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We discussed (in MTH321: Real Analysis I) Riemann-Stieltjes’s integrals of
the form Ib f da under the restrictions that both f and « are defined and bounded

on a finite interval [a,b]. To extend the concept, we shall relax these restrictions on
f and .

> Definition
The integral Ib f de is called an improper integral of first kind if a=—-o or

b=+c or both i.e. one or both integration limits is infinite.

> Definition
The integral jb f d is called an improper integral of second kind if f(x) is
unbounded at one or more points of a < x <b. Such points are called singularities of

f(x).
> Examples

. jl+x I—dx and I(x2+1)dx are

examples of improper integrals of first kind.

1ix

1 1
J.de and I dx are examples of improper
L X 7 2x -1 N

integrals of second kind.

o

Shading
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> Notations
We shall denote the set of all functions f such that

f e R(e) on [a,b] by R(a;a,b). When a(x)=x, we
shall simply write R(a,b) for this set. The notation & T on
[a,0) will mean that « is monotonically increasing on
[a,0).

[
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IMPROPER INTEGRAL OF THE FIRST KIND

> Definition
Assume that f € R(«;a,b) forevery b>a. Keep a,a and f fixed and define a
function | on [a,0) as follows:

1 (b) :T f(x)da(x) if b>a ............ (i)

The function | so defined is called an infinite ( or an improper ) integral of first
kind and is denoted by the symbol | " £ (x)da(x) or by | °° fde.

The integral J'OO f do is said to converge if the limit
tI)im (o) R (i)
exists (finite). Otherwise, J'm f da is said to diverge.

If the limit in (ii) exists and equals A, the number A is called the value of the
integral and we write Iw fda=A

> Example

Consider and integral jlwx*pdx,where p is any real number.

b rp |° _hbPp
Now I(b)=[x"dx==" LT
] 1-p|, p-1
As we know
b o if p<l,
tIJimI(b):tIJim - 1 T
P- 0—1 p>L

Thus integral jx‘p dx diverges if p <1 and converges if p>1 and has the value
1

1
p-1
If p=1, we get beldx:logb—mo as bow. = wafldx diverges.

) diverges if p<1,
Hence we concluded: [xPdx={ 1 if p>1
| .

p-1
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> Example

Consider _[sin 27X adx
0

b
Since jsin 27X dx =M —1 as b— oo, where | has values between 0 and
0

27

1 , that is, limit is not unique.
T

Therefore the integral j sin2zxdx diverges.
0

> Note

If j fda and Ifda are both convergent for some value of a, we say that the

—0 a

integral I f da is convergent and its value is defined to be the sum

deazi fda+dea

The choice of the point a is clearly immaterial.
b

If the integral jfda converges, its value is equal to the limit: bIim fdo.

» Theorem
Assume that « is monotonically increasing on [a,+o0) and suppose that

f € R(a;a,b) for every b>a. Assume that f(x)>0 foreach x>a. Then on fda

converges if, and only if, there exists a constant M >0 such that
b
dea < M forevery b>a.

Proof

b
Let 1(b) =j f da and suppose that J'Oo f da is convergent, then bIim I (b) exists, that

is, 1(b) is bounded.
So there exists a constant M >0 such that
|1(b)|<M for every b>a.

b
As f(x)>0 foreach x>a, therefore jfdazo.
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b
This gives I(b):jfda < M forevery b>a.

b
Conversely, suppose that there exists a constant M >0 such that j fda < M for

every b>a. This give | I(b)|<M forevery b>a.
Thatis, | is bounded on [a,+x).
Now for b, >b, >a, we have

b, by b,
|(b2):j f(x)da(x):jf(x)da(x)+jf(x)da(x)
a a b,

b, b,
zjf(x)da(x)zl(bl) jf(x)da(x)zo as f(x)=0.
a by
This gives | is monotonically increasing on [a,+).

As | is monotonically increasing and bounded on [a,+x), therefore it is

convergent, that is _[ “fda converges.
a

> Theorem: (Comparison Test)
Assume that « is monotonically increasing on [a,+x). If f € R(«;a,b) for every

b>a,if 0< f(x)<g(x) forevery x>a, and if nga converges, then dea
converges and we have a a
dea < Tg da
Proof a a
Let Il(b)zjlfda and Iz(b)zigda , b>a

0< f(x)<g(x) forevery x>a

LO) < 1,(0) v, (i)

jg da converges .. 3 aconstant M >0 such that
a

b
jgdasm S ob>a (ii)

a

From (i) and (ii) we have 1, (b)<M forevery b>a.
= !)im I,(b) exists and is finite.
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= Ifda converges.
Also lI)iﬁrpoll(b)slljiﬁrglz(b)sM

= deaSnga.

> Theorem (Limit Comparison Test)
Assume that « is monotonically increasing on [a,+). Suppose that

f e R(er;a,b) andthat g € R(«;a,b) forevery b>a,where f(x)>0 and
g(x)>0 if x>a.lf

jim %) _g

X—>00 g(x)

then _[f da and _[g da both converge or both diverge.

Proof
Forall b>a, we can find some N >0 such that
T _ <& VvV x>N forevery &£>0.
9(x)
= 1—g<m<l+g
9(x)
Let g:%_ Then we have
Lof 3
2 g(x) 2
= g(xX)<2f(x) ..........(1)  and 21 (x)<3g(x) ..........(i1)

From (i) nga < Zdea,

a

= jgda converges if I f da converges and Igda diverges if jfda

diverges.

From (ii) Zdea < 3Tg de,

= jfda converges if jgda converges and jgda diverges ifjfda

diverges.
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= The integrals jfda and Igda converge or diverge together.

> Note
f (x)

The above theorem also holds if Iimm =c, providedthat c=0.I1f c=0, we
can only conclude that convergence of Jg da implies convergence of j fda.

> Example

For every real p, the integral _[e‘xxp dx converges.
1

This can be seen by comparison of this integral with J'%dx :
1

Let f(x)=e*x? and g(x):i

N
. f(x . e *xP
Now |ImL=|Im
x—>oog(x) X—>00 %2
o f(x) . . xPr2
= |Im£=|Im e *xP*2 =lim =0.
X—500 g(x) X—>00 x>0 @

: Tl i i i ° i
Since j—zdx Is convergent, therefore the given integral Ie‘xxpdx is also
X
1 1

convergent.

> Remark

It is easy to show that if j f da and Igda are convergent, then
o j(f + g)da is convergent.

o j cf da, where ¢ is some constant, is convergent.
a

> Theorem

Assume o T on[a,+»).If f € R(a;a,b) forevery b>a and if -[| f |de

converges, then _[ f d also converges.
a

Or: An absolutely convergent integral is convergent.
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Proof
If x>a, +f(x) <|f(X)]

= |f(x)|-f(x)=0
= 0<|f(x)|- F()<2| F ()

=3 I(\ f |- f)da converges.
Now difference of ﬂ f |de and j(\ f |- f)da is convergent,
that is, dea IS convergent.

> Note

dea Is said to converge absolutely if ﬂ f \da converges. It is said to be

convergent conditionally if .[fda converges but H f \da diverges.

> Remark
Every absolutely convergent integral is convergent.

> Theorem (Cauchy condition for infinite integrals)

Assume that f € R(«;a,b) for every b>a. Then the integral Ifda converges if,

and only if, for every >0 there exists a B >0 such that ¢ >b > B implies

jf(x)da(x) <ée
b
Proof
Let dea be convergent. Then 3 B >0 such that
a B b c
; K &
Ifda—ffda <§ forevery b>B ........... (1)

Also for ¢>b> B,

jfda—dea <§ ................. (ii)

Consider

jfda
b

= jfda—ifda




jfda—dea+T
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fda—ifda

[ i K f & ¢
s!fda—lfda—klfda—ifda‘<E+E=g
= jfda <& when c¢>b>B.
Convergely, assume that the Cauchy condition holds.
Define a, = T fda if n=12,.....
Consider n,m alsuch that a+n,a+m>b>B, then
hn—aJ:arfda—érfda::?fda+irfda—bfda—irfda
a a a b a b
:arfda—frfda Sarfda—anfm%<g+8=28
b b b b

This gives, the sequence {an} is a Cauchy sequence = it converges.

Let lima =A

N—o0

Given ¢>0, choose B so that

[
b

da

and also that \an—A\<§ whenever a+n>B.

<E if c>b>B.

Choose an integer N suchthat a+ N>B ie. N>B-a.

Then, if b>a+ N, we have

a+N

dea—A: jfda—
< \aN—A\+
:>dea:A

This completes the proof.
> Remarks

b
jfda

a+N

A+

b
jfda

a+N

& €
< =+==¢
2

It follows from the above theorem that convergence of _[: f da implies

lim " f da =0 for every fixed £ >0

b—wJb

However, this does not imply that f(x) >0 as x >,

SRR RBRBEREEEER
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IMPROPER INTEGRAL OF THE SECOND KIND

> Definition
Let f be defined on the half open interval (a,b] and assume that f € R(a;x,b) for
every x e(a,b]. Define a function | on (a,b] as follows:

b
I(x):J.fda if xe(ab]........... (i)
The function | so defined is called an improper integral of the second kind and is

b b
denoted by the symbol j f(t)de(t) or j fda.

b
The integral J f d is said to converge if the limit

a+

lim1(x) .........(i1) exists (finite).

b
Otherwise, I f dr is said to diverge. If the limit in (ii) exists and equals A, the

a+

b
number A is called the value of the integral and we write j fda=A.

Similarly, if f isdefined on [a,b) and f € R(e;a,X) V Xe€[a,b) then

I (x) :_[ fda if xe[a,b) is also an improper integral of the second kind and is

b—
denoted as j f da and is convergent if IirRI(x) exists (finite).

> Example
f(x)=x"" is defined on (0,b] and f € R(x,b) for every x e(0,b].

I(x):j-xpdx if xe(0,b]

b b
:_[x‘pdx =lim | x ?dx
0+

£—0
0+¢

b

1-p 1p _ dp

—lim imP T (e
e-0|] — p i £—0 1-— p

B finite , p<1

| infinite, p>1

b
When p=1, we get Jédx:logb—logg—mo as €—0.
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b
= Ix‘l dx also diverges.
0+

Hence the integral converges when p <1 and diverges when p>1.

> Note

c b—
If the two integrals I f de and J f da both converge, we write

dea:j.fda+t]:fda

The definition can be extended to cover the case of any finite number of sums. We
can also consider mixed combinations such as

b e 0
jfdmjfda which can be written as jfda.

a+ b a+

> Example
Consider je‘xxp‘ldx , (p>0)

0+
This integral must be interpreted as a sum as

o) 1 o)
I e *xPtdx = j e *xPtdx + je‘x xP1dx

0+ 0+ 1
=l +1, (i)
I, the second integral, converges for every real p as proved earlier.
1 1
Totest I, putt==— = dx=—t—2 dt
X

1

: 1 I 1 1 : % -t 1
= L =lim|e*x"*dx =Ilim [e "t*P| —=dt| =lim |e 't P dt
1 -0 >0 tz &0

&
&

_1
Take f(t)=e T't"* and g(t)=t""

1
BN e %
Then Iimmzlim%:l and since It‘p‘ldt converges when p>0
oo g(t) o= tP 1

|
J'e TtP*dt convergeswhen p>0
1

Thus Je‘x x"*dx converges when p>0.
0+

When p >0, the value of the sum in (i) is denoted by I'(p) . The function so
defined is called the Gamma function.
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> Note
The tests developed to check the behaviour of the improper integrals of Ist kind are
applicable to improper integrals of 1Ind kind after making necessary modifications.

> A Useful Comparison Integral

5 dx
;[(x—a)n
We have, if n#1,
.T dx :‘ 1 i
so(x=a) |@-mex-at],

1 11
@-n)(b-a)"* "

Which tends to or +o00 accordingas n<lor n>1,as & —0.

1
1-n)(b—a)"*
Again, if n=1,

5 dx
—a:Iog(b—a)—Iogg—>+oo as ¢—0.
X_

a+e

converges iff n<1.

b
Hence the improper integral j -

(x-a)

PRLBBREBREBREBBRER
» Question
Examine the convergence of
1 1 1
. dx . dx dx
O |\ M) | Z——= i) |\
ox%(l+ X) !XZ(“X)Z '([x%(l—x)%
Solution
1
. dx
0 |\
! V% (1+ xz)

Here ‘0’ is the only point of infinite discontinuity of the integrand.
We have
1

fl) =~
) x%(l+ x2)

1
Take =
g(x) 7
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= ij(x)dx and j:g(x)dx have identical behaviours.

L dy 1
J7 converges .. J
0 X3

7 also converges.
0 X3 (1+ x2)

1
.. dx
i —_
(i £x2(1+ X)?
Here 0’ is the only point of infinite discontinuity of the given integrand.
We have

1
f(X)=————
() x*(L+ X)?
Take g(x):%
Then Iimwzlim 1 =1

x>0 g(X) x>0 (1+ X)2

= [[f(dx and [ g(x)dx behave alike.

1
But n=2 being greater than 1, the integral jo g(x)dx does not converge. Hence the
given integral also does not converge.

1

dx
(iii) —_—
'(')‘ X2 (1- x)%

Here ‘0’ and ‘1’ are the two points of infinite discontinuity of the integrand.
We have

1t
% (1- x)%

f(x) =

We take any number between 0 and 1, say }/ , and examine the convergence of

% 1
the improper integrals If(x)dx and If(x)dx.
%

0 2

%
) X2 (- x)%

dx, we take g(x) :i

7

To examine the convergence of

Then
lim ﬂ =lim 1

-1
x—0 g(X) x—0 (1_ X)%
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% %o
j ——dx converges .. ﬁdx IS convergent.
0 X % 0 X 2(l—x) 3
To examine the convergence of ! dx, we take g(x)= !
1A xy(l x)y (1—x)%
Then
fim % _jim L 1
x—1 g(x) x—1 X%
S h 1
. j dx converges - I—dx IS convergent.
Q- x)% b4 x%(l— x)%

Hence L)l f (x)dx converges.

> Question

1
Show that j x”“l(l—x)"_ldx exists iff m, n are both positive.

Solution

The integral is proper if m>1 and n>1.

The number ‘0’ is a point of infinite discontinuity if m <1 and the number ‘1’ is a
point of infinite discontinuity if n<1.

Let m<1 and n<l1.

We take any number, say }/ , between 0 & 1 and examine the convergence of the

2 1

improper integrals J.xmfl(l—x)"_ldx and Ix””(l—x)”_ldx at ‘0’ and ‘1’
0 %

respectively.

Convergence at 0:
We write

f(X)=x"'1-x)""= d- 31 and take g(x):xllm

Vel

Then ()—>1 as x—0
g(x)
7 1

As j v
0

%

We deduce that the integral .f X" (1- x)”_ldx is convergent at 0, iff m is +ive.

Convergence at 1:
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m-1 1
We write f (x) = x™(1— )" == and take g(x) =
R O 00 =
Then F(x )—>1 as x—1
g(x)
1
As j —dx is convergent, iff 1-n<1 ie n>0.
@L=x)y"
%
1
We deduce that the integral Ixm‘l(l—x)"_ldx converges iff n>0.

%

1
Thus Ixmfl(l— x)”_ldx exists for positive values of m, n only.

0
It is a function which depends upon m & n and is defined for all positive values of
m & n. Itis called Beta function.

> Question
Show that the following improper integrals are convergent.

(i) ]fsinzidx (ii) Ismzxdx (iii) I(’;fg)’; dx  (iv) ilogx-log(1+x) dx

Solution

(i) Let f(x):sinzi and g(x):%

2

- Zl .

then lim—=~ () Iimsmlleim(wj =1
X—>0 g(x) X—>0 i y—0 y

1
X2

=N j f(x) dx and dx behave alike.

P —— 8

1 ) ! )
I—Z dx isconvergent .. Ism — dx is also convergent.
X X
1

J’InX
1
2

Take f(x): 2X and g(x):i2
X X

HJ
. sinx 1
sin“x<1 = =——-<= V xe(l»o)
X X
0 1 o = 2X
and J—Z dx converges .. I >— dx converges.
X X
1 1
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> Note
tsin?x . . . sin?x

_[ >— dx is a proper integral because lim

X x=0 X

0

sin? x

X2

infinite discontinuity. Therefore j dx is convergent.
0

... ¢ xlogx
D) dx
-([(1+ X)?
“ logx < x, xe(0,1)

. xlogx < x°

x log x X

Lex)  (Qex)

Now '([(14- x)

1
g jx Iog>§ dx is convergent.
2 (1+ %)

-~ dx is a proper integral.

(iv) jlog X-log(l+ x) dx

wlogx < x oo log(x+1) < x+1
= logx-log(l+x) < x(x+1)

1 1
.[x(x +1)dx isa proper integral .. .[Iog x-log(l+ x)dx is convergent.
0 0

> Note

a

(i) J-%dx diverges when p>1 and converges when p<1.
0

(i) J-% dx converges iff p>1.

BRERRBBPBBREEEER

15

>— =1 so that ‘0’ is not a point of
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UNIFORM CONVERGENCE OF IMPROPER INTEGRALS

> Definition
Let f be areal valued function of two variables x & y, xe[a,+x), ye.S where

S < IR. Suppose further that, for each y in S, the integral wa(x, y)da(X) is
convergent. If F denotes the function defined by the equation
F)=[fexy)da(x) if yes

the integral is said to converge pointwise to F on S

> Definiton
Assume that the integral wa(x, y)da(x) converges pointwise to F on S. The

integral is said to converge Uniformly on S if, for every ¢ >0 there existsa B >0
(depending only on &) such that b > B implies

F(y)— [ f(xy)da(x)

( Pointwise convergence means convergence when vy is fixed but uniform
convergence is forevery yeS ).

<g V yeSs.

> Theorem (Cauchy condition for uniform convergence.)
The integral Lw f (x,y)da(x) converges uniformly on S, iff, for every ¢ >0 there
existsa B >0 (depending on ¢) such that c>b>B implies

jf(x,y)da(x) <e V yes.

Proof
Proceed as in the proof for Cauchy condition for infinite integral j: fde.

» Theorem (Weierstrass M-test)
Assume that T on [a,+) and suppose that the integral j: f(x,y)da(x) exists

for every b>a and for every y in S. If there is a positive function M defined on

[a,+0) such that the integral I:M (x)dex(x) converges and | f(x,y)| < M(x) for

each x>a and every y in S, then the integral j: f (X, y)da(x) converges uniformly
onSs.



Improper Integrals 17

Proof
| (% y)|<M(x) foreach x>a andevery y in S.

.. Forevery c>b, we have

j f(x,y)da(x)

sj\f(x,y)da(x)\st dar ovenenn.. (i)

1 :IM da is convergent
a

- given £>0, 3 B>0 such that b> B implies

b
[Mda-1]<ef ... (ii)
Also if ¢>b> B, then
(M da -1 <% ............... (iii)
c c b
Then jMda: Mda—jMda
b a a
c b
= Mda—|+|—j|v|da
c b
<|[Mda-1|+|[Mda-1|<&/+54 =¢ (Byii &iii)

= <&, C>b>B &foreachyeS

j f(x,y)da(x)

Cauchy condition for convergence (uniform) being satisfied.
Therefore the integral J: f (x,y)da(x) converges uniformly on S

BRPR2VRIBRR2BIBRBES
> Example
Consider Ie‘xysinxdx
0
‘efxysinx‘ < ‘efxy‘ — e ( \sinx\sl)
and e <e™ if c<y

Now take M (x)=e™

The integral IM (x)dx = Ie‘cx dx is convergent & converging to l.
C
0 0
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.. The conditions of M-test are satisfied and Jefxysin x dx converges uniformly
0

on [c,+x) forevery c¢>0.

> Theorem (Dirichlet’s test for uniform convergence)

b
Assume that « is bounded on [a,+o0) and suppose the integral .[ f(x,y)dea(x)

exists for every b>a and for every y in S. For each fixed y in S, assume that
f(x,y)< f(X,y) if a<x <x<+oo.Furthermore, suppose there exists a positive
function g, defined on [a,+x), such that g(x) -0 as x — +oo and such that x>a
implies

| f(x,y)| < g(x) foreveryyinS.

Then the integral Lw f (x,y)da(x) converges uniformly on S.

Proof
Let M >0 be an upper bound for |&| on [a,+w).

Given &£>0, choose B >a such that x> B implies

£
Q(X)<m

(- g(x) is+iveand -0 as x—>o .-, \g(x)—0\<ﬁ for x>B)

If ¢c>D, integration by parts yields
jf da=|f(x,y) a()| —ja df
b b

=f(c,y)a(c) - f(b,y)a(b)+jad(—f) ............ 1)
But, since —f is increasing (for each fixed y), we havzz
jad(—f) < M.C[d(—f) (- upper bound of |« | is M)
b =M :‘(b,y)—M () U (i)

Now if c¢c>b> B, we have from (i) and (ii)
<| f(c,y)a(c)- f(b,y)a()|+ jad(—f)‘

S\a(c)Hf(c, y)\+\ f (b, y)Ha(b)\+M\ f(b,y)—f(c, y)\
s\a(c)H f(c, y)\+\a(b)H f (b, y)\+M \ f (b, y)\+M \ f(c, y)\
<Mg(c)+Mg()+Mg()+Mg(c)

=2M{[g(b) +9(c)]

jfda
b
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<2M £ =&
4M 4M

forevery y in S.

Therefore the Cauchy condition is satisfied and j f (x,y)da(x) converges
uniformly on §S.
> Example

Consider j

sin xdx

_Xy

Take a(x)=cosx and f(x,y):e

if x>0, y>0.
X

If 5=[0,+00) and g(x):% on [&,+) forevery £>0 then
i) f(xy)<f(x,y) if xX'<xand a(x) isbounded on [&,+x).

i) g(x)>0 as x—>+ow

i) | Fxy)|=| S

s%:g(x) Vyes.

So that the conditions of Dirichlet’s theorem are satisfied.
Hence
0 Xy —xy

jex sinx dx = +I

&

d(—cosx) converges uniformly on [8,+oo) if €>0.

_sinx _ SIN

©lim——=1 je w SINX gy converges being a proper integral.
x—0 X 5 X
je‘xy Xdx also converges uniformly on [0,+0).

> Remarks

Dirichlet’s test can be applied to test the convergence of the integral of a product.
For this purpose the test can be modified and restated as follows:
Let ¢(x) be bounded and monotonic in [a,+) and let ¢(x) — 0, when x — .

X
Also let j f (x)dx be bounded when X >a.

Then jf(x)¢(x)dx IS convergent.
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> Example
Consider I%dx
X

sin X
- ———>1 as x—0.
X

.0 is not a point of infinite discontinuity.

: : : rsin x
Now consider the improper integral Is—dx :
X
1

1 : : :
The factor — of the integrand is monotonic and — 0 as X — 0.
X

Also =|—cos X +cos()|<|cos X |+]|cos(l) | <2

X
jsin xdx
1

X
So that jsin x dx is bounded above for every X >1.
1

1 -
sin X : : sinx , . :
= j— dx is convergent. Now since _[—dx IS a proper integral, we see that
X X
1 0

Tsinx .
j ——dx is convergent.
X
0

> Example

Consider Isin x2 dx .
0

) ) 1 )
We write sinx? = o 2X - sin x2
X

Now Isin NG dx=Ii-2x-sin x2 dx
1 12x

1 . i
2— is monotonicand -0 as x—o .
X

X
Also j2xsin x> dx | = ‘ —cos X +cos(1) ‘ <2
1

X
So that I2x sinx?dx is bounded for X >1.
1

0

1 : : T :
Hence .[— -2x-sinx*dx i.e. Ism x* dx is convergent.
1

l2x
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Since J'sin x* dx is only a proper integral, we see that the given integral is
0

convergent.
> Example
Consider Ie ax SINX ——dx , a>0
X

ax : Fsinx .
Here e ** is monotonic and bounded and I—dx IS convergent.

Hence _[ e XM X gy s convergent.
X

SRERRBBRBREEEE S

> Example
Tsinx .
Show that I—dx Is not absolutely convergent.
X

Solution
We need not

Nz H
de take | x|

Consider the proper integral I

where n is a positive integer. We have

"Tlsinx n T olsinx
! , dx ;(r[)ﬁ , dx
Put x=(r—-1)z+y sothat y variesin [0,7].
We have [sin[(r —1)z + y]\:‘(—l)r‘lsiny‘:siny
T de:f—smy d
e X o(r_l)ﬂ'"‘y
.+ rz is the max. value of [(r—1)z+y] in [0,7]

. _[ siny dyzij’sinydyzi [ Di_\::slion by:1ax. Ivalue
S (r=Drz+y ey rr will lessen the value
"Tlsinx| 2 201

= |—dx=2 ) —=—> =
'([ X Zl:rﬂ ﬂzllr

1.1
: Z——)oo as n—>oo, we see that
r

J dx >0 as n—oo.
y X

because x>0.

21
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Let, now, X be any real number.
There exists a +tive integer n suchthat nz< X <(n+1)x.

We have j‘ > j\smx\

X -
sin X
Let X > o sothat n also — o. Then we see that ju dx — o
X

So that 'f‘ ‘ dx does not converge.

> Questions
Examine the convergence of

0

. X R | T
(1) !mdx (i) !mdx (i) '1[

x% 1+ x)
Solution
(i) Let f(x)=—— and take g(X)_—_iz
1+ ) X
3
As lim—= f(x) =lim X

Sng() on (LX)

Therefore the two integrals _[
1

(L+x)*

dx and _[ izdx have identical behaviour for
X
1

convergence at oo

0 [ee]

1 : :
| =dx isconvergent .. dx is convergent.
-!xz J !(1+ x)* J
(if) Let f(x)—# and take g(x)= 3
+X)Vx J_
We have lim ( )_Iimizl
X—>00 g(x) x>0 ] 4+ X
and T%dx is convergent. Thus T#dx is convergent.
% 1 (L)X
1
(i) Let f(X)=————+
X3 (1+ x)%

11
B

we take g(x)=

We have lim——= r(x) =1and J'%dx IS convergent .. Jf(x)dx IS convergent.
X—>00 g(X) ] XA
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> Question

Show that I > dx s convergent.

Solution
We have

therefore the integral is convergent.

> Question

Show that j jtan” dx IS convergent.
Solution
© 1+ x%)- tan —tan'x—>Z as x—oo tan™ x
1+ Xz) 2 Here f(x) = e
0 -1 0
jtan 2X dx & _f ~dx behave alike. and - g(x) =1+ x°
5 L+ X o1+ X
s Il ~dx is convergent .. A given integral is convergent.
1+ X

> Question

Show that j

—dx converges for a >0.
1+ x)

Solution

jsinxdx IS bounded because IsinxdeZ YV x>0.
0 0

Furthermore the function

, a>0 is monotonic on [0,+x).
@+ x)“

T osin
= the integral
-([( 1+ x)*

dx is convergent.
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> Question

Show that Te‘x cos xdx is absolutely convergent.
Solution 0
‘e‘xcosx‘< e and Tex dx=1
. the given integral is absolutely convergent. (comparison test)

> Question

1
Show that I

o
5 v1—x*
Solution

e %<1 and 1+x%>1
e*X 1 1
\/(1 x)(1+x) \/1 X2

1

1

Also dx =lim
!xll— ¢0 I \/1 NG

=limsin—(1- g——
t-e)=7

-0

dx 1s convergent.

1 -X
= I ¢ y dx is convergent. (by comparison test)
o V1—X
References:
(1) Book
Mathematical Analysis

Tom M. Apostol (John Wiley & Sons, Inc.)



