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In this chapter, a function constructed by an improper integral is discussed. Such
functions have many applications in mathematics and related sciences. For examples
Laplace Transform, Gamma function, Bessel’s integrals and etc. Sometime these
functions appears as solution of differential equations, which help us study and solve
many real life problems.

> Definition
Let f be areal valued function of two variables x & y, xe[a,+x), ye.S where

S < IR. Suppose further that, for each y in S, the integral I: f(x,y)da(x) is

convergent. If F denotes the function defined by the equation
F(y)=[f(xy)da(x) for yes,

Then the integral is said to converge pointwise to F on S or we say it converges

pointwise on S'.

> Example:
Consider the function f (X, y)=ye“y‘X on [0,00)x (—o0,00) .

Now F(y) =j f(x,y)dx = I ye " dx
0 0
b ye—\y\x b
:Iimjye“y‘xdx:lim , when y =0,
b0 0 b—w _M .
i Y (1) _y -1 y<O,
—Lm‘y‘(l ebyj _M_{l y>0.
-1 y<0,
When y =0, then we have F(0)=0, thatis, F(y)=<0 y=0,
1 y>0.

> Example:
Consider the function f(x, y):y3e‘y2X on [0,00) x (—o0,00).

Now F(y) :j f(x,y) dx:jy3e‘y2X dx
0 0

b , 3,-y2x
:Iimjy3e’”dx:lim ye ; :Iimy(l— 12 J
baooo b—w0 _y . b—0 eyx
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=y forall ye (—o0,x).

> Definition
Let f be a real valued function of two variables x and y, xe[a,+x), yeS where

S cR. Denote F(y)=jf(x,y)da(x) for y e S and assume that the integral

j: f (x,y)da(x) converges pointwise to F on S. The integral is said to converge
uniformly on S if, for every & >0 there exists a B >0 (depending only on &) such
that b > B implies

FO)-[f(xyda()| <& V yes.

> Remarks:
= Pointwise convergence means convergence when vy is fixed but uniform

convergence is for every ye S.

> Theorem (Cauchy condition for uniform convergence.)
The integral I: f (x,y)da(x) converges uniformly on S, iff, for every ¢ >0 there
existsa B >0 (dependingon &) suchthat ¢c>b>B implies

_C[f(x,y)da(x) <& V yes.

Proof
Proceed as in the proof for Cauchy condition for infinite integral j: fdo.

> Review

If f,|f|eR(a a,b),thenone has

b
jfda

b
<[|tlde.

» Theorem (Weierstrass M-test)
Assume that & T on [a,+) and suppose that the integral j: f(x,y)da(x) exists
for every b>a and for every y in S. If there is a positive function M defined on

[a,+00) such that the integral I:M (x)de(x) converges and | f(x,y)| < M(x) for

each x>a and every y in S, then the integral I: f (x,y)dea(x) converges uniformly
onS.
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Proof
Since| f (x,y)|<M(x) foreach x>a andevery y in S,
therefore For every c>b, we have

jf(x,y)da(x) Sj\f(x,y)\da(x)ﬁjM dar oooeenn.. (i)

Since | ::jM da is convergent,
a

for given £ >0, 3 B>0 such that b> B implies

b

[Mda—1| < ... (ii)
Also if ¢>b> B, then

[Mda-1 <% ............... (iii)

Since jl\/l da:jll\/l da+j.M de,
a a b

then EMda:jMda—TMda
:jMda—Hl—TMda
stda—l +_TMda—I <4+l =& (Byii &iii)
= jf(x,y)da(x) <&, c>b>B &foreach yes
s

Cauchy condition for convergence (uniform) being satisfied.
Therefore the integral J: f(x,y)da(x) converges uniformly on §S.

> Example

Consider Ie‘xysin X dx
0

‘e‘xysinx‘ < ‘e‘xy =e (|sinx|<1)
and e <e™ if c<y
Now take M(x)=e™
“ b b o™ b
The integral  [M (x)dx=[e™® dx = fim [e"* dx = Jim if c20.
—>00 —o| —C
0 0 0 0
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That is

b C e o Iif ¢<0.

TM(x)dx: Iiml(l_%j:{% if ¢>0,

If ¢c=0, then IM (x)dx is also divergent.
0

Since the conditions of M-test are satisfied, therefore ‘[e*XV sinx dx converges
0

uniformly on [c,+x) for every c¢>0.

> Theorem (Dirichlet’s test for uniform convergence)

b
Assume that « is bounded on [a,+) and suppose the integral .[ f(x,y)da(x)

exists for every b>a and for every y in S. For each fixed y in S, assume that
f(x,y)< f(X,y) if a<x <x<+oo.Furthermore, suppose there exists a positive
function g, defined on [a,+x), such that g(x) -0 as x — +oo and such that x>a
implies

| f(x,y)| < g(x) foreveryyinS.

Then the integral Lw f (x,y)da(x) converges uniformly on S.

Proof
Let M >0 be an upper bound for |&| on [a,+w).

Given ¢>0, choose B > a such that

&
—0|<— f >B
| g(x) ‘<4|v| or X

&
= X)<—— for x>B.
909 <

We define f (t)=f(t,y) forall te[a,+o0).
If ¢>b, integration by parts yields

j f(x,y)da(x) :j f,(x)de(x) :\ f,(X) - a(x) \b —ja df,

= f(c,y)a(c) - f(b,y)a(b) + j ad(=f,) oo (i)
b
But, since —f, is increasing (for each fixed y ), we have
jad(—fy) < de(—fy) (- upper bound of || is M)
b b

=M f(,y)=M F(C,Y) wevvvrrrnnnn... (ii)
Now if ¢>b>B, from (i) we have
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jfda
b

<| f(c,y)a(c)- f (b, y)a(b)|+ J.ad(—fy)

<la(c)||f(c,y)|+| f(b,y)||a®)|+M]|f(b,y)-f(c,y)| from (ii)
S‘a(C)H f(c, y)‘+‘a(b)H f (b, y)\+M ‘ f (b, y)\+M ‘ f(c, y)\
<Mg(c)+Mg()+Mg()+Mg(c)

=2M{[g(b) +9(c)]

I & &

<2M| —+—|=¢
4M 4AM

<g¢ foreveryyinS§S.

Therefore the Cauchy condition is satisfied and j f (x,y)da(x) converges
uniformly on S

> Example
0 —xy

Consider j

sinxdx, where y e[0,+).

_Xy

Take a(x)=cosx and f(x,y):e if x>0, y>0.

X
If 5=[0,+00) and g(x):% on [&,+) forevery £>0 then

i) f(xy)<f(x,y) if xX'<xand a(x) isbounded on [&,+).
i) g(x)>0 as x—>+ow

e Y| 1
i) [f(x,y)|=|—|<==9(x) VyeS.
X
So that the conditions of Dirichlet’s theorem are satisfied.
Hence
0 \-xy e

je sinx dx = +I d(—cosx) converges uniformly on [8,+oo) if £>0.
X

&

. sinx _yy SIN

oo lim——=1 .. je w SINX gy converges being a proper integral.
x—0 X 5 X
je‘xy Xdx also converges uniformly on [0,+0).

*hkkkkkkhkkhkhkhkkkhkhkkhkhkkhkkhkkhkhkhkkhkhkkhkhkhkikhkikkhkikikikkx
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> Dirichlet’s test for convergence
Let ¢(x) be bounded and monotonic in [a,+) and let ¢(x) — 0, when x — .

X
Also let I f (x)dx be bounded when X >a.
Then jf(x)¢(x)dx IS convergent.

> Example

. tsinx
Consider I—dx
. X

w—ﬂ as x—0 .. 0 isnota point of infinite discontinuity.
X
Now consider the improper integral dex :
X
1

The factor 1 of the integrand is monotonic and — 0 as X — .
X

X
Also jsinxdx =|—cos X +cos(l)|<|cos X |+|cos(l) |< 2
1

X
So that Isin x dx is bounded above for every X >1.
1

o0

sin x tsinx
—— dx is convergent. Now since J'—dx Is a proper integral, we see that
X
0

1 X

Tsinx .
j ——dx is convergent.
X

0

> Example

Consider jsin x2 dx .
0

We write sinx? = Zi . 2X-sin x?
X

Now Isin x? dx=ji-2x-sin x2 dx
1 12x

1 . i
2— is monotonicand -0 as X—w .
X

Also

X
Iszin x% dx
1

=‘—cosX2+cos(1)‘<2
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X
So that IZX sinx?dx is bounded for x>1.
1

0

1 i i T i
Hence j—-2x-sm x*dx i.e. Ism x* dx is convergent.
1

l2x

1
Since Isin x* dx is only a proper integral, we see that the given integral is
0

convergent.

> Example
_ax SINX
X

Consider je dx , a>0
0

Cax : Fsinx .
Here e is monotonic and bounded and I—dx IS convergent.
X
0

T sinx i
Hence je & Z_Zdx is convergent.
X
0

> Question
sin x
@+ x)*

Show that j dx converges for >0,
0

Solution

o0

X
Isinxdx is bounded because IsinxdeZ vV x>0.
0 0

Furthermore the function

, a>0 is monotonic on [0,+x).
@+ x)“

sin X
@+ x)

= the integral _[

0

dx is convergent.

a

» Question

Show that j e *cos xdx is absolutely convergent.
0

Solution
‘efxcosx‘<e*X and je‘xdx:l
0

. the given integral is absolutely convergent. (comparison test).

060

OPEN EDUCATIONAL RESOURCES



