x)—>f(x)
Conversely, assumethat X, > %, = f(x,)— f(x,)
Weprove f:X —Y iscontinuousat x,e X, supposethisisfalse
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Thenthereisan ¢ > 0 such that for every 6 >0 thereisan xe X such that
d(x,%)<8 but d'(f(x),f(x))=¢

In particular when 5:3, thereis x e X such that
n

d(x,,%)<6 but d(f(x,) f(x))=e.
Thisshowsthat x, — %, but f(x,) > f(Xx,) asn—o.

Thisisacontradiction.
Consequently f:X —Y iscontinuousat x,€ X .

The proof is complete.

< Rare (or nowhere dense in X )
Let X beametric, asubset M — X iscalled rare (or nowheredensein X ) if M
has no interior point i.e. int(ﬁ):go.

< Meager ( or of the first category)

Let X beametric, asubset M < X iscalled meager (or of thefirst category) if M
can be expressed as a union of countably many rare subset of X.

« Non-meager ( or of the second category)

Let X beametric, asubset M < X iscalled non-meager (or of the second category)
if it isnot meager (of the first category) in X.

< Example:

Consider the set Q of rationales asasubset of aredl line R. Let qe@, then {q} :@
because R —{q} =(—o,q)(0q,) isopen. Clearly {g} contain no open ball. Hence Q is
nowheredensein R aswell asin Q. Also since Q is countable, it isthe countable union
of subsets {q}, qe Q. Thus Q isof thefirst category.

< Bair’'s Category Theorem
If X #¢ iscompletethen itisnon-meager initself.

OR
A complete metric space is of second category.
Pr oof.

Suppose that X is meager in itself then X = G M,, whereeach M, israrein X.

k=1
Since M, israrethen int(M)=M"=¢
i.e. M, has non-empty open subset
But X has anon-empty open subset (i.e. Xitself ) then Wl;t X.

Thisimplies WC = X —M, isanon-empty and open.

We choose apoint p,e M, and an open ball BlzB(pl;gl)cﬁlc,wheregl<}é.
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Now M, isnon-empty and open

Then 3 apoint p,e M, and open ball B, =B(p,;s,)eM, N B( pl;%glj
(M_2 has no non-empty open subset then M_2C N B( pl;%elj IS non-empty and open.)

So we have chosen apoint p, from the set M_2C N B( pl;%glj and an open ball

B(p,.¢,) around it, where ¢, <%g1 <%% <27,

Proceeding in this way we obtain a sequence of balls B, such that

Bk+1CB(pk;%8ijBk where B, =B(p;e) V k=123.....

Then the sequence of centres p, issuch that for m>n

d(pm,pn)<%em< ZL_’O as m-oo.

Hence the sequence ( p, ) is Cauchy.
Since X is complete therefore p, —» pe X (say) as k— .

Also
d( P P)<d(Pys ) +d(P,, P)
<%em+d(pn,p)
<g¢,+d(p,,p)>&,+0 @ n—ow.
— peB. Vm ie peM_, Vm Bm:M_ZCmB(pm_l;%gM)

= B,cM, = B,nM,=¢
= peM, Vm =pegX
Thisisacontradiction.
Bair's Theorem is proof.
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