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W‘ e discussed (in MTH321: Real Analysis I) Riemann-Stieltjes’s integrals of
the form jb f do under the restrictions that both f and « are defined and bounded

on a finite interval [a,b]. To extend the concept, we shall relax these restrictions on
f and .

> Definition
The integral J‘ ’ f da i1s called an improper integral of first kind if a =—o or

b=+ or both i.e.one or both integration limits is infinite.

> Definition
The integral Ib fda 1is called an improper integral of second kind if f(x) is

unbounded at one or more points of a < x <b. Such points are called singularities of

J&).
> Examples
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examples of improper integrals of first kind.

dx are examples of improper
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> Notations .
We shall denote the set of all functions f such that )

fe R(@) on [a,b] by R(a;a,b). When a(x)=x, we
shall simply write R(a,b) for this set. The notation & T on

[

[a,>) will mean that & is monotonically increasing on
[a,0).
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IMPROPER INTEGRAL OF THE FIRST KIND

> Definition
Assume that f e R(a;a,b) forevery b=>a.Keep a,a and f fixed and define a
function / on [a,o) as follows:

I(b)=[f(x)dax) if b2a ... (i)

The function I so defined is called an infinite ( or an improper ) integral of first
kind and is denoted by the symbol | ~ f(x)da(x) orby [ " f der.

The integral '[ ; f da is said to converge if the limit
HimI(D) ............ (i1)

b—>o
exists (finite). Otherwise, Jm fda is said to diverge.
If the limit in (ii) exists and equals A, the number A is called the value of the

integral and we write '[ ; fda=A

> Example
Consider and integral J‘:Q x " dx, where p is any real number.

b -p [P 1 pi-p
Now I(h)=[x"dx=2 1o if p#l.
l—p‘1 p—1

1

As we know
o if p<l,

I-p

lim/(b) =lim .
b—oo b—eo p_l —1 lf p>1

Thus integral jx"’ dx diverges if p <1 and converges if p >1 and has the value
1

S

p-1

If p=1, we get Jlbx_l dx=logh —>o as b—>o. = lex_l dx diverges.
= diverges if p<l,

Hence we concluded: Jx"’ dx = 1

1 —— i p>L
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> Example
Consider _[sin 27 xdx
0
b
Since jsin 27xdx = lc;ﬂ — 1 as b — o, where [ has values between 0 and
T
0

1 C e .
—, that is, limit is not unique.
T

Therefore the integral jsin 27xdx diverges.
0

> Note

If J fdoa and J f da are both convergent for some value of a, we say that the

— o0 a

integral J fdao is convergent and its value is defined to be the sum

—o0

dea:jdeHdea

The choice of the point a is clearly immaterial.

b—+oo

oo b
If the integral I f da converges, its value is equal to the limit:  lim J fda.
—b

—oo

> Theorem
Assume that ¢ is monotonically increasing on [a,+o0) and suppose that

f € R(a;a,b) for every b= a. Assume that f(x) =0 foreach x=a. Then Jmfda

converges if, and only if, there exists a constant M >0 such that

b
Ifda < M forevery b=a.

Proof

b
Let 1(b) = j f daand suppose that I f da 1s convergent, then lim /() exists, that

b—>+oo

1s, 1(b) is bounded.
So there exists a constant M >0 such that
‘I(b)‘<M for every b > a.

b

As f(x)=0 foreach x>a, therefore _[fdaZO.

a
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b
This gives I(b)=de0( < M forevery b=>a.

b
Conversely, suppose that there exists a constant M >0 such that I fda < M for

every b= a. This give ‘ 1(b) ‘ <M forevery b=a.
That is, I is bounded on [a,+0).
Now for b, 2b, > a, we have

1(b) = [ f(da(x) = | f(x)da) + | f(x)da(x)
a a b

2jf(x)da(x)=l(bl) ff(x)da(x)ZO as f(x)=0.

This gives I is monotonically increasing on [a,+o0).
As I is monotonically increasing and bounded on [a,+), therefore it is

convergent, that is J‘w f do converges.

> Theorem: (Comparison Test)
Assume that @ is monotonically increasing on [a,+). If fe€ R(«;a,b) for every

bza,if 0< f(x)< g(x) forevery x=a, and if '[gda converges, then Ifda
converges and we have
j fda < j gda
Proof
b b
Let Ib)=[fda and IL(b)=[gda , b2a

0< f(x)<g(x) forevery x=a
LBO)SLD) oo, (@)

J gda converges .. 3 aconstant M >0 such that

b
JgdaSM s DA i, (ii)

From (i) and (ii) we have [, (b)<M forevery b=a.
= lim /,(b) exists and is finite.

b—yoo
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= J fdoa converges.
a

Also %iml1 (b) < llgimlz(b) <M

= deasjgda.

> Theorem (Limit Comparison Test)
Assume that « is monotonically increasing on [a,+o). Suppose that

f e R(a;a,b) andthat ge R(a;a,b) forevery b=a,where f(x)=0 and
gx)=20 if x=2a.lf

limd ¥

== g(X)

5]

then j fda and j g da both converge or both diverge.

a

Proof
For all > a, we can find some N >0 such that
f(x)—l <& V x=2N forevery &£>0.
g(x)
= 1—€<f(x)<1+8
g(x)

Let €= % . Then we have

f(x)
g(x)
= g(X)<2f(X) ccoee(d and 2 (x)<3g(X) .........(00)

From (i) nga < 2de0(,

1 3
— < < —.
2 2

= j gdo converges if j f do converges and J fda diverges if J fdo

diverges.
From (ii) 2jfd0£ < 3jgd0(,

oo

= J fda converges if Jg do converges and j gda diverges if J fdo

diverges.
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= The integrals J fda and J gda converge or diverge together.

> Note

The above theorem also holds if lim / ((x;
X—>oo g x

=c, provided that ¢#0.1If c=0, we

can only conclude that convergence of J g do implies convergence of J fdo.

a a

> Example

For every real p, the integral Je‘xx” dx converges.
1

This can be seen by comparison of this integral with Jiz dx .
X
1

Let f(x)=e¢ "x” and g(x)= €

7"

X
o p
Now lim%zlimel—x
xX—y00 X X—o0
g A ,
p+2
= 1imL® —fim o2 = lim X =0.
X—>00 g(_x) X—>o00 x> o

: 1 : : : o :
Since I—zdx 1s convergent, therefore the given integral Je x"dx is also
X
1 1
convergent.

> Remark

It is easy to show that if I fda and J gda are convergent, then

o I(f * g)da is convergent.

oo

J Icf da , where ¢ 1s some constant, is convergent.

a

> Theorem

Assume a T on [a,+).If fe R(x;a,b) forevery b=>a and if j|f|d0{

oo

converges, then j f da also converges.

Or: An absolutely convergent integral is convergent.
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Proof
If x2a, £f(x) < |f(0)

= |f(0)]- f(x0)20
= 0<| f()|-f(0)<2] F(W)]

= J(‘ f‘—f)da converges.

a

Now difference of T‘ f ‘da and ]:’(‘ f ‘— f )da 1s convergent,
that is, T f da 1s convergent.

> Note

J f da is said to converge absolutely if ﬂ f ‘da converges. It is said to be

convergent conditionally if J f da converges but “ f ‘da diverges.

> Remark
Every absolutely convergent integral is convergent.

> Theorem (Cauchy condition for infinite integrals)

Assume that f € R(a;a,b) for every b = a. Then the integral '[ f do converges if,

and only if, for every € >0 there exists a B >0 such that ¢ >b > B implies

j f(x)da(x)|<e
b
Proof
Let J f da be convergent. Then 3 B >0 such that
a B b c
[ 7 £
jfda—dea <5 forevery b2B ........... (@)

Also for ¢>b>B,

jfda—]ofda <

Consider

jfda

= jfda—jfda
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— j;fda—]odeHdea—ifda

‘ I I [ £ €
< !fda—!fda + :[fda—!fda < +o=¢
= jfda <& when ¢c>b>B.
Conversely, assume that the Cauchy condition holds.
Define anzarfda if n=12,......
Consider n,masuch that a+n,a+m>b> B, then
a —a, = ajnfda—a]‘mfda: f'fda+a‘+[nfda—ifda—a]mfda
a a a b a b
=aJ+‘nfda—aj[mfda Saj[nfda+a]‘mfda <E+e=2¢
b b b b

This gives, the sequence {a,} is a Cauchy sequence => it converges.
Let lima =A

n—so0

. ¢ e .
Given € >0, choose B so that dea <§ if ¢c>b>B.
b
E a+N
and also that ‘an—A‘<§ whenever a+n2=B. P %

Choose an integer N such that a+ N >B i.e. N>B—-a.
Then, if b>a+ N, we have

b a+N b
jfda—A = jfda—A+ j fda
a a a+N
<|ay-Al+ ijda <§+§=e
= deazA

This completes the proof.
> Remarks

It follows from the above theorem that convergence of Jm f da implies

lim J‘:% fda=0 for every fixed £€>0.

b—>co

However, this does not imply that f(x) >0 as x — co.

e eRReRBeRReR



