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							:ܕܚܗ۴ න ஶݔሻ݀ݔఈିଵ݂ሺݔ
଴ 	

Working	Rule:	
Case	I:	For	the	poles	of	݂ሺݖሻ,	which	do	not	lie	on	positive	part	of	the	real	axis.	
Step	I:	Replace	ݔ	by	ݖ	and	ݔఈିଵ	by	eሾሺఈିଵሻሺ୪୭୥	ሺି௭ሻା௜గሻሿ	and	consider	߮ሺݖሻ ൌ eሾሺఈିଵሻሺ୪୭୥	ሺି௭ሻା௜గሻሿ݂ሺݖሻ		
Step	II:	Calculate	all	poles	of	݂ሺݖሻ	and	compute	residues	of	߮ሺݖሻ	at	all	these	poles.	ሺNote	that,	each	pole	of	݂ሺݖሻ	is	also	a	pole	of	߮ሺݖሻ,	but	the	converse	is	not	true,	as	߮ሺݖሻ	may	have	singularities	other	than	the	poles	of	݂ሺݖሻ.ሻ	۷۷۷ܘ܍ܜ܁:න ݔሻ݀ݔఈିଵ݂ሺݔ ൌ െߨsinሺߙߨሻ eିఈగ௜෍ܴ௜	

௜ ,ஶ
଴ 	

where	෍ܴ௜ ൌ sum	of	residues	of	all	the	poles	which	do	not	lie	on	positive	part	of	real	axis.	
୧ 	

Case	II:		For	the	poles	of	݂ሺݖሻ,		which	do	lie	on	positive	part	of	the	real	axis.	
Step	I:				Replace	ݔby	ݖ	and	ݔఈିଵ	by	eሺ஑ିଵሻ ୪୭୥ሺ௭ሻ	and	consider	߮ሺݖሻ ൌ eሾሺఈିଵሻ ୪୭୥ሺ௭ሻሿ݂ሺݖሻ		
Step	II:			Calculate	all	poles	of	݂ሺݖሻ	and	compute	residues	of	߮ሺݖሻ	at	all	these	poles.	ሺNote	that,	each	pole	of	݂ሺݖሻ	is	also	a	pole	of	߮ሺݖሻ,	but	the	converse	is	not	true,	as	߮ሺݖሻ	may	have	singularities	other	than	the	poles	of	݂ሺݖሻ.ሻ	۷۷۷ܘ܍ܜ܁:න ݔሻ݀ݔఈିଵ݂ሺݔ ൌ െߨ cotሺߙߨሻ෍ܴ௜ᇱ	

௜ ,ஶ
଴ 	

where	෍ܴ௜ᇱ ൌ 	sum	of	residues	of	all	the	poles	which	do	lie	on	positive	part	of	real	axis.	
୧ 	

න	ܜ܉ܐܜ	܍ܞܗܚ۾			:૚	ܖܗܑܜܛ܍ܝۿ ࢞࢞܌૚ିࢻ࢞ ൅ ࢼ࢏܍ ൌ ࣊ ሻஶ࣊ࢻሺܖܑܛ࢏ࢼ૚ሻିࢻሺ܍
૙ ,													૙	 ൏ 	ࢻ	 ൏ ૚,				 െ 	࣊ ൏ 	ࢼ	 ൏ 					࣊	

Solution:	Pole	of	݂ሺݖሻ ൌ ଵ௭ାୣ೔ഁ		is		ݖ ൌ െe௜ఉ	ሺhaving	order	oneሻ,	which	do	not	lie	on	positive	part	of	the	real	axis	due	to	the	fact	that		െߨ	 ൏ 	ߚ	 ൏ 	ߨ	
Let				ܫ ൌ න ݔݔఈିଵdݔ ൅ e௜ఉஶ

଴ ൌ න eሾሺఈିଵሻሺ୪୭୥	ሺି௭ሻା௜గሻሿdݖݖ ൅ e௜ఉ 										and										
஼ ߮ሺݖሻ ൌ 	 eሾሺఈିଵሻሺ୪୭୥	ሺି௭ሻା௜గሻሿݖ ൅ e௜ఉ 	

ܴ൫߮,െe௜ఉ൯ ൌ eሾሺఈିଵሻሺ୪୭୥	ሺି௭ሻା௜గሻሿݖ ൅ e௜ఉ ൫ݖ ൅ e௜ఉ൯ ൌ eൣሺఈିଵሻ൫୪୭୥	 ୣ೔ഁା௜గ൯൧ ൌ eሾሺఈିଵሻሺ௜ఉା௜గሻሿ ൌ e௜ሺఈିଵሻఉ . e௜ሺఈିଵሻగൌ e௜ሺఈିଵሻఉe௜ఈగeି௜గ ൌ െ	e௜ሺఈିଵሻఉe௜గఈ 																	 ∵ eି௜గ ൌ െ1	
ܫ ൌ െߨsin	ሺߙߨሻ e௜ఈగ෍ܴ௜ ൌ െߨsin	ሺߙߨሻ eି௜ఈగሾ

	
௜ െe௜ሺఈିଵሻఉe௜గఈሿ ൌ ߨ eሺఈିଵሻఉ௜sinሺߨߙሻ 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶									



Complex	Analysis	Made	Easy	 		 Contour	Integration	ሺType	Vሻ	--------------------------------------------------------------------------------------------------------------------------------------------	

Prepared	by:	Mr.	Haider	Ali																													Guided	and	checked	by:	Dr.	Amir	Mahmood	 Page	2	
 

න		ܜ܉ܐܜ	܍ܞܗܚ۾		:૛	ܖܗܑܜܛ܍ܝۿ ࢞ሺ࢞܌	ࢻ࢞ ൅ ࢞ሻሺࢇ ൅ ሻ࢈ ൌ ሻ࣊ࢻሺܖܑܛ࣊ ൤ࢻࢇ െ ࢇࢻ࢈ െ ࢈ ൨ ,ஶ
૙ 		െ ૚ ൏ ࢻ	 ൏ ૚	,						ࢇ ൐ ૙.		

Solution:	Poles	of	݂ሺݖሻ ൌ ଵሺ௭ା௔ሻሺ௭ା௕ሻ		are		ݖ ൌ െܽ,െܾ		ሺboth	of	them	have	order	oneሻ,	which	do	not	lie	on	positive	part	of	the	real	axis	due	to	the	fact	that		ܽ ൐ 0, ܾ ൐ 0	
Let,				ܫ ൌ න ఈݔ 	dݔሺݔ ൅ ܽሻሺݔ ൅ ܾሻஶ

଴ ൌ න eሾሺఈሻሺ୪୭୥	ሺି௭ሻା௜గሻሿሺݖ ൅ ܽሻሺݖ ൅ ܾሻ dݖ	
஼ 						and							߮ሺݖሻ ൌ eሾሺఈሻሺ୪୭୥	ሺି௭ሻା௜గሻሿሺݖ ൅ ܽሻሺݖ ൅ ܾሻ 			

The	poles	of	߮ሺݖሻ	൫or	equivalently	that	of		݂ሺݖሻ൯	are	ݖ ൌ െܽ	and	ݖ ൌ െܾ	and	both	of	them	have	order	1.	
ܴଵሺ߮,െܽሻ ൌ lim௭→ି௔ eሾሺఈሻሺ୪୭୥	ሺି௭ሻା௜గሻሿሺݖ ൅ ܽሻሺݖ ൅ ܽሻሺݖ ൅ ܾሻ ൌ eఈሺ୪୭୥	ሺ௔ሻା௜గሻܾ െ ܽ ൌ eఈ ୪୭୥	 ௔ 	e௜గ௔ܾ െ ܽ ൌ e୪୭୥	 ௔ഀe௜గ௔െሺܽ െ ܾሻ ൌ െܽఈe௜గ௔ܽ െ ܾ 	
ܴଶሺ߮,െܾሻ ൌ lim௭→ି௕ eሾሺఈሻሺ୪୭୥	ሺି௭ሻା௜గሻሿሺݖ ൅ ܾሻሺݖ ൅ ܽሻሺݖ ൅ ܾሻ ൌ eሾሺఈሻሺ୪୭୥	ሺ௕ሻା௜గሻሿܽ െ ܾ ൌ ܾఈe௜గఈܽ െ ܾ 	
ܫ ൌ െߨsinሺሺܽ ൅ 1ሻߨሻ eିሺఈାଵሻగ௜෍ܴ௜ଶ

௜ୀଵ 						
∵ sin൫ሺߙ ൅ 1ሻߨ൯ ൌ sinሺߨߙ ൅ ሻߨ ൌ െ sinሺߨߙሻ 				and					eିሺఈାଵሻగ௜ ൌ eିఈగ௜eିగ௜ ൌ eିఈగ௜ሺെ1ሻ ൌ െeିఈగ௜	
∴ ܫ ൌ െߨsinሺߨߙሻ eିఈగ௜ ቈܾఈe௜గఈܽ െ ܾ െ ܽఈe௜గ௔ܽ െ ܾ ቉ ൌ െߨsinሺߨߙሻ eିఈగ௜ ቈeఈగ௜ሺܾఈ െ ܽఈሻܽ െ ܾ ቉

ൌ ሻߨߙsinሺߨ ቈሺܽఈ െ ܾఈሻܽ െ ܾ ቉ 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶						
නܜ܉ܐܜ	܍ܞܗܚ۾						:૜	ܖܗܑܜܛ܍ܝۿ	 ૝࢞ࢻ࢞ ൅ ૚࢞܌ ൌ ܖܑܛ૝࣊ ൬࣊ሺࢻ ൅ ૚ሻ૝ ൰ ܍ܚ܍ܐܟ												,	 െ ૚ ൏ ࢻ	 ൏ ૜ஶ

૙ 	
Solution:	Poles	of	݂ሺݖሻ ൌ ଵ௭రାଵ		are		ݖ௞ ൌ eሺగ௜ାଶ௞గ௜ሻ/ସ,				݇ ൌ 0,1,2,3		ሺall	of	them	have	order	oneሻ,	which	do	not	lie	on	positive	part	of	the	real	axis.	
Let,							ܫ ൌ න ସݔఈݔ ൅ 1ஶ

଴ dݔ ൌ න eሾሺఈሻሺ୪୭୥	ሺି௭ሻା௜గሻሿݖସ ൅ 1	
஼ dݖ									and						߮ሺݖሻ ൌ eሾሺఈሻሺ୪୭୥	ሺି௭ሻା௜గሻሿݖସ ൅ 1 	

	Let	ߚ	be	a	root	of		zସ ൌ െ1, then			
ܴሺ߮, ሻߚ ൌ lim௭→ఉ ሺݖ െ ସݖሺି௭ሻା௜గሻሿ	ሻeሾሺఈሻሺ୪୭୥ߚ ൅ 1 ,									൬00൰ form		Apply	L,	Hospital’s	rule	
,࣐ሺࡾ ሻࢼ ൌ ࢼ→ࢠܕܑܔ ሻሿ࣊࢏ሻାࢠሺି	܏ܗܔሻሺࢻሾሺ܍ ൅ ሺࢠ െ ሻࢼ ܢ܌܌ ሺ܍ሾሺࢻሻሺ܏ܗܔ	ሺିࢠሻା࣊࢏ሻሿሻ૝ࢠ૜ ൌ ૜ࢼሻሿ૝࣊࢏ሻାࢼሺି	܏ܗܔሻሺࢻሾሺ܍ ൌ ሻሿെ૝࣊࢏ሻାࢼሺି	܏ܗܔሻሺࢻሾሺ܍ࢼ 						 ∵ ૝ࢼ ൌ െ૚	
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Sum	of	residues	at	all	poles	is		
෍ࢼࡾ ൌ െ૚૝ ቂ࢏࣊܍/૝܏ܗܔൣࢻ܍	൫ି࢏࣊܍/૝൯ା࢏࣊൧ ൅ ൧࢏࣊૝൯ା/࢏࣊૜܍൫ି	܏ܗܔൣࢻ܍૝/࢏࣊૜܍ ൅ ൧࢏࣊૝൯ା/࢏࣊૞܍൫ି	܏ܗܔൣࢻ܍૝/࢏࣊૞܍ ൅ 	൧ቃ࢏࣊૝൯ା/࢏࣊ૠ܍൫ି	܏ܗܔൣࢻ܍૝/࢏࣊ૠ܍
ࢼ 	
Now,	polar	forms	of	െeഏ೔ర , െeయഏ೔ర , െeఱഏ೔ర 			and	 െ eళഏ೔ర ,	respectively,	are	given	by		
െeగ௜ସ ൌ െ1√2 ሺ1 ൅ ݅ሻ ൌ eିଷగ௜ସ 			,																	െeଷగ௜ସ ൌ െ1√2 ሺെ1 ൅ ݅ሻ ൌ eିగ௜ସ ,	
			െeହగ௜ସ ൌ െ1√2 ሺെ1 െ ݅ሻ ൌ eగ௜ସ ,																				െe଻గ௜ସ ൌ െ1√2 ሺ1 െ ݅ሻ ൌ eଷగ௜ସ 	
⇒෍ࢼࡾ ൌ െ14 ൧࢏࣊૝൯൅/࢏࣊െ૜܍൫	܏ܗܔൣࢻ܍૝/࢏࣊܍ൣ ൅ ൧࢏࣊૝൯൅/࢏࣊െ܍൫	܏ܗܔൣࢻ܍૝/࢏࣊૜܍ ൅ ൧࢏࣊૝൯൅/࢏࣊܍൫	܏ܗܔൣࢻ܍૝/࢏࣊૞܍ ൅ 	൧൧࢏࣊૝൯൅/࢏࣊૜܍൫	܏ܗܔൣࢻ܍૝/࢏࣊ૠ܍

ߚ ൌ െ14 ቈeగ௜ସ eఈቀିଷగ௜ସ 	ାగ௜ቁ൅eଷగ௜ସ eఈቀିగ௜ସ 	ାగ௜ቁ ൅ eହగ௜ସ eఈቀగ௜ସ ାగ௜ቁ ൅ e଻గ௜ସ eఈቀଷగ௜ସ ାగ௜ቁ቉
ൌ 		െ14 ቈ 1√2 ሺ1 ൅ ݅ሻeఈቀగ௜ସ 	ቁ ൅ 1√2 ሺ݅ െ 1ሻeఈቀଷగ௜ସ 	ቁ ൅ 1√2 ሺെ1 െ ݅ሻeఈቀହగ௜ସ 	ቁ ൅ 1√2 ሺ1 െ ݅ሻeఈቀ଻గ௜ସ 	ቁ቉
ൌ െ14√2 ൤ሺ1 ൅ ݅ሻeఈగ௜ସ ൫1 െ eఈగ௜൯ ൅ ሺെ1 ൅ ݅ሻeଷఈగ௜ସ ൫1 െ eఈగ௜൯൨
ൌ െ14√2 ൫1 െ eఈగ௜൯ ቆሺ1 ൅ ݅ሻeఈగ௜ସ ൅ ሺെ1 ൅ ݅ሻeଷఈగ௜ସ ቇ
ൌ െ14√2 	eఈగ௜ଶ ൬eି	ఈగ௜ଶ െ eఈగ௜ଶ ൰ ൤൬eఈగ௜ସ െ eଷఈగ௜ସ ൰ ൅ ݅ ൬eఈగ௜ସ ൅ eଷఈగ௜ସ ൰൨ 	
ൌ െ14√2 eఈగ௜ଶ ቀെ2݅ sin ቀ2ߨߙ ቁቁ eఈగ௜ସ eఈగ௜ସ ൤൬eି	ఈగ௜ସ െ eఈగ௜ସ ൰ ൅ ݅ ൬eି	ఈగ௜ସ ൅ eఈగ௜ସ ൰൨ 	
ൌ 12√2 ቀ݅ sin ቀ2ߨߙ ቁቁ eఈగ௜ ቂ2݅	sin ቀ4ߨߙ ቁ െ 2݅ cos ቀ4ߨߙ ቁቃൌ ݅ଶ	eఈగ௜ sin ቀ2ߨߙ ቁ ൤ 1√2 cos ቀ4ߨߙ ቁ െ 1√2 sin ቀ4ߨߙ ቁ൨ 														ൌ െ	eఈగ௜ sin ቀ2ߨߙ ቁ ቂcos ቀ4ߨቁ cos ቀ4ߨߙ ቁ െ sin ቀ4ߨቁ 	sin ቀ4ߨߙ ቁቃ ൌ െ	eఈగ௜ sin ቀ2ߨߙ ቁ cos ቀ4ߨߙ ൅ 	4ቁߨ

ܫ ൌ െߨsin൫ሺߙ ൅ 1ሻߨ൯ ݁ିሺఈାଵሻగ௜෍ܴሺ݂, 	ሻߚ
ఉ 	

∵ sin൫ሺߙ ൅ 1ሻߨ൯ ൌ sinሺߨߙ ൅ ሻߨ ൌ െ sinሺߨߙሻ 				and					eିሺఈାଵሻగ௜ ൌ eିఈగ௜eିగ௜ ൌ eିఈగ௜ሺെ1ሻ ൌ െeିఈగ௜	
ܫ ൌ െߨ൫െeିఈగ௜൯െ sinሺߨߙሻ ቂെeఈగ௜ sin ቀ2ߨߙ ቁ cos ቀ4ߨߙ ൅ ቃ			4ቁߨ ൌ ሻߨߙsinሺߨ sin ቀ2ߨߙ ቁ cos ቀ4ߨߙ ൅ 	4ቁߨ
				ൌ 	 2ߨ sin ቀ2ߨߙ ቁ cos ቀ2ߨߙ ቁ sin ቀ

2ߨߙ ቁ cos ቀ4ߨߙ ൅ 4ቁߨ ൌ 2ߨ cos ቀ2ߨߙ ቁ cos ቀ
4ߨߙ ൅ 	4ቁߨ
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ܫ																										 ൌ 2ߨ sin ቀ2ߨߙ ൅ 2ቁߨ cos ቀ
4ߨߙ ൅ 4ቁߨ 																																									 ∵ 		 sin ቀ2ߨߙ ൅ 2ቁߨ ൌ 	 cos ቀ2ߨߙ ቁ

ൌ 4ߨ sin ቀ4ߨߙ ൅ 4ቁߨ cos ቀ4ߨߙ ൅ 4ቁߨ cos ቀ
4ߨߙ ൅ 4ቁߨ ൌ 4ߨ sin ൬ߨሺߙ ൅ 1ሻ4 ൰ 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶												

				ܜ܉ܐܜ	܍ܞܗܚ۾		:૝	ܖܗܑܜܛ܍ܝۿ න ૚࢞܌࢈࢞ ൅ ૛࢞ ൌ ૛࣊ ܋܍ܛ ൬࣊࢈૛ ൰ஶ
૙ ,						െ ૚ ൏ ࢈ ൏ ૚	

Solution:	Poles	of	݂ሺݖሻ ൌ ଵଵା௭మ		are		ݖ ൌ േ݅		ሺboth	of	them	have	order	oneሻ,	which	do	not	lie	on	positive	part	of	the	real	axis.	
Let,							ܫ ൌ න 1ݔ௕dݔ ൅ ଶݔ ൌ නe௕ሾ	୪୭୥ሺି௭ሻାగ௜ሿd1ݖ ൅ ଶݖ

	
஼

ஶ
଴ 									and						߮ሺݖሻ ൌ e௕ሾ	୪୭୥ሺି௭ሻାగ௜ሿ1 ൅ ଶݖ 		

ܴଵሺ݂, ݅ሻ ൌ lim௭→௜ ቈሺݖ െ ݅ሻe௕ሾ	୪୭୥ሺି௭ሻାగ௜ሿሺݖ െ ݅ሻሺݖ ൅ ݅ሻ ቉ ൌ lim௭→௜ ቈe௕ሾ	୪୭୥ሺି௭ሻାగ௜ሿሺݖ ൅ ݅ሻ ቉ ൌ e௕ሾ	୪୭୥ሺି௜ሻାగ௜ሿ2݅ ൌ e௕ቈ୪୭୥ቆୣషഏ೔మ ቇାగ௜቉
2݅ ൌ e௕ቂ	ିగ௜ଶ ାగ௜ቃ2݅ ൌ e௕గ௜ଶ2݅ 	

ܴଵሺ݂, െ݅ሻ ൌ lim௭→ି௜ ቈሺݖ ൅ ݅ሻe௕ሾ	୪୭୥ሺି௭ሻାగ௜ሿሺݖ െ ݅ሻሺݖ ൅ ݅ሻ ቉ ൌ lim௭→ି௜ ቈe௕ሾ	୪୭୥ሺି௭ሻାగ௜ሿሺݖ െ ݅ሻ ቉ ൌ e௕ሾ	୪୭୥ሺ௜ሻାగ௜ሿ2݅ ൌ e௕ቈ୪୭୥ቆ௘ഏ೔మ ቇାగ௜቉2݅ ൌ e௕ቂ	గ௜ଶ ାగ௜ቃ2݅ ൌ eଷ௕గ௜ଶ2݅ 	
෍ܴ௜ ൌଶ
௜ୀଵ ቎e௕గ௜ଶ2݅ െ eଷ௕గ௜ଶ2݅ ቏ ൌ 1݅ e௕గ௜ ቎eି௕గ௜ଶ െ e௕గ௜ଶ2 ቏ ൌ 1݅ e௕గ௜ ൬െ݅ sin ൬ܾ2ߨ ൰൰ ൌ െe௕గ௜ sin ൬ܾ2ߨ ൰	
ܫ ൌ െߨsin൫ሺܾ ൅ 1ሻߨ൯ eିሺ௕ାଵሻగ௜෍ܴ௜ଶ

௜ୀଵ 	
∵ sin൫ሺܾ ൅ 1ሻߨ൯ ൌ sinሺܾߨ ൅ ሻߨ ൌ െ sinሺܾߨሻ 				and					eିሺ௕ାଵሻగ௜ ൌ eି௕గ௜eିగ௜ ൌ eି௕గ௜ሺെ1ሻ ൌ െeିఈగ௜	
⇒ ܫ ൌ െߨെsinሺܾߨሻ ൫െeି௕గ௜൯ ൤െe௕గ௜ sin ൬ܾ2ߨ ൰൨ ൌ ሻߨsinሺܾߨ sin ൬ܾ2ߨ ൰ ൌ 2ߨ sin ቀܾ2ߨ ቁ cos ቀܾ2ߨ ቁ sin ൬

2ߨܾ ൰ ൌ 2ߨ cos ቀܾ2ߨ ቁൌ 2ߨ sec ൬ܾ2ߨ ൰ 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶																														
නܜ܉ܐܜ	܍ܞܗܚܘ					:૞	ܖܗܑܜܛ܍ܝۿ ૛࢞࢞√ ൅ ࢞ ൅ ૚࢞܌ஶ

૙ ൌ 	૜√࣊
Solution:	Poles	of	݂ሺݖሻ ൌ ଵ௭మା௭ାଵ		are		ݖ ൌ ିଵേ√ଵିସଶ ൌ ିଵേ√ଷ	௜ଶ 		ሺboth	of	them	have	order	oneሻ,	which	do	not	lie	on	positive	part	of	the	real	axis.	
Let												ܫ ൌ න ଶݔݔ√ ൅ ݔ ൅ 1dݔ ൌ න eଵଶሾ	୪୭୥ሺି௭ሻାగ௜ሿ	dݖݖଶ ൅ ݖ ൅ 1	

஼
ஶ
଴ 													and												߮ሺݖሻ ൌ eଵଶሾ	୪୭୥ሺି௭ሻାగ௜ሿݖଶ ൅ ݖ ൅ 1 	
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ܴଵ ቆ߮,െ1 ൅ √3݅2 ቇ ൌ lim௭	→		ିଵା√ଷ௜ଶ
eଵଶሾ	୪୭୥ሺି௭ሻାగ௜ሿ ቆݖ ൅ 1 െ √3݅2 ቇ
ቆݖ ൅ 1 െ √3݅2 ቇቆݖ ൅ 1 ൅ √3݅2 ቇ ൌ

eଵଶቈ	୪୭୥ቆଵି√ଷ௜ଶ ቇାగ௜ሿ቉
2ቆ√3݅2 ቇ ൌeଵଶ	ቈ୪୭୥ቆୣ

షഏ೔య ቇାగ௜ሿ቉
√3݅

ൌ eଵଶቂିగ௜ଷ ାగ௜ቃ
√3݅ ൌ eଵଶቂଶగ௜ଷ ቃ

√3݅ ൌ eగ௜ଷ√3݅ 															 ∵ 1 െ √3݅2 ൌ eିగ௜ଷ 	ሺin	polar	formሻ	
ܴଶ ቆ߮,െ1 െ √3݅2 ቇ ൌ lim௭	→	ିଵି√ଷ௜ଶ 	 e

ଵଶሾ	୪୭୥ሺି௭ሻାగ௜ሿ ቆݖ ൅ 1 ൅ √3݅2 ቇ
ቆݖ ൅ 1 െ √3݅2 ቇቆݖ ൅ 1 ൅ √3݅2 ቇ ൌ

eଵଶቈ୪୭୥ቆଵା√ଷ௜ଶ ቇାగ௜቉
െ2ቆ√3݅2 ቇ ൌ eଵଶቈ୪୭୥ቆୣഏ೔య ቇାగ௜቉െ√3݅ ൌ eଵଶቂగ௜ଷ ାగ௜ቃെ√3݅

ൌ eଵଶቂସగ௜ଷ ቃെ√3݅ ൌ eଶగ௜ଷെ√3݅ 																												 ∵ 1 ൅ √3݅2 ൌ eగ௜ଷ 	ሺin	polar	formሻ				
ܫ ൌ െ	ߨsin ቀ32ߨ ቁ eି	

ଷగ௜ଶ ෍ܴ௜ଶ	
௜ୀଵ ൌ െ	ߨെ1 eି	ଷగ௜ଶ ቎ eగ௜ଷ√3݅ െ eଶగ௜ଷ√3݅቏

ൌ ߨ ൤cos ൬െ32ߨ ൰ ൅ ݅sin ൬െ32ߨ ൰൨ ቎cos ቀ
3ቁߨ ൅ ݅	sin ቀ3ߨቁ െ cos ቀ23ߨ ቁ െ ݅sin	 ቀ23ߨ ቁ√3݅ ቏

ൌ ߨ ݅√3݅ ቈ12 ൅ ݅ √32 ൅ 12 െ ݅ √32 ቉ ൌ π√3 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶																																					
න	ܜ܉ܐܜ	܍ܞܗܚ۾					:૟	ܖܗܑܜܛ܍ܝۿ ૛࢞૚ିࢻ࢞ ൅ ࢞ ൅ ૚࢞܌ஶ

૙ ൌ ૛࣊૜ ܛܗ܋	 ቂ૛࣊ࢻ ൅ ૟࣊ ቃܖܑܛሺࢻ࣊ሻ ૙			܍ܚ܍ܐܟ					, ൏ ࢻ ൏ ૛		
Solution:	Poles	of	݂ሺݖሻ ൌ ଵ௭మା௭ାଵ		are		ݖ ൌ ିଵേ√ଵିସଶ ൌ ିଵേ√ଷ	௜ଶ 		ሺboth	of	them	have	order	oneሻ,	which	do	not	lie	on	positive	part	of	the	real	axis.	
Let,			ܫ ൌ න ଶݔఈିଵݔ ൅ ݔ ൅ 1dݔ ൌ න eሾሺఈିଵሻሺ୪୭୥ሺି௭ሻା௜గሿሻሿݖଶ ൅ ݖ ൅ 1 ሻݖ߮ሺ										and											ݖ݀ ൌ eൣሺఈିଵሻሾ୪୭୥ሺି௭ሻା௜గሿ൧ݖଶ ൅ ݖ ൅ 1	

஼
ஶ
଴ 	

ܴଵ ቆ߮,െ1 ൅ √3݅2 ቇ ൌ lim௭→ିଵା√ଷ௜ଶ 	 ൫eሺఈିଵሻሺ୪୭୥ሺି௭ሻା௜గሻ൯ ቆݖ ൅ 1 െ √3݅2 ቇ
ቆݖ ൅ 1 െ √3݅2 ቇ൭ݖ െ ቆെ1 െ √3݅2 ቇ൱ ൌ

eሺఈିଵሻቈ୪୭୥ቆଵି√ଷ௜ଶ ቇା௜గ቉
െ1 ൅ √3݅2 െ ቆെ1 െ √3݅2 ቇ	

ܴଵ ቆ߮,െ1 ൅ √3݅2 ቇ ൌ eሺఈିଵሻቈ୪୭୥ቆୣషഏ೔య ቇା௜గ቉
√3݅ ൌ eሺఈିଵሻቂିగ௜ଷ ାగ௜ቃ

√3݅ ൌ eଶగሺఈିଵሻ௜ଷ√3݅ 											 ∵ 1 െ √3݅2 ൌ eିగ௜ଷ 	ሺin	polar	formሻ	
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ܴଶ ቆ߮,െ1 െ √3݅2 ቇ ൌ lim௭→ିଵି√ଷ௜ଶ 	 eሺఈିଵሻሾ୪୭୥ሺି௭ሻା௜గሿ ቆݖ ൅ 1 ൅ √3݅2 ቇ
ቆݖ ൅ 1 ൅ √3݅2 ቇ൭ݖ െ ቆെ1 ൅ √3݅2 ቇ൱ ൌ

eሺఈିଵሻቈ୪୭୥ቆଵା√ଷ௜ଶ ቇା௜గሿ቉
൭െ1 െ √3݅2 െ ቆെ1 ൅ √3݅2 ቇ൱

ൌ eሺఈିଵሻቈ୪୭୥ቆୣഏ೔య ቇା௜గ቉െ√3݅ ൌ eሺఈିଵሻቂగ௜ଷ ା௜గቃെ√3݅ ൌ eସగሺఈିଵሻ௜ଷെ√3݅ 										 ∵ 1 ൅ √3݅2 ൌ eగ௜ଷ 	ሺin	polar	formሻ	
ܫ ൌ െߨsinሺߨߙሻ eିఈగ௜ ൉෍ܴ௜ଶ

௜ୀଵ ൌ െߨsinሺߨߙሻ eିఈగ௜ ቎e
ଶగሺఈିଵሻ௜ଷ√3݅ െ eସగሺఈିଵሻ௜ଷ 	√3݅ ቏

ൌ െ3݅√ߨ	sinሺߨߙሻ eିఈగ௜eଶగሺఈିଵሻ௜ଷ ൤1 െ eଶగሺఈିଵሻ௜ଷ ൨
ൌ െ3݅√ߨ	sinሺߨߙሻ	eିఈగ௜ାଶగሺఈିଵሻ௜ଷ 	eଶగሺఈିଵሻ௜଺ ൤eି	గሺఈିଵሻ௜ଷ 	 െ eଶగሺఈିଵሻ௜ଷ 	൨
ൌ െ3݅√ߨ	sinሺߨߙሻ eିఈగ௜ିଶగ௜ଷ eగሺఈିଵሻ௜ଷ ቈെ2݅ sinቆߨሺߙ െ 1ሻ3 ቇ቉
ൌ ሻߨߙ3sinሺ√ߨ2 eିఈగ௜ିଶగ௜ଷ 	ା	గሺఈିଵሻ௜ଷ sin ቆߨሺߙ െ 1ሻ3 ቇ ൌ ሻߨߙ3sinሺ√ߨ2 eିగ௜ sinቆߨሺߙ െ 1ሻ3 ቇ
ൌ ሻߨߙ3sinሺ√ߨ2 cosቆߨሺߙ െ 1ሻ3 ൅ 2ቇߨ 																																					 ∵ sin ߠ ൌ cos ቀߠ ൅ 	2ቁߨ
ൌ ሻߨߙsinሺ	3√ߨ2 cos	 ൬2ߙߨ െ ߨ2 ൅ 6ߨ3 ൰ ൌ 3ߨ2 	cos ቂ2ߨߙ ൅ 6ߨ ቃsinሺߙߨሻ 	܌܍ܞܗܚܘ	܍܋ܖ܍۶												

										ܜ܉ܐܜ	܍ܞܗܚ۾							:ૠ	ܖܗܑܜܛ܍ܝۿ න ሺ૚࢞܌ࢻ࢞ ൅ ૛ሻ૛࢞ ൌ ሺ૚࣊ െ 	ܛܗ܋	ሻ૝ࢻ ቀࢻ࣊૛ ቁ			,													
ஶ
૙ െ ૚ ൏ ࢻ ൏ ૜	

Solution:	Poles	of	݂ሺݖሻ ൌ ଵሺଵା௭మሻమ		are		ݖ ൌ േ݅		ሺboth	of	them	have	order	twoሻ,	which	do	not	lie	on	positive	part	of	the	real	axis.	
Let,								ܫ ൌ න ሺ1ݔఈdݔ ൅ ଶሻଶݔ ൌ නeఈሾ୪୭୥ሺି௭ሻାగ௜ሿdݖሺ1 ൅ ଶሻଶݖ

	
஼

ஶ
଴ 										and							߮ሺݖሻ ൌ eఈሾ୪୭୥ሺି௭ሻାగ௜ሿሺ1 ൅ ଶሻଶݖ 						

ܴଵሺ߮, ݅ሻ ൌ lim௭→௜ ddz ቈሺݖ െ ݅ሻଶeఈሾ୪୭୥ሺି௭ሻାగ௜ሿሺݖ െ ݅ሻଶሺݖ ൅ ݅ሻଶ ቉ ൌ lim௭→௜ ddz ቈeఈሾ୪୭୥ሺି௭ሻାగ௜ሿሺݖ ൅ ݅ሻଶ ቉	
ܴଵሺ߮, ݅ሻ ൌ lim௭→௜ ሺݖ ൅ ݅ሻଶeఈሾ୪୭୥ሺି௭ሻାగ௜ሿ ݖߙ െ eఈሾ୪୭୥ሺି௭ሻାగ௜ሿ ൉ 2ሺݖ ൅ ݅ሻሺݖ ൅ ݅ሻସ ൌ ሺ2݅ሻଶeఈሾ୪୭୥ሺି௜ሻାగ௜ሿ ߙ݅ െ eఈሾ୪୭୥ሺି௜ሻାగ௜ሿ ൉ 2ሺ2݅ሻሺ2݅ሻସ

ൌ eఈቈ୪୭୥ቆୣషഏ೔మ݅ߙ4 ቇାగ௜቉ െ 4݅eఈቈ୪୭୥ቆୣషഏ೔మ ቇାగ௜቉
16 ൌ eఈቂିగ௜ଶ݅ߙ4 ାగ௜ቃ െ 4݅eఈቂିగ௜ଶ ାగ௜ቃ16 ൌ eఈగ௜ଶ݅ߙ4 െ 4݅eఈగ௜ଶ16 	
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ܴଵሺ߮, ݅ሻ ൌ 4݅eఈగ௜ଶ ሺߙ െ 1ሻ16 ൌ ݅eఈగ௜ଶ ሺߙ െ 1ሻ4 	
ܴଶሺ߮,െ݅ሻ ൌ lim௭→ି௜ ddz ቈሺݖ ൅ ݅ሻଶeఈሾ୪୭୥ሺି௭ሻାగ௜ሿሺݖ െ ݅ሻଶሺݖ ൅ ݅ሻଶ ቉ ൌ lim௭→ି௜ ddz ቈeఈሾ୪୭୥ሺି௭ሻାగ௜ሿሺݖ െ ݅ሻଶ ቉

ൌ lim௭→	ି௜ ቎ሺݖ െ ݅ሻଶeఈሾ୪୭୥ሺି௭ሻାగ௜ሿ ݖߙ െ eఈሾ୪୭୥ሺି௭ሻାగ௜ሿ2ሺݖ െ ݅ሻሺݖ െ ݅ሻସ ቏
ൌ ሺെ2݅ሻଶeఈሾ୪୭୥ሺ௜ሻାగ௜ሿ െ݅ߙ െ eఈሾ୪୭୥ሺ௜ሻାగ௜ሿ2ሺെ2݅ሻሺെ2݅ሻସ ൌ െ	4݅ߙeఈቈ୪୭୥ቆୣഏ೔మ ቇାగ௜቉ ൅ 4݅eఈቈ୪୭୥ቆୣഏ೔మ ቇାగ௜቉16
ൌ െ	4݅ߙeఈቂగ௜ଶ ାగ௜ቃ ൅ 4݅eఈቂగ௜ଶ ାగ௜ቃ16 ൌ െ	4݅ߙeଷఈగ௜ଶ ൅ 4݅eଷఈగ௜ଶ16 ൌ െ	4݅eఈగ௜ଶ ሺߙ െ 1ሻ16 ൌ െ	݅eଷఈగ௜ଶ ሺߙ െ 1ሻ4 	

ܫ ൌ െߨsinሺߙ ൅ 1ሻߨ eିሺఈାଵሻగ௜ ൉෍ܴ௜ଶ
௜ୀଵ 	

∵ sin൫ሺߙ ൅ 1ሻߨ൯ ൌ sinሺߨߙ ൅ ሻߨ ൌ െ sinሺߨߙሻ 				and					eିሺఈାଵሻగ௜ ൌ eିఈగ௜eିగ௜ ൌ eିఈగ௜ሺെ1ሻ ൌ െeିఈగ௜	
⇒ ܫ ൌ െߨെsinሺߨߙሻ ൫െeିఈగ௜൯ ቎݅e

ఈగ௜ଶ ሺߙ െ 1ሻ4 െ ݅eଷఈగ௜ଶ ሺߙ െ 1ሻ4 ቏ ൌ െߨsinሺߨߙሻ eିఈగ௜eఈగ௜݅ሺߙ െ 1ሻ ቎eିఈగ௜ଶ െ eఈగ௜ଶ4 ቏
ൌ െߨsinሺߨߙሻ ݅ሺߙ െ 1ሻ ቎െ2݅	sin ቀ2ߨߙ ቁ	4 ቏ ൌ െߨሺߙ െ 1ሻsinሺߨߙሻ 		sin ቀ2ߨߙ ቁ	2 ൌ ሺ1ߨ െ sin	ሻ2ߙ ቀ2ߨߙ ቁ 	cos ቀ2ߨߙ ቁ	

	sin ቀ2ߨߙ ቁ	2
ൌ ሺ1ߨ െ cos	ሻ4ߙ ቀ2ߨߙ ቁ 						.ܖܗܑܜܛ܍ܝܙ	܍ܕ܉ܛ	ܜ܉܍ܘ܍ܚ	ܗܜ	܌܍܍ܖ	ܗۼ.ሻܓܗܗ܊	܍ܐܜ	܍܍ܛሺ	܍ܚ܍ܐ	܌܍ܜ܉܍ܘ܍ܚ	ܛܑ	ܓܗܗ܊	܎ܗ	૚	ܖܗܑܜܛ܍ܝۿ					:ૡ	ܖܗܑܜܛ܍ܝۿ	.܌܍ܞܗܚܘ	܍܋ܖ܍۶																										

න	ܜ܉ܐܜ	܍ܞܗܚ۾					:ૢ	ܗܑܜܛ܍ܝۿ ૚࢞܌ࢻ࢞ ൅ ૛࢞	ܛܗ܋	ࣂ ൅ ૛࢞ ൌ ሻஶ࣊ࢻሺܖܑܛ࣊
૙

ࣂ	ܖܑܛሻࣂࢻሺܖܑܛ 						૙	 ൏ 	ࢻ	 ൏ ૚,െ࣊	 ൏ ࣂ	 ൏ 						࣊	
Solution:	Poles	of	݂ሺݖሻ ൌ ଵଵାଶ௭	ୡ୭ୱ	ఏା୸మ		are		ݖ ൌ ିଶୡ୭ୱఏേ√ସ	ୡ୭ୱమఏିସଶ ൌ െcosߠ േ ݅ sinߠ ൌ െeି௜ఏ, െe௜ఏ		ሺboth	of	them	have	order	oneሻ,	which	do	not	lie	on	positive	part	of	the	real	axis.	
Let,							ܫ ൌ න 1ݔఈdݔ ൅ ߠcso	ݔ2 ൅ ଶݔ ൌ න eఈሾ୪୭୥ሺି௭ሻାగ௜ሿd1ݖ ൅ ߠ	cos	ݖ2 ൅ zଶ

	
஼

ஶ
଴ 				and				߮ሺݖሻ ൌ eఈሾ୪୭୥ሺି௭ሻାగ௜ሿ1 ൅ ߠ	cos	ݖ2 ൅ zଶ	

ܴଵ൫݂, െeି௜ఏ൯ ൌ lim௭→ିୣష೔ഇ eఈሾ୪୭୥ሺି௭ሻାగ௜ሿሺݖ ൅ e௜ఏሻሺݖ ൅ eି௜ఏሻ ൌ lim௭→ିୣష೔ഇ eఈሾ୪୭୥ሺି௭ሻାగ௜ሿݖ ൅ e௜ఏ ൌ 	 eఈൣ୪୭୥൫ୣష೔ഇ൯ାగ௜൧െeି௜ఏ ൅ e௜ఏ ൌ eఈሾି௜ఏାగ௜ሿ2݅ sinߠ ൌ eఈ௜ሾగିఏሿ2݅ sin ߠ 	
ܴଶ൫݂, െe௜ఏ൯ ൌ lim௭→ି	ୣ೔ഇ ൫ݖ ൅ e௜ఏ൯eఈሾ୪୭୥ሺି௭ሻାగ௜ሿሺݖ ൅ e௜ఏሻሺݖ ൅ eି௜ఏሻ ൌ lim௭→ି	ୣ೔ഇ eఈሾ୪୭୥ሺି௭ሻାగ௜ሿݖ ൅ eି௜ఏ ൌ 	 eఈൣ୪୭୥൫ୣ೔ഇ൯ାగ௜൧െe௜ఏ ൅ eି௜ఏ ൌ eఈሾ௜ఏ ାగ௜ሿെ2݅ sin ߠ ൌ െ	eఈ௜ሾగାఏሿ2݅ sinߠ 	
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ܫ ൌ െߨsinሺߙ ൅ 1ሻߨ eିሺఈାଵሻగ௜෍ܴ௜ଶ
௜ୀଵ 	

∵ sin൫ሺߙ ൅ 1ሻߨ൯ ൌ sinሺߨߙ ൅ ሻߨ ൌ െ sinሺߨߙሻ 				and					eିሺఈାଵሻగ௜ ൌ eିఈగ௜eିగ௜ ൌ eିఈగ௜ሺെ1ሻ ൌ െeିఈగ௜	
⇒ ܫ ൌ െߨെsinߨߙ ൫െeିఈగ௜൯ ቈeఈ௜ሾగିఏሿ2݅ sin ߠ െ eఈ௜ሾగାఏሿ2݅ sinߠ ቉ ൌ െߨെ2݅	sinሺߨߙሻ 	sin ߠ ൫െeିఈగ௜൯eఈగ௜ൣeିఈ௜ఏെeఈ௜ఏ൧ൌ െ2݅ߨ	sinሺߨߙሻ 	sinߠ ሾെ2	݅ sinሺߠߙሻሿ ൌ ሻߨߙsinሺߨ sinሺߠߙሻsin	ߠ 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶																				
නܜ܉ܐܜ	܍ܞܗܚ۾						:૚૙	ܖܗܑܜܛ܍ܝۿ	 ૝࢞ࢻ࢞ ൅ ૚࢞ࢊ ൌ ૝࣊ ܛ܍ܛܗ܋ ൬࣊ሺࢻ ൅ ૚ሻ૝ ൰ ܍ܚ܍ܐܟ												,	 െ ૚ ൏ ࢻ	 ൏ ૜ஶ

૙ 	
Solution:		From	result	of	question	3,	the	result	of	question	10	is	obvious.		
නܜ܉ܐܜ	܍ܞܗܚܘ		:૚૚	ܖܗܑܜܛ܍ܝۿ ࢞ሺ࢞܌૚/૜࢞ ൅ ࢞ሻሺࢇ ൅ ሻ࢈ ൌ ૛࣊√૜ ቈࢇ૚/૜ െ ࢇ૚/૜࢈ െ ࢈ ቉ஶ

૙ ࢇ				, ൐ ૙			, ࢈ ൐ ૙,				ࢇ ് 					࢈
Solution:	Poles	of	݂ሺݖሻ ൌ ଵሺ௭ା௔ሻሺ௭ା௕ሻ		are		ݖ ൌ െܽ,െܾ		ሺboth	of	them	have	order	oneሻ,	which	do	not	lie	on	positive	part	of	the	real	axis	due	to	the	fact	that	ܽ ൐ 0, ܾ ൐ 0.	
Let,					ܫ ൌ න ݔሺݔଵ/ଷdݔ ൅ ܽሻሺݔ ൅ ܾሻஶ

଴ ൌ න eቂቀଵଷቁሺ୪୭୥	ሺି௭ሻା௜గሻቃሺݖ ൅ ܽሻሺݖ ൅ ܾሻ dݖ	
஼ 					and					߮ሺݖሻ ൌ eቂቀଵଷቁሺ୪୭୥	ሺି௭ሻା௜గሻቃሺݖ ൅ ܽሻሺݖ ൅ ܾሻ 						

ܴଵሺ߮,െܽሻ ൌ lim௭→ି௔ eቂቀ
ଵଷቁሺ୪୭୥	ሺି௭ሻା௜గሻቃሺݖ ൅ ܽሻሺݖ ൅ ܽሻሺݖ ൅ ܾሻ ൌ eቂቀଵଷቁሺ୪୭୥	ሺ௔ሻା௜గሻቃെܽ ൅ ܾ ൌ eଵଷሺ୪୭୥	ሺ௔ሻା௜గሻܾ െ ܽ ൌ eଵଷ ୪୭୥	 ௔e௜గଷܾ െ ܽ ൌ െܽଵଷe௜గଷܽ െ ܾ 	

ܴଶሺ߮,െܾሻ ൌ lim௭→ି௕ eቂቀ
ଵଷቁሺ୪୭୥	ሺି௭ሻା௜గሻቃሺݖ ൅ ܾሻሺݖ ൅ ܽሻሺݖ ൅ ܾሻ ൌ eቂቀଵଷቁሺ୪୭୥	ሺ௕ሻା௜గሻቃܽ െ ܾ ൌ ܾଵଷe௜గଷܽ െ ܾ	

ܫ ൌ െߨ
sinቆቀ13 ൅ 1ቁߨቇeିሺ

ଵଷାଵሻగ௜෍ܴ௜ଶ
௜ୀଵ ൌ െߨsin ቀ13ߨ ൅ ቁߨ eି	గ௜ଷ eିగ௜ ቎ܾ

ଵଷe௜గଷܽ െ ܾ െ ܽଵଷe௜గଷܽ െ ܾ቏
ൌ െߨsin ቀ3ߨ ൅ గ௜ଷ	ቁeିߨ eିగ௜ ൦e

௜గଷ ൬ܾଵଷ െ ܽଵଷ൰ܽ െ ܾ ൪ ൌ െߨെ	sin ቀ3ߨቁ eି	
గ௜ଷ ሺെ1ሻ ൦e௜గଷ ൬ܾଵଷ െ ܽଵଷ൰ܽ െ ܾ ൪

ൌ െ32√ߨ eି	గ௜ଷ ൦e௜గଷ ൬ܾଵଷ െ ܽଵଷ൰ܽ െ ܾ ൪ ൌ 3√ߨ2 ቈܽଵ/ଷ െ ܾଵ/ଷܽ െ ܾ ቉ 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶													
				ܜ܉ܐܜ	܍ܞܗܚ۾	:૚૛	ܖܗܑܜܛ܍ܝۿ න ૛࢞ሺ࢞܌ࢻ࢞ െ ૛࢞૛ሻሺ࢈ െ ૛ሻࢉ ൌ ૛࣊ ቈିࢻ࢈૚ െ ૛࢈૚ିࢻࢉ െ ૛ࢉ ቉ஶ

૙ ሾ܋܍ܛܗ܋	ሺࢻ࣊ሻ െ ࢇ				,ሻሿࢻ࣊ሺܜܗ܋ ൐ ૙,			࢈ ൐ ૙	
Note:	This	question	is	not	in	the	book	
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Solution:	Poles	of	݂ሺݖሻ ൌ ଵሺ௭మି௕మሻሺ௭మି௖మሻ	 	are		ݖ ൌ േܾ,േܿ	ሺall	of	them	have	order	oneሻ.	ݖ ൌ ܾ		and	ݖ ൌ ܿ	do	lie	on	positive	part	of	the	real	axis,	while	ݖ ൌ െܾ		and		ݖ ൌ െܿ	do	not	lie	on	the	positive	part	of	the	real	axis	due	to	the	fact	that	ܽ ൐ 0, ܾ ൐ 0.	
For	the	poles	ݖ ൌ ܾ, ܿ, we	let,																ܫ ൌ න ଶݔሺݔఈdݔ െ ܾଶሻሺݔଶ െ ܿଶሻ ൌ න ݁ఈ ୪୭୥ ௭ሺݖଶ െ ܾଶሻሺݖଶ െ ܿଶሻ dݖ	

஼ ,ஶ
଴ 	߮ଵሺݖሻ ൌ ݁ఈ ୪୭୥௭ሺݖଶ െ ܾଶሻሺݖଶ െ ܿଶሻ	

For	the	poles	ݖ ൌ െܾ,െ	ܿ, we	let, ܫ ൌ න ଶݔሺݔఈdݔ െ ܾଶሻሺݔଶ െ ܿଶሻ ൌ න ݁ఈሾ	୪୭୥ሺି௭ሻାగ௜ሿሺݖଶ െ ܾଶሻሺݖଶ െ ܿଶሻ dݖ	
஼ ,ஶ

଴ 	߮ଶሺݖሻ ൌ ݁ఈሾ	୪୭୥ሺି௭ሻାగ௜ሿሺݖଶ െ ܾଶሻሺݖଶ െ ܿଶሻ	
ܴଵሺ߮ଵ, ܾሻ ൌ lim௭→௕ ሺݖ െ ܾሻeఈ ୪୭୥௭ሺݖ െ ܾሻሺݖ ൅ ܾሻሺݖଶ െ ܿଶሻ ൌ lim௭→௕ eఈ ୪୭୥௭ሺݖ ൅ ܾሻሺݖଶ െ ܿଶሻ ൌ 	 eఈ ୪୭୥௕ሺ2ܾሻሺܾଶ െ ܿଶሻ ൌ e୪୭୥௕ഀሺ2ܾሻሺܾଶ െ ܿଶሻൌ ܾఈ2ܾሺܾଶ െ ܿଶሻ ൌ ܾఈିଵ2ሺܾଶ െ ܿଶሻ	
ܴଶሺ߮ଵ, ܿሻ ൌ lim௭→௖ ሺݖ െ ܿሻeఈ ୪୭୥௭ሺݖ െ ܿሻሺݖ ൅ ܿሻሺݖଶ െ ܾଶሻ ൌ lim௭→௖ eఈ ୪୭୥ ௭ሺݖ ൅ ܿሻሺݖଶ െ ܾଶሻ ൌ 	 eఈ ୪୭୥ ௖ሺ2ܿሻሺܿଶ െ ܾଶሻ ൌ െ	e୪୭୥ ௖ഀሺ2ܾሻሺܾଶ െ ܿଶሻൌ െ	ܿఈ2ܿሺܾଶ െ ܿଶሻ ൌ െ	ܿఈିଵ2ሺܾଶ െ ܿଶሻ	
ܴଷሺ߮ଶ, െܾሻ ൌ lim௭→ି௕ ሺݖ ൅ ܾሻeఈሾ	୪୭୥ሺି௭ሻାగ௜ሿሺݖ െ ܾሻሺݖ ൅ ܾሻሺݖଶ െ ܿଶሻ ൌ lim௭→ି௕ eఈሾ	୪୭୥ሺି௭ሻାగ௜ሿሺݖ െ ܾሻሺݖଶ െ ܿଶሻ ൌ 	 eఈሾ	୪୭୥௕	ା	గ௜ሿሺെ2ܾሻሺܾଶ െ ܿଶሻ ൌ 	 eఈ ୪୭୥௕eఈగ௜ሺെ2ܾሻሺܾଶ െ ܿଶሻ

ൌ e୪୭୥௕ഀeఈగ௜ሺെ2ܾሻሺܾଶ െ ܿଶሻ ൌ െ	ܾఈeఈగ௜2ܾሺܾଶ െ ܿଶሻ ൌ െ	ܾఈିଵeఈగ௜2ሺܾଶ െ ܿଶሻ 	
ܴସሺ߮ଶ, െܿሻ ൌ lim௭→ି௖ ሺݖ ൅ ܿሻeఈሾ	୪୭୥ሺି௭ሻାగ௜ሿሺݖ െ ܿሻሺݖ ൅ ܿሻሺݖଶ െ ܾଶሻ ൌ lim௭→ି௖ eఈሾ	୪୭୥ሺି௭ሻାగ௜ሿሺݖ െ ܿሻሺݖଶ െ ܾଶሻ ൌ 	 eఈሾ	୪୭୥ ௖	ା	గ௜ሿሺെ2ܿሻሺܿଶ െ ܾଶሻ ൌ 	 eఈ ୪୭୥ ௖eఈగ௜ሺ2ܿሻሺܾଶ െ ܿଶሻ

ൌ e୪୭୥ ௖ഀeఈగ௜ሺ2ܿሻሺܾଶ െ ܿଶሻ ൌ ܿఈeఈగ௜2ܿሺܾଶ െ ܿଶሻ ൌ ܿఈିଵeఈగ௜2ሺܾଶ െ ܿଶሻ	
ܫ ൌ െ	ߨ cot൫ሺߙ ൅ 1ሻߨ൯ ሾܴଵ ൅ ܴଶሿ െ ߙsin൫ሺߨ ൅ 1ሻߨ൯ eିሺఈାଵሻగ௜ሾܴଷ ൅ ܴସሿ	
∵ cot൫ሺߙ ൅ 1ሻߨ൯ ൌ cotሺߨߙ ൅ ሻߨ ൌ cotሺߨߙሻ	,				 eିሺఈାଵሻగ௜ ൌ eିఈగ௜eିగ௜ ൌ െeିఈగ௜ ,				sin൫ሺߙ ൅ 1ሻߨ൯ ൌ െ sinሺߨߙሻ	
න ଶݔሺݔఈ݀ݔ െ ܾଶሻሺݔଶ െ ܿଶሻ ൌ െ	ߨ cotሺߨߙሻ ቈܾఈିଵ െ ܿఈିଵ2ሺܾଶ െ ܿଶሻ ቉ െ ሻߨߙsinሺߨ eିఈగ௜eఈగ௜ ቈܿఈିଵ െ ܾఈିଵ2ሺܾଶ െ ܿଶሻ ቉
ஶ
଴ ൌ 2ߨ ቈܾఈିଵ െ ܿఈିଵܾଶ െ ܿଶ ቉ ሾcosec	ሺߙߨሻ െ cotሺߨߙሻሿ											۶܍܋ܖ܍	܌܍ܞܗܚܘ.	
												ܜ܉ܐܜ	܌܍ܞܗܚ۾																	:૚૜	ܖܗܑܜܛ܍ܝۿ න ૛࢞࢞܌૚ିࢻ࢞ ൅ ૛࢈ ൌ ૛࣊ ܖܑܛ૛ିࢻ࢈ ቀ࣊ࢻ૛ ቁ

	ஶ
૙ ࢈					, ൐ ૙	

Note:	This	question	is	not	in	the	book	
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Solution:	Poles	of	݂ሺݖሻ ൌ ଵ௭మା௕మ		are		ݖ ൌ േܾ݅		ሺboth	of	them	have	order	oneሻ,	which	do	not	lie	on	positive	part	of	the	real	axis.	
Let,							ܫ ൌ න ଶݔݔఈିଵdݔ ൅ ܾଶ ൌ නeሺఈିଵሻሾ	୪୭୥ሺି௭ሻାగ௜ሿdݖݖଶ ൅ ܾଶ

	
஼

ஶ
଴ 					and						߮ሺݖሻ ൌ eሺఈିଵሻሾ	୪୭୥ሺି௭ሻାగ௜ሿݖଶ ൅ ܾଶ 	

ܴ௜ሺ݂, ܾሻ ൌ lim௭→௕௜ ሺݖ െ ܾ݅ሻeሺఈିଵሻሾ	୪୭୥ሺି௭ሻାగ௜ሿሺݖ െ ܾ݅ሻሺݖ ൅ ܾ݅ሻ ൌ lim௭→௕௜ eሺఈିଵሻሾ	୪୭୥ሺି௭ሻାగ௜ሿݖ ൅ ܾ݅ ൌ eሺఈିଵሻሾ	୪୭୥ሺି௕௜ሻାగ௜ሿ2ܾ݅ ൌ eሺఈିଵሻቂ୪୭୥	ୠ	ି	గ௜ଶ ାగ௜ቃ2ܾ݅
ൌ 	 eሺఈିଵሻቂ୪୭୥	ୠାగ௜ଶ 	ቃ2ܾ݅ ൌ eሺఈିଵሻ୪୭୥	ୠeሺఈିଵሻగ௜ଶ 	2ܾ݅ ൌ e୪୭୥	௕ሺഀషభሻeሺఈିଵሻగ௜ଶ 	2ܾ݅ ൌ ܾሺఈିଵሻeሺఈିଵሻగ௜ଶ 	2ܾ݅ 	

∵ 	 eሾ୪୭୥ሺି௕௜ሻሿ ൌ log ܾ ൅ logሺെ݅ሻ ൌ log ܾ ൅ log ൬eିగ௜ଶ ൰ ൌ log ܾ ൅ െ2݅ߨ 	
ܴଶሺ݂, െܾ݅ሻ ൌ lim௭→ି௕௜ ሺݖ ൅ ܾ݅ሻeሺఈିଵሻሾ୪୭୥ሺି௭ሻାగ௜ሿሺݖ െ ܾ݅ሻሺݖ ൅ ܾ݅ሻ ൌ lim௭→ି௕௜ eሺఈିଵሻሾ୪୭୥ሺି௭ሻାగ௜ሿݖ െ ܾ݅ ൌ eሺఈିଵሻሾ୪୭୥ሺ௕௜ሻାగ௜ሿെ2ܾ݅ ൌ eሺఈିଵሻቂ୪୭୥	ୠାగ௜ଶ ାగ௜ቃെ2ܾ݅

ൌ 	 eሺఈିଵሻቂ୪୭୥	ୠାଷగ௜ଶ 	ቃെ2ܾ݅ ൌ eሺఈିଵሻ୪୭୥	ୠeሺఈିଵሻଷగ௜ଶ 	െ2ܾ݅ ൌ e୪୭୥	௕ሺഀషభሻeሺఈିଵሻଷగ௜ଶ 	െ2ܾ݅ ൌ ܾሺఈିଵሻeሺఈିଵሻଷగ௜ଶ 	െ2ܾ݅ 	
∵ 	 eሾ୪୭୥ሺ௕௜ሻሿ ൌ log ܾ ൅ logሺ݅ሻ ൌ log ܾ ൅ log ൬eగ௜ଶ ൰ ൌ log ܾ ൅ 2݅ߨ 	
ܫ ൌ െ	ߨsinߨߙ eି	ఈగ௜෍ܴ௜	

௜ ൌ െ	ߨsinሺߨߙሻ eି	ఈగ௜ ቎ܾሺఈିଵሻeሺఈିଵሻ
గ௜ଶ 	2ܾ݅ െ ܾሺఈିଵሻeሺఈିଵሻଷగ௜ଶ 	2ܾ݅ ቏

ൌ െ2݅ߨ	sinሺߨߙሻ eିఈగ௜ܾሺఈିଶሻ ൤eఈగ௜ଶ eିగ௜ଶ 	 െ eଷఈగ௜ଶ eିଷగ௜ଶ 	൨ ൌ െ2݅ߨ	sinሺߨߙሻ eିఈగ௜ܾሺఈିଶሻ ൤െ	݅eఈగ௜ଶ െ ݅eଷఈగ௜ଶ ൨
ൌ െ2݅ߨ	sinሺߨߙሻ eିఈగ௜eఈగ௜ܾሺఈିଶሻሺെ	݅ሻ ൤eିఈగ௜ଶ ൅ eఈగ௜ଶ ൨ ൌ ሻܾሺఈିଶሻߨߙsinሺ	2ߨ ቂ2 cos ቀ2ߨߙ ቁቃൌ ሻߨߙsinሺ	ߨ ܾሺఈିଶሻ cos ቀ2ߨߙ ቁ ൌ 	2ߨ sin ቀ2ߨߙ ቁ cos ቀ2ߨߙ ቁܾሺఈିଶሻ cos ቀ

2ߨߙ ቁ
ൌ 2ߨ ܾఈିଶsin ቀ2ߨߙ ቁ 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶																											


