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Lecture # 1

Mechanics:

Mechanics 1s the branch of science which studies the state of rest and motion of
objects and laws governing rest, equilibrium and motion. Since material objects
exist in the form of liquids gases and solids there are corresponding types of
mechanics to deal with them.

(1)  Kinematics

(i1)) Dynamics

(i)  Statics
Kinematics:

Kinematics is the branch of mechanics which describe the motion of objects
without consideration of their masses and force acting on them.

Dynamics:

Dynamics is the branch of mechanics concerned with the motion of objects
under the action of force.

Statics:

Statics 1is 'the branch of mechanics concerned with objects at rest or in
equilibrium under the action of forces:

Ch# Rigid Body Motion:

Particle:

An extremely small part of matter or an infinitesimal part of matter having
negligible dimension is called a particle.

Rigid Body:

A collection of particles such that distance between any two particles remains
same, irrespective to the motion of the body or force acting upon.

e.g. metallic balls, wood, stones etc.
Note: The concept of rigid body is an idealization.

Displacement:

Directed change in position of particles of a rigid body is called displacement.
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Translational Motion:

The motion in which all particles of a rigid body are displaced such that the line
joining initial and final position of particles are parallel to each other.

Rotational Motion:

If during the motion particles of the rigid body move in curved path or circular
path or are displaced through some angle 0 about (an imaginary) line called axis
of rotation. Then that motion is called Rotational motion.

Chasles’ Theorem:

The most general displacement of a rigid body is composed of pure translation
followed by a rotation about some point (base point).

d? = (displacement) translation + (displacement) rotation

dr =dt[V, + (& x )]

where @ is angular velocity of body and T is position vector of P with
respect to Al(base point).

-

oy = | — . A d =
V=""Vy+ (w0XxT) smced—rt=V
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Lecture # 2

Angular Equation motion:
We know that

dw

dt

= dw=odt
By integrating

= w=attc (i) ; where c is constant of integration and can be
found by using initial condition t = 0 then w = w,
wo = o(0)+c = Cc=Ww
Putin (i) w=attw, (i1)
called first angular equation of motion. Now from (i1)
dao

) do
— = ottw since W = —
dt 0 dt

— d0 = (at+wg)dt
2
:>9=oc%+ wot + ¢4 (iii)
Whent=0, 0 =0 put in (ii)
0 =% a (0)? + w(0)+ ¢y
= =0 Put i (iif)
0=0—+ wyt+0
2
2
0 =0+ wot (iv)

Called Second Angular equation of motion.

Now from (ii) at=w —w, = t=(°_aw°
o (2="92 ® — 0
Put in (iv) 9=0c++000( - )
_ (® g i w— Wy W—Woy |[0—wg
( a )[20{. a +w0] :>( a )[ 2 +(D0]

0-w w+ o w%— wp?
= ( 0)[ °]:> 0= & or200 = w? — wy?
o 2 2a

Called the third Angular equation of motion.
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Note: These equations are only useful when a rigid body is rotating with
angular velocity about a point ‘0’.

Question:

A rigid body is rotating about at a point say ‘0’. Find V

() w=2+3—k , r=i+j+ k

() w=i-k : r=2i—j—2k

Solution:

() w=20+3—k : P=1+ + k
V= X
L |8k _
V=12 3 -1 = I3+ —-jet)+k(2-3)

11 1

V=4i-3j—k

() ®=i1—-k : r=20—j—2k
by ivTE .
V=10 =1 & {(0-1) =j(-2+2)+ k(=1 -0)
R A Sy
V=—1-0j=k

Screw Motion:

The motion which consist| of translation and rotation ‘about a line along the
translation is called screw motion.

In this motion linear velocity of each particle on the axis of rotation is parallel
( or anti parallel) to the angular velocity.

Theorem:

Find the equation of axis of rotation in vector form in case of screw motion Or
Show that equation of axis of rotation in case of screw motion is ¥ = a + Aw

where T is position vector of any point on the axis of rotation and @ is any
vector, A is scalar and @ is the angular velocity Or Show that instantaneous
general motion is screw motion.

Proof:

Consider a rigid body in general motion. Let A be the base point of the body
with linear velocity VA). Let B be any other particle then Linear velocity of B is
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Vo= V,+ (B XD (i) ; where T is position vector of B from base point .

In general, V and @ are not parallel (or antiparallel) but we can choose B such

that Linear velocity V of Bis parallel to angular velocity w of the rigid body.

Taking cross product of (i) with @
BXV=(BXV)+ BX(BXT)
Since @ || Vso @ x V=0
0=(BXV)+(B.1)B~(®.3)¢F

=(BXV)+(®B.1) @ — 0?f
Since ® . @ = | ®|| ®|cos0 = w?
W =@XV)+(B.7)®

- (5:5) (290

- —

a+iw

r
wherea = (8 a VA) and = (ﬁ)

Question:

Show that @ = % curlV (for rotation).

Solution:

Tt J k
a a8 Vs  VL\ . [OVy OVs\ . [0V, AV\+~ .
VX V=|— — — (—3——2)z+(—1——3) +(—2——1)k...(1)
dox 0dy 0z dy 0z 0z ox ox ay
i V, Vs
i j  k
V12+V2j+V3k=(1)1 (1)2 (1)3
X y A
= (W22 — w3Y) i+ (W3x — w12)J+ (WY — wyx) k
Vi=wz— w3y , V,=w3x— w1z, V3 =w1y — wyx
L/ S Y./ S| BN LB
9z Z’ay 3762 laax 3:ax Zaay 1
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Putting above values in eq. (i)
VX V=(w; — (—0)i +{w; — (—0,)j+(0; — (—w3))k
= (w1 + 01)1 Hwy + 0)j+H(wz+w3)k

= 2w, 1 +2w,j+H2w3k  or 2[w; i +w,ftwsk]

Or w= % curlV proved.

Question:
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A rigid body is rotating about a fix point ‘o’. The points A(0,-1,2) and
B(2,0,0) are moving with velocities Vj =[7,-2,-1] and VT; =[0,6,-4]
respectively. Find the angular velocity of the body.

Solution:

Position vector of ‘A’

7, =[0,-1,2]
Vi=®X T,
ST VARV R
[77'27'1] = w1 (V) W3 = (2(1)2 + (1)3)2 - (2(1)1 - 0)j+(_(1)1 - O)k
0o -1 /2

~

[7,-2,-1] = QCwy+Hw3)l = 2w f—w.k
722(1)2+(1)3 ) -2:_2(1)1 = (,0121

Position vector of ‘B’

Ta =1[2,0,0]

Vp=Wx 75
toJ k "

[Oa6a_4] = W Wy W3 = (0 - O)i + (2('03 - 0)j+(0 - sz)k
2 0 0

[0,6,-4] = 0i+2w4f-2m, k

0=0 , 6= 2(1)3 = w3 = 3

_2(1)2 =-4 = W, = 2

Angular Velocity & = w41 +w,j+w;k = ® = i +2j+ 3k
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Lecture # 3
Question:

The instantaneous linear velocity of three particles A(a,0,0) , B(O, 7 0) and
C(0,0,2a) are VA = (u,0,0), VB(u, 0,v) and VC(U+V,—\/§1.7,E) respectively w.r.t
the cartesian coordinate system. Find |@| of rigid body.

Solution:

Let A(a,0,0) be a base point (fix point). We know that linear velocity of any
particle ‘P’ of a rigid body in case of general motion

Vo=V, +(® X75) . Tpis position vector of P w.r.t A
Now 75 = (— a,\/_,O)andrC—( a,0,2a)
Then VB = VA+(6)XT'_B)) e 6)2((1)1,(1)2,(1)3)
= Vs—Vs =(0 XT75)
i 7k
= (0,0V) = Ao 7 OFs
a
—a ﬁ 0
(0,0,V) = i(— w1a+aw2)
On comparig
w3a _ — M =
= 7 =0, —aws O,\/g+aoo2V
— (1)3:()
Now Vo=V, +(®XT77)

Ve—V, =(& x77)

~

ik

|4
= (Va_ﬁvaz): w1 (V) w3
—a 0 2a

=1 (2aw, — 0)+ j(—aw; — 2aw,) + k(0+aw,)
(V, =3V, g) =1 (2aw,)+ j(—aw; — 2aw,) + k(aw,)
On comparing

Collected By : Muhammad Saleem Composed By: Muzammil Tanveer




2aw, =V , —aws; — 2aw; = —/3V , aw, :%
= Wy = % , —a(0) —2aw; = —/3V w3 =0
—2aw; = —V/3V
_ Y
W1~ S
— V3V v
= W= (ga z 5 O)
R AN V\2 vz p2
Now '“"zx/(z) t(5) T2 = 5+
— 3V24y2 /4—V2 — v
|| = 20 = J2az = |w’| = - Ans

Question:
The instantaneous linear velocity of three particles A(a, 2a, —a) , B(—a, —a, a)

and C(a,a,a) are Vj = (@, 0, @), VB) (— %, 0,— %) andV?(O, —

respectively. Find direction of cosine of axis of rotation.

v
B

Solution:

Let A(a, 2a, —a) be a base point.s We'know that Linear velocity of any particle
‘P’ of a rigid body in general motion is

Vo £V, +(w X7p)

Now 75 = (—2a ,—3a ,2a) and 7= (0, =a, 2a)

Then Vs =V, H (0 XT5) & =(wy,wy03)
= Vs =V, =(0 XT75)
(-3 02 Lok
2\/5: )] 2\/§ - (1)1 (1)2 (1)3
—2a —-3a 2a
=1 (Qaw, + 3aws3) + j(—2aw; —2aw;) + k(—3aw; —2aw,)
On Comparing
2aw, + 3aw; = —% , —2aw; —2aw; =0 , —3aw; —2aw, = —ZS—V@
—W3 = Wy
Now Vo=V, +(® xX77)
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Ve—Vy =(&'x7)

~

-3V -V -V, [ J k
(- FR |0 0 w;
0 —a 2a

=1 (2aw, + aw3) + J(0 —2aw,) + k(—aw, —0)
=1 (Qaw, + aw3) + j(—2aw;) + k(—aw;)

On Comparing
—/3V -V -V
2amw, + aw- = —2aw, =— , —awy = ——
2 3 s 1 \/g s 1 2\/§
= Wy = 4
1 2v3a
-V
And w3= > T3a
-V —/3V
2aw, + =
a 2 a(zvga) 2
o, = -V
2 2\3a
— v -V -V

> W= (2\/§a’ 2v3a’ 2\/§a)

miny v \? ~V \? -V )\? % V2 V2
Now |w| = \/(zﬁa) * (zﬁa) iy (zﬁa) it} \/12a2 e T a2

— 3V2 V2 \ 1 14 )
|| = = J— = |o’| = — is the
2 2
12a 4a 2a

magnitude of Angular velocity.

. \%4 -V -V

W _ ,2v3a 2vV3a 2V3a 1 -1 -1

— = = —,—=,=

| Cr v ) (%5 %R
2a 2a 2a

We know that direction of cosine of the axis of rotation are the component of
1

: : 1 -1 -1
unit vector along the angular velocity and are ( N ﬁ)‘
Inertia:

Tendency of a rigid body to remain at rest or of a body in motion to stay in
motion unless an external force acted upon.

Or
Measure of resistance in Linear acceleration.
Moment of Inertia (Rotational Inertia)

Measure of resistance of a rigid body in angular acceleration.
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Mathematically 1= mr?

Where 1 i1s perpendicular distance of rigid body from a line about which it is

rotating and r = \/% is radius of Gyration (Latin word means rotation or rapid
motion in circular path).
In case of system of particles

[=myrf + myr? +.......+m,1;?

[=3%L, mr?

I

n
Zi:lmi

Radius of Gyration =

Biey Mt —_yn
R WhereM—Zi=1 m;

For Continuous or Uniform mass distribution:

[=[r%dm R
I,,, = m (L distance from y-axis)
mass(m)
=m (x? 4+ y?) Play.2)
Momentum: .
s : > X

Angular Momentum:
L=fxP O O e
For system of particles
L= Y (7 X E)) Y
=2 (@ x (m1))
=X am(7 ¥ I_/:)
=Xieami(n X (0, X7))
=2Xi=mi[(7.7)8 — (7. @) 1))]

If 7= (x;¥;,2) and & = (0, 0, ®,)

<l
I
el
X
=

= Z?:l m; [( Fl))z((")w (*)yJ wz) - {(xiJ Vi Zi)' ((’ox: (’oy: wz)}(xi: Vi Zi)]

=Y m (% + i+ 2%) (wy, Wy, w,) —(xjwy Yy + Z;0,) (X5, Vi, 2]
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=Y ami[(x? +yi* + %) oy, (2 + yi7 + 22 oy, (67 + Y7 + 2P0, —

(X2 WXy 0y + X 2;0,), (X0, + VP Wy + ¥i2;0,), (X202 0y + 27 w,)]

=Y m; [(x 2wy + yifwy + 22 wy) — (0w XYy + X 2;0,),
(x2wy + yifwy + 220y — (x;wy + Y20y, + ¥i2;0,),

(2w, + yiPw, + 2,2 w,) — (%20, +2;y;0y + 27 w,)]

= ” - m; [xl W, + yl W, + Zl Wy— xl Wy —X;YiWy — X;ZiWy ,
xi?wy + yiiwy, + 2,20y, — X0, — YiP0y, — Y20, ,
XiPw, + Yt w, + 22w, — X200y — 2y 0y — Z;2 W, ]
LM% + 2% Wy — wyX; Y — w,X;Z;
(X% + z;%) Wy — WXy — W,YZ;
(X% + ¥i%) wy — 0yx2; — W, ;7]
=[{Z1mi (vi° 4 2% o, + (=X my xy)wy (= X M xiz) w,},
(X m; (% + z%) Wy + (=2 my Xy wy) + (= 2oy M yiZ)w,}
{Zram; (2 + %) @y (= m %, 2) 0y + (7 X m; yiz) wy)]

x
y|~— [ Ixx“)x+ Ixy v t1 xzWz N y(‘)x+ I yy Py +1 zwz»l 7 Wyt Iyz(‘)y + Izz(‘)z]

¥4

L

L

L
= Ly = LWyt Ixywy + I, w,
= Ly, =1lyw,t Iyyooy + 1,0,
-

L,= Ixzu)x yzWy T 1,0,

Iy, Wy
Or (L y = Ly, [“’4
I,,| L0z

Dlagonal element (Ixx, yy» 177) called Moment of Inertia about coordinate axis.

Upper and lower triangular matrix element called product of inertia about
coordinate axis.

L=Iw
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Where Ly = XL m; (7% + 2%)
Iy =X m; (% + z,%)
I, = Xieim; (6 + yi?)
Iy = (— Xz m; x;y;)
Lz = (= Xiza M X;2;)
L, = (—X1m yiz)
For continous (uniform mass distribution
L =2 +2z3)dm | IL,, = [(x* +z*)dm, I,, = [(x* + y*)dm

Ly=—[xydm , I,,=—[xzdm ,I,,=—[yzdm
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Lecture # 4

Question:

Find moment of inertia of a uniform rod about an axis passing through one of its
extremities or passing through its end points and perpendicular to the length
rod.

Solution:

Let the mass of the rod is ‘m’ and length ‘a’. We take small particle of mass dm

and length dx and coordinate (x,0,0). Y 4

mass ‘m’
Moment of Inertia of rod about Y-axis dx dm
L, = [(x* + z*) dm 0 —
a
_ fxz dm =0 (x,0,0)
AS ,0: mass :d—m:dm:pdx
length  dx

I :joaxz ,oa’x:,oj‘:x2 dx

w
x| a’ m
:p— :p ——0 ..'p:_
34, 3 a
_n(a)_ma
al 3 3
mass (length of rod ) ?
1,= 3
If length of the rod is 2a
__mass(lengthof rod)’ B m(2a)’
]yy B 3 o 3
B 4ma’
3
. 4ma* . )
I, = 3 (A) w1, ,e=end point
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Question:Find M.I of uniform rod about an axis passing through centre of rod
and L to the length of rod.

Solution:

Let the mass of rod in ‘m’ and length ‘2a’. Take a small particle of mass ‘dm
having length dx and coordiantte (x,0,0)

M.I about Y-axis / Y A \

= J(x* +2%) dm (x,0,0)
= [x? dm " z2=0 |30 l a X
dm
As p= mass :d—m:>a’m pdx

length  dx d
N

I, =J‘_¢;x2 ,od)c:,oj‘_:x2 dx

314 a3 a3
= _+_ ... —
ey p

*
31
(2 el
2a\ 3

I, = 3 (B) w1, ,c =centre

From Aand B
I,=41I,

=p

Q|3

Question:

Find M.I of rectangular lemina about an axis in the plane of lemina and passing
through any of its edges.

Soluiton:

Let ‘a’ be the length and ‘b’ be the width of rectangular lemina. Take a point
having mass dm and area dxdy and coordinates (x,y,0).

Moment of inertia about width

Iyyzj(x2+zz)dm AY Area = dxdy

=jx2dm wz=0 /

b
b pra 2 ./dm
= pjo jo X~ dxdy dm= pdxdy (x,y,0) x
O a -
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_m(@b)_ma
ab\ 3 3

. _ma®  mass(lengthof Rectan gularlemina)’

Iyy 3

Moment of inertia about length

L,=[(y*+2")dm

3

=Iy2dm z=0
2 e
—pjo jo V- dxdy ~dm= pdxdy
b 2 a
=p| ¥*[ly v
b
=p|, v (a=0)dy
b
=p[y’dy
0
b
3
Y
3
0
b3
=pal —-0
~[5-)
_m ab’ ot
ab 3 P ab
;- mb’ _ mass(widthof rectan gular lemin a)
3 3
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Question:Find M.I of square lemina about an axis in the plane of lemina and
passing through any of its edges.

Solution:

Let the length and the width of square lemina is ‘a’. Take a small particle of
mass dm and area dxdy and coordinates (x,y,0). AY

Moment of inertia about width

Iysz-(x2+zz)dm a o dm
dxd
:sz dm wz=0 (x(,y)jO)Y)
O a X
= p_[o IO x* dxdy ~dm=pdxdy

=],
0

a a3
IW:pIO ?—O dy

3

a, w la m- m
=y =p=i(a=0 VALRAN
,03‘}/0 ,03( ) pa.a a’
_m(a)ma
a’| 3 3
Similarly,

Im:maz

3

Question:

Find M.I of a rectagular lemina about an axis in the plane of lemina parallel to
its edges and passing through its centre.

Solution:

Let the length of rectangular lemina is ‘a’ and width ‘b’ . Take a small particle
of mass dm and area dx,dy and coordiante (x,y,0)

M.I about width
I, =J.(x2 +z°)dm

=Ix2dm z=0
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b, aq
=pjé jé x° dxdy “dm=pdxdy y

A ‘ Length =a
y b2 Width = ab
_ % x3 2 e dm
=P —% ? P (X,y,O) >
A - -a/2 a2
a 3 —a¥ -b/2
%1\ 2 2
Iyy =p _% 3 - 3 dy v
—p—\y\ (b bj p="
24 2 2 ab

_m 2a° b ma’
ab\ 24 ) 12
;o ma’ _mass(lengthof rectan gular lemina)

Y12 12
M.I about length 7 =J.(y2 +z%)dm

=Iy2dm cz=0

I I/ V" dxdy *dm= p dxdy

Y

3

Y

3

-o(4+4)

b b
—pa (24 24)

7

_am( 20 mb’ ._m
ab\ 24 ) 12 P b
;- mb’ _ mass(lengthof rectan gularlemina)
12 12
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For MCQ

. _mb’
XX 3

. _mb’
XX 12

2 3
b =4(£j =4I

we=edge,end point

c=centre

T3 12
[ =4,

Question:

Find M.I of square lemina about an axis in the plane of lemina parallel to its
edges and passing through its center.

Solution: Let the length and width of square lemina is ‘a’.Take a small particle
of mass dm area dxdy and coordinates (x,y,0).

M.I about width 1 a2

Iyyz_[(x2+zz)dm \ * dm
N (X.y.0)

a/2

=Ix2dm vz =0

% (% 2
= dxd ~dm= pdxd
o[ eyt

yy

Similarly, I =
ST
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Lecture # 5

Wallis Formula’s:

(1) If ‘m’ is even then
J% - —j%'md =DM =3) 1n
i cos™xdx = ) sin™xdx = mm - -4 .22
(i1) If ‘n’ is odd then
A A
2 _fi_n (=D =3) .. 1
L cos™xdx = ) sin™xdx = = D=1 .2
(111) If both ‘m’ and ‘n’ are even then
]% minyg, . M= DM=3) L= D@ =3)...1 7
0 coSTASHLXAX = m+n)(m+n—-2)(m+n—-4)....2 2
(iv) If both ‘m’ is even and ‘n’ is odd then
T s
2 2
f cos™xsin"xdx = f cos™xsin™xdx
0 0
_(m-Dm-3).......(n—1D(n-3)..... 2
I\ m+n)y(m+n-2)(m+n-—-4)....2
(v) If both *‘m’ and ‘n’ are odd then
A

(m—1)(m=3)......2.(n=1)(n—3) ...... 2
m+n)(m+n—2)m+n—-4)....2

2
j cosM™xsin™xdx =
0

Theorem: (Only statement used)

If f(x) is even function then

[2 fdx = 2 [ f(x)dx

If f(x) is odd function then
2
Jo f(x)dx=0

Question:

Find M.I of a circular lemina about an axis in the place of lemina and passing
through its centre.

Solution:

Let ‘m’ be the mass of circular lemina and radius ‘a’. Take a small area element
having dm and coordinates (x,y).
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a Area dm

- [y?dm a : X
0 y=Na*—x?
Le =p[ | ydydx °
—a o 2t
3 y=Va* -2 " dm = pdxdy
= pJ. 3 dx x changes from —a — a
) y=—a?—x? x2+y2 =a?
“ 3 3 2 2 _ 2
=2 J((Vo =) (N ) a2
a y= + ,/az — xz
a 3 3
_ BJ‘ (az _xz)g +(a2—x2)5 dx y changes from
3 —-a
—Va? — x2 »>Va? — x?

=2?'0]£[(a2—x2); dx

Put x = asin®/ ;'dx ="acos0doO

x=—a = 0=sin"l(-1)= —g
X=a = 0=sin"1(1) = g
Ly = 2?'0 j;((az —a’sin’ 9)3].6100890’9
2
_2r i ((az cos’ Q)EJ.acosﬁdﬁ
3
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3 T
2 By theorem f(x) is even
z , )
_ 2pa’ .2J2‘cos4 6do f_/lf(x)dx =2 fo f(x)dx
3 0 — Mass _ i
By Wallis cosine formula Area  ma?

Similarly I, =/ —

Question:

Find M.T of a elliptic lemina about an axis in the plane of lemina through its
major and minor axis.

Solution: b VaZ — x2 dm
a

Lw = [ % +22) dm
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x changes from —a — a

2 2

x? oyt
3 e Rl
:Pjy dx y=i§*/a2—x2
S 3
y=—§x/a2—x2 y changes from
a 3 b2 P g7 2
:EJ' (é ,—a2—x2j _(_é ,—az—xzj 0 ~Va? —x? >-—Va? —x
37 \a a
PP o B s oy
—;J;(?(a -X )2+?(a - X )2 dx

Put x =asm® , dx =acos6dO

= 0=sin"1(-1) = —%

X=—a

= 0=sin"1(1) = %

f {(a2 —a’sin’ 6’);}(1 cos0do

w |
|®‘
o3
—oy
Y <)
—_~~
<
i8]
(@)
Q
192}
)
~—
1 | W

By Wallis cosine formula

By theorem f(x) is even

[ fdx = 2 [ foodx

__Mass m

Area mab
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Similarly I,,,, = —

Question:

Find M.I of rectangular parallelepiped with respect to its edges with one corner
at the origin.

tz
Solution: (0,0,¢)
Ixx:f(yz +z?) dm
_dm
HALL Jooo
dm = pdxdydz -
paxey Yx7(0,b,0) X

cba
L = p][[7 + 2 ddydz
000

- p“(a—O) (y*+z7%) dyds
= paj [ +2)dvdz

c 3 ’
= paj );+y22 dz

0
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= pa|—z+b—
3

Similarly,
m
l,y,'= ?(a2 + cz)

L,, m( ? +b2)
3
Find Ly, Ly, Ly,
I_xy = —Ixydm

= —pj.j).j.xy dxdydz
000

a

00
0

2c¢cbh

- —p%ﬂydydz
00

Collected By : Muhammad Saleem

cbx2
= - — V| dydz
plf S |
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2 2 ¢
= —pa—.b— dz
2 29
a’ b*| |
)

m a’b’c . . _Mass _m
_E 4 ’ p_Area_abc
__mab

4
Similarly,
mac
Iy, = _T
mbc
I, —T
Find matrix
—ﬁ(b2+cz) _mab _mac
4 4
IVX X XZ
v mab m; , mbc
Iyx »w | 4 —(Cl tce ) 4
4 3 4
[zx yz zz b
_mac _mbc —(a2+b2)
4 4

Question:

Find M.I of a cube w.r.t its edges with one corner at the origin.

Solution: 1
0,0,a
Ixx:f(y2+zz)dm ( )
_dam
P= dxdydz (O’ ),0 (a,0,0)
dm = pdxdydz Y (0.0.0) X
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= pjo“j:j:(yz + 2% ) dxdydz

- ol [ x(y* +27)

dydz
0

= pf ], (@=0)(" +2)dydz

3
:apry

0

= apJ-: (a? +az

ap

2 2
Lex = n;a
Similarly,

2ma’
L,,= ——
yy 3

a

+y22 dz
0
3
? —(O)sz
CZZ3
3

aIzz_

_ 2ma?

3

Iy, = —j xydm=— ,oj: j: joa dxdydz

Collected By : Muhammad Saleem

Composed By: Muzammil Tanveer




a2 a ay2
=—p— =—p—| —| d
4
pr— — a_ “
yo, 2 0dz
a4 a
— _pT [
4
m a
- ——37(0)
2
ma
Iy, =- 1
Similrarly,
2 2
ma ma
Ixz=_4 5 Iyz:_4
Matrix form
[ 2ma’ ma _maz_
3 4 4
xx xy Xz 2 ) 2
[yx [yy [yz _ _ma 2ma _ ma
4 3 4
zX yZ zZZ ~ maz ~ maz zmaz
| 4 4 3 ]
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Lecture # 6

Question:

Find M. of a circular ring about a line passing through its Centre and
perpendicular to its circumference.

Solution:

Consider the circular ring of radius ‘a’ in xy-plane. Consider a mass particle dm
with arc length dl with central angle d©

. mass
p= circumference of ring
_dm_dm
T dl ado
dm=a pdO
a
M.I about z-axis = I, = [ a*dm = fozn a’apd® /> i
do
TEA AT 0O R
=a’pf, do
Mot Since '1=10
=a3p ‘6"0
= 1=2ab
=a3p2mr =0
2 ) = dl=adob
=adp2r
= a®—.2m =—
21Ta 2ma
I,, = ma?

Perpendicular axis theorem:

Statement:

The M.I of Lemina (or a plane rigid body) about a normal axis (about an axis L
to its plane) is equal to the sum of M.Is about two mutually L axis in the plane
of lemina and passing through the intersection of lemina with the normal axis.

Proof:
Consider place Lemina in XY-plane. X-axis and Y-axis are L axis.

Z-axis is 1 to X-axis and Y-axis. Let P; be the ith particle of mass m; with
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Position vector 7;

M.I about z-axis

= I,,=1I,+1,, Proved
Or IZZ:J'()C2 +y*)dm :Ixzdm JrJ‘y2 dm =1, +1I,

K.E in general motion:

Consider a rigid body in general motion with base point at the center of mass of
the rigid body. Then linear velocity of the ith particle of the rigid body is

Vo =V+@x7) AnditsKEisT, =2 %, mvd

A B )
1 2o D S5 (5 > S5 o)\
_52?1’”1'![1/2"’1/ (G)XV)] [ (a)xri J+[a)x”ij H
1 - > > S
:EZ?lmi[[V%zV (a)xr)] [a)rJ ]

n S 5\ S (s o -
Zm{a)xrl) +V.[a)><2miifi} (1)

i=1

%
If center of mass (base point) is taken at origin then Zml- r;=0
i=1

Then from (1)
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T= Ttranslational K.E +1, rotaional K .E
_)
Now Let a) X7 =a

= w.(rxa)

- o> oS> -
= o .[rx(ox7)]

= —dmo. [rx(exn)] = szmz[”zx(wx”,)]
i=1 i=1
1> 2 - N
Trot = Ea)-L where L = Zml[rlx(a)xr;)]
i=l

12>

1 -
Hence Typqn = 51\41/2 And T, = 30 L

Now Ty = @ @ @lL L, L] Jal+gl oLl

1
25[0&(0&13“ +aol, +aol )+o ol +ol, +ol,)+o(@l +ol, +al ]

1
:2[(60)62)1’“ rool, +ool +ool, +(a)yz)lw toel +ool, +ool, +(a)zz)lz]

wly=l, Io=1,, I =1

1
:5 [(a)x)2 I+ (a)y )2 L, + (a)z2 )M+ 2000, +20.0.1 +20,0.1, ]

Collected By : Muhammad Saleem Composed By: Muzammil Tanveer




Lecture # 7
Question:
Find M.I of a rigid body about line having direction cosine A, u and v

Solution:
Consider a line ‘I’ through origin having direction cosine A, u and v. Let
é be a unit vector along line ‘I’.
Then we can write
é=A+uj +vk
Let P;(x;, ¥;, z;) be the particle of the rigid body and di be the distance of P;

From the line ‘I’ then from fig.

di=|7| sin® where7, = x;i + y;j + z;k
= |éxT]|

Now M.I of the rigid body about line ‘I’

n
L 2
=Y. mdi
i=1
n ¢ _)2
= D le xr;
i=1
Now
i LL1WE
exr;=\A u v
'xl yi Zl

A —_—

exr = (pz; — vyl-);+(vxi - /Izi)}' +(Ay; — ,uxl-)lg
Putin (1)
2 2 2
I1=>"m, [(yzi ;)" +Hw; = Az;)” +( Ay, — px;) }
i-1

n
[=Ym| @22} +V°3] =2pz,y; 7] + A2] = 20Az, + A0] + 4] =204, |
i=1
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n
I=Ym| (57 + 2020 + (5 + 2 + (7 + 37 WP =23y, = 20,7, = 2vA%,7, |
i=1

I=2 (o7 +3 |40 ] o8 +27 |7 D07 |20t S [+20) Dz [+24) Y
i=l i=1 i=1 i=1 i=l i=l
2 2 2
I=A"1 +pl,, +v°1, +2Aul,, + 2l +2vAL,
Which is M.I of rigid body about a line having direction cosine A, y and v
Momental Ellipsoid:

We know that M.I of a rigid body about a line having direction cosine A, 4 and
v is given as

I=22 1+ w1, + V21, + 240l +24v] + 2vAI

Let % be vector along ‘I’ and Q(X,y,z) be the point on line ‘1’ such that

00~ £ 00| =L
00+ and |0Q| \ %0
AlsoO—Q)=xii+yij+Zil;

—
Now direction cosine of OQ are

x b% z
log| ’ |og| *og]

ie. xVI, y\/f , zVI

Since line ‘I’ and O_Q) have same direction cosines therefore
A=xVI ,u=yVI andv=zVI

Putin eq (1)

I=x’I1 +y* 11, + 2211 +2xpl I, +2yzl I +2zxI I
Divide both side by I
x* I+ y? I, + z* I, +2xyl,, +2yzl,, +2zxI,, =1

Which represents equation of ellipsoid thus ellipsoid is called Momental
ellipsoid or ellipsoid of inertia (Ass Iy , Iy, I, are +ve)
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Question

Show that Momental ellipsoid at the center of elliptic disc is

2 2 A}

X 1 1 b 2 _ .2

—+y— +(—+—)ZZ = constant P
2 42 2 2

a b a b

. _a a
Solution:
mb* ma* v e
- , l.. =
xx 4 yy 4

I,;, =L+ I,, Byl axistheorem

_ mb2+ ma’
4 4
I, m(a24+ b*)
by >
ATYEOT
Ly = —nydm: -p j I xydydx
y——a B[
x=a 2 y al-x’
= ,Oxz_[_ax y?:, o dx
=p xja X [—i(az - xz)—z—z(az —-x )jdx

= pxjax(O)dx =0

Similarly, Ly, = I, =0
Now by Momental ellipsoid formula
x* I, + y? I, + z* I, +2xpl, +2yzl, +2zx],, =1

By putting the above value

Collected By : Muhammad Saleem Composed By: Muzammil Tanveer




\S}

+2x(0) + 232(0) + 22x(0) =1

2 2 2 2
o2 2.

4 4 4
212
Divide by 742
2 2
Xy of 1 1) 4
4 =
& b (az ) ma’h’
X +y2 +( ! + ! jzz cons tant
: - i —_— _— =
LB 22
Question:

Write inertia matrix if equation of Momental ellipsoid is
3xz+3y2 +522—x_y+2yz+5xz =3
Solution: Given

2x2+3y2 +522—xy+2yz+5xz =3

Divide by 3
2, o, 554 2 5
— X"+ Yy A=z ——xy+—yzd—xz =l 1
35 TV A 3RS )
As we know
lexx+y21yy+ZZIZZ+2xy1xy+2yzlyz+22x1xz =1 (2)
Comparing (1) and (2)
2 5 1 1 5
Ixng ,Iyy=1,IZZ:§,Ixy_ galyzzg ,Ixzzg
EREE
[xx [xy Ixz 3 6 6
Now Inertia Matrixis |/ [ I _|=|-1 1
»x » yz —_ 1 —
sz Iyz ]zz 6 3
> L3
6 3 3]
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Lecture # 8

Question:
Find equation of momental ellipsoid of a uniform rectangular parallelepiped.

Solution:
As lexx+y21yy+ZZIZZ+2xy1xy+2yzlyz+22x1xz =1 (D)

We know that for a parallelopiped

_ m(b%+c?) _ m(a?+c?) __ m(a?+b?) _ mab I 1
Ixx_T ) yy_Ta ZZ_Ta xy__T: yz_g 5
[ = _mac
Xz 1

Put these in (1)

2, .2 2, .2 2,12 _ -
m(b“+c )x2 +m(a +c )y2+m(a3+b )ZZ+2( rzab)xy_i_z( rzac

)Xz +2(_7Zbc)yz =1
Multiplying by 6/m both side
2(b% + c?) x? +2(a® + ¢?) y*+(a* + b?) z* -3abxy-3acxz-3bcyz = 6/m
2(b% + c?)x? #2(a® +1c2)y*+(a? + b?)z? ~3abxy-3acxz:3bcyz ='¢

" c=6/m
Which is required equation of momental ellipsoid of auniform parallelopiped.
Question:
Find M.I of solid cylinder about

(1)  1ts axis of symmetry or an axis passing through the Centre of cylinder
and parallel to its length.

(11)  its central diameter or an axis passing through its Centre and
perpendicular to the axis of symmetry.

Solution:

Let h be the height of cylinder ‘O’ be the Centre and z-axis be its axis of Z A

symmetry and x-axis & y-axis are the lines perpendicular to its axis of h/2
symmetry through its centre in cylindrical coordinate (r,0,z)
Xx=rcosf ; 0<r<a V = na2h 0 h
4
— el . _m_ :
y=rsind 0<0<2n p =2 / i
z=z ;  -h2<2<h2 x "
-h/2
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M.I about the axis of symmetry
L, = J(* +y?) dm

L, = p|[[(¥+y)ar

h/2 27 a

=0 j j (r* cos’ O + r* sin® ) r drd 0d=

-h/2 0 0

h/2 27 a
=p | [[rrdraod

-h/2 0 0

a

hi2 27

=p | [—|dod:

-h/2 0
0

h/2 27 4
=p | I[a——OJa’Hdz
-h/2 0 4
4\ hi2 2x
- p %j [ [ aoa:
—h/2 0

4N\ k2 2%
[ o] d
-h/2 0

4 h/2
[ Cr-0u:

—h/2

hl/2
—h/2

4
=p % .27[‘2‘

a’ h h
= p| — |272(=+=
Pl ”(2 2)

4
=2\ % | 2zh
ra h\ 4

Collected By : Muhammad Saleem

hi2 2w a

= p | [[rdrdod

-h/2 0 0

2
ah
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(i1). M.I about central diameter = ,,,,

I, = [(x* + z?) dm

hi2 2z a

Ly = A[[(¥+Z)aV = p [ [ [(*cos*0+2*)rdrdodz

-h/2 0 0

hi2 27 a

= p i I J.(r3 cos’ @ + rz*)drd 0dz

-h/2 0 0

h/.2 2z Cl4 Cl2
=p I(—00329+722jd9dz

-h/2 0

hi2 27 4 2
(e )

4 2

2

0

W2 4 1
= pI %(2”2 0)+a2227szZ

hi2 4

=p _[ a47z +a2227rjdz

4 h/2 hi/2
I dz + pa’rw I Z’dz

—h/2 —h/2

3 P2
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_ ma’  mh’
4 12
[ = ma®  mh’
Yoo4 12
Question:
Find M.I of a sphere about its diameter or about axis passing through the centre
of sphere. AY
Solution:

2z =] (x* +y*) dm

I, = p”j(xz +oh)ar L)
X = rsinBcos
¢ Z
y =1 sinOsind
Z = rcos0
Put in Eq (1)

2z

0]

r*sin’ Ocos’ ¢ + 1 sin’ Osin® § )1 sin Odrd 0d p

I

o'—.m

I =p2fﬁr2 sin 9 cos ¢ +sin’ ¢)r sin@drd 8d ¢
000
I :pTﬁr4 sin’ OdrdOd ¢
000
2z 5|4
L=p|] ’”5 sin’ 0d0d ¢
0

/]

0
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=

—p

dropipguis 4= Ap
Ppopp(@uisA) (L)1) = AP

izammil Tanveer

=P




pzﬁi(a—s - Ojsin3 0dod ¢
00 5

527

p"? | Tsirf 0d0dp
00

52nnmw
a

=P j j sin@sin’ 0d0d
00

52nnw
= p% [ [sino - cos” 0)dodg
00
Put cosO=u
-sin6 dO = du
Where 6=0 = u=1

O0=n1 = u=-1

5 27r~1 527w 1
a a
=p— | Ja-u)-dwydp, = =p— [ ()l
5 0.1 5 0. -1
a527r u31
—p—[lu-=— d
p5£ u=—— d¢
-1
527 5 2
a 1 1 a (4
=p—|||1=-=|=| =14+= =p—| = 1||d
ps{_( 3) ( 3ﬂd¢ - p5(3j£ ’
m a5(4) 2 5
= — =l = -4 or_0)
47ra3 513 0 ra’ 5
- 2ma’
5
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Lecture # 9

Theorem:

Show that in matrix notation
[L' } = [1 ][a)}+[2)x2] where 's' mean derivative w.rt't'

Proof:
We know that for a rotating rigid body

?:1(71) X ﬁ)
?:1(7_{ X (ml'vl)) )
=y omi(T xV) (1) “V=® xF
=yt mi(7 X (0, X)) ........ ()
In components form
= Ly = Lywyt L0y, + L0,
= Ly 7Ly oyt lyy @y 11,007
=Ly = Lot w0,

Lx Ixx Ixy Ixz Wy
Or [Ly| = Lyy" Ly, [“’y]
L Wy

=|I
z Ixz Iyz Izz
= [LT=T1]Tw]
Now from (1) Diff. w.r.t ‘t’

n RN
Z rzx'+isz‘.]

Il
’M=
El
NY

~
Il
—_

V. + (a) x;).] =V, and V, = wxr,

@ Xr; +‘0X’”i)] v =V

I
M=
|

N
I
—_

m; [ 1; %

~
N

- _ n

m. [ Zx(a) Xr )]+ Zmi[;ix(g)x;i )]

i=1 i=1
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= SmUix(@ < 1+ Smnx(ox @)l (4

From (2) and (3) we note that = Y., m;(7; X (@ X 7;)) can be written in
matrix notation as [I] [w] .In the same way we can write

n —_— _— —_—
Zmi[igx(a)' Xr )] as

[1] [w].

Now ZX(Z)X(Z)XZ)) = Zx[((Z)Z)Z)—(Z)xZ))Z) }

- ix[(@ne-@r7) ]

x| (@.mo-@yr) |
= (0.1)(5x o) - (@) (;x7)

= —(@.r)@xv) .4 . rxr=0and ;1 xo=—(0xV,)

] 1

Similarly (or replace 77 X @ )

ox(rx(;x0)|) /= ~(@.5) (7 x @)

ox(rx(@xp)) = —(@.r) (@xr) A5t nxo=—(oxr)
Comparing (4) and (5)

ZX(E)X(E)XZ)) = Z)X(ZX(Z)XZ))

Now Apply Y.i-; m; both side

imI(ZX(Z)X(Z)X’_{) )) = Zi:ml(ZJX(ZX(Z)XI_’;) ))
= ox(Xm (rx(@x7) )

n
= oxL v L =Zmi(ri x(a)xri)
i=l
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n — — — — —
So Zmi (r; x(a)x (oxr,) )) can be written in matrix form as [wxL]
i=1

Hence from (A)

L =[I[w]+ [Z)x Z] proved

Question:

»
—>

Find M.I of a tringular lemina about one of its edges.

>

Solution:

= o
w2

M.I about y-axis

“—s—>

«—5——>

I,, = [ mass (Ldistance)?

= J(p—x)?*dm e
= pf(p—x)*dA ....(1)  dm = pdA . A
PQRS become a rectangle X
Area = length x width PP Q
dA = |PQ|dx
Since the A APQ and A ABC are similar so TiB T a

—_—

A

| |

o
S
-l

v

—

B A

[

|

=
>
i—*
a
Qo
I
&
o

a p b

dA=[PQ|dx ==*dx

x=p
Put in (1) I, =p _[ (p—x)zﬂdx
x=0 p

x=p x=p
- re .[ x(p® +x° =2px)dx = pa I (xp” +x° =2 px”)dx
x=0 p x=0
2 4 4
Pl +x —2p| = 2 Py P 2P (g
p 0 p 2 4 3

2 4 4 4 4 o 4 2
(g () <o

» 4 » 12 6
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Lecture # 10

Equimomental System:

Two systems are said to be Equimomental if they have same M.I about any line
space.

Principle axis:

Three mutually perpendicular axis are called Principle axis if product of inertia
realtive to these axis if product of inertia relative to these axis is zero and
corresponding M.I’s are called Principle moment of inertias i.e. A set of three
mutaully L axis relative to which Inertia matrix is diagonal.

Theorem:
Two systems are said to be equimomental iff

(1)  They have same masses

(i1) They have same centroid (center of mass of an object with uniform
density)

(ii1)) They have same Principle axis and same Principle M.I at cenroid

Proof:

Suppose that condition (i) , (ii) and (iii) holds. Let S; and S, be two
systems each having same masses ‘m*;same centroid ‘C’ and same Principal
axis at centroid.

Consider a line ‘I’ having direction cosines &', u and v'passing throug centroid
C.

The M.I of system S; aboutline ‘I is
1V=21 4420, +V I +22ul  +2uv] +20 .. 1)
Since given axis are Principle axis I, = I, =1,, =0)

Therefore from (1) we have

IV =21 + 1’1, +V'I (2

Similarly M.I of system S, about line ‘I’ is 1% d a
1P =221 + 4’1, +V'I ...3)

From (2) and (3) :

1M =1%=1
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Let I’ be the line parallel to ‘I’ at a distance ‘d’. then M.I of S; about line ‘I’ is
]l(,l) =I+md*> .(4) (By Parallel Axistheorem)

Similary M.I of S, about line ‘I"’ is
IP=I+md®> .(5) (By Parallel Axistheorem)
From (4) and (5)
Hence both system S; and S, are equimomental
Conversely:
(1) LetS; and S, are equimomental

Consider a line ‘l;’ passing through centroids G; and G, of system S; and S,
respectively. Since system S; and S, are equimomental therefore

1V=1%=1
Let ‘l,’ be the line parallel to ‘l;’ at a distance ‘d;’. Then M.I of S; about line
‘I, 1s
1) =T+md  +(6) (By Parallel Axistheorem)
Similarly M.I of S, about line “I,” is
l 1(22) =1 +m,d’ |..(1) (By Parallel Axis theorent)

As S and S, are equimomental so d,

I @
L7 =1,

= m, =m,

/55 RN
2 2 Gy G,
= I+md~ =1+m)d, i, kJ \j
l3

They have same masses.

(1) Now consider a line ‘I3’ passing through centroid G; and L to ‘l;’.
Also consider a line ‘l,’ passing through G, and L to ‘l;’. This means
‘l3> and ‘I, are parllel

Now M.I of S; about line ‘1’ is

I,"=1" +md,*  (By Parallel Axistheorem)
Similarly M.I of S, about line ‘I3’ is

I 1(32) =1 ,(42) —md,’  (By Parallel Axistheorem)
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As §; and S, are equimomental. So

1121) - ]132)
= 1" +md} =17 —md)
= 2md,’=0

= d,=0

= [3 and [, coincides. G; = G,
= same centroid

(ii1)) Now the two systems have same centroid and same masses if we take
any line through the common centroid say G

1Le. G=G; =G,

The two systems have the same M.I about that line. It means that we have same
Principle axis and same M.I at point G.

Hence all the conditions are satisfied which complete the proof.

Question:

Show that ‘a circular plate of 'mass ‘m’ and radius ‘a’ is equimomental with a
a

2

Solution: We know M.I of circular plate ‘about an axis passing through its
2

loop of same mass ‘m’ and radius

Circular plate

centroid and L to its plane = Ak
loop

V2 2

Hence circular plate and loop are equimomental.

2 2
M.I of loop about same axis =m (i) =g h
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Lecture # 11
Theorem (Existence of Principle axis theorem):
Statement:

For a rigid body 3 a set of three mutually perpendicular axis relative to which
product of inertia are zero and angular velocity @ and a linear momentum L are
in same direction.

Proof:

Consider an axis through a point 0’ such that & and L are parallel to it.
Then we can write

L=\w ; where A is contant of proportionality
L = Aw;

L, = wyp Ll (1)
L; = Jw;

Next we know that (In general )
L=1,0+1,0 +1, 0,
L=1,0+1,0 +1,0..2)
L =10 + 1,0, + 1,0,
From (1) and (2) we can write
(1, = Ao, A1 0,41, ,0,=0
Lo, + (L= )@, +1,;0,=0}...3)
Lo+ 1,0, + (1, — A)w, =0
This is homogenous system of equation which unknown w;, w,, ws. It has non-
trivial soltution when determinant of the matrix made by the coefficient in set of
equation (3) is given
ie. |Iij| =0
1, -4 1, 1,
L, 1,-4 I, [=0
I, L, I, -4

Which is cubic equation in A which has three relation A = I, I, I3 . These
relation are actually eigen value of the inertia matrix and these values are
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principal moment of inertia of the rigid body. The corresponding eigen vectors
give the direction of principal axis.

Working rule of finding Principle M.I and Principle Axis:

(1)  Find inertia matrix at given point (say origin)
(11)  If inertia matrix is diagonal then corresponding axis are Principle. If
inertia matrix is not diagonal the eigen values matrix is not diagonal

the eigenvalues of this matrix give values of Principle moment of
Inertia.

(ii1)) Eigenvectors corresponding to each eigenvalue gives the direction of
Principle axis.

Question:

Consider a system of particle having masses m,2m,3m,4m located at points
(a,a,a) . (a,-a,-a),(-a,a,-a),(-a,-a,a) respectively. Find Principle moment of inertia
of the system about origin.

Solution:

[xx :Zmi (y12 + Zi2)
i=1

=m(a’ +a* )+ 2m(a” +a*)+3m(a” +a*)+4m (a’ +a?)
=2ma’ + 4ma’ + 6ma’/+ 8ma”

= 20ma’

n
]yy :Zmi (xi2 + Ziz)
i=1

=m(a’ +a*)+2m(a’ +a*)+3m(a* +a’)+4m (a’ +a°)
=2ma’ + 4ma’ + 6ma’ + 8ma’

= 20ma’

Izz :zn/l[(xi2 + ylz)
i=1

=m(a’ +a*)+2m(a’ +a’)+3m(a’* +a’)+4m (a’ +a°)
=2ma’ + 4ma* + 6ma’ + 8ma’

= 20ma’
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I,= _imi X Vi
i=1
= —[m(a®)+2m(=a’) +3m(=a’) + 4m(a*)]
=—[ma®> -2ma*> —3ma* +4ma’]
I, =0=1,

Iyz: _Zmi yz'Zl'
i=1
= —[m(az)+2m(a2)+3m(—a2)+4m(—a2)]
=—[ma®> +2ma* —3ma*> —4ma’]

I =—[-4ma’]= 4ma®> =1

yz zy

n
[xz == Zm[ XiZ;
i=1

= —[m(a*)+2m(~a’) +3m(a’) + 4m(-a”)]
=—[ma®> -2ma’ +3ma* —4ma’]
I =—[2ma’ s 2ma’ =11,

2

xx ]xy [xz 20ma2 0 2ma
2 2
w L, I.]=| 0 20ma’ ~ 4ma
zx ]zy IZZ 2ma2 47”’1612 20ma2
For Eigenvalue
I.-4 1, I
I, I,-4 I, |=0
zx Izy Izz - A
20ma* — 1 0 2ma’
0 20ma* — A dma®> 1=0
2ma’ 4ma’ 20ma* — A
By expanding we get

(20ma2 - /1)(384m2a4 + A% —40ma’A - Am’a’ )=0
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(20ma2 - /1) =0 and (380m2a4 + A% - 4Oma2/1):O

A=20ma’ , A* —40ma’* A +380m*a* =0
, _—(-40ma’)+ J1600m%a* —1520ma’*
2(D)

4= 40ma* £ N80m’a’

2(D)
) _40ma2 + 4\/§ma2

2
A =20ma’ + 2x/§ma2
A =20ma* + 2\/§ma2 , A =20ma* — 2\/§ma2
2 =210 +/5)ma’ : A =210 —~/5)ma’

A=20ma’ , A =20ma’ + 2\/§ma2

are the Principle M.l .about origin.
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Lecture # 12
Spherical Top:

A rigid body is said to be spherical top if its all Principle moment of inertias are
equal.

1.e. I1; = I, = I33 . A sphere is an example of spherical top with axis passing
through the centre of sphere.

Symmetrical Top: A rigid body is said to be symmetircal top if [, = I, #
I33. A cylinder is an example of symmetrical top (taking third axis along the
axis of cylinder).

Asymmetrical top: A rigid body is called Asymmetrical top if I;; # I, #
I35. A rigid body in general is example of Asymmetircal top.

Rotor: A rigid body is called rotor if its two Principle M.I’s are equal and third
M.l is zero i.e. I;; =15, and I35 =0 or I;; = 0 and I,, = I33. A diatomic

molecule is an example of rotor. 1
Question:Find equimomental system of particle for a rod A r_in IM-2m ILIB
of mass M. ¥ l a
Solution: Consider a uniform rod of length 2a. 1f ' *0’ be the

centre of mass. Let the masses m, M-2m ,m-are located at point A,O,B
respectively.

The system of particle will-be equimomental with the rod. If its M.I about any
line is equal to M.I of the rod about the'same line.

Let ‘I’ be the line through ‘0’ perpendicular to this rod.
Then M.I of rod about y-axis (axis passing through cenroid of rod) = I;

L= g(Mass) (half of length)? = % Ma?
M.I of system of particle about y-axis
I, = m(—a)?+(M-2m) (0)?+m(a)? = 2ma?

If both system are equimomental then I; =1, = § Ma? =2ma? = m =%

: : : M :
Hence if we take two particles each having mass —at end points of rod and a

: 2 . . .
particle mass ;M at the centre of rod then this system of three particles is

equimomental with the given rod of mass M
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Lecture # 13

Euler’s Dynamical equations:

Consider a rigid body is rotating in OXYZ (Cartesian) coordiante system such
that OX, OY & OZ are Principle axes. Then we know that

L=I®w Orin matrix form

L, Ly 1, I;||o
L |=|1
L

=
L0 0 IL,||le

"+ OX, OY and OZ are Principle axes. So I, =1,,,=1,,=0

Ll ] 11 O O ]lla)l
=L =00 0| Lo,
L | oo Ly |V e,

In vector form angular momentum is given below
= L =1,wit+l,0,i+l,0k

We know that rate of change of vector function in fix and rotating coordiante
system is related as follow

@_jjf _ (% (@x7)

r

Putting V = L Where V is any vector function

dL dL S
[_t :[E%(m)

r

(gj B (]“a’l.; +1,031 ”33“’3.];) - (E)X Z>
,
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dL . .
Here = 7 is external torque acting on the system
;

o
7 d(rxP R i
dL_d(rxP) o o -dP
dt dt dt
= VxP+rxF = VxmV+rxF

So ;=(I“a)l'§+122a);;+l33a)3'l;)+<E)>< Z) ...(A)
ik
wxL=| o o, o,

[110)1 [220)2 [330)3

Z)XZ=(1330)20)3 — 10,0, );_(]33601(03 _]110)10)3)}"'(122(01(02 _111501(02)];

wxL=— (I, —]33)0)20)3;—(133 —Ill)a)la)J (L, <1y )o@k || Putin (A)

- A

T= (I“a)l'; +1,0}i +I33a)3'lAc) —(13, —]33)0)20%;—(133 —I“)c<)la)3}'—(111 ~1,)owk
=10, -1, — 1,;)0,0,
7, =1L, = (L, = 1,)®,0,
7,=1,0; —(1,, — I,;)w,0, Are Eulers Dynamic equations

Results: If there is no external torque then

111(01. _(]22 _]33)0)20)320 (1)
Izza)z. - (133 - 111)a)1a)3 =0 (11)
1330)3. _(111 _133)0)1(02:0 (11i)

Multiplying (1) by w1 , (i1) by w, and (ii1) by w; and adding

VNaYo) _(122 _133)0)10)20)3 + 10,0, _(133 —]11)(010)2(03 + 10,0, _(111 —122)w1w2a)3 =0
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lad - L,aao + Lo +1L,6d - L,aoo+1 g0+ L,o0 -1 aoo +L,goo=0

Ioo +1,0,0,+ Il;;0,0; =0

1
= E(111.2@1@; +1,,.20,0; + I, 20,05 ) =0
= li(]116012 + 1,0 + ]330)32)20 = (]11(012 + 1,0, +I33a)32): constant
2 di

(oL +w,L, +o,L,)

N | —

Now we know that Rotational K.Eis T = %Z} L =
1
- E(a)l ([110)1 ) + o, (]220)2 ) + @, (]33603 ))

1 2 2 2
= E(]“wl + 1,05 + 1,0, ) = constant

In the absence of external torque the rotational K.E of system is constant.
Now multiplying (i) by I;; w; , (1) by I, w, and (ii1) by I35w4 and adding
]1216‘)1@1. _]11(122 _133)@1@@ +1222a’2a)z. _122 (133 _111)@16‘)26‘% +]323a’3a’3. _133 (111 —]22)6()1602(03 =0

Ilzla%@. _[n[zchwza)s +[|1[33a‘]a)za€ +1222a)za); _[22133@0)20% +I|1[22@a)za% +1323a)3a).; _[11133@6‘)2@ +122133an)2w3 =0
2 . 2 . 2 .
oo +1,0,0;+1;,0,0; =0
1 2 . 2 . 2 )
= 5(]11.2601601 + 15, 20,0, + I3, 20,0, )—O
1 d 2 2 2 2 2 2
= EE(]HCUI + 1,0, + 1,0, ):O

(1 Lot + Lol + L) ) = constant

A

Now weknow L =1, ,0i+1,,0,i+1 0,k

‘L‘ = \/Ilzla)f + I,@; + I},w; = constant

In the absence of external torque magnitude of angular momentum is constant.
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Lecture # 14

Question:
Find M.I of a solid right circular cone.

(1)  About its axis of symmetry
(1)  About an axis passing through its base and also through its center OR
About the diameter of its base.

Solution: (i)

Let M be the mass ‘a’ the radius and ‘h’ be the height of right circular cone. We
choose the z-axis along the axis of symmetry and consider a typical disc of
radius r and width dz at a distance z from the base.

Since AOAC and ABCD are similar triangles.

0A OC a_ h
So —== = -=—
BD BC r h-z
a(h—z
= =2 h

h

Now mass of disk/= dm=pdv = pnr?dz

_ Massof cone _| 3M >
Also p= Volume of cone. rna?h X
We know that
M.I of disk about z-axis (as shown in fig) Y

1
ZET‘de

Now M.I of cone about z-axis (as shown in fig)

=_|.lr2dm :ljirzpmfzdz
2 2

0

1 h
=—pr|ridz
Xl

1 td'(h-2)* 1 prra* | 4
=5pﬂ£h—4dz=5 . J;(—(z—h)) dz

_lpra’ (z=h) |h
2 5

b
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_13M zd*|(h—=h)’ (0—h)
2 ra*h Wt 5 5

_ 3Mad’? {_ (—h)’ } 3Ma> {(h)s}

20 5 20 5
_ 3Ma’
10
(i1). Note that for disk
I.=1, .1
Now by L axis theorem
[+, =1, vol=1, & 1,=1,

Now by // axis theorem

M.I of disk about x-axis (as'shown in fig)

= IX. + Z*dm

= %rzdm + Z2dm

= %rz (prridz) + 2> (prr’dz) o dm = prridz
= % prridz + 2’ prr’dz
1 a*(h-2z)* a*(h-z)
= Zpﬂ[h—“ dz+ 2’ pr B — dz
|55
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2
- /”m (h—z)'de+ P58 20 4 22— 2h2)de
45
2
- ”472? (—(z = h))*dz + P74 4h T (n2 42— 20z dz

Now M.I of cone about x-axis (as shown in fig)

2
J{'Z;;l —h)'dz + phLza(hzz2 +zt=2n )dz}

pﬂa

2 h
j (z—hy'dz + 222 [z + 2t —2nz"yz
0

2 3 5 4"
pmf (z- h)| pﬂza RS-
4h 5 |, h 4

0

4 75 3 5 4
:,07[21 0— h +p7ra h2h h——2hh
4h 5 /8 3105 4

zat 3M [ -k M [ R
=5 |0 t o i e T
4h™ ra'h / 5 wah h 3 5 2

_7ra4 3M_h_5 +3M7m2 h_5+ﬁ_£
4h* 7za2h_ 5 ra’h h? |3 5 2
3Ma> LM 20h° +121° —304°

20 K 60

0

3Ma2+3M_2h5
20 K| 60
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